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the flecnode curves. Combining this result with the theorem 
of the Tôhoku paper we have the following theorem. 

THEOREM. The planes osculating the flecnode curve, the 
complex curve and the harmonic curve at the six points in 
which these curves cut a line element of their supporting ruled 
surface, will belong to a pencil, if, and only if, 

2 2 

D = £2iAi - ^i2A2 = 0 . 

Since, when Ai=A2 = 0, the flecnode curves are plane, the 
theorem of Fubini-Cech appears as a special case of the 
preceding theorem. 
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We consider a net of conies in the Galois fields of order 2n 

(1) XCi + nCt + vCs = 0, 

where 

d s üiX2 + bij2 + CiZ2 + fijz + giZ% + hay, (i =*= 1,2,3), 

and where Ci has the discriminantf 

A* s figihi + atf + bigt + CM. 

Such a field is denoted for brevity by the symbol GF(2n). 
Along with (1) we consider the cubic curve in X, JJL, V tha t is 
obtained by equating to zero the discriminant of the general 
conic of (1)J 

* Presented to the Society, December 31, 1926. 
t See A. D. Campbell, Plane cubic curves in the Galois fields of order 2n, 

Annals of Mathematics, vol. 27 (1926), p. 395. 
JCompare C. Jordan, Réduction d'un réseau de formes quadratiques, 

Journal des Mathématiques, (6), vol. 2 (1906), p. 412. 
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(2) K = aX3 + bix* + cvz + JXV + e\fx2 + f\2v + g\v2 

+ hfJL2V + jfJLV2 + k\(XV = 0 , 

where a = Ai, b s A2, c = A8, and 

d s ƒ 1̂ 1*2 + figzhx + /agi*i + a2/i2 + b2gi2 + c2hi2, 

with similar expressions for e,f, g, h,j; and where 

* = fig2h + /igs*2 + fzgih + fzgzh + fzgih + jzgihx. 

In this paper we shall classify these nets of conies, deriving a 
typical net for each class. First we shall study the nets tha t 
have no degenerate pencil of conies* and hence have a 
non-composite cubic K = 0; then we shall consider the 
nets with composite cubics. For the first type of nets we 
reduce the cubic to a standard form and then put the net 
in a canonical form. 

If the net (1) has a double line this must correspond to a 
cusp on the cubic (2), a fact easy to prove. We put (2) in 
the formf 

XV + \2V + ILV2 = 0 

with a cusp a t (0, 1, 0) and an inflection at (1, 0, 0). To the 
tangent a t the inflection on the cubic there must correspond 
in the net a pencil with just one degenerate conic C which 
corresponds to the inflection. This conic C must be a real 
line pair, because there is no such pencil with C a pair of 
conjugate imaginary lines.J We can now put (1) in the form 

\yz + ixx2 + vCz — 0, 

K s XV + az\*v + gzhz\v
2 + jiixv2 + A3*>

3 = 0. 

We must have a3 = l, gsh = Q, fg =1, A3 = 0; hence ^3 = 0 or 
g3 = 0. We can assume that hz = 0, because the transformation 

* Tha t is, a pencil with A = 0. 
fCampbell, loc. cit., p . 398. See this paper also for the other typical 

forms of cubics. 
% See A. D. Campbell, Pencils of conies in the Galois fields of order 2n, 

American Journal of Mathematics, vol. 49 (1927), pp. 401-406 for such 
facts and for typical pencils of conies. 
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x = x', y — z', z = yf reduces the case g3 = 0 to the case fe3 = 0. 
Therefore we have h3 = 0, c3gs

2 + 1 = 0 . If cz ^ 0, we put* 

\ = \ ' + ï/, p^p' + r', „ = „' ; 

1 1 
x = — x'9 y = gzy', z = —-z'; 

then 

X ' = — X " , j u ' ^ V ' , »' = » " ; 

and after dropping the primes and double primes from 
variables and parameters we obtain 

(3) \yz + fix2 + v(y2 + z2 + zx) = 0, K = XV + „» = (), 

whose cubic is reducible to the above typical cubic. If 
c3 = 0, we get 

(4) \yz + fix2 + v{y2 + zx) = 0, X s XV + vz = 0. 

The cubics of these two nets are the same, but any trans­
formation tha t is to send (3) into (4) must send the pencil 
^ = 0 of (3) into the same pencil of (4)t and so must have 
the form 

T : px = aix', py = ft/, pz = YSZ' ; 
or 

px = a i * ' , p;y = 722 ' , pz = j 8 8 / . 

However, T sends (3) into a net containing the term in z2, 
hence (3) and (4) are non-equivalent. 

Next we suppose the cubic (2) to have a crunode and no 
real inflection, and we reduce the cubic to the form 

«X3
 + M3 + */w = 0, 

with crunode at (0, 0, 1), where a9^cube and 2n = 3m + l . 
As we discussed above the sort of conic in the net that must 

* We call this change of parameters "using & to rid C» of yz, and using 
C2 to rid Cz of x V 

jBecause the double line has to go into a double line, also ^ = 0 in the 
(X, n, v) plane joins the cusp to the inflection on the cubic and so must go 
into the same line on the other cubic. 
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correspond to an inflection on the cubic so here we can 
readily show that to the crunode there must correspond 
a real line pair in the net. We put our net in the form 

Xd + ix(y* + zx) + vxy = 0, K* = AXX3 + (fh + g2)X2
M 

+ b\»2 + fgkh + c\v2 + f\fxv + M3 = 0. 

We must have b = c = g = 0, / = 1 , h = 0, a=ce^cube ; hence 
we get 

(5) \(ax2 + yz) + n(y2 + zx) + vxy = 0. 

Now we consider the cubic (2) to have a crunode and just 
one real inflection, and put the cubic in the form 

X3 + /A + \»v = 0, 

with crunode a t (0, 0, 1) and inflection a t (0, 1,0), which 
cubic exists only in the GF(2). We reduce the net to the form 

Hy2 + zx) + MC2 + vxy = 0, K s X3 + b\2fx + (fh + g2)X/x2 

+ fKfjLV + fg^v + c\xv2 + A2ju
3 = 0. 

We have & = 0, / = g = /* = a = l, c = 0. We use C8 to rid C^ 
of xy and we get 

(6) \(y2 + zx) + ju(x2 + yz + zx) + vxy = 0. 

If for a net (1) the cubic (2) has a crunode and at least 
two real inflections, we pu t this cubic in the form 

X2ju + X;u2 + XV + rfv + \nv = 0, 

existent only in GF(2n) for n>l, with crunode a t (0, 0, 1) 
and inflections at (1, 0, 0) and (0, 1, 0). The net can be 
written 

XCi + nxy + v(z2 + zx) = 0 , K = AXX3 + /gXV + c\fx2 

+ (fh + h2)\2v + b\v2 + tfv + fKjjiv = 0. 

We find thatfg = c=fh+h2 = l, 5 = 0 , / = 1 , A^h+a+W^O; 

* We shall from now on omit the subscripts from such coefficients as 
fit ht etc., and Ö2, bt, etc., and a8, fa, etc. 
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hence g = h2+h=a = l. We use C2 to rid G of xy and C% 
to rid G of z2+zx, and we obtain 

(7) AO2 + yz) + nxy + v{z2 + zx) = 0. 

We consider the net (1) to have a cubic (2) with an 
acnode and no real inflections, and we reduce the cubic to 
the form 

XV + XV + ay?v + Xju*' = 0, 

with acnode a t (0, 0, 1) and X2+cxju2+Xju = 0 as tangents. 
If we suppose that to an acnode there corresponds a real 
line pair in the net we are led to a contradiction, hence to 
the acnode there must correspond a conjugate imaginary 
line pair. Therefore we can put (1) in the form 

(n) XCi + fxxy + v(x2 + z2 + azx) = 0, 

K = AtX
3 + fg\2n + CXM2 + (h2 +f2 + afh)\2v 

+ a2b\v2 + fi2v + afKixv = 0 . 

We must have c = 6 = Ai = 0, fg = af = h2+f2+afh; hence 
£=<*, fgh+af2^afh+af2 = 0. We use G to rid G of xy, 
and put 

ƒ P ah 
X = —X', fx = — M', i' = / ; x = a', y = — ƒ , 2 = 2' 

and we get 

(8) X(#2 + yz + fzx/h) + ju;ry + K#2 + s2 + a&x) = 0, 

where h2+f2+afh+af = 0 . 
We deal with a net whose cubic has an acnode and just 

one real inflection, and we put this cubic in the form 

X3 + XV + an*v + \nv = 0, 

which is nonexistent in GF{2), with acnode a t (0, 0, 1) and 
inflection at (0, 1, 0). We can put the net in the above form 
(n) with its cubic K = 0. Hence we see that /g = & = c = 0, 
af = h2 +f2+afh = Ai ̂  0 ; therefore g = 0, ƒ ̂  0, af2 = af, a = a/f. 
We use G to rid G of #3;, then put 
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J J a 

X = —X', M = —Mi', v = v' ; x = x ' , y = — ƒ , 2 = z' 
a a f2 

and we obtain 

(9) X(x2 + yz) + ixxy + P(X2 + z2 + azx) = 0. 

Next we study the net (1) when it has a cubic (2) with an 
acnode and at least two real inflections, and we reduce this 
cubic to the form 

XV + XM2 + X2" + \x2v + \nv = 0, 

existent only in GF(2), with acnode at (0, 0, 1) and one real 
inflection at (0, 1,0). We can put our net in the above form 
(n) with a = l. We must have fg = c — h2+f2+fh = f=l, 
& = 0, Ai = 0; hence f = g = c = l, h = l and a = 0, or h = 0 and 
a = 0. We use C2 to rid G of xy and we get 

(10) X(z2 + yz + zx) + ixxy + v(x2 + z2 + zx) = 0 . 

Now we assume that the net (1) has a cubic (2) with no 
node or cusp and no real inflection, and we put this cubic 
in the form 

XV + X/x2 + ahv2 + Pixv2 + XMV = 0. 

The point (0, 1, 0) on this cubic was any point on the cubic, 
so we take a point that corresponds to a real line pair in the 
net, and put our net in the form 

XCi + M 0 2 + zx) + vxy = 0, K s= AxX3 + (J h + A2)XV 

+ b\fx2 +fg\2v + c\v2 + fxv2 + fXfxv = 0. 

We see we must have Ai = 0, / ^ 0 , fg = 0, b=fh+h2=f9*0; 
hence g = 0, &i = af2 + ch2 = 0. We can therefore reduce our 
net to the form 

rc(h2 +1)(* +1) c(h + i) 1 
(11) X ^ - ^ -*« + y»+-i-^Wy*J 

+ /x(z2 + zx) + vxy = 0 , 

with a cubic that is transformable into the above typical 
cubic with a = c(h + l)/h2, /3 = (/* + l)//*2. 
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We consider the net (1) when its cubic (2) has no node or 
cusp and just one real inflection and can be put in the form 

X2/x + \JJL2 + a\v2 + ]x2v + \JJLV = 0 , 

with inflection at (0, 1,0). Since there are two real tangents 
to the cubic from the point (0, 0, 1), this point must corre­
spond to a real line pair in the net.* We can reduce the net 
to the above form (n). We have then fg = c — 1, fh+h2 = 0, 
b=a, / = 1 , Ai = 0; hence h = l or h = Q, g = l , a=a. We use 
Ci to rid G of xy and get 

(12) \(ax2 + ay2 + z2 + yz + zx) + fxxy + v{z2 + zx) = 0. 

We suppose the cubic (2) has no node or cusp but just one 
real inflection and can be put in the form 

0X3 + XV + X^2 + ap9v + \fxv = 0. 

We reduce the net (1) to the form 

X(;y2 + zx) + ,ixxy + vC* = 0, K s X3 + b\2v + (fh + g2)\v2 

+ CjJL2V + fglXV2 + f\jAV + A3^
3 == 0 . 

This gives us b=fh+g2=f9£0, /g = 0, A3 = 0; hence g = 0, fe = l, 
a = c/f2. By an obvious transformation on X, /x, ^ alone, 
we get 

/ c c \ 
(13) X(^2 + zx) + l*xy + vl —x2 + y2 -\ z2 + yz J = 0, 

with cubic reducible to the above typical form with a = c/f, 

Next we consider the net (1) when its cubic (2) has no 
node or cusp but at least two real inflections, and reduce this 
cubic to the form 

avz + X2M + XM2 + X/xv = 0, 

with inflections at (0, 1, 0) and (1, 0, 0). We put our net in 
the form 

* This fact can be observed by noting the pencils of conies in the 
GF(2n) that have discriminants of the form X2/*. 

file:///jjlv
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XCi + »xy + v(y2 + zx) = 0, K s= AA3 + /gXV + cX/*2 

+ (ƒ* + g2)X2y + 6X*>2 + ^ + jTX/w = 0. 

We must have fg = c=f?£0, fh+g2 = b=Ai = 0; hence g = l, 
c =ƒ, A = 1//, a = (ƒ + 1 ) / / 3 . Using C2 to rid G of rry we get 

/ƒ + 1 \ 
(14) X ( x2 + ƒ22 + fyz + zx J + M#;y + K?2 + z#) — 0, 

with cubic reducible to the above type form with a = l/f. 
Finally we suppose our net (1) has no degenerate conic 

and therefore its cubic (2) is imaginary. We put our cubic in 
either one of the two forms 

X3 + aV + iöV + 7'X*>2 + ixv2 + X/ii> = 0 
or 

x3 + < * y + /3V + \fiv = 0, 

where a' and /3' are non-cubes and 2n = 3 m + l . Then the 
net (1) can be put in the form 

X(js2 + xy) + fx(ax2 + fiy2 + yz) + vCz = 0, 

K E= X3 + afis + CX2Ï> + (/g + A2)X*>2 + a/A 

+ (gh + af2 + pg2)^2 + g\w + A3*>
3 = 0. 

We must have c= /g+A 2 = 0, g^O. We put 

1 ƒ h 
x = —x' H y' y y = y'\ z = —y1 + 2', 

« « g 
and we get 
X(z2 + h\y2 + Aixy) + /x(a2x

2 + 62 / + /2#s) 

+ v(a>zx2 + is^2 + zx) = 0, 

K =z h?\* + bi\v2 + a ? / 2 V + û3/2V
2^ + bwv2 

+ ^ 3 + fihïhixv = 0. 

This cubic must have one of the above forms, hence we see 
that Ai2 = / 2 A I F ^ 0 , a3 = 0, so f2 = hi5*0, and we get 

(15) X(s2 + yy2 + xy) + ix{ax2 + by2 + yzj + v((3y2 + zx) = 0, 

where a/ î^O, ce and j3 non-cubes, 7 may be zero, ô = 1 or 0. 
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We shall not derive the nets with degenerate cubics but 
merely list them below, because their derivation is so simple 
by the method employed by C. Jordan, loc. cit. 

(16) Xx2 + ny2 + v(z2 + yz) = 0. 

(17) X*2 + ixy2 + vyz = 0. 

(18) Xx2 + ny9 + viz2 + xy) = 0. 

(19) Xx2 + ny2 + vxy = 0. 

(20) Xx2 + ixy2 + vz2 = 0. 

(21) X*2 + fxxy + v{z2 + yz) = 0. 

(22) Xx2 + fxxy + vyz = 0. 

(23) X*2 + ixxy + v{y2 + z2 + ayz) = 0, 

y2 + z2 + ays = 0 irreducible. 

(24) X*2 + M*3> + v{z2 + zx) = 0. 

(25) Xx2 + txxy + v(y2 + zx) = 0. 

(26) Xx2 + \xxy + vxs = 0. 

(27) \x2 + »(y2 + xy) + v(z2 + yz) = 0. 

(28) Xx2 + fx(y2 + xy) + vyz = 0. 

(29) Xx2 + »(y2 + xy) + v{ay2 + z2 + zx) = 0, 

/i2 + ai>2 + ixv = 0 irreducible. 

(30) Xx2 + n(y* + xy) + v(z2 + zx) = 0. 

(31) Xxy + \xxz + v(x2 + y2 + z2 + ayz) = 0. 

(32) Xxy + ixxz + v(y2 + z2 + ayz) = 0. 

(33) Xxy + iixz + i>(x2 + yz) = 0 . 

(34) \xy + M ^ + vyz = 0. 
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