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A THEOREM CONCERNING SIMPLY TRANSITIVE
PRIMITIVE GROUPS*

BY W. A. MANNING

The theorem here presented has evolved by easy stages
from a paragraph in Jordan's Memoir on primitive groups.t
In the discussion of a particular class of simply transitive
primitive groups, he showed that the degree of a doubly
transitive constituent of the subgroup leaving one letter
fixed cannot be greater than the sum of the degrees of all the
other transitive constituents.

THEOREM. Let H be the subgroup that fixes one letter of a
simply transitive primitive group. If one of the constituents of
H is a doubly transitive group of degree m, there is in H a transi-
tive constituent whose degree is greater than m and divides
m(m—1).

Let G, of degree » and of order nk, be the given simply
transitive primitive group. Let H, the subgroup of G that
leaves the letter x fixed, be denoted by G(x).

Let it be assumed: (1) that G(x) has exactly k similar}
doubly transitive constituent groups: A4 on the letters
a1, Qg+ * ¢+, 8m; Bon by, by -, by ; Konky, kg« -,
kn; (2) that G(a;) has £—1 doubly transitive constituents:
Byon by, ag -, an; Cioncy, bey -+, by ; Ky on ky,
Jay +  + ,Jm; (3) that # is greater than km+1. These assump-
tions, when k=1, reduce to the hypothesis of our theorem.
We wish to prove by induction that there is a transitive

* Presented to the Society, April 6, 1928.

t C. Jordan, Bulletin de la Société Mathématique de France, vol. 1
(1873), p. 198, §64.

Manning, American Journal of Mathematics, vol. 39 (1917), p. 298;
Transactions of this Society, vol. 20 (1919), p. 66; Primitive Groups, 1921,
p. 83; Transactions of this Society, vol. 29 (1927), p. 821, §8.

1 Manning, Transactions of this Society, vol. 29 (1927), p. 821, §8.
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constituent of some degree u in G(x) such that u divides
m(m—1) and is greater than m.

The letters of G are supposed to be so chosen that each
substitution of G(x) permutes the m subscripts of the letters
of the similar groups 4, B, - - -, K in exactly the same way.

The subgroup G(x)(a:) of G(x) (that fixes a,) is of order
h/m. The subgroups G(x)(a:) and G(a,)(x) are identical, and
therefore in G(a;) x is a letter of a transitive constituent of
degree m. G(a1)(x)(=G(b1)(x) =G(c))(x) = - - - =G(k1)(x)),
because of assumption (1) has % transitive constituents of
degree m —1 each on the letters as, a3, + -, @m; b2, b3y -+ -,
by =+ + 3 kay k3, + + +, km, respectively. Since G is primitive,
{ G(x), G(a1) } =G, and therefore G(a;) cannot have a transi-
tive constituent of degree m — 1 on the letters ks, k3, - + - , km,
nor a transitive constituent of degree m on the letters x,
ks, + + -, km. In G(a,) the letters ko, k3, - - -, k., all belong to
the same transitive constituent of unknown degree u(=m).
Then G(a1)(ks) is of order 2/u and if x belongs to a transitive
constituent of degree 6(=1) in G(a.)(k2), G(a1)(ks)(x) is of
order h/ud. Then since G(x)(a:)(ks)=G(x)(k1)(ks), h/ud
=h/[m(m—1)], and u divides m(m —1). Either our theorem
is proved or p=m. If u=m, G(a;) has this transitive con-
stituent (L;) on the letters I, kg, - - -, km (where ;5x); L,
is doubly transitive because it contains a transitive subgroup
of degree m—1 on ky, k3, - - -, kom.

The substitution (aia;- - - ) - - - of G(x) transforms G(a:)
into G(a;) and L, into L;, a doubly transitive constituent of
G(a,) on the m letters I;, by, ko, - - -, ko_s,ligs, » « +, B (Li#%).
Nor is I;=1, for if it were, {G(a:), G(a:;)} would have a
transitive constituent of degree km+1(<#n) on the letters
@y, @z, y Ry Iy, Then I, Iy, - - -, I, are the letters of a
transitive constituent L of G(x). Any substitution of G(x)
that replaces a; by a; replaces [; by I;, so that the substitutions
of G(x) permute the letters of 4 and the letters of L in exactly
the same way. The groups 4 and L are similar.

Suppose now that = (k+1)m-+1. Then G(a,) has a transi-
tive constituent X; on the m letters x, l, - -+, Im. G(a1)(x)
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(=Gby)(x) = : - - =G(l)(x)) has k+1 transitive constituents
on as, Az, * ** , Gm; ba, b3, +++ , by - sand by, I, + -+, I
No two of the groups G(b1), G(c1), - - -, G(l;) can have the
transitive constituent a,, a3, - - - in common. Because B,
(on by, as, -+ -, am) is in G(a1), in one of these k groups x,
as, - -+, @m are the letters of a doubly transitive constituent.
Let these subgroups be transformed by (x)(@iaz - + - ) - - - into
G(b2), G(ca), - -+, G(I2). One of the transformed groups has a
doubly transitive constituent on the letters x, a1, as, - + - , @m,
and therefore contains a substitution S = (xa,) - - - which per-
mutes the letters a3, @y, * - + , ¢,» among themselves. Then S
should transform the constituent 4 of G(x) into the constitu-
ent X, of G(a,); but this, because m =3, .S cannot do. Hence
n>(k+1)m+1. We have shown too that G(x) has k41

doubly transitive constituents 4, B, - - -, L whose letters
are permuted by G(x) in exactly the same way, and that
G(a,) has k transitive constituents By, Cy, + - -, Li. Thus the

three conditions of our assumption are reproduced with k41
replacing k.

Since # is finite, this process can lead only to the conclusion
that the degree of some transitive constituent of G(x) is
greater than m and divides m(m—1).
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