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THE DECEMBER MEETING OF THE CHICAGO
SECTION.

THE eighth regular meeting of the Chicago Section of the
AMERICAN MATHEMATICAL SociEry was held at the Univer-
sity of Chicago, on Thursday and Friday, December 27 and
28, 1900. There were two sessions each day. opening at
10 o’clock A. . and 2.30 o’clock p. M. Thirty-eight per-
sons were in attendance among whom were the following
twenty-six members of the Society :

Professor Henry Benner, Dr. G. A. Bliss, Professor Oskar
Bolza, Professor D. F. Campbell, Professor L. E. Dickson,
Professor L. W. Dowling, Dr. J. C. Fields, Professor A. 8.
Hathaway, Professor Thomas F. Holgate, Dr. Kurt Laves,
Professor Heinrich Maschke, Professor E. H. Moore, Dr.
F. R. Moulton, Professor H. B. Newson. Mrs. H. B. New-
son, Professor D. A. Rothrock, Dr. F. H. Safford, Professor
Oscar Schmiedel, Miss Ida M. Schottenfels, Professor J. B.
Shaw, Professor E. B. Skinner, Mr. Burke Smith, Professor
E. J. Townsend, Professor C. A. Waldo, Dr. Jacob West-
lund, Professor H. S. White.

Professor E. H. Moore, Vice-President of the Society, oc-
cupied the chair. The Christmas meeting being the regular
time for the election of officers of the section. Professor
Thomas F. Holgate was reélected Secretary and Professors
E. J. Townsend and J. B. Shaw were made members of the
programme committee.

The following papers were read :

(1) Professor E. H. Moorg : ‘‘On the uniformity of con-
tinuity.”’
(2) Professor A. S. HaAtTHAWAY : ‘‘ Quaternions and four-

fold space.”’

(3) Professor IrviNg STRINGHAM : ‘‘On the geometry of
planes in a parabolic space of four dimensions.”’

(4) Dr. F. H. Sarrorp: ‘‘Flow of heat in two dimen-
sions.”’

(5) Mr. A. C. Lunx: “Certain mathematical aspects of
experimental science.”’

(6) Mr. E. A. Hook: ‘‘Some properties of circulating
decimals.”

(7) Professor ArNyorD EmMcH: ‘‘ Note on the congruences
of twisted curves.”’

(8) Professor H. B. Newson: ‘‘ A generalization of the
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Wessel-Gauss-Argand diagram ’’ (preliminary communica-
tion).

(9) D=r. F. R. MourroN: ‘‘On straight line solutions of
the problem of n bodies.”’

(10) Dr. G. A. Brumss: ¢ Geodesic lines on an anchor
ring.”’

(11) Mr. Franz A. La Morre: ‘“On the determination
of the algebraic equations invariant under Tschirnbausen
transformations, with the parameter representation of all
such irreducible equations, with rational coefficients, of the
third and fourth degrees.”

(12) Professor E. J. TownsEND : ‘¢ Functions of two real
variables which are continuous with respect to each vari-
able.”’

(13) Professor L. K. Dickson : ‘“ The group of the equa-
tion for the twenty-seven lines on a general cubic surface.”’

(14) Professor Oskar Borza : ‘‘Concerning the expres-
sion of abelian integrals in terms of a fundamental set of
integral functions.”’

(15) Dr. J. C. Freups: ‘‘ Proof of the Riemann-Roch
theorem and of the independence of the conditions for ad-
jointness.”’

(16) Professor Oscar ScumieprL: *‘Two reduction for-
mulas applicable to certain particular integrals.”’

(17) Professor E. B. SKINNER: ‘‘ Some forms which re-
main invariant with respect to certain ternary monomial
substitution groups.”’

(18) Professor James B. Smaw : ‘¢ Note indicating a new
development of a determinant.”

(19) Professor E. H. Moorg: ‘‘On double limits.”

(20) Professor E. H. Moort : ‘‘ Concerning the Harnack
theory of improper definite integrals.’’

(21) Professor L. E. Dickson: ‘‘Canonical forms of
quaternary abelian substitutions in an arbitrary Galois
field.”

(22) Miss Ina M. ScHOTTENFELS : ‘‘ Proof of the exis-
tence of a particular substitution group of degree twenty-
one and order 20160."’

Professor Hathaway also read a paper on ‘‘ Pure mathe-
matics for engineering students,’”’” which was followed by a
very interesting discussion. This paper is printed in the
present number of the BULLETIN.

Mr. Lunn was introduced to the Society by Dr. Moulton,
Mr. Hook by Professor Skinner, Mr. La Motte by Professor
Moore. Professor Stringham’s paper was presented to the
Society through Professor Moore and in the author’s absence
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was read by Professor Hathaway ; Professor Emch’s paper
and Professor Dickson’s paper (No. 21) were read by title.
Abstracts of the papers follow below.

In Professor Moore’s paper on the uniformity of con-
tinuity, the well known theorem and a generalization of it
which occurs in the theory of discontinuous functions are
proved by a very simple method involving the partition of a
fundamental interval (a, ) into three halves (a, d), (¢, ¢€),
(d, b), where the points a ¢ d ¢ b are the extremities of the
four quarters of (a, b).

The first part of Professor Hathaway’s paper consisted of
a development of quaternions from the definition : Quater-
nions is the most general linear associative algebra in which
division is determinate. The merit claimed is in starting
from this known property as a definition, and developing
smoothly and briefly a working knowledge of quaternions,
without reference to the units 1, 4, j, k.

The characteristic equation of a number p is the equa-
tion of least degree with numerical coefficients that is sat-
isfied by p, say,

P op 4+ op=0.

There is one and only one such equation for a given num-
ber ; itis not factorable into expressions of the same form ;
and ¢, is not zero. This determines a unit

I=—(p +ep ™+ +0c_1p)/e,
with the properties

where ¢ is any quaternion. I is the scalar unit, and 21, or
simply », where = is a numerical coefficient, will denote a
scalar number. A scalar number may also be defined as a
quaternion whose square is a positive scalar ; and a vector
number is defined as a quaternion whose square is a nega-
tive scalar. Scalars are seen to be commutative factors.
Using scalar coefficients, the characteristic equation be-
comes, in irreducible form, p"+ ¢, p"~ '+ - + ¢, =0; and
as this factors in the same way as ordinary equations with
real coefficients, we must have r =1 or r =2, according as
p is a scalar or a non-scalar. When p is a scalar, we take
the square of its characteristic, and thus have a character-
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istic equation for any number p, of the form (p —p)*+
p.' =0, where p, p, are scalars depending upon p. We
define :

Scalar of p = Sp =p, ;Veg‘y‘gl‘_ojp =Vp=p—p,=p—=Sp.

Tensor of p = Tp = v/( pi + p}); unit or versor of p = Up
=p/Tp.

Conjugate of p=Kp=S8p — Vp; angle of p=~Lp=
cos— ' SUp.

The characteristic equation of p is, in this notation,

(a) P =28 p+ Ip’=0.
Other forms of the same characteristic are
Tp* = pKp = Kp - p = Sp* — Vp* = Sp* + TVp*,
p~ = Kp/Tp? ete.

The uniqueness of the characteristic (a), determines the
uniqueness of the resolutions

p==8p+Vp= Tp- Up= Up-Tp, ete.

From the characteristic equation of pq, we find by oper-
ating with p~ ( )p, the characteristic of ¢p, and hence,
T(pq) = T(qp), S(pq) = S8(qp). In particular, if «, § be
any two vectors we find

(4 + fa) (a6 — ) = (4B)* — (Ba)* = 28u(af — fa) ;

and thence, whether of = fu or not, we find of + fa = 28ap.
Thus (« + #)*is a scalar, whence « + #is either zero or a
vector. Thence follow the usual distributive properties of
the functional symbols S, V. K over a sum. Also, the con-
jugate of a product equals the product of the conjugates of
its factors in reverse order ; the tensor of a product equals
the product of the tensors of its factors, etc. The usual re-
lations of products of vectors arefound asin Tait, §§ 89-91 ;
and in particular

8- 8(apy) = aS(Byd) + BS(yad) + yS(afid);

or, given three independent vectors, any fourth vector can
be expressed in terms of them. If there is only one inde-
pendent vector, the system is the ordinary imaginary sys-
tem. If there are two unit vectors «, # that are indepen-
dent, then a — 3, a+ B, (a — ) (e + ) = 2 Va3 are three
independent vectors, whose units are, say ¢, j, k, with the re-
lations ¥ = = ' = — 1 = yjk.
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The second part of the paper is an application of quater-
nions to fourfold space, first given in the BuLLeTIN, No-
vember, 1897, and afterwards extended in the papers on
Alternate processes (Proceedings of the Indiana Academy of
Sciences, 1897 ) and Linear transformations in four dimen-
sions (abstract in BuLLETIN, November, 1898, no. 5, p. 93).
The application is founded on the definitions

(1) Line (w + xt + y + 2k)= line whose components along
the four mutually perpendicular axes of reference are w, z,
Y 23

(2) Line p + line ¢ = line (p + ¢),

(3) Line p - line ¢ = line pq.

With p as multiplier and ¢ as multiplicand there are
two products pq and ¢p. Such multiplications with or by p,
are the two kinds of multiplication referred to as direct and
contra multiplication in the first paper, and are now called
in multiplication and by multiplication. A given in- or
by-multiplication is shown to possess a system of invariant
planes, one and only one through each line ; and the angu-
lar displacement in each plane is constant in magnitude and
therefore in sense, and equal to the angle of the multiplier.
The ratio of elongation is the tensor of the multiplier. The
invariant planes of an in-multiplication are called in-paral-
lel planes: and by-parallel planes are invariant planes of a
by-multiplication. A given angularly-directed plane is
shown to be a plane of an in-parallel system of one and
only one unit vector «, and a plane of a by-parallel system
of one and only one unit vector #; and these vector units
(corresponding to directions in ordinary or vector space)
are called the in direction and by direction of the given
plane. 1In the case of two planes, the angle between these
in-directions is called their in-angle of inclination, and the
angle between their by-directions their by-angle of inclina-
tion. It is shown that these angles remain unaltered by
rigid displacement, the effect of such rigid displacement be-
ing to give all in-directions of planes a revolution about one
vector axis, and all by-directions a revolution about another
vector axis. It is shown that two planes have in general
two and only two common perpendiculars (a perpendicular
to a plane being a plane that ¢ transverses’’ it in a right
diedral angle). These two common perpendiculars are
‘‘ orthogonal ’’ to each other, 7. e., every line of one is per-
pendicular to every line of the other. In-parallel or by-
parallel planes are shown to have a continuous turn-paral-
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lel system of orthogonal common perpendiculars, and all
‘‘ plane’’ angles between the two lines of intersection with a
common perpendicular are equal. For any two planes the two
plane angles of intersection by the orthogonal common per-
pendiculars are the half sum and half difference of the in-
angle and by-angle between the planes. The area-project-
ing factor between two planes is in sign and magnitude the
product of the cosines of their plane angles. The second
part of this paper will appear in the Transactions.

Professor Stringham adopts essentially definitions (1) and
(2) of Professor Hathaway’s paper, but not definition (3).
The subject is analytically treated by equations of loci,
with the interpretation and manipulation of their para-
meters. The fundamental equation of a plane through the
origin is ar 4 r@ = 0 where «, # are unit vectors and r is the
director line of any point R of the plane. This is the
plane which Professor Hathaway fixes as of in-direction
== « and by-direction = 3. After developing the analytical
mwaterial of distances between points, and points and planes,
and of angles between lines, the author discusses the max-
imum angle between two variable lines lying in given planes,
applying calculus methods to the varying parameters. He
finds in general two such angles called the plane angles of
the two planes. He finds the projective factor between the
two planes {a, 8}, {¢/, B’ to be — % (Sua’+ S35"), which is
also the product of the cosines of the plane angles. This
expression is Professor Hathaway’s

% (cos 0+ cosg)=cos % (04 ¢) cos} (00— ¢).

Professor Stringham defines this projective factor as the
cosine of the angle between the planes. This paper is to be
published in the Transactions.

Dr. Safford inserts a term expressing surface leakage in
the usual differential equation for the flow of heat in two
dimensions, considers the possibility of obtaining solu-
tions of a particular form for this equation, and deduces the
isothermal curves and curves of flow. The methods used
involve the discussion of a solution of a partial differential
equation in the form 4, R, R,, where E and E, are func-
tions of the two independent variables respectively, and are
the general solutions of two ordinary differential equations.
The factor 2 is a function of both variables but does not con-
tain the integration constants appearing in R, and R,.
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Mr. Lunn showed that if a physical hypothesis is given
by implication in the form of an equation defining the value
of a variable quantity as a function of the time, there exists
at least a double infinity of functions which are not distin-
guishable from it by measurement and so far to be con-
sidered as equally verified by observation. Also if there
exists one satisfactory hypothesis, there exists an infinity.
Hence an induction using only the observed values and no
hypothetical elements can never give a definite result.

Mr. Hook gave a method by which the number of digits
in the repetend of any circulating decimal may be found
when the prime factors of the denominator are known.
His result differs from similar results found in text books in
that it gives the exact number of digits while most such
formulas yield only a number of which this is a divisor.

In Professor Emch’s paper a study is made of the congru-
ence of curves of intersection of the surfaces F(z, vy, 2, a, b)
=0 and ¢(=, v, 2 0, b)=0. If b=f(a) the system of
curves lies upon a surface which has an envelope when

OF OoF db d¢ Q¢ db
TR TR P VI VSl il
Eliminating z, y, z from these conditions and the equations
of the surfaces, a new relation

)=

is found. If this last equation has a singular solution, the
corresponding system of curves forms the singular surface
of the congruence and all surfaces of the congruence are
tangent to it.

In Dr. Moulton’s paper those solutions of the problem of
n bodies are sought in which the bodies always lie in a
straight line and describe conic sections with respect to their
center of gravity. The problem was solved by Lagrange
for three bodies ; this paper reduces the problem in the gen-
eral case of n bodies to the solution of simultaneous alge-
braic equations. The solutions, which can be obtained in
each case for a particular value of one of the masses, are
studied as functions of this mass regarded as variable ; it is
shown that these functions have no poles and, by the non-
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vanishing of the Jacobian of the functions with respect to
the coordinates, that they have no branch points. There-
fore there are } n! distinet straight line solutions of the prob-
lem of n bodies for all values of the masses. The method
applies with ounly slight modifications for laws of force vary-
ing as any power of the distance.

Dr. Bliss discussed the forms of the geodesic lines on the
anchor ring. The curves of minimum length were found
by the methods of the calculus of variations and the result-
ing equations, which define a doubly infinite system of geo-
desic lines, were expressed in terms of Weierstrassian o,
%, and ¢ functions. By applying the properties of these
functions the shapes of the geodesic lines are determined.
In the paper all points of the surface of this ring are classi-
fied. The paperisintended for publication in the Transactions.

Mr. La Motte’s paper is in abstract as follows: Given a
realm of rationality £ and in £ an equation f(z) = 0 of
the nth degree. This latter is invariant under Tschirn-
hausen transformations of the same realm if, and only if,
its Galois group in £ is a subgroup of one or more of certain
groups which as to type are fully determined for each de-
gree n. By means of resolvents a general method is de-
veloped to find parameter representations of all irreducible
equations whose Galois groups are subgroups of one of the
groups mentioned. In the cases of the third and fourth
degrees these parameter representations are actually found
They represent for every set of rational parameters a re-
quired equation of the given degree, and also every required
equation is represented by one of them and a set of rational
parameters. These formuls for the fourth degree are

2t + p2* + g2’ + re + s =

491 —5)+9*
1—5+s(79—er9)

(1)

z* + (8 + &'+ 72+ %) =0

and

—_— 2
() P S (x“+&x’+»p“x+l)=0,
p p b

1 1 1

with the added negative conditions 1° that the discrimi-
nant of

(3) & —qt* + (pr —4s)t— (r* —4qs + p’) =0
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does not vanish, and 2° that none of the three numbers

Vpt —4q + 4o, (t=1,2,38)

is rational, where o, (¢ = 1, 2, 3) are the roots of (3). For
the third degree we have the simple formula

o2
x“+f1w+r=x3—-1—:E£L (w+——)=0,

with the negative condition that
4¢° + 27r* 0.

In these formulas the Greek letters denote parameters
which are, as the case may be, arbitrary or definite quan-
tities of the realm .

Professor Townsend’s paper dealt with the applications
of the double limit to the investigation of certain prop-
erties of a function defined as follows: Let f(z, y) be a one-
valued function of two real independent variables z and y
and continuous with respect to each variable separately
within the region, « =2=4, y, <<y=y,. Then it follows,
that within this region the regular points (7. e., points
where L f(x, y) = f(«, b)) must be everywhere dense, but

=3
at the same time the irregular points (¢. e., where either
L f(x, y) does not exist or is different from f(a, b) ) may be
y=1b
also everywhere dense. 'When further f(z, y) is defined on
the boundary y = y, for each value of =z, by the limit
L f(=, y) = fiz, ¥,), then it follows that f(x, y,) can be

V=yp

discontinuous in x at a set of points everywhere dense in
the interval (a, 2), but not at every point of this interval.
By aid of this result it was shown that the points on the
boundary y = y, at which f(z, y) is continuous with respect
to both variables together must lie everywhere dense. "When
all of the points of the boundary, including the end points
of the interval, are regular points, then we have the neces-
sary and sufficient condition for the uniform convergence of
the function f(=, y) toward the boundary function f(z, y,).
These same results hold concerning the convergence of an
infinite series of continuous functions of z, since the con-
vergence of such a series is but a special case of the con-
vergence of the function defined above toward the boundary
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function f(=, y,). The necessary and sufficient condition
that f(», y,) and hence that a function defined by an in-
finite series of continuous functions be continuous at « = z,
is that there exists a set of values of y, say y=a«, a,
agy -y a,, -+, dense at y,, such that for each such value of «,
we have ]f(x, Y,) — f(#, ) | << o for every value of within
a definitely defined interval (z, — 4., , + 8ak’),whichma.y,

however, vary with «, and may have, in fact, an under limit
equal to zero, thus differing from the necessary and sufficient
condition for uniform convergence. The full paper from
which this is taken constituted the author’s dissertation
for the doctor’s degree and has already been published.

Professor Dickson’s paper (No. 13), outlined a chapter of
his work on linear groups which is soon to appear in Teub-
ner’'s Sammlung. An orthogonal group O of order 25920
on 5 indices modulo 3 is readily shown to be isomorphic
with the abelian linear group for the tricection of the
periods of a hyperelliptic function of four periods. A rec-
tangular table for O having 27 rows serves to define an iso-
morphic substitution group which is recognized as a sub-
group of index two of the group of the equation for the 27
lines on a general cubic surface. This proof of the identity
of the two problems avoids the lengthy calculations of M.
Jordan, the discoverer of the relation.

The object of Professor Bolza's paper* is to prove by
methods of the theory of functions the converse of the propo-
sitions given in Baker’s work on abelian functions, chapter
IV, concerning the expression of abelian integrals in
terms of a fundamental set of integral functions.

Let f(x, y) = 0 be an irreducible equation of degreen in y ;
suppose that for a finite value x = a¢ there are m branch
places (a, b,), (a, b,), -+, (@, b,,) of orders w,, w,, -+, w, re-
spectively, where (w,+ 1) + (w,+ 1) + - + (w,+ 1) = n,
and put, in the vicinity of (a, b,), v — a =t~

(@) If then g,, g,, -, g.—1 constitute a fundamental set of
integral functions for f(z, y) = 0, and if the expansion of
g, in (a, b,) is

}, ety

the determinant

* After the paper was finished, 1 found that I had been anticipated in
essential points, by Landsberg, Zur Algebra des Riemann-Roch’schen
Satzes, Muth. Annalen, vol. 50, p. 333. O. BoLZA.
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0) (1 —1 A
D= ]cf,,}c},,,’ e cfy )]' (=0, =, w,; k=1,2 -,m),

is different from zero.

(b) Let now 7, 7, =y ra_: denote the complementary
functions associated with g¢,, ¢,,, 9.—.; then it follows
from the characteristic property* of the complementary
functions, that in the vicinity of (a, b))

n—1 o 6
S S e — 1=
=0 p=0 Fp im0l i (w,—l— l)tjP

where 3, =1 or 0 according as j=kor ==k, for p =0, 1,
vy w,; k=1.2, -, n. The determinant of these n equa-
tions with y,, 7,, **; 7»—1 @s unknown quantities is an ordi-
nary power serie3 in (¢ — @) which for # = o reduces to the
non-vanishing determinant D. Thence follows

1. In the vicinity of (a, b,)

= (=12, m),

P being the general symbol for an ordinary power series.
2. If v=p+ q(w,+ 1), where 0 =p =w, and if we de-
fine

n—1

q
_\ (@
Tw ™= ‘\40 ;gk p+ i+ (T — )iy,
a0 i

this function 7, has in the vicinity of (a, b,) the expansion

R
(@ —ay w41 T
(¢) If, inparticular, g,= 1, ¢,, -, ¢,—, form a normal fun-

damental set ( ‘‘normal basis’’ ) of dimensions d,=1,
d,, -+, d__, respectively, the expansions of the functions 7,

and 7, at linﬁnit‘,y can be obtained by combining the above
results with Weber’s theorem according to which in this case

ho= % b =N

2ot T a0 M

= I

xdn—l

constitute a normal fundamental set for the algebraic equa-

tion
1
r(La)=o

* Baker, 1. c., p. 6?:
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The result is that
1. The integrals

j‘x“f‘“” 7. dw (t=1,2,-,n—1)

are integrals of the first kind.
2. The integral
— Y Jwdz

Ta—ayr T

is an integral of the second kind with the one pole (a, b,)
and the expansion

1
=+ P(t)
k
in its vicinity.
3. The integral

j. [ :glogi(f, 77 (%, ¥) _':2;9,.(5', 7 )y (x, y)]dx

x— = x—¢&

is an elementary integral of the third kind with the loga-
rithmic points (&, ) and (&', %').

Dr. Field’s proof of the Riemann-Roch theorem is as fol-
lows: Let F(z, u) = 0 be theequation to an irreducible alge-
braic curve of degree n. 'The form of this equation is sup-
posed to be such that the only multiple points are double
points which are not at the same time branch points. Re-
gard u as the dependent variable and further assume that
no line parallel to the axis of u passes through more than
one double point, or is tangent at a double point, or is an
asymptote, and also that the asymptotes are all distinct from
one another and no two parallel to each other. To an equa-
tion of the character in question, the equation of any irre-
ducible algebraic curve can be reduced by a birational
transformation.

By (a,, b,), -, (a, b,) indicate the d double points, and
by (@at1; bsr1); =) (@ayy bay,) any other ¢ points of the
curve, and consider the form of the function

dtq )’I\l’w(a)\, u)
(1) R (z—_:m'—b;) + T(z, u),
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where T(z, u) is an arbitrary polynomial in (z, u) and the
quantities y, are arbitrary constants. This form represents
the most general rational function of (z, w) which, apart
from infinities at o, only becomes infinite for points among
the ¢ points

(a’d+1) bd-f—l): Ty (adJrq’ bd+q)

and for these to the first order only.

By a purely algebraic process seek to determine the limi-
tations which must be imposed upon the form (1) in order
that it may represent a function which is finite at . We
find that the most general rational function whose infinities
are all included under the ¢ infinities here in question is
given by the form

 F(a, u)
S(z—an) (u—br)

(2) + ¢,

where ¢ is an arbitrary constant and the coefficients y, sat-
isfy the system of % (n — 1) (n — 2) equations

d4-g
) Z =0, (i+k=0,1,2, -, n—3).

In the case ¢ = 0 the form (1), for arbitrary values of
the coefficients y,, represents the most general rational
function of (2, w) which becomes infinite only at o, and
the form (2), for conditioned values of the coefficients y, fur-
nished by the equations (3), represents the most general
rational function which is nowhere infinite.

Now, an algebraic function which is nowhere infinite can
only be a constant, and in the case in question—namely
q = 0—it follows that the coefficients y, in (2) must all have
the value 0. The system of equations

d
4) ,\=21 b, G+ k=0,1,2 -, n—3)

can therefore only be satisfied when the quantities y, all
have the value 0.

From the interpretation of the equations (4), it immedi-
ately follows that the d conditions for adjointness in the
case of a curve of degree n — 3, and there ore also in the case
of a curve of higher degree, are independent of one another.
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In the general case ¢ <=0, an examination of the system
of equations (3) shows that the number of arbitrary quan-
tities y, involved in their solutions is ¢ — s, where s is the
““strength’’ of the system of ¢ points (@s5 1. bag1), = (@it o
bs.,) indetermining an adjoint polynomial of degree n — 3.
From (2) it is seen that ¢ — s 4 1 is the number of arbi-
trary constants involved in the expression of the most gen-
eral rational function of (z, u), whose infinities, all of the
first order, correspond to points among the ¢ points here in
question.

Professor Schmiedel presented the results of an investiga-
tion into the general formula of reduction for the function

f «™y"dr, where y= iota,x‘,

and deduced two formulas by which the reduction of the
exponents m and n may be effected.

The forms studied by Professor Skinner are such that
they are invariant with respect to substitutions of the form
2/ = az, 2/ = ag, 2/ = ag,, (i.j,k =1, 2, 3in some order),
where a,, a,, o, are roots of unity and a, @, a,= ==1. The
groups for which 4, j, ¥ have the order 1, 2, 3 are abelian
and all such ternary monomial groups can be generated by
at most two independent generators. If 7,, 7, denote the
two generators of the group and = a multiplicative substitu-
tion of order 2 with determinant — 1, all ternary monomial
groups my be found by combining the substitutions T}, T},
= with the generators of the symmetric group of three ele-
ments. The systems of invariant forms are then found
by setting up the forms which are invariant with respect to
the generators of the symmetric group, taken singly or to-
gether and subjecting these forms to the substitutions 7,
T,, =. 'The conditions for invariance appear in the form of
certain linear homogeneous congruences, the modulus being
either the order of T, or of T,. The computation of the
reduced systems and the complete systems depends largely
upon auxiliary quantities which appear in the solution of
the congruences.

Professor Shaw exhibited a method for the development
of any determinant in terms of partial determinants of the
general form
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all a/l 2 13 al4 alﬂ
a21 a 22 a 23 a24 alﬂ
Ay, gy N g,
a"ﬂ O O a44 aMt
ay 0 0 0 a,
o, 0 0 0 a,,

The central theorem of Professor Moore’s paper (No.
19) on double limits, which will appear in the Transactions,
will be sufficiently indicated by the following particular case.
On the supposition that a function f(z, y) is defined for

—l<e<l, —1<y<]l, 230, yf0

and that the limits
x&ﬂf(‘”} Y)s yllof(x) ),
exist and are respectively denoted by

h(y); g(@)
for respectively

—1<y<1, y£0; —1<az<l, x40,
the necessary and sufficient condition that the limits
L h(y), L g(x)
y=0 =0

exist and are equal is that f(z. y) approaches its limit A(y)
on the y-set — 1 <<y <1, y==0, subuniformly near y =0,
that is, that for every positive e there exists a positive 6,
(6.=1) and for every =, (20, |z | << 4.) there is a posi-
tive 0,/ (4, =1) such that

|f(2 9) —h(y) | < e
for every (z, y) satisfying the conditions

le|<de |y| <o/, 240, y<4-0.

An equivalent condition is that f (z,y) approaches its limit
g(x) in an analogous way.
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The definition and the exposition of the elements of the
theory of improper definite integrals as given by Harnack in
volumes 21 and 24 (1883, 1884) of the Mathematische Anna-
len, leave much to be desired. In recent memoirs in the
Wiener Sitzungsberichte (1898, 1899), and in the appendix to
the third volume of his treatise on the calculus (1899) Stolz
has given a new development of the theory, in which the ab-
solutely convergent integrals play theleading réle. Professor
Moore’s paper (No. 20), written in the spirit of the original
Harnack memoirs, contains a development of the theory
throwing additional light on the varying properties of the
absolutely and the conditionally convergent integrals. 'This
paper will be published in the Transactions.

Professor Dickson’s second paper (No. 21) is also intended
for publication in the Transactions. A set of canonical forms
for the substitutions of a given group should possess the
property that two of its substitutions are conjugate within the
group, if, and only if, they are reducible to the same canon-
ical form according to a definite scheme of reduction. TFor
linear groups in a Galois field of order p*, reduction to a
canonical form belonging to a field of order p', » > 1, must
be possible by the introduction of new indices conjugate
with respect to the initial GF [p*]. The memoir gives a
set of canonical forms belonging to the abelian group itself
and deduces a set of ultimate canonical forms, the former
depending upon the coefficients of the characteristic equa-
tion, the latter upon its roots. By these results tables are
derived which give a classification into conjugate sets of all
quaternary abelian substitutions and also of the operators
of a single quotient group. TFor p™ = 3, the latter is the
group of order 25920 occurring in the problem of the 27
lines on a general cubic surface. Its operators fall into 20
sets of conjugates: the identity, one set of period 5, 4 sets
of period 3, 2 sets of each of the periods 2, 4, 9 and 12, and
6 sets of period 6.

Miss Schottenfels presented a proof of the existence of a
substitution group of degree 21 and order 20160, having
cyclical subgroups identical with those enumerated by Pro-
fessor Dickson in the American Journal of Mathematics,
vol. 22, p. 252, in the ternary linear fractional group of
order 20160 in the Galois field [27].

Tromas F. HoLGATE,

Secretary of the Section.
EvANsTON, TLL



