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A PARTIAL ISOMORPH OF TRIGONOMETRY. 

BY PROFESSOR E . T. B E L L . 

1. I T is well known that the only continuous solution, 
cp (x), yp{x), of the system of functional equations 

(1) <p(a + b)= <p(a)<p(b)-t(a)Mb), 
(2) yp{a + b) = *(a)cp(b) + cp(a)^(b), 

(3) cpHa) + f\a) = 1 

is <p(x) = cos x, \p(x) = sin x. By suppressing the condition 
that cp, if/, shall be continuous functions of a single variable, 
and one or two of (1), (2), (3), we get what may be called the 
partial isomorphs of trigonometry, whose interest, of course, 
will depend chiefly upon their interpretations. Several such 
are known and in use. While seeking arithmetical para­
phrases for some of the more complicated results in elliptic and 
theta functions, I noticed incidentally another of these iso­
morphs in which (1), (2) only are retained. Apart from its 
usefulness in the theory of numbers (which is not considered 
here), this isomorph is of interest because it extends, in a 
sense, the concepts of evenness and oddness, or parity, rela­
tively to functions of several variables. 

2. We denote the sets of variables, (xi, x2, • • •, xn), (— Xi, 
—• X2, •••, — xn) by £, — £ respectively, and define a function 
ƒ to be even or odd in £ according as it does not or does change 
sign when the signs of xlf x2, • • •, xn are changed simultan­
eously: ƒ(£) = ƒ(— £), or ƒ(£) == - ƒ ( - Ö, according as ƒ is 
even or odd in £. These relations may be written f{{x\, x2, 
•"> s„)) = db ƒ((— Xi, —x2, - -, —xn)), the inner ( ) being used 
to distinguish ƒ(£) from f(xlf x2, • • •,#„), in which no property 
of evenness or oddness is implied. 
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Two sets of variables £ ', £", are distinct if and only if they 
have no variable in common. Unless the contrary is expressly 
stated, all the sets of variables in the f s which follow are dis­
tinct. We shall be concerned with a form of addition for 
sets, which is as follows: Let £' = O / , x2', • • •, xa')y £" = (xi", 
x2", • -, xh"), • • -, £"' = fa"', x2'", • • -, xc'"); then the sum 
of *', É", ' ' ' , £'" is the set (f; *"; • • • ; C"), = (*i', *?', • • -, 
#</> «i"> #2", • • •, Xb"> ' • ', %i"> %%", • • •, xc'"). Hence in par­
ticular, £' = (xi'; x2'; • • • ; xa') = («/ , «2', • • -, xa'); and (£'; 
($"; «'"); • • •) = « ' ; €"; €'"; • • •) etc.;and & ; - E"; £"'; • • •) 
= - ( - € ' ; « " ; - € ' " ; •••.)• 

3. Extending the foregoing to several sets, let fai, 
; • *, xi(H) = &; (2/yi, 2/y2, y,z, ; • ;, ##,) = *?y, (i = 1, • • -, r; 

j = 1, • • • ,# ) , denote (r + 5) distinct sets of variables. Then, 
a function ƒ of £1, £2, • • •, kn Vu V2, • ", Va which is even in 
each £ separately, odd in each 77 separately, is denoted by 
/(£b £2, • • •, £r I Î?I, î?2, • • • y Î?S). By definition the parity of this 
ƒ is («i, a2, • • •, ar 161, &2, • • '* ,bs) ; its order, or total number of 
independent x, y variables, is fa + «2 + • * * + «*•) + (61 
+ b2 + • • • + &«) ; its degree, or total number of £, 77 variables 
is (r+s). Similarly ƒ (£1, | 2 , • • •, £r 10), /(O1771, 772, • • •, rjs) de­
note ƒ s of respective parities fa, a2, • • •, a r | 0 ) , (0|6i, b2, • • -, 
6S), of the obviously corresponding orders and degrees, even in 
each £, odd in each 77. Beyond the prescribed conditions of 
evenness and oddness, all of these f s are wholly arbitrary: 
they may be continuous in some or in none of the x, y variables; 
algebraic, or transcendental, etc. When ai = a, bj — b, 
(i = 1, • • -, r; j = 1, • • -, s), the above parities are written re­
spectively (ar\bs), fa|0), (0|6S). The parity of a constant, 
i. e., function independent of the x, y variables i n / , is (0|0). 
According to this notation, a function of parity ( l r | l s ) is a 
function of r + s single variables (not sets), even in r of the 
variables separately, odd separately in the rest; e. g., 

r s 

H cos Xi • H sin yj 

is of parity ( l r | P ) ; while 

cos f C « < J ' sin f ïlyj) 

is of parity (r\s). As another example, an arbitrary function 
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of n variables can always be written as the sum of a function 
of parity {n | 0) and a function of parity (01 n) : 

(4) 2/Oi, x2, • • •, xn) = /o(Oi, x2, • • •, <rn) 10) 

+ fi(0\(xux2, •• -,3»)) 

(5) jo(Ol, «2, ' * *, O |0) = f(xU X2y • • -, &w) 

+ ƒ(— a*, — ff2, • • -, — &„) 

ƒ, (01 fo, «2, • • •, &n)) = f(xi, x2, • • •, zw) 

jf ( #1 , #2> * * *> #n)« 

The isomorph we shall consider is the algebra of sets and 
parities, and the closely related properties of functions ƒ(&, 
£2, • • -, %r\rji, y2, • • -, rja). The algebra is implicit in § 5; the 
correspondence with (1), (2) is established in § 6, extended in 
§§ 7, 8, and in §§ 9, 10 outlined for the purpose stated in § 4. 

4. I t is a fundamental result for the applications that an 
arbitrary ƒ of parity (alf a2, • • •, ar \ h, b2, • • •, b8) may 
be expressed linearly in terms of 2<°~8 suitably chosen func­
tions whose parities are all of the type ( l a | l ^ ) , where co = 
the order of ƒ; S = the degree; and a + /3 = œ. Although 
the actual linear representation is not required in use, we shall, 
nevertheless, show how to write it down, in proving its exist­
ence—to bring out the trigonometric analogies between sin x, 
cos# and (0\x), (x\0). I t will follow then that the ƒ in (4) 
is a linear function of the same sort; in this case the number 
of functions in the representation is 2n, and a + j8 = n. The 
degrees of the several functions in the representations follow 
a more complicated law, which may be written down if de­
sired. To arrive at these representations briefly, we adopt 
the following conventions. 

5. Associated with each symbol (£i, £2, • • •, £r|tyi, rj2, • • m,rj8) 
is a symbol of parity («i, a2, • • -, ar16i, b2, • • •, bs); and if 
£x == (£'; £"; • • • ; £'"), the notation being that of § 2, the par­
ity is written ((a; b; • • • ; c), a2, • • -, ar16i, b2, • • •, bs); viz., % 
= (a; b; • • • ; c), and so in all cases where a set £ or rj is re­
garded as a sum of sets. With the same notation, if (£'; £"; 
• • • 5 £'") a n d (aî 6; • • • ; c) are associates, then we take as the 
associate of (— £'; — £"; • • • ; £'"), the parity (— a; — 6; • • • ; 
c), etc., the minus signs indicating that the signs of all the 
variables in £', £", • • • have been changed. Hence, from the 
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definitions, we take — (— a; — & ; • • • ; c) = (a; b; • • • ; — c), 
etc. For brevity we may write a symbol (£1, £2, • * • ,%r \ Vu 
rj2, •••>ty«) = (X\Y), and the corresponding parity (A\B). 
Then the formal laws of addition and multiplication for sym­
bols (X\Y), (A | B) are defined as follows. An equation of 
the form 

(6) p(A | B) = c1p(A1 | Bx) + c2p(A21B2) + . . . + ckp(Ak \ Bk), 

where the Ci, c2, • • •, ck are integers > 0, is to be read : An 
arbitrary ƒ of parity {A \ B) is expressible as a sum of ci + c2 

+ • • • + ck suitably chosen functions, Ci of which are of parity 
(Ai\Bi), (i = 1, •••,&). Similarly, if some of the c's are 
integers < 0, (6) signifies the like expressibility as a difference. 
When we wish to consider the sets, rather than the parities, 
the equation (6) will be replaced by 

(7) q(X | Y) = c1q{Xl | 7 0 + c2q(X2 \ F2) + • • • + Clq(Xl \ Yi)9 

where all the c's denote + 1 or — 1 (for an arbitrary constant, 
\c\> 1, may obviously be absorbed in the function). (7) 
indicates the appropriate (Xi | Yi) for the linear expression of 
arbitrary ƒ(X \ Y); the equations (6), (7) are merely different 
ways of stating the same fact. The next has another meaning. 
If a given F(X\Y) may be written in the form 

(8) cF(X | Y) = c1f(X11 7 0 + c2 f(X2 \ Y2) 

+ ••• + c*/(z*|y*), 
where the c's are constants, by choosing the £, rj which occur 
in X^ Yi, (i = 1, • • -, k), suitably in terms of the £, t] which 
occur in X, Y this will be symbolized by (9), equivalent to 
(8), 

(9) cq(X | Y) = [clq(Xl | 7 0 + C2q(X2 \ 72) 

+ ••• + ckq(Xk\Yk)]. 

To define multiplication, let t,a,/3 = p, A, B, or t, a, /3 
= g, X, 7 ; then multiplication, which is defined to be associ­
ative, commutative and distributive, for symbols t(a\j3), is 
given by 
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(10) ffolftWajIfo) ---KarlPr) 

= t(aU &2, ' ' ', Oir I ft, ft, • • •, jSr) 

(11) <(«|i8){<(«i|/31) + *(«2|/32)1 

= t(a, ax I ft ft) + £(a, a2| ft ft), 

* ( - a | f t = t(a\(3)= - * ( < * | - / 3 ) . 

The identity of addition is 0, of multiplication (010). These 
laws are to be regarded as purely formal until they receive 
their interpretations in the addition theorems for tf (a | ft). One 
obvious interpretation of (10) is: The product of r functions 
on the distinct sets (Xi\ Yi), (i = 1, • • -, r), is a function of 
parity (Ai, A2, • • -, Ar\Bu B2, • • -, Br). Similarly for (11); 
but both of these are trivial. We may now write down the 
equations which establish the correspondence with (1), (2). 

6. Let t,a,/3= p,a,b; or t, a, (3 = q, £', £", where £' 
= (xi, x2, • • -, xa'), £" = W, x2'', - • -,xb"); then the addi­
tion theorems for ^-symbols are 

(12) *((a; j8)|0) = t(a\0)t(P\0) - *(0|a)*(0|j8), 

= <(a, j8|0) — <(0|«, j8), 

(13) *(0|(a;/3)) = t(0\aW\0) + t(a\0)t(0\fi, 
= t(P\a) + t(a\P), 

the second forms coming from (10). Corresponding to the 
formulas for sin a cos ft etc., we have 

(14) 2<(a|0)f(j8|0) = 2«(a,/5|0) = p( (a ; - /3) |0)+«((a ; /3) |0) ] , 

(15) 2<(0|a)<(0|j8)s2^0|a,i8) = p ( (a ; - j8 ) |0 ) -* ( (a ; i8 ) |0 ) ] , 

(16) 2t(0\aW\0) = 2ttf\a) - [t(0\ (a; /3))+*(0| ( a ; - ft)], 

(17) 2*(a|0)*(0|ft^2*(<*|ft = p ( 0 | ( a ; j 8 ) ) - * ( 0 | ( a ; - j 8 ) ) ] . 

(16), (17) are, of course, different forms of the same thing, 
but it is convenient to have both. 

To prove (12)—(17), we write down the identities (18) for 
(12), (14), (15), and (19) for (13), (16), (17), 

/ ( (€ , ;n |0)=/ i« , ,€ , , |0 ) - /2(0 |€ / ,n , 
(18) # I (É ' , r |0) -ƒ((£ ' ; - n | 0 ) + ƒ((£'; n | 0 ) , 

2/2(01 r, n = /(«'; - n |o) - ƒ(«'; n |o). 
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(i9) 2/iCr'|r) = /(oi a'-, n) + noi cr ; - n), 
mv | n = /(oi cr; ro) - ƒ«>| (r ; - n). 

I t only remains to show that the functions on the right of 
the / i , ƒ2 identities have the properties implied by the notation 
on the left, thus, e. g., 

2f i ( - { " i n = / (0 |« ' ; - *")) + ƒ(<> !($';£")) = 2/1(É"IÉ'); 

2/i(?" 1 - n = /(o 1 (- r; ro) + /(o 1 (- r; - n> 
= - /(o 1 - (- r; ro) - /(o 1 - (- r; - n) 
= -/(o|(r;-r,))-/(o|(r;r,))=-2/1(rir); 

and similarly the others may be verified. 
7. Comparing (12), (13) with (1), (2), we see that a corre­

spondence has been established such that if in any consequence 
of (1), (2) alone, when written, cos (a + b) = cos a cos b 
— sin a sin b, sin (a + b) = sin a cos b + cos a sin &, cos * , 
sin # be replaced respectively by t(*\G), t(0\ •*), we get 
a result which by (12), (13) is true, and which may be trans­
lated at once into terms of functions ƒ. Thus the formulas for 
the sine or cosine of n angles as a sum of products of sines and 
cosines of the several angles are consequences of (1), (2) 
alone; hence they may be translated as indicated. E. g., cor­
responding to cos (a + b + c) = etc. ; we have 

t«a;P; y)\0) = t(a\0)t(p\0)t(y\0) - Ka\0)t(0\fit(0\y) 

- *(j8|0)<(0|7)<(0|a) - <(7|0)*(0|a)*(0|j8) 

= t(a, ft 7|0)-*(a|fc y)-t((3\y, a)-t(y\a, |8), 

which asserts t ha t / 0 , ƒ1, ƒ2, ƒ3 may be found such that / ( ( à ; 
à ; &)|0) =/o(€i , f2, &|0) - / x C à l à , f8) - /2(fe|&, &) - ƒ 3 
(&|?2, £1). The actual forms of ƒ<,, jfi, /2 , ƒ3 may be written 
down as indicated in § 9, or they follow from (14)-(17) on 
multiplying throughout by t(0\y), t(y\0) and reapplying (14) 
to (17) to reduce terms of the form t(y\ (a; ± j3)), t((a; ± j3) 
17), t((a; =b j8), 7 |0 ) , etc.; they are 
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4fo(à,fc,&|o)= f+f+r+f", 
4/i(à|fc,$,) = - ƒ - ƒ ' + ƒ " + ƒ ' " , 
4/sffclfc,à) = - ƒ + ƒ ' - ƒ " + ƒ ' " , 
4/8(&|&,̂ ) = -f + f'+f"-f", 

where 

ƒ = ƒ(( &; ?2j &)|0), 

ƒ' = /((-£i; fc; &)|0), 
ƒ"=ƒ(( à ; - f c ; &)|0), 
ƒ'"=ƒ(( fc; fc;-*.)|0). 

Similarly, corresponding to the development of sin (a + b 
+ c), 

t(0\(a; j8; 7 ) ) = f(ft 7 | a ) + t(y, a\fi 

+ * ( a , j 8 | 7 ) - « ( 0 | a , j 8 , 7 ) ; 

ff(0| (&; fc; &)) = ffiCfc, &1 &) + ?*(&, à | &) 

+ #2(£i, £21 £3) - 0o(O1 £1, h, &) : 

4?i(&,&|&) = g-g' + g" + g'", 

^(fc.&lfc) = 0 + 0 ' -»" + $'", 
4ff»(&,&|&) = 0 + ff'+ ?" - 0"', 

4jf0(0|&, fc,&) = - g + g' + g" + g'", 
where 

g =ff(0|( à; fc; &)), 
ƒ = 0(O|(-&; fc; &)), 

ff"=?(0|( € i ; - & ; «3)), 

<7'"=<K0|( à; & ; - & ) ) • 

As a last example, combining these, we will write ƒ (^i, x2, «3), 
ƒ arbitrary, as a linear function of 8 functions of parities 
(la 11*), a + j8 = 3, as stated in § 4. 

2/fe , x2, x3) = F(Oi, a2, xz)\0) + G(0\(xi, x2, x*)); 

r F((xu x2, xd)\0) = f(xl9 x2i xz) + ƒ(— xu - «2, - ar8), 

1 0(01 Oi, a2, ^3)) = f(xl9 x2, xz) — ƒ(— xlf — ic2, — xz)\ 
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F((xu x2, xs)\0) = F0(xu x2, x3\0) — Fx{xi\x2, x3) 

— F2(x2\xu xs) — Fz(x*\xi, x2), 

G(0\(xu x2, xz)) = Gi{x2, xz\xù + G2(xs, xx\x2) 

+ Gz(xlf x2\xd) — GQ(0\X19 X2, XZ). 

Whence, on applying the foregoing expansions for t((a; ft; 
7) |0), t(0\(a; ]8; 7)) to F, G, we find, on putting 

jo = ƒ( xl9 x2, xz), f A = ƒ( xu — x2, xz), 

fi = ƒ(— xu — x2.y — xz), f h = ƒ(— xu x2, — xz), 

h = ƒ(— xi, x2} xz), f6 = ƒ( xu x2, — xz), 

fz = ƒ( xu - x2,.— xz), fi = ƒ(— a*, - x2, xz), 

the following values for F0, Fu F2y Fz, Gu G2, Gz, G0: 

4F0(xUX2fXz\0)= /0+/l+/2+/3+/4+/5+/6+/7 

4F1(x1\x2, a;») = - /o - /i - ƒ2 ~ ƒ3 + ƒ4 + ƒ5 + / e + ƒ7 

4:F2(x2 \xz, xx) = - /o - ƒ1 + f2 + fz ~ ƒ4 - ƒ5 + /e + ƒ7 

4F8(a?8|«i,«2) = - / O - / I + / 2 + / 3 + / 4 + / Ö - / 6 - ƒ 7 

4Gfi(a2, ^3^1) = /o - ƒ 1 - ƒ2 + ƒ3 + ƒ4 - / ö + / e - ƒ 7 

4G2(&8, «i |z2) = /o - ƒ1 + ƒ2 - ƒ3 - ƒ4 + ƒ5 + /e - ƒ7 

4G3fe, ar2 |z8) = /o - ƒ1 + ƒ2 - ƒ3 + ƒ4 - ƒ5 - fe + ƒ7 

4Go(0| 04, £2,0:3) = - / o + / i + / 2 - / 3 + / 4 - / Ö + / 6 - ƒ 7 

As a check, we find from these values 

S/o = 8/fe, £2, s8) = 4(^o -F, -F2 -Fz+G! +G2+GZ -Go) . 

I t thus appears from (12), (13) that the semicolon in (a; j8) 
plays the same part as the plus sign in (a + b) in (1), (2). We 
next interpret the | and the commas in a symbol t((a', /3; • • •)> 

7, • • • | (« ' ;0 , ; - -O,V/ ' ) - . 
8. To keep the writing simple, we may take the case of 

t((a; ]8), 710) ; the general case is treated in precisely the same 
way. Multiplying (12), (14), (15) throughout by t(y\0), we 
get for (12) 

(20) t((a; fi,y\0) = [t(a\0)t(fi\0) - t(0\a)t(fl\P)]t(y\0), 

= t(a,p,y\O)-t(y\a,0). 
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Assuming for the moment that this is a true equation, we see 
that the comma in t((a; fi),y\0) corresponds to the X sign 
in cos (a + ]8) X cos y = [ cos a cos ]8 — sin a sin /3] X cos y 
= etc.; and likewise in the general case for multiplication by 
Ky\> 72, • • •, 7r|Si, S2, • • -, Ss), the commas play the part of 
X signs. To see that (20) is a true equation, we remark that 
it is included in (12), (14), (15), when, considering F((£'; £"), 
£'" |0) as a function of (£'; £") alone, we write F((£'; £"), 
?"\0)=f((l;';n\0), and set in (18) 

Ac?, r I o) = w , s", r I o) /2(o | r, ro = w I r, n, 
whence the second and third of (18) become: 

r 2FM, r, r"|o)=F((r; - n, rio)+w; n, no), 

corresponding to (14), (15) multiplied by t(y\0): 

2t(a\0)t(f3\0)t(y\0) ^ 2t(a, (3,y\Q) 

= W ( « ; - i 8 ) , 7 | 0 ) + <((a;j8),7|0)L 

2«(0|a)f(0|j8)*(7|0)s2«(7|a,i3) 

= [ < ( ( « ; - J 8 ) , 7 | 0 ) - « ( ( a ; - j 8 ) , 7 | 0 ) ] . 

Similarly, if (12) is multiplied by t(0\y), it is easily seen that 
the | is a symbolic X . 

9. (i) Combining the correspondences established in §§ 7, 
8, we have the following correspondence between ^-symbols 
and sines and cosines. Let 

ai = (an; ai2; • • • ; aim,), ft = (fti; ft2; • • • ; ftn,), 
(i = 1, --,r;j = 1, • • - , * ) , 

be any partitioning of the ai, ft in tf = /(OJI, «2, • • •, cer|ft, j82, 
• • -, ft). Then, as the generalization of (12), (13), t may be 
expanded as a linear function, with coefficients d= 1, of homo­
geneous products all of whose factors are t( •* |0)'s or ^(0|§)'s 
by expanding 

' / « ^ \ « / «̂  \ 
I I cos ( 2 afa ) • I I sin ( 2 ] ft*> 1 
{=1 \a~i / j = l \ 6=1 / 
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in the usual form as a sum of homogeneous products of cos -fc's 
sin §'s, each ^ , § representing a single a or a single /3, and then 
replacing cos •*-, sin § respectively by t( * | 0), t(01 §). Finally, 
applying (10) to each term in the /-expansion, we reduce the 
whole t o a S ± t(a', a", • • • |/3', /3", • • •), the a', a", • • -, 0', 
/3", • • • being the a, /? in the ( ) for the partitioning of the ai} 

(ii) Similarly, the generalization of (14), viz., the expression 
of 28~1t(a1\0)t(a2\0) - - • t(as\0) in the form [2 ± *(± «i; 
=1=0:2; • • • ; =b as) |0)], is written down from the expression of 
25_1cos a± cos a2 • • • cos cer in the form 2 ± cos(ai do a2zL • • • 
db o;8), a cosine term in the 2 , such as cos(ai — a2 + • • • + « « ) 
being replaced by t(ai; —- a2; • • • ; as); likewise for c*t(0\l3i) 
t(0\p2) ' ' • t(0\f3s), where c = ( - l )* /^ 8 " 1 or ( - l ) ^ ) / ^ * " 1 

according as 5 is even or odd, from the corresponding cosine 
or sine sums for c sin ft sin /32 • • • sin /3S. I t is unnecessary to 
write the results: they may be obtained at once from the 
formulas given in books on trigonometry, e. g., E. W. Hobson's 
Elementary Treatise, §§ 49, 50 (Cambridge, 1897). 

(iii) To generalize (16), (17), we multiply together the ex­
pressions found in (ii) for 2(cei|0)2(a2|0) • • • t(ar\0) and 
*(0|j8i)*(0|j82) " ' ' <(0|/3s), using (10) on each term of the dis­
tributed product. There will be four cases, according as 
r, s = 0, 1 mod 2. The results are rather complicated, and 
need not be written. 

(iv) Using (i)-(iii) it is evident that ƒ (&, £2, • • •, £r | Vi, m> 
- - -, rjs) may be systematically expressed in the form stated 
in § 4. We have given a simple example in § 7. All of the 
results of this section may be proved independently by induc­
tion. This is unnecessary, however, as the formal corre­
spondence established in §§ 7, 8 shows. 

10. On account of its interest, we may conclude with the 
analogue of Demoivre's theorem. Since this theorem, for a 
positive integral exponent n, follows from (1), (2) alone, we 
may apply the correspondence of § 7 to get p(n 10) and p(01 n) : 

{p(l |0) + ip (0 | l )}* = p(n|0) + iv(0\n), 

whence, equating reals and imaginaries after expansion of the 
left member, 
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\P(n\0) = p(ln\0)-(^jp(l^\V) 

I +(4)pd"-4|l4) , 
(21) -j 

I + ( g ) K i " - 6 | i 5 ) - - - - -

The g-forms of these are found in the same way by distrib­
uting the product, and equating, in 

n 

(22) U.{q(^\0) + iq(0\Q} 

= ?((& ?2, • • -, f.) |0) + iq(0\ (fc, & , . . - , £»)). 
UNIVERSITY OF WASHINGTON. 

THE TRAINS FOR THE 36 GROUPLESS TRIAD 
SYSTEMS ON 15 ELEMENTS. 

BY PROFESSOR LOUISE D. CUMMINGS. 

(Read before the American Mathematical Society September 5, 1918.) 

In the Transactions for January, 1913, Professor H. S. White 
derived a new method for the comparison of triad systems, 
and applied it to the two triad systems on 13 elements. One 
part of a memoir published in the Memoirs of the National 
Academy of Sciences, volume 14, second memoir, shows the 
efficacy of this method in determining the groups, and in 
establishing the noncongruency of the 44 systems Ai5 which 
have a group different from the identity. The present paper 
gives the results of this method of comparison applied to the 
36 groupless systems Ai5. In this method, the triad system is 
regarded as an operator, and certain covariants of that oper­
ator are deduced. These covariants can be represented graph­
ically and are called the trains of the system. 


