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GROUP OF A SET OF SIMULTANEOUS
ALGEBRAIC EQUATIONS*

BY LOUIS WEISNER

1. Introduction. Consider a system of m independent
and consistent algebraic equations in m variables

(1) fk(zly"‘yzm):(); (k:]-’ "'7m)-

Let the roots of this system of equations be (214, .. . 2Zna)
(@=1,---, n). We assume that each zj. is finite. There-
fore by a process of elimination we obtain equations

2) Fp(zp)zoy (}?:1, ey m)}

each of which is of degree » and involves only one of the
unknowns. None of these equations vanishes identically,
since equations (1) are independent. We assume that none
of equations (2) has a multiple root.

A rational domain R which includes the coefficients of
(1) includes the coefficients of (2). It will be shown in
this paper that the groups of equations (2) relative to R
are identical, except for the symbols which they affect.

2. Elimination of zm. On eliminating z, from (1) we
obtain m — 1 equations involving 2, -+, Zm—1. NOW 2m—1
cannot be absent from all of these equations; for in that
case we would have m — 1 equations involving fewer than
m — 1 unknowns, and equations (1) would not be con-
sistent and independent as assumed. Repeating this argu-
ment we can find two independent and consistent equations

3) 91(21, 25) = 0, 92 (21, 23) = 0,

involving the unknowns z;, 2z (or any other pair of the
unknowns). This elimination can always be carried out
in such a way that if (z14, 224) is a root of equations (3),
then there is a root (zia, 22, -, Zma) Of equations (1).

* Presented to the Society, December 27, 1923.
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3. Relations of Rationality. Let R’ be the domain
obtained by adjoining 2y, to E. By equations (3), g1 (214, 224)
and ¢» (214, 224) are rational functions of a root of ¥} (¢) =0,
with coefficients in R’ which equal a number (zero) in R’;
they are therefore unaltered in value by the substitutions
of the group H of Fi(z) = O relative to R’. Suppose
that a substitution of H changes zi, to 213 Applying
this substitution to gi(z1a, 224) and g2(c1a, 220) We obtain
91(z1p, 220) = 0 and go(zs, 224) = 0. By § 2, there are
two T100tS (214, 22a) ***, Zma) ANA (21p, Zoqy + -+, Zmp) Of
equations (1) with the same value for z;. Therefore F3(z3)=0
has a multiple root, contrary to assumption. It follows
that H leaves 21, fixed. Hence zj, is in R’ and is a
rational function of 2y, with coefficients in F.

THEOREM 1. If (214, 22a, * * * » Zma) %S @ 700t of equations
(1), 2zpa equals a rational function of z4a with coefficients
m R @ qg=1, 2, ..., m)*,

4, Group Relations. Let us regard G, the group of
Fy(zp) = 0 relative to R, as a substitution group not on the
100tS 2p1, Zp2, « - -, Zpn, DUt on their second subscripts. Thus
(12) simultaneously interchanges z11 and z1s, zs1 and zee ete.
‘With this understanding we state our main result.

THEOREM 2. The groups of equations (2) relative to R are
identical.

We shall prove Gy identical with G;. By Theorem 1,
Zpa = Ppa(?1a) Where @y is a rational function with coefficients
in B. Hence by equations (1)

k=1, 2m)
a=1,2,---,m

* The following is a proof which might be offered of this theorem:
Eliminate every power of 2z from equations (8) except the first; then
z1 is expressed as a rational function of 2z, with coefficients in R.
The objection to this proof is that in the process of elimination the
first power of 21 may be incidentally eliminated. It is easy to make
up examples where this actually occurs. I believe the proof given
above is free from objection.

4 fk[Zla, (P2a(21a)y ceey (Pma(zla)] =0, (
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Now suppose a substitution of Gy replaces 21, by 213. Then
equations (4) become

(5) Selzw, Poulew), -+, Pmalzw)] = 0.

Therefore [215, ®2al21s), -+, Pmalerw)] is a root of (1). But
[210, Pov(z10), - -, Pmp(21)] is a root of (1), and (2) has no
multiple root. Hence @pa(z10) = Ppn(z1). We may there-
fore omit the second subscript of ¢, and write

(6) 2pa = Pp(21a).

Nowlet Y(za1, - - -, 225) be a rational function with coefficients
in R of the roots of Fy(z3) = 0 which equals a number in £.
Then by (6) Y[@s(z1y), - - -, Pal2z1s)] is a rational function with
coefficients in R of the roots of Fi(z;) = 0 which equals
a number in B and hence is unaltered by ;. But on
applying a substitution of G to Y[@s(zyy), - -, Pslz14)] We find
that, in virtue of (6), zsy, - - - , 2on undergo a similar substitution.
Therefore YW(za, - - -, 220) is unaltered by every substitution
of Gy. It follows that @, is a subgroup of G,. Similarly
@, is a subgroup of G4. Hence G4 and G, are identical.

5. A Necessary and Sufficient Condition. We shall call
G=Gy(p=1,---,m) the group of equations (1) relative
to B. Let Y¥(ew, -y 21} + 5 &m1y +++, Zmn) be unaltered in
value by all the substitutions of @. Then so is Y[zi1, -, 212}

-5 @mlz1n), -+, Pmlz1n)]. But the latter is a rational function
with coefficients in B of the roots of Fi(z,) = 0, which is
unaltered by G. Hence it equals a number in E. Conversely,
let Y(z11, -+, 205 +++3 Zm1, =+, Zmn) €qual a number in R.
Then so does Y[ziy, «++y 2in; +++; Pml210), -+, Pm(210)]. Since
the latter is unaltered by @, so is the former.

THEOREM 3. A necessary and sufficient condition that a ratio-
nal function with coefficients in R, of the numbers satisfying
a set of independent and consistent algebraic equations with
coefficients in R, be unaltered in value by the group of the
equations relative to R, is that it equal a number in R.
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