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9)  wpi{— q1Ca(25) - C1(z) — q2Ci(zs) - Ca(z) + 93P, () [C1Ce]}
— {gs V[C1C4] V[C2 (L) P, ()} = 0.
Let Cy, Cs be small circles around the points z;, 2, respectively
which themselves are not on a line with the point 23. The
pencil (9) contains the point circle P, (2) and therefore another
point circle P interior to the two point circles (5) since P.,(2)
is exterior to them. Hence in (9) we must have for u = 0
the point circle z3; for u = up the radical axis; for u = 1, the
outer circle (5); for u = — 1 the inner circle (5); and for
u = c(— 1 < ¢ < 0), the point circle P. Thus ug, the param-
eter of the radical axis of the pencil (9) must be positive. But
pr = g5 V[C101] V[C2Cal/(— q1Ca(2s) — ¢201(25) + gs[C10).
If now the circles C;, C; approach the points 2y, 2, as limits the
denominator of ug approaches as a limit

(10) — (g1 + @282 + ¢57%)

where o, 3, v are the lengths of the sides opposite the vertices
21, 32, 83 of the triangle z1, 25, 3. In terms of \ (10) becomes
(11) — &N+ (V+ 2= N —

The discriminant of (11) is
(at+B+N(—at+B+VN(=B+at+Ny—a—§
which is negative. Hence (11) is a definite quadratic form
evidently negative for sufficiently large N. Then (10) is
negative for all real values of N and this requires that
¢s V[C1C1] V[C,C5] be negative. Since qugags = — N\ — 1)2
is negative for all real values of A, the three radicals must take

the same signs as, or opposite signs to, the three quadratics g,
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ON SKEW PARABOLAS.

BY DR. MARY F. CURTIS.

The theorem that a real rectifiable skew parabola is a helix,
proved in my note in this BULLETIN, November, 1918, for
skew parabolas which can be represented in rectangular co-
ordinates by equations of the form:

1) 21 = at, zy = b, x3 = cifd, abe % 0,

was extended by Professor Hayashi in this BuLLETIN, Novem-
ber, 1919, to cover all real skew parabolas, whose equations
he reduces to the form
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(2) X1 = a1t3 + ast, Xy = b1t3 + bgtz, X3 = 01t3, agbzcl 4= 0.

Professor Loria, in an extract from a letter to Professor
D. E. Smith published in this BurLLETIN, February, 1921,
states that Professor Hayashi’s work was unnecessary, in that
every (real) skew parabola can be represented in rectangular
coordinates by equations of the form (1).

When the coordinates are oblique, (1) does represent every
real skew parabola.* Professor Loria’s statement that this
is equally true when the coordinates are rectangular is, how-
ever, at fault. A skew parabola C:

3) ;= aif®+ b2+ cit + d; (’l; =1,2,3)

lies on a unique parabolic cylinder S and meets the ruling R
on which the vertices of the orthogonal sections of S lie in a
unique finite point P. If P :¢ = 0 is taken as the origin of
coordinates, R as the zz-axis, and the axis of the orthogonal
section through P as the x»-axis, equations (3) become

4) @1 =cit, = bot?, 5= ast®+ bst® + cst, ashc; F 0,
and these are as simple equations representing a general skew
parabola in rectangular coordinates as can be found.t

It is clear that the osculating plane at P : t = 0 is the plane
23 = 0 if and only if b3 = ¢ = 0. Then (4) reduces to (1).

TuEOREM. A real skew parabola C can be represented in
rectangular coordinates by equations of the form (1) if and only
if, ot the point tn which C meets the line of vertices of the parabolic
cylinder on which C lies, the osculating plane of C ts orthogonal
to the cylinder.

The representation (4) for the general skew parabola, the
theorem and the representation (1) for the particular skew
parabolas which the theorem singles out hold in the complex
domain, unless the rulings of the cylinder S are minimal, or the
parallel planes each of which cuts S in a single ruling are
minimal, or both the rulings and the planes are minimal. In
such cases simple representations of the skew parabola exist.
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* ENCYKLOPADIE DER MATHEMATISCHEN WISSENSCHAFTEN, 11I, C 2:
O. Staude. Fldchen 2. Ordnung und ihre Systeme, p. 234. ENcYCLOPEDIB
pEs ScieNnces MaTHEMATIQUES 111, 22 (1914), p. 130.

1 O. Staude: Analytische Geometrie der Kubischen Kegelschnitie (1913)
p. 139. The equations (2) which refer the curve to the tangent, principai
normal and binormal at an arbitrary point may, for some purposes, be
preferable to the equations (4).



