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Thus the transpositions (12), (23), • • -, (78) correspond to (4), 
(5), • • -, (10), respectively. In the standard notations for abelian 
substitutions the latter are, respectively, 
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D O U B L E P O I N T S O F UNICURSAL CURVES. 

BY PROFESSOR J . EDMUND WRIGHT. 

T H E coordinates of a unicursal curve may be expressed as 
rational functions of a parameter. If we assume the curve to 
be of order n and use non-homogeneous coordinates, we have 

x = a(\)/c(X), y = 6(\)/c(X), 

where a, 6, c are polynomials of order n in the parameter X. 
For the double points two values of the parameter give the 
same values of x and y, and the usual method for their deter­
mination consists in finding pairs of values of X and fi that 
satisfy the equations 

a(X)/c(X) == a(ii)/c(p), 6(X)/c(X) = b(p)/c(p). 

After elimination of p from these equations and division ot 
the result by certain extraneous factors, an equation of order 
(n — l)(n — 2) in X is obtained, and the roots of this equation 
combine in pairs to give the parameters of the J(n — l)(n — 2) 
double points. The process of solution however involves the 
solution of an equation of order (n — l)(n — 2). 

Suppose now that a, 6, c are polynomials in X with real 
coefficients, i. e., suppose the curve real, and wrrite X + i/j, for X. 
Let a be A(\ fi2) + ifiA'(\, fi2) and similarly for b and c. I t 
is clear that X + ifi gives for (x, y) the value 

A + ip A B + ii*>B' \ 

o and that X — i/* gives 

( A — ifiA' B — Î/MB' \ 
\C-ifiC' ' C-iixO' ) ' 
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These values are the same if 

A'C-AC' B'G-BG' 

I t is at once clear that the common values of X, /JL satisfying 
J. ' G — A C' = 0, B G — B C"= 0 give the parameters X + *>, 
X — ifi of the double points, and in addition the values of X, JX 
which make ( 7 = 0 , C' = 0. Also, a real pair of values of X, /JL 
corresponds to a real isolated double point, whilst a real crunode 
is given by X real and /JL purely imaginary. In either case /JL2 

is real and the two above equations are in X and /JL2; hence each 
real pair of values of X, /JL2 gives a real double point and each 
imaginary pair an imaginary double point. For a crunode /JL2 

is negative, and for an isolated point it is positive. 
The number of intersections of G and G' is n(n — 1), whilst 

the number of intersections of A' G — AC' and B' G —- BG' is 
apparently (2n — l)2 . We shall now show that this number is 
in reality much less. 

Suppose that 

a(X) = a0X
n + ajf-1 + • • -, 6(X) = 60X

n + ^X*"1 + . . . , 

c(X) = c0X
K + c ^ " 1 + . • • 

and write 
X + ifi = r(cos 0 + i sin 0). 

Then 

A' G — A G ' = {[a0rn sin n0 + a / 1" 1 sin (n — 1)0 + •. •] 

X [e0r
n cos n0 + cxr

n-1 cos (n — 1)0 + . • •] 

— [c0r
n sin n0 + c / 1 " 1 sin (n — 1)0 + •. •] 

X [a0r
n cos w # + a ^ - 1 cos (n—1)0-] ] } -=-r sin 0 

= (a0c1 - aic0)r
2n-2 + (a0c2 - a ^ 2 " " 3 ^ - ^ 

[", x sin 3(9 , 1 , , 
+ [(a0°s - a3co) -^"gr + ( V 2 - a2ex)J r 2 - 4 

T sin 4(9 , N s in 2<9~1 _ _ 

+ • • -, etc., 
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« (aft - al%){\2 + ?*)*-* + (a0e2 - a2c0)2X(X2 + y2)»-2 

+ [ (Va - <Vo)(3*8 - ^2) + («A - a^XX2 + fx2)] (X2 + ^ 

+ [ K c 4 - a 4 c 0 ) ( 4 X 3 - 4 X / ^ 

plus terms of order lower than 2n — 5. 
Hence JL'C — .4(7' is of order 2n — 2 and has a multiple 

point of order n —• 1 at each of the circular points at infinity. 
Similarly B' G — B G' has multiple points at the circular points. 
The number of other intersections of these two curves is therefore 

(2n - 2)2 - 2(w - l ) 2 = 2(n - l)2 . 

Of these n(n — 1) are accounted for, and there remain 

2(n - l )2 - 2(w - 1 ) = (n - l)(w - 2). 

Now the equations contain only even powers of fx, and there­
fore if X, fx be one intersection, X, —- fx is another. If /x2 be 
eliminated from them, and the extraneous polynomial in X aris­
ing from G = 0, C' = 0 be divided out, there remains an equa­
tion of order %(n — 1) (n — 2) for X. To each value of X 
corresponds one double point. The corresponding value of y? 
may in general be determined by elimination, and hence in gen­
eral if X be real the double point is real. 

As an example we consider the unicursal cubic 

_ a0X
3 + at\

2 _ bx\
2 + 62X 

X ~~" c2X + c3
 ? y ~ c2X + c3 ' 

A'C-AC'=* aQc2(\
2 + p*)2\ + a0c3(3X2 - fx2) 

+ ^ ( X 2 + ix2) + a1c32X. 

B'C-BC'=* bxc2{\2 + V?) + \cfiX + 62c3. 

The equations for X and fx give 

(1) ^ ( X 2 + fx2) + bxoz2X + b2oB - 0, 

(2) ^4a0bles(\
2+fx2)+alblc2(\

2+ fx2) + 2 ( ^ 6 ^ - %b2cz)\ » 0. 

Hence 
261c3X + 62c3 ̂  2 ( ^ 0 , - a0b2cs)X 

bxo2 - (alot^4aQos)bl 

is the equation for X, and the value of X from this equation, 
substituted in (1), gives the value of /x2. 

BRYN MAWE COLLEGE, 
March, 1907. 
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