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Abstract

A new formulation of theories of supergravity as theories satisfying a
generalized Principle of General Covariance is given. It is a generaliza-
tion of the superspace formulation of simple 4D-supergravity of Wess and
Zumino and it is designed to obtain geometric descriptions for the super-
gravities that correspond to the super Poincare algebras of Alekseevsky
and Cortés’ classification.

1 Introduction

Up to now various theories of supergravity, in diverse dimensions and based
on many super-extensions of Poincare algebras, have been constructed.
Although super-extensions of Poincare algebras and algebras of Lorentzian
symmetric spaces have been already classified under various natural hypoth-
esis (see, e.g., [1,12,23,30]), to the best of our knowledge, there does not
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exist a methodical presentation of supergravity theories that parallels those
lists of super-extensions.

We also recall that for gauge theories of classical Poincare algebras, like
General Relativity, the requirement of invariance under localizations of
translations is just a re-formulation of the classical Principle of General
Covariance, i.e., the principle of invariance under local changes of coordi-
nates (or, equivalently, local diffecomorphisms) of the space-time (see, e.g.,
[2,19,28,29]). By analogy, it is natural to expect that, also for supergrav-
ity theories, the supersymmetries (analogues of localizations of translations)
can be identified with Lie derivatives along vector fields of an appropriate
super-manifold and that the requirement of supersymmetric invariance can
be stated as a suitably generalized Principle of General Covariance.

On this regard, we would like to point out that when a supergravity
can be presented in a manifestly covariant way, i.e., in terms of tensorial
equations, the Principle of General Covariance is automatically satisfied
and the off-shell invariance of the theory is assured, with no need of explicit
computations in coordinates or components.

The expectation that the invariance conditions of supergravity can be
stated in terms of Lie derivatives is supported by the very first superspace
formulation of simple four-dimensional (4D)-supergravity ( [33]). However,
an explicit and clear formulation in such terms seems to us still missing. So,
here and in [24], we offer a presentation of supergravities based on a gen-
eralized Principle of General Covariance and involving a very small number
of tensorial objects.

It can be considered as a generalization of the superspace formulation of
Wess and Zumino: as in [33], the physical fields are presented as restrictions
to space-time M, (not necessarily 4D) of fields defined over a superspace
M, which has M, as a body, and the usual supersymmetries are presented
as appropriate (infinitesimal) local diffeomorphisms of M.

Our definitions are designed so as to depend in a canonical way on an
initial choice of a super-extension g of a Poincare algebra. We consider
only the super-Poincare algebras classified by Alekseevsky and Cortés ([1])
corresponding to N = 1 supergravities, but the whole scheme can be easily
repeated for other super-algebras and N = p supergravities with p > 2. Note
also that our main goal was to reach a simple and economical description
of existing supergravity theories in terms of objects that can be studied
with standard techniques of Differential Geometry. We did not address
questions on the construction of Lagrangians, but we do expect interesting
consequences on this topic too.
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Here is a more detailed description of our results.

In Section 2, after recalling some facts on Zo-graded and super-extensions
of Poincare algebras g = so(V) + V + S of a pseudo-Riemannian space V =
RP-4 we introduce the notion of space-time of type g, which is a (super)
manifold M with a distinguished submanifold M, C M and a non-integrable
distribution D, whose Levi form L is modeled on the Lie brackets of elements
in S C g. Then we define as gravity field any pair (g, V) formed by a tensor
field g on M of type (0,2), inducing a pseudo-Riemannian metric on the
g-orthogonal distribution D+ and by a covariant derivation V preserving D,
g and L. Properties of these connections are also given.

In Section 3, we define as supergravity of type g any pair formed by a
space-time (M, M,, D) of type g and a gravity field (g, V). Any supergrav-
ity induces on M, (which represents the space-time of Physics) the following
physical fields: two covariant derivations, called metric and spinor connec-
tions, and three tensor fields, corresponding to the graviton, the gravitino
and the auziliary field(s). Then we state our generalized Principle of Infin-
itesimal General Covariance and the notion of manifestly covariance for
constraints and equations.

In Section 4, we consider the class of (strict) Levi-Clivita supergravities
of type g, characterized by the vanishing of certain parts of the torsion T
of V. The connections satisfying these conditions are generalizations of
the Levi—Civita connections of pseudo-Riemannian manifolds and we prove
for them an existence and uniqueness theorem. From this result it follows
that the physical fields of strict Levi—Civita supergravities are completely
determined by the graviton, the gravitino and the auxiliary field(s), as in
supergravities formulated in the component approach. Finally, we determine
the transformation rules for the graviton, gravitino and the auxiliary field
of a Levi—Civita supergravity. The expressions nicely match the well-known
rules of simple 4D-supergravity and other supergravities.

In Section 5, we give examples on how known theories of supergravity can
be presented as theories of Levi—Civita supergravities of type g.

Our results is re-formulated and formalized in the language of superman-
ifolds in [24]. We chose to postpone such formalization in a second paper
for the following reasons. It is very common to deal with supermanifolds
in a naive way and consider them just as smooth manifolds with points
labeled by two kinds of coordinates, the bosonic and the fermionic ones.
Following this habit, we give here definitions and results on gauge theories
of super and non-super extensions of Poincare algebras, with proofs that
can be considered rigorous only for what concerns the latter and essentially
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correct for the former only if one consider supermanifolds “as if” they were
smooth manifolds. In [24], we convert everything into rigorous statements
on supermanifolds and on the gauge theories of super Poincare algebras.

Before concluding, we need to recall that a presentation of supergravity,
which is based on a Principle of General Covariance, appears also in the
so-called “rheonomic approach” of Regge, Ne’eman, Castellani, D’Adda,
D’Auria, Fré and van Nieuwenhuizen (see, e.g., [2-4, 13, 14]), where super-
gravities are described as theories of fields on a soft-group manifold P, a
sort of principle bundle over the superspace M. We also remark that our
approach is crucially based on the notion of the non-integrable distribution D
modeled on g: To the best of our knowledge, similar non-integrable distribu-
tions have only been considered in the geometrical approach of Ogievetsky,
Sokatchev, Roslyi, Schwarz et al. (see, e.g., [9,10,15-18,20-22,25]) and in
the superspace formulation of supergravity of Deligne [5]. Analogies and
differences will be carefully discussed elsewhere.

Notation. Throughout the paper, we consider Clifford algebras as defined,
e.g., in [8]. According to this, the Clifford product of vectors of the standard
basis of RP? is e; - e; = —21n;; and not “42n;;” as it is often assumed in
Physics literature.

2 Space-times and gravity fields of type g
2.1 Extended Poincare algebras and associated space-times

Let V =RP? and p(V') = Lie(Iso(RP?)) = so(V) + V its Poincaré algebra.

Definition 2.1. A Zy-graded Lie algebra (resp. a super-algebra) g = go + g1
is called extended (resp. super) Poincaré algebra if

(a) go = p(V) =s0(V) +V;

(b) g1 = S is an irreducible spinor module (i.e., an irreducible real repre-
sentation of the Clifford algebra C¢(V') of V') and the adjoint action
adge(vy |s 1 S — S coincides with the standard action of so(V') on S
(i.e., [A,s] = A s for any A € so(V), s € S);

(©) [V, 8] =0

() [s,S]cV.

If g is an extended (resp. super) Poincare algebra, any connected homoge-
neous (super) space M = G/H, with Lie(G) = g and Lie(H) = so(V'), will
be called flat space-time of type g. The submanifold M, = G,/H C M,
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with G, C G connected and Lie(G,) =s0(V)+V, is called body of the
space-time.

As we have done in this definition, all statements and arguments of this
paper have a “super” and a “non-super” version. But, hoping to be clear
and at the same time rigorous, from now on we give exact and precise defi-
nitions and statements only for the “non-super” case. Corresponding accu-
rate definitions and statements for the “super” case will be given in [24].
Nonetheless, it should not be hard to understand their contents on the base
of analogies.

We now want to introduce a generalization of the notion of flat space-time,
which is fundamental in our presentation of supergravity theories. For this,
we need to recall some notion, commonly used in studying CR structures
and non-integrable distributions. Let M be a manifold of dimension m and
D C T'M a distribution of rank p < m on M. At any point x € M, we may
consider the map

Ly: AN*Dy — TyM /Dy, Lo(v,w)=[X® X®], mod D, (1)

where X(”), X W) are vector fields in D with X;E;U) = v and ngw) = w. A sim-
ple check shows that £, (v, w) depends only on v and w and that (1) is a
well-defined bilinear map. It is called Levi form of D at x.

We say that D is of uniform type if its Levi form L, is independent on x up
to linear isomorphisms (i.e., if for any x,y € M there exists an isomorphism

v: TyM — T,M, so that +(D,) = D, and *(L,) = L,).

Example 2.2. Any flat space-time M = G/H is naturally endowed with a
G-invariant distribution, i.e., the unique invariant distribution D¢ such that

D=8, o=eH

(we use the standard identification ToG/H ~ V + S). This distribution is
of uniform type, transversal to the body M, = G,/H and with Levi form
at o

L3(s,8') =[s,5], s,8€8.

If G/H is simply connected, D? is described in coordinates as follows. Let
(e4,€q) be a basis for V 4+ S with e; € V, e, € S. The exponential map exp :
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g — G induces a diffeomorphism

exp:V+S = G/H (2)

and we may consider the global system of coordinates § : G JH — R™ 7 =
dim V' + dim S, that associates to any x = exp(z'e; + 6%, ) the coordinates
E(x) = (b, ... 2™, 0% ... 6" "),

A vector v = vie; + v¥%, €V + 8 ~ ToG/H is represented in the coordi-
nate basis as v = v’ a?gi R 80%‘0 and it is the tangent vector at ¢t = 0 of
the curve v, = exp(t(vie; +v%,4)) € G/H. By Baker-Campbell-Hausdorff
(BCH)-formula, an element g = exp(z’e; + 6%¢s) € exp(V + 5) C G maps

~¢ into the curve

) . 1
g = exp <$]€j + Gﬂeg +t(v'e; +v%q) + 2tva9ﬁ£§aek),

where 53/@ are the components of the Levi form £§ in the basis (e;,€q).
From this it follows that
(zd ,95)>
def 0 def 0 0

1 .
E,=S =, E,S ——+4+20°L, —
P op e T gga T 50 Eﬂaaxz 3)

— B pi
g«(v) =v pr + 729 L, pe

+u | 5o
i 09) (39“ (a9,6)

and hence that any linear combination of the vector fields

is exp(V + S)-invariant (see, e.g., [34], Ch. 14). Finally, the G-invariant dis-
tribution D¢ of G/ H is generated by the fields E,, i.e., D = Spang {Fq|.}-

The properties of D? of previous example motivate the following notion.
Definition 2.3. A space-time of type g is any triple (M, M,, D) given by:

(i) a connected manifold M of dimension 7 = dim V' + dim S;

(ii) a connected submanifold M, C M of dimension n = dim V;

(iii) a distribution D C TM of rank n® = dim S and transversal to M,
(i.e., with T, M,ND, = {0} at any = € M,) satisfying the following
“uniformity assumption”:

for any x € M there exists a neighborhoodU C M of x and a smooth
family of vector space isomorphisms 1Y) : V 4+ 8§ — T,M, yel,
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so that
W) =D, and W*(L,) = LS

if S = ST + 87 is sum of irreducible so(V')-moduli, we also assume
D =Dt + D for distributions D* and 1Y) (S*) = Df.

The submanifold M, is called body of the space-time.

Notice that, if (M, M,, D) is a (non-flat) space-time and (F,) is a set of
local generators for D around a point Zo € Mo, then it is always possible to
determine a system of coordinates (x*,60%) on a neighborhood U of z,, so
that

0

MoNU={6"=0Y, FEuoly, = |
{ } |Mo 89@M0

as it occurs on the flat space-time considered above. On the other hand, it
goes without saying that the expressions for the F,’s outside the body M,
are in general quite different from the (3).

2.2 Admissible extended (or super) Poincaré algebras and
associated gravity fields

2.2.1 Admissible extended and admissible super Poincare
algebras

In [1] it was observed that, given an irreducible spinor module S, any exten-
sion g =s0(V)+V + 5 of p(V) is completely determined by the tensor

LeAS5* @V (resp. V2S*®V)

that defines the Lie brackets [-,-] between elements in S. This tensor is
s0(V)-invariant and any so(V')-invariant tensor of this kind corresponds to a
unique structure of extended (or super) Poincare algebra on so(V) +V + S.

A tensor L € A25* @ V or V2S* ® V is called admissible if the associated
tensor

L eS* @S @V*, L*(s s, v) % (L(s,s)0)
is of the form

L*(s,s",v) = B(v-s,s), (4)



“ATMP-16-5-A2-SAN” — 2013/4/30 — 17:17 — page 1418 — #8

1418 A. SANTI, A. SPIRO

for some non-degenerate so(V')-invariant bilinear form 5 on S such that:

(1) it is either symmetric or skew-symmetric;

(2) the Clifford multiplications v (-): S — S, ve V, are either all
B-symmetric or all G-skew symmetric;

(3) if S is sum of irreducible so(V)-moduli S = S* 4 S~, then S* are
either mutually S-orthogonal or both S-isotropic.

Any admissible tensor is so(V')-invariant, it corresponds to an extended (or
super) Poincare algebra and the spaces (A25* @ V)*°(V) and (v25* @ V)*o(V)
have bases of admissible elements ( [1]).

Definition 2.4. An extended (or super) Poincare algebra g = so(V) + V +
S is called admissible if it is determined by an admissible tensor L. In this
case, if 3 is the bilinear form (4), we call extended inner product of V 4+ S
the non-degenerate bilinear form (-, -), defined by

()vxs =0, ()lvxy = (50 (o)lsxs = 8. ()

From now on, any extended (super) Poincarée algebra will be assumed to be
admissible and (-, -) will always indicate the bilinear form (5). (1)

Example 2.5. Let V = R3! and denote by (eq,...,e3) its standard basis
with (e;, e;) = €;0;; with eg = —1,61 =9 =e3 = +1. Let also S = C* and
denote by p : Cf3.1 — End (.5) the Dirac representation of C¢3 1, determined
by the I'-matrices

0 1 0 i .
fo=pteo) = (7 )0 Te=rpled= (1 §). =12

—0;

where the o; are the usual Pauli matrices o1 = (9}), o2 =(?%77),
o3=(¢2). Let also

def . -1 0
F5 = zFOI‘1F2F3 = < 0 I) (6)

and S = ST 4+ S~ = C? 4 C? be the corresponding decomposition of S in
I's-eigenspaces, i.e., into irreducible so(V')-moduli of Weyl spinors, on which

! Actually, for many of our results, it is sufficient to consider a non-degenerate so(V)-
invariant bilinear form (5), with 8 not necessarily equal to the one in (4).
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s0(V) acts by conjugate representations. Finally, let ¢ be the standard
volume form of C?> = St = 8~ and w € A2S ~ A%2C* the 2-form

w(s,s) =e(st,dT) —e(s™,s ) =sTC4, (7)

where we considered the decompositions s = st +s7,s' =s T + s~ into
S*-components and C' = —i['oI'y is the charge conjugation matrix.

The admissible bilinear forms
Bi(s,s") = Rew(s, s) = —Re(isT [yIys’),
Ba(s,s) = Imw(s,s’) = — Im(is? Tgl'ys’),

B3(s,8) = Re(37Ts'), Ba(s,s’) = Re(3' T5Is).

give a basis for the space of tensors associated with super extensions of
p(R31), while the admissible bilinear forms
B1(s,s") =Im(s"T1Tss'), Pa(s,s’) = Re(s" 1 T3s),
Bs(s,s') =Im(s'Tys'), Buls,s') =Im(s Tslys'),

give a basis for the space of tensors associated with non-super extensions.

Example 2.6. Let V = R'®! and again denote by (e, ..., e10) its standard
basis with (e;, ej) = £;0;; with eg = —1, &; = +1 for 1 < < 10. Let S = C32
and p:Clip) — End (S) the Dirac representation of C? 1, determined
by purely imaginary I'-matrices I'; = p(e;) (see, e.g., [11]). The admissible
bilinear forms

Bi(s,s') = Re(isTTos'), Ba(s,s’) =Im(is’Tys'), [3(s,s') = Re(3'Tps'),

give a basis for the space of tensors associated with super extensions of
p(R1%1), while the admissible bilinear form

B(s,s') = Im(31 Tys')
is a basis for the space of tensors associated with non-super extensions.

2.2.2 Gravity fields of type g

In the following definition, we denote by g an admissible extended Poincare
algebra with extended inner product (-,-) and by (M, M,, D) a space-time
of type g with Levi form L.
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Definition 2.7. A gravity field on (M, M,, D) is a pair (g, V) formed by a
tensor field g of type (0,2) and a connection V on M so that:

(i) the tensor g is so that, for any z € M, there exists a neighborhood
U C M of z and a smooth family of vector space isomorphisms (%) :
V+S—T,M,yclU,so that:

(a) zEy)(S) =Dy, W (V) = DyL and, if S = St 4 5,/ (5*) = D;Jt;

(b) (") = gy;
(c) z*y)(ﬁg) = L, where Lj € Hom(D, x Dy,Dj) is
def _
L§= (nlpi) ™o Ly

and 7|pL : D+ — TM/D is the natural isomorphism between the

g-orthogonal distribution D+ to D and the bundle TM/D;
(ii) the distribution D is V-invariant and, if S = St + 57, the distribu-

tions D* are V-invariant;

(iii) Vg =0 and VLI = 0.

In this case, we say that g is the extended metric and V the extended metric
connection.

The name “extended metric” stems from the notion of “extended inner
product” (see Definition 2.4) and one should keep in mind that ¢ is not
always a symmetric tensor field. Notice also that, from (ii) and (iii), any
extended metric connection V preserves also the complementary distribu-
tion D+.

Let (g,V) be a gravity field on a space time (M, M,, D) of type g. We
call bundle of orthonormal frames of g the collection O4(M, D) of all vector
spaces isomorphism ¢ : V + S — T, M satisfying (a)—(c) of previous defini-
tion. Using (i), one can check that O,(M, D) is indeed a principal bundle
over M with a structure group G, whose identity component G is the sub-
group of GL(V + 5)

E 0 . .
GY = {(0 ko h) , ke Spin’(V),h e HO} = Spin®(V) - HY,
where HY is the identity component of H = O(S,3) N Cyys)(CL(V)) or of
the subgroup of H, which preserves S* and S~, when S = ST + 5.

By definitions, the extended metric connection V preserves O4(M, D)
and it can be considered as the covariant derivation on M determined by a
connection form w on Oy4(M, D).



“ATMP-16-5-A2-SAN” — 2013/4/30 — 17:17 — page 1421 — #11

SUPER-POINCARE ALGEBRAS AND SUPERGRAVITIES (1) 1421

Consider now the connections V° and V¢ induced by V on the vector
bundles

7:DF— M, 7 :D— M.

They may be considered as the covariant derivations determined by connec-
tion forms w?, w® on the bundles Oy (D*) and O4(D) of the g-orthonormal
frames of the spaces D+ C T, M and D, C T, M, respectively. On the other
hand, using a (local) field of frames +¥) : V 4 S — T, M, one can identify
any space D, with the spinor module S and identify (at least locally) the
bundle 7’ : D — M with the spinor bundle associated with Oy (D1), ie.,

D ~ Sping (D) Xguino(v) S- (8)

For a fixed (local) identification (8), we may consider on D the covariant
derivation induced by the covariant derivation V° of Dt (be aware that the
induced derivation depends on the identification (8)). If we denote also this
covariant derivation by V°, we have that

Vs =V%s+Cx(s), XeX(M), seI(D), (9)

for some field C in TyM @ D} @ D, ~ (V +5)" ®S*® S at any z € M.

In particular, V can be locally written as a sum of the form V = V° + C,
where C is defined in (9) and V° is sum of the connection on D+ and the
induced connection on D. Note that V° satisfies (ii), (iii) of Definition 2.7.

As we pointed out above, such decomposition (and the field C') depends
in principle on the chosen identification (8). However, the next proposition
shows that in many cases C is trivial, no matter what is the used identifi-
cation.

Proposition 2.8. Let (g,V) be a gravity field on (M, M,, D) and V = V° +
C' a decomposition determined by an identification (8). For any x € M, the
tensor Cy belongs to (V + S)* @ b, where h = Lie(H) is contained in one of
the subspaces of Cysy(CL(V')) described in Table 1:

In particular, V. = V° when p—q=0,1,6,7 mod 8.

Proof. By the properties of V and V°, for any vector fields X,v,s,s’ €
X(M), with v, € Dy (~ V) and s, s, € D,(~ S) at all points, we have that

9(v, £9(Cx(s),8") + 9(v, L9(s,Cx(s)) =0,  g(Cx(s),s") + g(s,Cx(s')) =0.
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Table 1
p—q mod 8 0 1 2 3
Cais)(CE(V)) R C H H
irr. so(V)moduli in S St :ﬁ S~ St~ §- ST~ 8- S
h is contained in 0 0 Spang{i} Spanp{i,j, k}
p—q mod 8 4 5 6 7
Cais)(CLV)) H C R R
irr. so(V)moduli in S S+ ¢ S~ S S S
b is contained in Spang{i,j,k} Spang{i} 0 0

Hence, using the identifications T, M ~ V + S and the admissibility of g, we
get that forany X € V+S,veV and 5,5 € S

Bv-Cx(s),s") +B(v-s,Cx(s) =0, B(Cx(v-s),s)+p(v-s Cx(s))=0.

By non degeneracy of (3, these conditions are equivalent to
v-Cx(-) =Cx(v-()), B(Cx(),")+B(,Cx()) =0,

ie., Cx €0(S,3) N Cys)(CLV)) (in addition, if S = ST 4 57, the condi-
tions on V and V° imply that C'y preserves ST and S™).

For any given signature s = p — ¢, the centralizer Cgs)(C£(V)) is imme-
diately determined recalling that C/(V) ~ K(N) or K(N) & K(N) for some
suitable N, with K =R, C or H. In all cases, one can determine the so(V)-
moduli in S and the elements in Cg5)(C£(V')) that preserve these moduli
(see [1], Prop. 1.5 and [6], Tables 1 and 2). Excluding the elements which
are real multiples of the identity (which cannot be in o(S, 3)), one gets the
spaces listed in the last row of Table 1. O

Remark 2.9. It should be stressed that Table 1 gives just an upper bound
for dimbh. When ( is explicitly given, one gets a finer result by direct
computations.

3 Theories of supergravity

3.1 Gravities and supergravities

Definition 3.1. Let M, be a manifold of dimension n = dim V. We call
(super) gravity of type g on M, any pair G = ((M, M,, D), (g,V)) formed by

(a) a space time (M, M,, D) of type g with body M,;
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(b) a gravity field (g, V) on (M, M,, D).

Given a (super) gravity G = ((M, M,, D), (g,V)), we call spinor bundle
of G the pullback bundle

w:8 =Dy, — M,.
We also call physical fields of G the following objects:

(a) the tensor field in T* M, @)y, S, called gravitino, defined by

I(X) = 7P (X), (10)

where, for any x € M, we denote by 72 : T, M — D, the g-orthogonal
projection onto D,;
(b) the tensor field in V2T*M,, called graviton, defined by

L

GX,Y) € g(X,Y) - g(9(X),0(Y)) = g(xP (X), 7P (Y)), (11)

where, for any x € M, we denote by ﬂfl : TyM — D the
g-orthogonal projection onto Dy ;
(c) the tensor field in T*M, ®p;, S* @, S, called A-field, defined by

def
Axs = —nP(Txs), (12)

where we denoted by T the torsion of the connection V;
(d) the connection D : X(M,) x X(M,) — X(M,), called metric connec-
tion, defined by (?)

Dxy % (#P*

W) o

(e) the connection D : X(M,) x I'(S) — I'(S) on the space I'(S) of the
sections of m : § — M, called spinor connection, defined by

Dxs def VXS—TI'D(TXS) =Vxs+Axs. (14)

Finally, we call non-physical fields of G the tensor fields in S* @y, S* Qnr, S
and T*M, @, S* @y, S* @, S, called B-field and C-field, defined by

Bss déf _TFD (Tss’) ) Cxss déf _7TD ((VSIT)XS) : (15)

2Notice that DxY is equal to the projection of VxY onto TM, w.r.t. to the decom-
position TM |y, = TMs + D|m,. In other words, D is the connection on the submanifold
M, C M, induced by V, by identifying the normal bundle T'M|as, /T Mo, with D, .
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Remark 3.2. Our presentation of supergravity theories is essentially based
on this definition and the contents of next subsection. In Section 5, we will
indicate how wvarious N = 1 supergravities can be presented as theories on
physical fields of supergravities of type g.

As it is suggested by our choice of names, the above defined “graviton” and
“gravitino” are precisely the objects, which we want to use to formalize the
common notions of graviton and gravitino in standard supergravity theories.

In fact, from Definition 2.7, one can check that the graviton g is a pseudo-
Riemannian metric of signature (p,q) and that Dg = 0. On the other hand,
given a fixed orthonormal basis (e;, e,) for (V + S, (+,-)) and a corresponding
local frame field

(Eil@) =i(e), Eal@) =19(ea)), o € O4(M, D),

the field ¥ is of the form ¥ = ®E, ® E'|7n,, as the usual gravitino (see
(32]).

3.2 The principle of general covariance and manifestly covariant
equations

As we mentioned in the Introduction, we want to present the transformation
rules of a supergravity theory as actions of infinitesimal diffeomorphisms
(= Lie derivatives) and generalize the Principle of General Covariance.

We first remark that for any (super) gravity G = ((M, M,, D), (g,V)) of
type g, any (local) diffeomorphism ¢ : M — M, sufficiently close to Iday,
determines a new a pair

' = ¢u(G) = (M, Mo, 0.(D)),  ((¢7")"9, (¢™1)"V)) (16)

which still is a (super) gravity of type g. This suggests the following two
notions:

A collection &, of constraints and equations on the physical fields of

(super) gravities of type g satisfies the Generalized Principle of Infini-

tesimal General Covariance if:

(i) there exists a system £ of constraints and equations on (D, g, V),
so that any (local) solution of £ determines physical fields, which
solve &, and every (local) solution of &, is of this form;
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(ii) the class of (local) solutions of &, is invariant under all actions
(16), where G is given by a solution of € and ¢ is of the form
© = ®F for some X € Xioc(M).

The system &, is said manifestly covariant if there exists a system &
as in (i), which is of tensorial type.

Any manifestly covariant system &, automatically satisfies (ii) and hence
also the Generalized Principle of General Covariance.

Now, for a given (super) gravity G = ((M, M,, D), (g,V)) of type g, let
us consider the following class of (local) vector fields on M:

Xioe(M; My) = {X € X1oe(M) : Xy € TuM,, x € M},
Xioc(M;S) = {X € Xi1pe(M) : X € T10e(D), (VsX)z =0, s €Dy, x € My}

Clearly, any X € Xjoc(M,) admits an extension X e Xioc(M; M,) and one
can check that any local section s of S admits an extension s € Xjoc(M; S).

The actions of the fields in X)o.(M; M,) can be considered as generaliza-
tions of the actions of the vector fields of M. In fact, for any X € Xjo.(M,)
with extension X € Xjoc(M,), the family of metrics ®;*,(g) coincides with

the family of gravitons g' of the (super) gravities G; = ®X.(G).

As we will see later (Section 5), the actions of fields in Xj.(M;S) coin-
cide with the supersymmetries of simple 4D-supergravity and other
supergravities.

In other words, those supergravity theories are invariant under the class
of vector fields

:{IOC(M; Mo) +}:loc(M;’S)7 (17)

which is properly included in Xjo.(M).

We recall that a class A C Xjoc(M) of vector fields is called Lie pseudo-
algebra if for any A\, € R and any pair X, X’ € A, defined on two open
subsets U, U’ C M, the fields AX + pX’ and [X, X’] on U NU" are both
elements of A. Lie pseudo-algebras share many basic properties with usual
Lie algebras of vector fields (see, e.g., [27]).

It is hardly to be expected that brackets between elements in (17) are still
in (17), i.e., that (17) is a Lie pseudo-algebra. Hence, if one is looking for a
Lie pseudo-algebra of symmetries, it is more natural to consider the whole
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Xioc(M). In fact, as we will shortly see, equations of simple 4 D-supergravity

are manifestly covariant and hence invariant under all elements in Xjo.(M ).

4 Levi—Civita supergravities and the transformations laws
for their physical fields

4.1 Levi—Civita supergravities

Let G = (M, M,,D),(g,V)) be a (super) gravity of type g. At any x € M,
the torsion T of V decomposes into a sum of the form

T, = TP" 4+ TP + PP P 4 ¢PPHPT L PP DD (1g)
with summands belonging to the following so(D;)-modules:

TP" € Hom(D: ADL,DL), TP € Hom(D, A Dy, Ds),
cPP P ¢ Hom(D, x DL, D,), PP P" € Hom(D, x DL, D),

HAYPHP ¢ Hom(DE A DL, D,), HAPP' € Hom(D, A Dy, DY),
Note that the decomposition (18) is preserved by any action (16).
Since V preserves D and D+, it follows that
HYPPY — 9~ 8, (19)

From this, at any x, € M, and for any X,Y € ¥(M,) with [X,Y]|,, =0,
the value T)?Y‘I of the torsion of the metric connection D is equal to

DL

TRy|, = (7] )7 (Vx(P (V) = Yy (P (X))

TM,

To

)le

= ( 7T’DJ_
TM,

g (7T’DJ—

Zo

TMD)_l (WDL (TXY)>

o (T21,1 +CPP5PH (9(X), ¥4 - PP (y(v), X
L0, 0L, (20)

(here X+, Y+ denote the components of X, Y along D). Hence, for any
admissible extended (or super) Poincare algebra g =so0(V)+V + 5, the
torsion TP has a non-trivial term, depending quadratically on 9. Due to
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this, there is no way to require the vanishing of TP for all values of ¥, in
contrast with the well-known property of Levi Civita connections.

However, the following theorem holds (in the statement, Sym9(D;)
denotes the space of endomorphisms of D, that are symmetric w.r.t. g,).

Theorem 4.1. For any ((M,M,,D),qg) that satisfies Definition 2.7 (i),
there exists a connection V satisfying also (ii), (iii) and the constraints

TfL =0 and CE’DL;DL € D! @ Sym?(Dy) at any z € M. (21)

This connection is uniquely determined up to the field C, defined in (9). In
particular, V is unique whenever o(S, 8) N Cqys)(CL(V)) = 0.

Proof. Assume that g is an extended metric on (M, M,, D) satisfying Def-
inition 2.7. For a fixed choice of local frames in Oy(M, D), let V be the
unique, locally defined, D and D+ preserving connection, for which the field
C in (9) is 0 and for any v,w,z € D+, s € D

§(Vow,2) = 5 (0 glw,2) +w - glz,0) — 2 glv,w)

+ g(7P" ([v,w]), 2) — g(xP ([

P (.2, w))

(22)
(Is.2)w).  (23)

w,z]),v) - g(ﬂ'

L

9(Vaw,2) = 5 (5 g(w,2) + g(x™" (ls,u]), 2) - g(x”

N =

One can check that it satisfies (21) and (ii), (iii). Using a partition of unity,
one gets the existence part of the theorem.

About the uniqueness part, assume that G = ((M, M,,D),(g,V)) and

G = (M, M,,D),(g,V)) are two (super) gravities of the same type g, both
satisfying (21). Fix a local identification (8) so that we may consider the

decompositions V = V° 4+ C and V = V° + C described in (9). By defini-
tions, for any X € X(M), the operators V& and V% act on the vector fields

in D just as the covariant derivations Vy and v x, while they act on the
fields in D by means of the corresponding spinorial connections. In partic-
ular, V° and V¢ are uniquely determined by their restrictions V0|3€( M)xDL

and 60‘%(M)XDJ- .
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On the other hand, by definitions,
€O|X(M)><DJ- = V°xnxpL + F\ (24)

for some suitable tensor field F' taking values in T*M ® so(D%), i.e., so that
for any X € X(M), v,v' € T(D4)

9(Fx(v),v") + g(v, Fx(v")) = 0. (25)

Now, for a given F in T*M ® so(D~), let us denote by pT° = T° — T° the
difference between the torsions 7° and 71° of the connections V° and V¢,
respectively. Simple arguments based just on definitions imply that

OFTS%y = Fx(Y) — Fy(X), forany X,Y € X(M)
and that, for any x € M, the map

1 : Dy @50(Dy) — D @ End (Dy),

def L
o1 (Felp,xpy ) < 77" 0 (0rT)Ip, upy (26)

coincides with the trivial embedding of D} ® so(D;) into Di ® End (Dy).
D,D+;D+

Due to this, by the fact that the antisymmetric parts of the tensors C
of V and V are both 0, one gets Fx|pxxp1+ =0 at any z € M.
Consider now the map

@2 : D* @ s0(Dy) — A’Dr* @ Dy,

€1
P2 (FI|D§xDIl> =77 0 (0pT°)|pLxpe- (27)

We claim that this is a vector space isomorphism between Dir* ® so(Dy)
and A’D1* @ DL, In fact, if we identify T, M with V + S by means of a
frame in Og4(M, D), the map Fy|pi,py is identifiable with an element of

Vi*eso(V,<,>) ~ V@ A2V,

while 727 o (OFT°)|pLypy is identifiable with an element of ANV*RV ~
A2V* ® V*. The map (27) is equal to the so-called “Spencer operator”

o:-V* ®A2V* _ A2V* ® V*,

(Oar)(v1, va, w) = vy, v2, W) — vy, V1, W), (28)
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which is well known to be an isomorphism. Due to this, since V and V has
TP~ =0, then Filpiypr =0 at any x € M.

Hence, FF =0 and V° = V°. The claim is then a consequence of the fact
that variations of C' do not affect TP and PP~ O

This result motivates the following definition.

Definition 4.2. A (super) gravity ((M, My, D), (g,V)) is called Levi-Civita
if V satisfy (21). In this case, V is called a Levi—Clivita connection of g.

Let G = ((M, My, D), (g,V)) be a Levi-Civita (super) gravity. By (20),
the value of the torsion of the metric connection D on commuting fields is

-1
i
TP, = ( P o
XY TM,

o (PP W(X), Y ) = PRI (9(Y), X ) — £0(X),0(Y)))|

Mo

This shows that T” (and hence D, being any metric connection recoverable

from its torsion, through the associated contorsion) is completely determined
CD,DJ-;DJ- |M

o

by the graviton, the gravitino and the tensor field
A common assumption in supergravity is CD’DL5DL| M, =0 (see Section
5). It is therefore convenient to introduce the following definition.

Definition 4.3. A (super) gravity G = ((M, M,, D), (g,V)) is called strict
Levi-Civita if the torsion of V satisfies the conditions TP~ = 0 = ¢PPD"

Since the difference between spinor and metric connections is given by the
A-field (and the field C in (9), in special signatures), it follows that all phys-
ical fields of strict Levi-Civita (super) gravities are completely determined by
the graviton, gravitino and A-field (and, sometimes, by C').

4.2 Transformations rules for gravitons, gravitinos and A-fields

In this section we give explicit formulae for the actions of vector fields in
X1oc(M;S) on the graviton, gravitino and A-field of a strict Levi-Civita
(super) gravity. We perform computations in local coordinates and compo-
nents to show that the obtained expressions nicely match the well-known
rules of simple 4D-supergravity and other supergravities.
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Let G = ((M,M,,D),(g,V)) be a strict Levi-Civita supergravity and
(E,, E,) a (local) field of g-orthonormal frames with E, € D+, E, € D and
w.r.t. which the Levi form £9 has constant components Egﬁ. Let also
(E*, E®) be the dual coframe field.

Now, if we consider the g-orthonormal coframes (e* = E%|p,, ) on Mo,
we have that the graviton, the gravitino and the A-field are of the form

G=nwe" @, V=1f Eaolu, ®€’, A=A Eqlrn, ®e” @ E’s, (29)

where 71,5 = €045, and ¥}, Aa% are suitable smooth functions. Indeed, g, 1,
A are the restriction to T'M, and S of the tensor fields of M

g™ ()7 () = nE © B, 7 = B, © B,
—mPoT=-T3 E.®E*®E" — T Ea ® E*® E° — TS Eq ® E¥ ® E°.

In particular, the ;' are the components of the 1-forms E%|py, = wbaeb,
while the A% are the functions A% = —Tg5|m, — va - TS5/ u, -

Motivated by the above remark, we call variations of the graviton, the
gravitino and the A-field along X € Xjoc(M) the fields on M, defined by

oxet = (LxEY|ran,, Ox9:= (Lx7)|ras,

OxA = —(/JX(WD oT))|ra, xs

where “Lx” denotes the usual Lie derivative along the vector field X. As we
will see in Section 5, the variations along the vector fields in X)o.(M; S) corre-
spond to the so-called “supersymmetry transformations” in simple
4D-supergravity and other supergravity theories. We thus consider the fol-
lowing definition.

Definition 4.4. Let ¢ = ¢*E,|n, be a (locally defined) spinor field in S.
We call (super) variations along € the infinitesimal variations

def def def
0c” = Oxe?, 00 = dxV, A= dxoA,

determined by an arbitrary vector field X(¢) = %),.(M;S) with X ()|, =e.
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The (super) variations along e are clearly determined by the functions
deep, 61y, 6g¢3, 6£Aa% and 58Aa% defined by the relations

dze = (0z€3) e, 8.0 = (095) Eoln, ® € + (651112) Ey|p, ® €, (30)
0-A = (0:A.3) Ealnt, ® € @ EP|s + (0:A.3) Byl ® e @ EP|s. (31)

We now compute explicitly those functions, proving also that they are inde-
pendent of the choice of the extension X(¢). In the following, (eq) is the

g-orthonormal frames field on M, defined by 72 (e,) = Ea|u, -

Proposition 4.5. Given a spinor field e = e*Eq |y, the components of the
corresponding (super) variations of graviton and gravitino are of the form

b.eb = —5%5%5 + L% for some L = (L%) € so(V), (32)
508 = eq(e®) + P (MG + A + ¥IBS, ), (33)
Seiphy = e Lo g0, (34)

where H %, B are the Christoffel symbols H 3 & E*(V.,Eg) and the com-

ponents of the B-field B, def pa (BesE, ), respectively.

Proof. For simplicity of notation, let us denote by the symbol “c” also the
field X e X1oc(M;S). We first need one simple observation. In order
to compute the functions which determine the variations (30), one has to
evaluate the tensor fields £.E%, L.mP on elements of TM,. One can also
check that it is always possible to extend the field of g-orthonormal frames
(eq) on M, to vector fields (e,) on an open subset 4 C M so that 70" (eq) =
E, and Vg, 7P (eq)| s, = 0. By tensoriality, one is allowed to evaluate £.FE%
and L.7P on these special extensions and then restrict the result to M,.

With these remarks in mind, one has that

6.€2 = (L.E®)(eq) = —E’([e, e4]) = —E®(Veey) + E¥(Ve,¢)
+ E(eq) EN(CPP TP (e, By)) + E* (e EY(HN PP (e, Ey))

and that the matrix L% = —E®(V.e,)|. belongs to so(V) for any x € M,.
From E*(V,,e) =0, CP"P" = 0 and (19), equality (32) follows.
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Similarly, we have that

0etby = E*((Len®)(ea))] yy, = E* (77 (ea)]) |y, — B (77 ([es ea))) |y, -

Since
E*(VerP () = E*(Va(ep)e) = B*(TF o))

E%([e, eq]) = E%(Veea) — EY(Ve,€) — E%(1ie,)
E*(VerP(eq)) = E*(Ve,e) — BY (7 (Tee,)),s

E*([e, " (ea)))
E“ (WD([s, €a))

we have that

5E¢g = Ea(VGas =+ Aeag + B&ﬁ(ea)) = Ea (]D)eae + B&ﬁ(@a))
= ea(e®) + ¢’ E%(De, Ep) + E*(Bey(e,));

and (33) follows. Finally, (34) follows immediately from

55¢Z = B ([5’71'1)(6’(1)])‘ ~- E (WD([Ea ea])) ‘M (Eg 7TD(ea)) M,

o

Mo
O

Proposition 4.6. Given a spinor field e = e*E, |y, the components of the
corresponding (super) variation of the A-field are of the form

6 o om o o « e o ) a
085 = B (Do By + &7 (ASB,S + ASBS — B .5 — Bypt — ViR, 5)

( BC’Y ¢Cw L BBE'Y +¢ Le ﬂAw +Cavﬁ Bﬂv\a) , (35)

0By = LY 5A Y, (36)

where:
— where B, (Caw, RABg are the components of B- and C-fields and of
the Riemann tensor R of V w.r.t. (Eq|n,, Ealr,, e EYs);
- B2, ¥ pe ((DeaB)EBEW — (A, 'B)EﬁEv)’ where A.,- denotes the

Byla
natural action of A, |, € Hom(D,, D,) on B, € Hom(D, x D, D).

[1P))

Proof. As in the previous proof, for simplicity of notation, we denote by “c
also the extension X () € X1oc(M,S). By definition of Lie derivative and
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first Bianchi identity, we have that
(Eg(WD o T))YZ = [8, (7P o T)YZ] — (7P o T)iey)z — (7P o T)yie,z]
= (Le — V) (7P (Ty2)) + 7P (VeD)yz + To.yz + Tyv.z
— Tieviz — Tyie,z)
= (Le = V)@ (Tyz)) + 7P (VeD)yz + Tyez + Tyv e
+ Troyz + Tryy)

PR (£, — V(7P (Ty2)) + 7 (Toy ez + Tyrv )
+ 7P (Rey Z + Ryze + Rz.Y — Try e
—(VyT)ze — (VzT)ey) . (37)

On the other hand,

5oy = E(0ch)e,,) = = E*((Lo(nP 0 D)), )| -

Hence, from (37), we get that
0:A% = —E°(T.,5,)E*([e, Bs) — V.Es) — E* (Ty,,cE,) — E* (Rec, Eg
+ Reasy + Rigeea = T, e = (Ve Dige — (Vi Tee, )
— TALBG + B (Ve,)Bs — 7 (R, + Ry + VAR5 )

+TE” (TTe B, + (VCQT)Eﬂ}% + (VEBT)EA,ea) . (38)

aEp
Now, we remark that at the points of M,,

(1) B°(Ve,e) = E°(De,ée) — E’YAa(';y;

e — C e C c « 5 C c o
(2) E (TTECLEBE'Y) - AaﬁBC'Y + wa CBAC’Y - wcwaﬁgﬁﬁg,y.
Replacing (1) and (2) in (38), we get (35). Similarly, from (37),

= B (e,

from which (36) follows immediately. O
Corollary 4.7. If G is strict Levi-Ciwita and satisfies the constraint

TP =0, (39)
then (33) simplifies into

55 = ea(e®) + P (MG + A%), (40)
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while (35) simplifies into

0hgs = (~Rouy — Bugs — V3Re 5 +USLEAS +Coy) . (41)

5 Classical supergravities as supergravities of type g

In this section, we want to indicate how simple supergravity in four dimen-
sion might be encoded in the language of supergravities of type g. We also
give short remarks on other supergravities in four and higher dimensions,
supporting the expectation that they can be presented as supergravities of
type g too. In the following, the discussion is forced to be informal. Indeed,
a rigorous presentation of supergravity should be based on various notions
of supergeometry, which will be introduced in [24].

5.1 Notations

In all the following, G = ((M, M,,D),(g,V)) is a fixed (super) gravity of
type g.
5.1.1 Clifford product between elements of TM and D

For any x € M, w € T, M and +(*) € Oy4(M, D), we denote by w = wY +w®
the g-orthogonal decomposition of w into D+- and D-components and we
set

=1 w)eV+s @V =D w)eV, &%=/ w) es.
For any s € D,, we call Clifford product between w and s the element in D,
w-s @ @Y 3, (42)

where “@" -5 is the usual Clifford product. One can check that (42) does
not depend on the choice of (%) € O, (M, D). We extend canonically (42) to
a product « - s € D, between any o € AT, M and s € D, and, by g-duality,
also to a product w - s between any w € AT M and s € D,.

We remark that any such Clifford product is preserved by the action
(16).
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5.1.2 D-=-curvatures and Rarita—Schwinger form

We denote by RicP" and sP* the tensor field and the scalar function, defined
at any x € M by

n n
L 1 1 . L
Ric?™ (v1,v2) = g 69((tP" o R)y,p,v2, By), s = E ¢; Ric?™ (E;, Ej),
i=1 j=1

where (E;) is any g-orthonormal basis of Dy and ¢; = g(E;, E;) = £1. These
objects are related with Ricci and scalar curvature of the metric connection
D on M, as follows. Since the curvature RP of D is at any 2 € M, given by

D Dt -1 (, D+
Ry = (7" |rum,) <7T o R|TM0><TMO><TMO> ,
we get that Ricci curvature Ric? and scalar curvature s” of D are given by

Ric? (v1,v2) = RicP” (v1,v2) + Y €g((7P" 0 )y 1(eryv2, €1), (43)
=1

1 o L
sV =2+ Y aiga((n” o R)(w(e)), 70 (e))ej, ei),  (44)
1,7=1

for any vy, vy € Ty M, where (e;) is a g-orthonormal basis for T, M,.

We call Rarita—Schwinger 3-form the tensor field R € A3T*M ®j; D
defined at any x € M, v1,v9,v3 € T, M, by

Ra(v1,v2,v3) < > (D) - (7P 0 Tz (vo(2) Va(3))) -
g€EPs

Using coordinates on M, the 3-form R|ysp, is related with ) by

(o 0 0
(Rhorse) st =2 20 (G Vs () )

201 7 9212 ) 9yt
oz'l " 9z'2 " 93 Py

5.2 Simple 4D-supergravity

Let V =R*! and g = s0(V) 4+ V + S the super-Poincare algebra determined
by the admissible bilinear form 3(s,s’) = Rew(s,s’) = — Re(is! Ty'2s’) on
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the irreducible spinor module S = St + S~ of Cl3 1 (see Example 2.5). Sim-
ple 4D-supergravity can be interpreted as a supergravity

G=((M,My,D=D"+D"),(9,V))

of type g (), subjected to the following constraints and equations, which are
equivalent to Wess and Zumino’s constraints and the usual Euler-Lagrange
equations [31-33].

Constraints

(1) V is strict Levi-Civita (i.e., TP" =0 = ¢P:PD™);
(2) T? = 0.

Equations

i cDaDLsD‘ —0 shi li 1ds):;

(i) S (vanishing of auxiliary fields);

(i) Rlpsrar, =0 (Rarita—Schwinger eq.);

. DL 1 Dt DL . DL ) _ Ei .

(iii) Ric ‘TMOXTMO 55 g (), 7" () T 0 (PEinstein eq.).

The first equation corresponds to the vanishing of the “auxiliary fields”,
the second one to the so-called Rarita—Schwinger equation for gravitinos,
whereas the last one corresponds to the Euler-Lagrange equation for gravi-
tons.

Firstly, from constraints (1) and (2) and Bianchi identities, one gets that
the A-field A is of the following very special form (see [32], Ch. XV)

Axs = cDPHP (s,X)
SRT M,
= —Re(a)X T -s+ilm(a)X - s +iA(X)T5 - s + %X-A~l—‘5-s,
(46)

for a complex function a : M, — C and a 1-form A € T*M,, usually called

auziliary fields, and hence that (i) is equivalent to equations a = 0, A = 0.

Equation (ii) is equivalent to the Rarita—Schwinger equation by simply
comparing the coordinate expression (45) with [31], formula (5) at p. 222.

3For this super-algebra, the space b is trivial (see Remark 2.9) and V = V° for G.
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Now, assume constraints (1), (2) and equations (i), (ii) hold. By equations
=5

(43), (44) and Bianchi identities, one can prove sP" = sP so that (iii) reads

n

1
<RicD(X, Y) - QSDg(X,Y)) — qu((ﬂ?L © R)xxp(eY,€i) =0, (47)
i=1

for any X,Y € X(M,). Using again Bianchi identities and (ii), the equation
(47) becomes equivalent to

<RicD(X, Y) - %ng(X, Y)) — > eig(rP(en), X - (7P 0 T)ye,) =0,
=1

for any X,Y € X(M,). From the expression in coordinates

0 0
D — _— — —
P () =Va () -V (G)

and [31], formula (10) at p. 222, one gets that (iii) is equivalent to the usual
Euler-Lagrange equations for gravitons (see [31], formula (6) at p.222).

Finally, we remark that, under the constraints (1) and (2), the usual
transformation rules for graviton and gravitino (see [32], Ch. XVIII) coin-
cide with those in Proposition 4.5 and Corollary 4.7 and it is reasonable to
expect that, via (46), the usual transformation rules of auxiliary fields imply
the variations for the A-field, determined in Corollary 4.7. We plan to check
carefully this point in the near future.

In any case, we claim that the above constraints and equations are man-
ifestly covariant and hence invariant under all super-variations of Defini-
tion 4.4, by the following reasons.

Consider the system £ on (D, g, V) given by the tensorial equations

TP =0, ¢PP"P—y, TP =y,

. 1
CD,D{p —0, R=0, Rich —ispLg(WDL(')’ﬂDL(')) =0.

Any (local) solution of £ gives physical fields satisfying the system &, of
(1), (2), (i), (ii), (iii). So, being & of tensorial type, in order to check the
manifest covariance, it remains to show that any (local) solution of &, is
given by the physical fields of some (local) solution of £.

Indeed, following the same arguments used in [24] to check the manifest
covariance of the 11D supergravity equations and constraints, one can see
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that the conditions CPP"P" = TP = ¢P:PHP — 0, together with the rela-
tions R|pgp =0 and (15.21) of [32] (which come from the first Bianchi
identities of V), coincide with the rheonomic constraints considered by
Castellani, D’Auria and Freé in [2], Ch.IIL.3.5. By the results of [2], one
gets that all equations of the system £ are consequences of such rheonomic
constraints and Bianchi identities and that the required one-to-one corre-
spondence between solutions of &, and solutions of £ is a corollary of the
properties of the rheonomic constraints (we refer to [24] for more details on
this line of arguments).

5.3 Other supergravities

5.3.1 Gates and Siegel’s supergravities

Simple 4D-supergravity is one of the supergravities, parameterized by ¢ €
R U {oo}, introduced by Gates, Siegel in [7,26] (see also [21,22]). All of
them can be interpreted as supergravities

G =((M,M,,D=D"+D"),(9,V))

of the same type g of simple supergravity and they are subjected to the

following constraints for ¢ # —% (the case ¢ = —% is simple supergravity).
Constraints
L.pL
(1) V is (non-strict) Levi-Civita with C2*> """ of the form

coPHPT — 3<§+1 (Re(T) o 7” —iIm(T) o 7P 0 I's)y @ 7",

for some complex-valued 1-form 7 € T*M;
(2) TP is of the form

T2(01,00) = 5 (72 @) (Re(T) 077 —iIm(T) 0P 0 To)u )

+ 70" (v2) (Re(T) 0 7 —iTm(T) 0 72" 0 T5),(v1) )

+ +

—iIm(T) o P 0 's)4(v2)

1¢-1 .
+3 3i+ - (n;’ (v1)(Re(T) o 7P

+ WEJF (v2)(Re(7T) o xPF iIm(7) o PF o l—‘5)m(v1)>,

for any vy, vo € T, M;
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. + pL.p— - pl.p+ .
(3) the torsion components C?"P7P~ and CP~P7P" vanish.

These constraints are manifestly covariant. We expect that also the
FEuler-Lagrangian equations of these supergravities are manifestly covari-
ant, as it occurs for simple 4D supergravity.

5.3.2 Supergravities in dimensions n > 5

We recall that the Poincare superalgebra g = s031 + R3! + S of simple 4D
supergravity is the algebra of rigid supersymmetries of maximally super-
symmetric vacua solutions and that the theory is actually determined by
“gauging” such symmetries.

Supergravities in dimensions n > 5 are similarly obtained from algebras g
of rigid supersymmetries of homogenous manifolds playing the role of vacua.

The superalgebra g = gg + g1 is usually taken from Nahm'’s classification
([12]), i.e., it is a simple Lie superalgebra with gy = p @ ¢, where £ is reductive
and p is a conformal or de Sitter algebra, and with gy = .S a spinor module.

The associated simply connected, homogeneous supermanifold is of the
form G/H, with h = s0,1 ® € C p @ ¢ and it is endowed with the G-invariant
distribution D with D|.g = S. Its Levi form at eH is the so, j-invariant
tensor

LeS’s*@RPL, L(s,s') =[s,s'] mod b.

This means that (G/H,Gy/H,D) is a space-time of type g, where g’ is the
super Poincare algebra g’ = (50,1 + RP1) + S, with brackets [, ]|sxs = L.
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