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Abstract

A new formulation of theories of supergravity as theories satisfying a
generalized Principle of General Covariance is given. It is a generaliza-
tion of the superspace formulation of simple 4D-supergravity of Wess and
Zumino and it is designed to obtain geometric descriptions for the super-
gravities that correspond to the super Poincarè algebras of Alekseevsky
and Cortés’ classification.

1 Introduction

Up to now various theories of supergravity, in diverse dimensions and based
on many super-extensions of Poincarè algebras, have been constructed.
Although super-extensions of Poincarè algebras and algebras of Lorentzian
symmetric spaces have been already classified under various natural hypoth-
esis (see, e.g., [1, 12, 23, 30]), to the best of our knowledge, there does not
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1412 A. SANTI, A. SPIRO

exist a methodical presentation of supergravity theories that parallels those
lists of super-extensions.

We also recall that for gauge theories of classical Poincarè algebras, like
General Relativity, the requirement of invariance under localizations of
translations is just a re-formulation of the classical Principle of General
Covariance, i.e., the principle of invariance under local changes of coordi-
nates (or, equivalently, local diffeomorphisms) of the space-time (see, e.g.,
[2, 19, 28, 29]). By analogy, it is natural to expect that, also for supergrav-
ity theories, the supersymmetries (analogues of localizations of translations)
can be identified with Lie derivatives along vector fields of an appropriate
super-manifold and that the requirement of supersymmetric invariance can
be stated as a suitably generalized Principle of General Covariance.

On this regard, we would like to point out that when a supergravity
can be presented in a manifestly covariant way, i.e., in terms of tensorial
equations, the Principle of General Covariance is automatically satisfied
and the off-shell invariance of the theory is assured, with no need of explicit
computations in coordinates or components.

The expectation that the invariance conditions of supergravity can be
stated in terms of Lie derivatives is supported by the very first superspace
formulation of simple four-dimensional (4D)-supergravity ( [33]). However,
an explicit and clear formulation in such terms seems to us still missing. So,
here and in [24], we offer a presentation of supergravities based on a gen-
eralized Principle of General Covariance and involving a very small number
of tensorial objects.

It can be considered as a generalization of the superspace formulation of
Wess and Zumino: as in [33], the physical fields are presented as restrictions
to space-time Mo (not necessarily 4D) of fields defined over a superspace
M , which has Mo as a body, and the usual supersymmetries are presented
as appropriate (infinitesimal) local diffeomorphisms of M .

Our definitions are designed so as to depend in a canonical way on an
initial choice of a super-extension g of a Poincarè algebra. We consider
only the super-Poincarè algebras classified by Alekseevsky and Cortés ( [1])
corresponding to N = 1 supergravities, but the whole scheme can be easily
repeated for other super-algebras andN = p supergravities with p ≥ 2. Note
also that our main goal was to reach a simple and economical description
of existing supergravity theories in terms of objects that can be studied
with standard techniques of Differential Geometry. We did not address
questions on the construction of Lagrangians, but we do expect interesting
consequences on this topic too.
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SUPER-POINCARÈ ALGEBRAS AND SUPERGRAVITIES (I) 1413

Here is a more detailed description of our results.

In Section 2, after recalling some facts on Z2-graded and super-extensions
of Poincarè algebras g = so(V ) + V + S of a pseudo-Riemannian space V =
R

p,q, we introduce the notion of space-time of type g, which is a (super)
manifold M with a distinguished submanifold Mo ⊂M and a non-integrable
distribution D, whose Levi form L is modeled on the Lie brackets of elements
in S ⊂ g. Then we define as gravity field any pair (g,∇) formed by a tensor
field g on M of type (0, 2), inducing a pseudo-Riemannian metric on the
g-orthogonal distribution D⊥ and by a covariant derivation ∇ preserving D,
g and L. Properties of these connections are also given.

In Section 3, we define as supergravity of type g any pair formed by a
space-time (M,Mo,D) of type g and a gravity field (g,∇). Any supergrav-
ity induces on Mo (which represents the space-time of Physics) the following
physical fields: two covariant derivations, called metric and spinor connec-
tions, and three tensor fields, corresponding to the graviton, the gravitino
and the auxiliary field(s). Then we state our generalized Principle of Infin-
itesimal General Covariance and the notion of manifestly covariance for
constraints and equations.

In Section 4, we consider the class of (strict) Levi–Civita supergravities
of type g, characterized by the vanishing of certain parts of the torsion T
of ∇. The connections satisfying these conditions are generalizations of
the Levi–Civita connections of pseudo-Riemannian manifolds and we prove
for them an existence and uniqueness theorem. From this result it follows
that the physical fields of strict Levi–Civita supergravities are completely
determined by the graviton, the gravitino and the auxiliary field(s), as in
supergravities formulated in the component approach. Finally, we determine
the transformation rules for the graviton, gravitino and the auxiliary field
of a Levi–Civita supergravity. The expressions nicely match the well-known
rules of simple 4D-supergravity and other supergravities.

In Section 5, we give examples on how known theories of supergravity can
be presented as theories of Levi–Civita supergravities of type g.

Our results is re-formulated and formalized in the language of superman-
ifolds in [24]. We chose to postpone such formalization in a second paper
for the following reasons. It is very common to deal with supermanifolds
in a naive way and consider them just as smooth manifolds with points
labeled by two kinds of coordinates, the bosonic and the fermionic ones.
Following this habit, we give here definitions and results on gauge theories
of super and non-super extensions of Poincarè algebras, with proofs that
can be considered rigorous only for what concerns the latter and essentially
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1414 A. SANTI, A. SPIRO

correct for the former only if one consider supermanifolds “as if” they were
smooth manifolds. In [24], we convert everything into rigorous statements
on supermanifolds and on the gauge theories of super Poincarè algebras.

Before concluding, we need to recall that a presentation of supergravity,
which is based on a Principle of General Covariance, appears also in the
so-called “rheonomic approach” of Regge, Ne’eman, Castellani, D’Adda,
D’Auria, Fré and van Nieuwenhuizen (see, e.g., [2–4, 13, 14]), where super-
gravities are described as theories of fields on a soft-group manifold P , a
sort of principle bundle over the superspace M . We also remark that our
approach is crucially based on the notion of the non-integrable distribution D
modeled on g: To the best of our knowledge, similar non-integrable distribu-
tions have only been considered in the geometrical approach of Ogievetsky,
Sokatchev, Rosly̌ı, Schwarz et al. (see, e.g., [9, 10, 15–18, 20–22, 25]) and in
the superspace formulation of supergravity of Deligne [5]. Analogies and
differences will be carefully discussed elsewhere.

Notation. Throughout the paper, we consider Clifford algebras as defined,
e.g., in [8]. According to this, the Clifford product of vectors of the standard
basis of R

p,q is ei · ej = −2ηij and not “+2ηij” as it is often assumed in
Physics literature.

2 Space-times and gravity fields of type g

2.1 Extended Poincarè algebras and associated space-times

Let V = R
p,q and p(V ) = Lie(Iso(Rp,q)) = so(V ) + V its Poincarè algebra.

Definition 2.1. A Z2-graded Lie algebra (resp. a super-algebra) g = g0 + g1

is called extended (resp. super) Poincarè algebra if

(a) g0 = p(V ) = so(V ) + V ;
(b) g1 = S is an irreducible spinor module (i.e., an irreducible real repre-

sentation of the Clifford algebra C�(V ) of V ) and the adjoint action
adso(V ) |S : S −→ S coincides with the standard action of so(V ) on S
(i.e., [A, s] = A · s for any A ∈ so(V ), s ∈ S);

(c) [V, S] = 0;
(d) [S, S] ⊆ V .

If g is an extended (resp. super) Poincarè algebra, any connected homoge-
neous (super) space M = G/H, with Lie(G) = g and Lie(H) = so(V ), will
be called flat space-time of type g. The submanifold Mo = Go/H ⊂M ,
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SUPER-POINCARÈ ALGEBRAS AND SUPERGRAVITIES (I) 1415

with Go ⊂ G connected and Lie(Go) = so(V ) + V , is called body of the
space-time.

As we have done in this definition, all statements and arguments of this
paper have a “super” and a “non-super” version. But, hoping to be clear
and at the same time rigorous, from now on we give exact and precise defi-
nitions and statements only for the “non-super” case. Corresponding accu-
rate definitions and statements for the “super” case will be given in [24].
Nonetheless, it should not be hard to understand their contents on the base
of analogies.

We now want to introduce a generalization of the notion of flat space-time,
which is fundamental in our presentation of supergravity theories. For this,
we need to recall some notion, commonly used in studying CR structures
and non-integrable distributions. Let M be a manifold of dimension m and
D ⊂ TM a distribution of rank p ≤ m on M . At any point x ∈M , we may
consider the map

Lx : Λ2Dx −→ TxM/Dx, Lx(v, w) = [X(v), X(w)]x mod Dx (1)

where X(v), X(w) are vector fields in D with X(v)
x = v and X(w)

x = w. A sim-
ple check shows that Lx(v, w) depends only on v and w and that (1) is a
well-defined bilinear map. It is called Levi form of D at x.

We say that D is of uniform type if its Levi form Lx is independent on x up
to linear isomorphisms (i.e., if for any x, y ∈M there exists an isomorphism
ı : TxM

�−→ TyM , so that ı(Dx) = Dy and ı∗(Ly) = Lx).

Example 2.2. Any flat space-time M = G/H is naturally endowed with a
G-invariant distribution, i.e., the unique invariant distribution Dg such that

Dg|o = S, o = eH

(we use the standard identification ToG/H 
 V + S). This distribution is
of uniform type, transversal to the body Mo = Go/H and with Levi form
at o

Lg
o(s, s

′) = [s, s′], s, s′ ∈ S.

If G/H is simply connected, Dg is described in coordinates as follows. Let
(ei, eα) be a basis for V + S with ei ∈ V, eα ∈ S. The exponential map exp :
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g −→ G induces a diffeomorphism

exp : V + S
�−→ G/H (2)

and we may consider the global system of coordinates ξ : G/H −→ R
n̂, n̂ =

dimV + dimS, that associates to any x = exp(xiei + θαeα) the coordinates
ξ(x) = (x1, . . . , xn, θ1, . . . , θn̂−n).

A vector v = viei + vαeα ∈ V + S 
 ToG/H is represented in the coordi-
nate basis as v = vi ∂

∂xi

∣

∣

o
+ vα ∂

∂θα

∣

∣

o
and it is the tangent vector at t = 0 of

the curve γt = exp(t(viei + vαeα)) ∈ G/H. By Baker-Campbell-Hausdorff
(BCH)-formula, an element g = exp(xjej + θβeβ) ∈ exp(V + S) ⊂ G maps
γt into the curve

g · γt = exp
(

xjej + θβeβ + t(viei + vαeα) +
1
2
tvαθβLk

βαek

)

,

where Li
αβ are the components of the Levi form Lg

o in the basis (ei, eα).
From this it follows that

g∗(v) = vi ∂

∂xi

∣

∣

∣

∣

(xj ,θβ)

+ vα

(

∂

∂θα

∣

∣

∣

∣

(xj ,θb)

+
1
2
θβLi

βα

∂

∂xi

∣

∣

∣

∣

(xj ,θβ)

)

and hence that any linear combination of the vector fields

Ei
def=

∂

∂xi
, Eα

def=
∂

∂θα
+

1
2
θβLi

βα

∂

∂xi
(3)

is exp(V + S)-invariant (see, e.g., [34], Ch. 14). Finally, the G-invariant dis-
tribution Dg of G/H is generated by the fields Eα, i.e., Dg

x = SpanR {Eα|x}.

The properties of Dg of previous example motivate the following notion.

Definition 2.3. A space-time of type g is any triple (M,Mo,D) given by:

(i) a connected manifold M of dimension n̂ = dimV + dimS;
(ii) a connected submanifold Mo ⊂M of dimension n = dimV ;
(iii) a distribution D ⊂ TM of rank nS = dimS and transversal to Mo

(i.e., with TxMo ∩ Dx = {0} at any x ∈Mo) satisfying the following
“uniformity assumption”:

for any x ∈M there exists a neighborhood U ⊂M of x and a smooth
family of vector space isomorphisms ı(y) : V + S −→ TyM , y ∈ U ,
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SUPER-POINCARÈ ALGEBRAS AND SUPERGRAVITIES (I) 1417

so that

ı(y)(S) = Dx and ı(y)∗(Ly) = Lg
o;

if S = S+ + S− is sum of irreducible so(V )-moduli, we also assume
D = D+ + D− for distributions D± and ı(y)(S±) = D±

y .

The submanifold Mo is called body of the space-time.

Notice that, if (M,Mo,D) is a (non-flat) space-time and (Eα) is a set of
local generators for D around a point xo ∈Mo, then it is always possible to
determine a system of coordinates (xi, θα) on a neighborhood U of xo, so
that

Mo ∩ U = { θα = 0 }, Eα|Mo =
∂

∂θα

∣

∣

∣

∣

Mo

,

as it occurs on the flat space-time considered above. On the other hand, it
goes without saying that the expressions for the Eα’s outside the body Mo

are in general quite different from the (3).

2.2 Admissible extended (or super) Poincarè algebras and
associated gravity fields

2.2.1 Admissible extended and admissible super Poincarè
algebras

In [1] it was observed that, given an irreducible spinor module S, any exten-
sion g = so(V ) + V + S of p(V ) is completely determined by the tensor

L ∈ Λ2S∗ ⊗ V (resp. ∨2 S∗ ⊗ V )

that defines the Lie brackets [·, ·] between elements in S. This tensor is
so(V )-invariant and any so(V )-invariant tensor of this kind corresponds to a
unique structure of extended (or super) Poincarè algebra on so(V ) + V + S.

A tensor L ∈ Λ2S∗ ⊗ V or ∨2S∗ ⊗ V is called admissible if the associated
tensor

L∗ ∈ S∗ ⊗ S∗ ⊗ V ∗, L∗(s, s′, v) def= 〈L(s, s′), v〉

is of the form

L∗(s, s′, v) = β(v · s, s′), (4)
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for some non-degenerate so(V )-invariant bilinear form β on S such that:

(1) it is either symmetric or skew-symmetric;
(2) the Clifford multiplications v · (·) : S −→ S, v ∈ V , are either all

β-symmetric or all β-skew symmetric;
(3) if S is sum of irreducible so(V )-moduli S = S+ + S−, then S± are

either mutually β-orthogonal or both β-isotropic.

Any admissible tensor is so(V )-invariant, it corresponds to an extended (or
super) Poincarè algebra and the spaces (Λ2S∗ ⊗ V )so(V ) and (∨2S∗ ⊗ V )so(V )

have bases of admissible elements ( [1]).

Definition 2.4. An extended (or super) Poincarè algebra g = so(V ) + V +
S is called admissible if it is determined by an admissible tensor L. In this
case, if β is the bilinear form (4), we call extended inner product of V + S
the non-degenerate bilinear form (·, ·), defined by

(·, ·)|V ×S = 0, (·, ·)|V ×V = 〈·, ·〉, (·, ·)|S×S = β. (5)

From now on, any extended (super) Poincarè algebra will be assumed to be
admissible and (·, ·) will always indicate the bilinear form (5). (1)

Example 2.5. Let V = R
3,1 and denote by (e0, . . . , e3) its standard basis

with 〈ei, ej〉 = εiδij with ε0 = −1, ε1 = ε2 = ε3 = +1. Let also S = C
4 and

denote by ρ : C�3,1 −→ End (S) the Dirac representation of C�3,1, determined
by the Γ-matrices

Γ0 = ρ(e0) =
(

0 I
I 0

)

, Γi = ρ(ei) =
(

0 σi

−σi 0

)

, i = 1, 2, 3,

where the σi are the usual Pauli matrices σ1 = ( 0 1
1 0 ), σ2 =

(

0 −i
i 0

)

,
σ3 =

(

1 0
0 −1

)

. Let also

Γ5
def= iΓ0Γ1Γ2Γ3 =

(

−I 0
0 I

)

(6)

and S = S+ + S− = C
2 + C

2 be the corresponding decomposition of S in
Γ5-eigenspaces, i.e., into irreducible so(V )-moduli of Weyl spinors, on which

1Actually, for many of our results, it is sufficient to consider a non-degenerate so(V )-
invariant bilinear form (5), with β not necessarily equal to the one in (4).
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so(V ) acts by conjugate representations. Finally, let ε be the standard
volume form of C

2 = S+ = S− and ω ∈ Λ2S 
 Λ2
C

4 the 2-form

ω(s, s′) = ε(s+, s′+) − ε(s−, s
′−) = sTCs′, (7)

where we considered the decompositions s = s+ + s−, s′ = s
′+ + s

′− into
S±-components and C = −iΓ0Γ2 is the charge conjugation matrix.

The admissible bilinear forms

β1(s, s′) = Reω(s, s) = −Re(isT Γ0Γ2s
′),

β2(s, s′) = Imω(s, s′) = − Im(isT Γ0Γ2s
′),

β3(s, s′) = Re(sT Γ0s
′), β4(s, s′) = Re(sT Γ5Γ0s

′).

give a basis for the space of tensors associated with super extensions of
p(R3,1), while the admissible bilinear forms

˜β1(s, s′) = Im(sT Γ1Γ3s
′), ˜β2(s, s′) = Re(sT Γ1Γ3s

′),
˜β3(s, s′) = Im(sT Γ0s

′), ˜β4(s, s′) = Im(sT Γ5Γ0s
′),

give a basis for the space of tensors associated with non-super extensions.

Example 2.6. Let V = R
10,1 and again denote by (e0, . . . , e10) its standard

basis with 〈ei, ej〉 = εiδij with ε0 = −1, εi = +1 for 1 ≤ i ≤ 10. Let S = C
32

and ρ : C�10,1 −→ End (S) the Dirac representation of C�10,1, determined
by purely imaginary Γ-matrices Γi = ρ(ei) (see, e.g., [11]). The admissible
bilinear forms

β1(s, s′) = Re(isT Γ0s
′), β2(s, s′) = Im(isT Γ0s

′), β3(s, s′) = Re(sT Γ0s
′),

give a basis for the space of tensors associated with super extensions of
p(R10,1), while the admissible bilinear form

β(s, s′) = Im(sT Γ0s
′)

is a basis for the space of tensors associated with non-super extensions.

2.2.2 Gravity fields of type g

In the following definition, we denote by g an admissible extended Poincarè
algebra with extended inner product (·, ·) and by (M,Mo,D) a space-time
of type g with Levi form L.
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1420 A. SANTI, A. SPIRO

Definition 2.7. A gravity field on (M,Mo,D) is a pair (g,∇) formed by a
tensor field g of type (0, 2) and a connection ∇ on M so that:

(i) the tensor g is so that, for any x ∈M , there exists a neighborhood
U ⊂M of x and a smooth family of vector space isomorphisms ı(y) :
V + S −→ TyM , y ∈ U , so that:

(a) ı(y)(S) = Dy, ı
(y)(V ) = D⊥

y and, if S = S+ + S−, ı(y)(S±) = D±
y ;

(b) ı(y)
∗ (·, ·) = gy;

(c) ı(y)
∗ (Lg

o) = Lg
y, where Lg

y ∈ Hom(Dy ×Dy,D⊥
y ) is

Lg
y

def= (π|D⊥)−1 ◦ Ly

and π|D⊥ : D⊥ −→ TM/D is the natural isomorphism between the
g-orthogonal distribution D⊥ to D and the bundle TM/D;

(ii) the distribution D is ∇-invariant and, if S = S+ + S−, the distribu-
tions D± are ∇-invariant;

(iii) ∇g = 0 and ∇Lg = 0.

In this case, we say that g is the extended metric and ∇ the extended metric
connection.

The name “extended metric” stems from the notion of “extended inner
product” (see Definition 2.4) and one should keep in mind that g is not
always a symmetric tensor field. Notice also that, from (ii) and (iii), any
extended metric connection ∇ preserves also the complementary distribu-
tion D⊥.

Let (g,∇) be a gravity field on a space time (M,Mo,D) of type g. We
call bundle of orthonormal frames of g the collection Og(M,D) of all vector
spaces isomorphism ı : V + S −→ TxM satisfying (a)–(c) of previous defini-
tion. Using (i), one can check that Og(M,D) is indeed a principal bundle
over M with a structure group G, whose identity component G0 is the sub-
group of GL(V + S)

G0 =
{(

k 0
0 k ◦ h

)

, k ∈ Spin0(V ), h ∈ H0

}

= Spin0(V ) ·H0,

where H0 is the identity component of H = O(S, β) ∩ Cgl(S)(C�(V )) or of
the subgroup of H, which preserves S+ and S−, when S = S+ + S−.

By definitions, the extended metric connection ∇ preserves Og(M,D)
and it can be considered as the covariant derivation on M determined by a
connection form ω on Og(M,D).
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Consider now the connections ∇o and ∇o′ induced by ∇ on the vector
bundles

π : D⊥ −→M, π′ : D −→M.

They may be considered as the covariant derivations determined by connec-
tion forms ωo, ωo′ on the bundles Og(D⊥) and Og(D) of the g-orthonormal
frames of the spaces D⊥

x ⊂ TxM and Dx ⊂ TxM , respectively. On the other
hand, using a (local) field of frames ı(y) : V + S −→ TyM , one can identify
any space Dy with the spinor module S and identify (at least locally) the
bundle π′ : D −→M with the spinor bundle associated with Og(D⊥), i.e.,

D 
 Sping(D⊥) ×Spin0(V ) S. (8)

For a fixed (local) identification (8), we may consider on D the covariant
derivation induced by the covariant derivation ∇o of D⊥ (be aware that the
induced derivation depends on the identification (8)). If we denote also this
covariant derivation by ∇o, we have that

∇o′
Xs = ∇o

Xs+ CX(s), X ∈ X(M), s ∈ Γ(D), (9)

for some field C in T ∗
xM ⊗D∗

x ⊗Dx 
 (V + S)∗ ⊗ S∗ ⊗ S at any x ∈M .

In particular, ∇ can be locally written as a sum of the form ∇ = ∇o + C,
where C is defined in (9) and ∇o is sum of the connection on D⊥ and the
induced connection on D. Note that ∇o satisfies (ii), (iii) of Definition 2.7.

As we pointed out above, such decomposition (and the field C) depends
in principle on the chosen identification (8). However, the next proposition
shows that in many cases C is trivial, no matter what is the used identifi-
cation.

Proposition 2.8. Let (g,∇) be a gravity field on (M,Mo,D) and ∇ = ∇o +
C a decomposition determined by an identification (8). For any x ∈M , the
tensor Cx belongs to (V + S)∗ ⊗ h, where h = Lie(H) is contained in one of
the subspaces of Cgl(S)(C�(V )) described in Table 1:

In particular, ∇ = ∇o when p− q = 0, 1, 6, 7 mod 8.

Proof. By the properties of ∇ and ∇o, for any vector fields X, v, s, s′ ∈
X(M), with vx ∈ D⊥

x (
 V ) and sx, s
′
x ∈ Dx(
 S) at all points, we have that

g(v,Lg(CX(s), s′) + g(v,Lg(s, CX(s′)) = 0, g(CX(s), s′) + g(s, CX(s′)) = 0.



“ATMP-16-5-A2-SAN” — 2013/4/30 — 17:17 — page 1422 — #12
�

�

�

�

�

�

�

�

1422 A. SANTI, A. SPIRO

Table 1

p− q mod 8 0 1 2 3
Cgl(S)(C�(V )) R C H H

irr. so(V )moduli in S S+ �
 S− S+ 
 S− S+ 
 S− S
h is contained in 0 0 SpanR{i} SpanR{i, j, k}

p− q mod 8 4 5 6 7
Cgl(S)(C�(V )) H C R R

irr. so(V )moduli in S S+ �
 S− S S S
h is contained in SpanR{i, j, k} SpanR{i} 0 0

Hence, using the identifications TxM 
 V + S and the admissibility of g, we
get that for any X ∈ V + S, v ∈ V and s, s′ ∈ S

β(v · CX(s), s′) +β(v · s, CX(s′)) = 0, β(CX(v · s), s′) +β(v · s, CX(s′)) = 0.

By non degeneracy of β, these conditions are equivalent to

v · CX(·) = CX(v · (·)), β(CX(·), ·) + β(·, CX(·)) = 0,

i.e., CX ∈ o(S, β) ∩ Cgl(S)(C�(V )) (in addition, if S = S+ + S−, the condi-
tions on ∇ and ∇o imply that CX preserves S+ and S−).

For any given signature s = p− q, the centralizer Cgl(S)(C�(V )) is imme-
diately determined recalling that C�(V ) 
 K(N) or K(N) ⊕ K(N) for some
suitable N , with K = R, C or H. In all cases, one can determine the so(V )-
moduli in S and the elements in Cgl(S)(C�(V )) that preserve these moduli
(see [1], Prop. 1.5 and [6], Tables 1 and 2). Excluding the elements which
are real multiples of the identity (which cannot be in o(S, β)), one gets the
spaces listed in the last row of Table 1.

Remark 2.9. It should be stressed that Table 1 gives just an upper bound
for dim h. When β is explicitly given, one gets a finer result by direct
computations.

3 Theories of supergravity

3.1 Gravities and supergravities

Definition 3.1. Let Mo be a manifold of dimension n = dimV . We call
(super) gravity of type g on Mo any pair G = ((M,Mo,D), (g,∇)) formed by

(a) a space time (M,Mo,D) of type g with body Mo;
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(b) a gravity field (g,∇) on (M,Mo,D).

Given a (super) gravity G = ((M,Mo,D), (g,∇)), we call spinor bundle
of G the pullback bundle

π : S = D|Mo −→Mo.

We also call physical fields of G the following objects:

(a) the tensor field in T ∗Mo ⊗Mo S, called gravitino, defined by

ϑ(X) def= πD(X), (10)

where, for any x ∈M , we denote by πDx : TxM −→ Dx the g-orthogonal
projection onto Dx;

(b) the tensor field in ∨2T ∗Mo, called graviton, defined by

ĝ(X,Y ) def= g(X,Y ) − g(ϑ(X), ϑ(Y )) = g(πD
⊥
(X), πD

⊥
(Y )), (11)

where, for any x ∈M , we denote by πD⊥
x : TxM −→ D⊥

x the
g-orthogonal projection onto D⊥

x ;
(c) the tensor field in T ∗Mo ⊗Mo S∗ ⊗Mo S, called A-field, defined by

AXs
def= −πD(TXs), (12)

where we denoted by T the torsion of the connection ∇;
(d) the connection D : X(Mo) × X(Mo) −→ X(Mo), called metric connec-

tion, defined by (2 )

DXY
def= (πD

⊥
∣

∣

∣

TMo

)−1
(

∇X πD
⊥
(Y )

)

; (13)

(e) the connection D : X(Mo) × Γ(S) −→ Γ(S) on the space Γ(S) of the
sections of π : S −→Mo, called spinor connection, defined by

DXs
def= ∇Xs− πD(TXs) = ∇Xs+ AXs. (14)

Finally, we call non-physical fields of G the tensor fields in S∗ ⊗Mo S∗ ⊗Mo S
and T ∗Mo ⊗Mo S∗ ⊗Mo S∗ ⊗Mo S, called B-field and C-field, defined by

Bss′
def= −πD (Tss′) , CXss′

def= −πD ((∇s′T )Xs) . (15)

2Notice that DXY is equal to the projection of ∇XY onto TMo w.r.t. to the decom-
position TM |Mo = TMo + D|Mo . In other words, D is the connection on the submanifold
Mo ⊂ M , induced by ∇, by identifying the normal bundle TM |Mo/TMo with D|Mo .
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Remark 3.2. Our presentation of supergravity theories is essentially based
on this definition and the contents of next subsection. In Section 5, we will
indicate how various N = 1 supergravities can be presented as theories on
physical fields of supergravities of type g.

As it is suggested by our choice of names, the above defined “graviton” and
“gravitino” are precisely the objects, which we want to use to formalize the
common notions of graviton and gravitino in standard supergravity theories.

In fact, from Definition 2.7, one can check that the graviton ĝ is a pseudo-
Riemannian metric of signature (p, q) and that Dĝ = 0. On the other hand,
given a fixed orthonormal basis (ei, eα) for (V + S, (·, ·)) and a corresponding
local frame field

(

Ei(x) = ı(x)(ei), Eα(x) = ı(x)(eα)
)

, ı(x) ∈ Og(M,D)|Mo ,

the field ϑ is of the form ϑ = ψα
i Eα ⊗ Ei|TMo, as the usual gravitino (see

[32]).

3.2 The principle of general covariance and manifestly covariant
equations

As we mentioned in the Introduction, we want to present the transformation
rules of a supergravity theory as actions of infinitesimal diffeomorphisms
(= Lie derivatives) and generalize the Principle of General Covariance.

We first remark that for any (super) gravity G = ((M,Mo,D), (g,∇)) of
type g, any (local) diffeomorphism ϕ : M −→M , sufficiently close to IdM ,
determines a new a pair

G′ = ϕ∗(G) def= ((M,Mo, ϕ∗(D)), ((ϕ−1)∗g, (ϕ−1)∗∇)) (16)

which still is a (super) gravity of type g. This suggests the following two
notions:

A collection Eo of constraints and equations on the physical fields of
(super) gravities of type g satisfies the Generalized Principle of Infini-
tesimal General Covariance if:
(i) there exists a system E of constraints and equations on (D, g,∇),

so that any (local) solution of E determines physical fields, which
solve Eo and every (local) solution of Eo is of this form;
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SUPER-POINCARÈ ALGEBRAS AND SUPERGRAVITIES (I) 1425

(ii) the class of (local) solutions of Eo is invariant under all actions
(16), where G is given by a solution of E and ϕ is of the form
ϕ = ΦX

t for some X ∈ Xloc(M).

The system Eo is said manifestly covariant if there exists a system E
as in (i), which is of tensorial type.

Any manifestly covariant system Eo automatically satisfies (ii) and hence
also the Generalized Principle of General Covariance.

Now, for a given (super) gravity G = ((M,Mo,D), (g,∇)) of type g, let
us consider the following class of (local) vector fields on M :

Xloc(M ;Mo) = {X ∈ Xloc(M) : Xx ∈ TxMo, x ∈Mo},
Xloc(M ;S) = {X ∈ Xloc(M) : X ∈ Γloc(D), (∇sX)x = 0, s ∈ Dx, x ∈Mo}.

Clearly, any X ∈ Xloc(Mo) admits an extension ̂X ∈ Xloc(M ;Mo) and one
can check that any local section s of S admits an extension ŝ ∈ Xloc(M ;S).

The actions of the fields in Xloc(M ;Mo) can be considered as generaliza-
tions of the actions of the vector fields of Mo. In fact, for any X ∈ Xloc(Mo)
with extension ̂X ∈ Xloc(Mo), the family of metrics ΦX

t ∗(ĝ) coincides with
the family of gravitons ĝt of the (super) gravities Gt = Φ ̂X

t ∗(G).

As we will see later (Section 5), the actions of fields in Xloc(M ;S) coin-
cide with the supersymmetries of simple 4D-supergravity and other
supergravities.

In other words, those supergravity theories are invariant under the class
of vector fields

Xloc(M ;Mo) + Xloc(M ;S), (17)

which is properly included in Xloc(M).

We recall that a class A ⊂ Xloc(M) of vector fields is called Lie pseudo-
algebra if for any λ, μ ∈ R and any pair X,X ′ ∈ A, defined on two open
subsets U ,U ′ ⊂M , the fields λX + μX ′ and [X,X ′] on U ∩ U ′ are both
elements of A. Lie pseudo-algebras share many basic properties with usual
Lie algebras of vector fields (see, e.g., [27]).

It is hardly to be expected that brackets between elements in (17) are still
in (17), i.e., that (17) is a Lie pseudo-algebra. Hence, if one is looking for a
Lie pseudo-algebra of symmetries, it is more natural to consider the whole
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Xloc(M). In fact, as we will shortly see, equations of simple 4D-supergravity
are manifestly covariant and hence invariant under all elements in Xloc(M).

4 Levi–Civita supergravities and the transformations laws
for their physical fields

4.1 Levi–Civita supergravities

Let G = ((M,Mo,D), (g,∇)) be a (super) gravity of type g. At any x ∈M ,
the torsion Tx of ∇ decomposes into a sum of the form

Tx = TD⊥
x + TD

x + CD,D⊥;D
x + CD,D⊥;D⊥

x + HΛ2D⊥;D
x + HΛ2D;D⊥

x , (18)

with summands belonging to the following so(D⊥
x )-modules:

TD⊥
x ∈ Hom(D⊥

x ∧ D⊥
x ,D⊥

x ), TD
x ∈ Hom(Dx ∧ Dx,Dx),

CD,D⊥;D
x ∈ Hom(Dx ×D⊥

x ,Dx), CD,D⊥;D⊥
x ∈ Hom(Dx ×D⊥

x ,D⊥
x ),

HΛ2D⊥;D
x ∈ Hom(D⊥

x ∧ D⊥
x ,Dx), HΛ2D;D⊥

x ∈ Hom(Dx ∧ Dx,D⊥
x ).

Note that the decomposition (18) is preserved by any action (16).

Since ∇ preserves D and D⊥, it follows that

HΛ2D;D⊥
x = −Lg

x 
 −Lg
o. (19)

From this, at any xo ∈Mo and for any X,Y ∈ X(Mo) with [X,Y ]|xo = 0,
the value TD

XY

∣

∣

xo
of the torsion of the metric connection D is equal to

TD
XY

∣

∣

xo
= (πD

⊥
∣

∣

∣

TMo

)−1
(

∇X(πD
⊥
(Y )) −∇Y (πD

⊥
(X))

)

∣

∣

∣

∣

xo

= (πD
⊥
∣

∣

∣

TMo

)−1
(

πD
⊥
(TXY )

)

∣

∣

∣

∣

xo

= (πD
⊥
∣

∣

∣

TMo

)−1◦

◦
(

TD⊥
X⊥Y ⊥ + CD,D⊥;D⊥

(ϑ(X), Y ⊥) − CD,D⊥;D⊥
(ϑ(Y ), X⊥)

−Lg(ϑ(X), ϑ(Y )))|xo
(20)

(here X⊥, Y ⊥ denote the components of X, Y along D⊥). Hence, for any
admissible extended (or super) Poincarè algebra g = so(V ) + V + S, the
torsion TD has a non-trivial term, depending quadratically on ϑ. Due to
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this, there is no way to require the vanishing of TD for all values of ϑ, in
contrast with the well-known property of Levi Civita connections.

However, the following theorem holds (in the statement, Symg(D⊥
x )

denotes the space of endomorphisms of D⊥
x that are symmetric w.r.t. gx).

Theorem 4.1. For any ((M,Mo,D), g) that satisfies Definition 2.7 (i),
there exists a connection ∇ satisfying also (ii), (iii) and the constraints

TD⊥
x = 0 and CD,D⊥;D⊥

x ∈ D∗
x ⊗ Symg(D⊥

x ) at any x ∈M. (21)

This connection is uniquely determined up to the field C, defined in (9). In
particular, ∇ is unique whenever o(S, β) ∩ Cgl(S)(C�(V )) = 0.

Proof. Assume that g is an extended metric on (M,Mo,D) satisfying Def-
inition 2.7. For a fixed choice of local frames in Og(M,D), let ∇ be the
unique, locally defined, D and D⊥ preserving connection, for which the field
C in (9) is 0 and for any v, w, z ∈ D⊥, s ∈ D

g(∇vw, z) =
1
2

(v · g(w, z) + w · g(z, v) − z · g(v, w)

+ g(πD
⊥
([v, w]), z) − g(πD

⊥
([w, z]), v) − g(πD

⊥
([v, z]), w)

)

,

(22)

g(∇sw, z) =
1
2

(

s · g(w, z) + g(πD
⊥
([s, w]), z) − g(πD

⊥
([s, z]), w)

)

. (23)

One can check that it satisfies (21) and (ii), (iii). Using a partition of unity,
one gets the existence part of the theorem.

About the uniqueness part, assume that G = ((M,Mo,D), (g,∇)) and
˜G = ((M,Mo,D), (g, ˜∇)) are two (super) gravities of the same type g, both
satisfying (21). Fix a local identification (8) so that we may consider the
decompositions ∇ = ∇o + C and ˜∇ = ˜∇o + ˜C described in (9). By defini-
tions, for any X ∈ X(M), the operators ∇o

X and ˜∇o
X act on the vector fields

in D⊥ just as the covariant derivations ∇X and ˜∇X , while they act on the
fields in D by means of the corresponding spinorial connections. In partic-
ular, ∇o and ˜∇o are uniquely determined by their restrictions ∇o|X(M)×D⊥

and ˜∇o|X(M)×D⊥ .
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On the other hand, by definitions,

˜∇o|X(M)×D⊥ = ∇o|X(M)×D⊥ + F, (24)

for some suitable tensor field F taking values in T ∗M ⊗ so(D⊥), i.e., so that
for any X ∈ X(M), v, v′ ∈ Γ(D⊥)

g(FX(v), v′) + g(v, FX(v′)) = 0. (25)

Now, for a given F in T ∗M ⊗ so(D⊥), let us denote by ∂FT
o = T o − ˜T o the

difference between the torsions T o and ˜T o of the connections ∇o and ˜∇o,
respectively. Simple arguments based just on definitions imply that

∂FT
o
XY = FX(Y ) − FY (X), for any X,Y ∈ X(M)

and that, for any x ∈M , the map

ϕ1 : D∗
x ⊗ so(D⊥

x ) −→ D∗
x ⊗ End (D⊥

x ),

ϕ1

(

Fx|Dx×D⊥
x

)

def= πD
⊥ ◦ (∂FT

o)|Dx×D⊥
x

(26)

coincides with the trivial embedding of D∗
x ⊗ so(D⊥

x ) into D∗
x ⊗ End (D⊥

x ).
Due to this, by the fact that the antisymmetric parts of the tensors CD,D⊥;D⊥

x

of ∇ and ˜∇ are both 0, one gets Fx|Dx×D⊥
x

= 0 at any x ∈M .

Consider now the map

ϕ2 : D⊥∗
x ⊗ so(D⊥

x ) −→ Λ2D⊥∗
x ⊗D⊥

x ,

ϕ2

(

Fx|D⊥
x ×D⊥

x

)

= πD
⊥ ◦ (∂FT

o)|D⊥
x ×D⊥

x
. (27)

We claim that this is a vector space isomorphism between D⊥∗
x ⊗ so(D⊥

x )
and Λ2D⊥∗

x ⊗D⊥
x . In fact, if we identify TxM with V + S by means of a

frame in Og(M,D), the map Fx|D⊥
x ×D⊥

x
is identifiable with an element of

V ∗ ⊗ so(V,<,>) 
 V ∗ ⊗ Λ2V ∗,

while πD⊥ ◦ (∂FT
o)|D⊥

x ×D⊥
x

is identifiable with an element of Λ2V ∗ ⊗ V 

Λ2V ∗ ⊗ V ∗. The map (27) is equal to the so-called “Spencer operator”

∂ : V ∗ ⊗ Λ2V ∗ −→ Λ2V ∗ ⊗ V ∗,
(∂α)(v1, v2, w) = α(v1, v2, w) − α(v2, v1, w), (28)
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SUPER-POINCARÈ ALGEBRAS AND SUPERGRAVITIES (I) 1429

which is well known to be an isomorphism. Due to this, since ∇ and ˜∇ has
TD⊥ ≡ 0, then Fx|D⊥

x ×D⊥
x

= 0 at any x ∈M .

Hence, F ≡ 0 and ∇o = ˜∇o. The claim is then a consequence of the fact
that variations of C do not affect TD⊥

and CD,D⊥;D⊥
.

This result motivates the following definition.

Definition 4.2. A (super) gravity ((M,Mo,D), (g,∇)) is called Levi-Civita
if ∇ satisfy (21). In this case, ∇ is called a Levi–Civita connection of g.

Let G = ((M,Mo,D), (g,∇)) be a Levi–Civita (super) gravity. By (20),
the value of the torsion of the metric connection D on commuting fields is

TD
XY =

(

πD
⊥
∣

∣

∣

TMo

)−1

◦

◦
(

CD,D⊥;D⊥
(ϑ(X), Y ⊥) − CD,D⊥;D⊥

(ϑ(Y ), X⊥) − Lg(ϑ(X), ϑ(Y ))
)∣

∣

∣

Mo

.

This shows that TD (and hence D, being any metric connection recoverable
from its torsion, through the associated contorsion) is completely determined
by the graviton, the gravitino and the tensor field CD,D⊥;D⊥ |Mo .

A common assumption in supergravity is CD,D⊥;D⊥ |Mo = 0 (see Section
5). It is therefore convenient to introduce the following definition.

Definition 4.3. A (super) gravity G = ((M,Mo,D), (g,∇)) is called strict
Levi-Civita if the torsion of ∇ satisfies the conditions TD⊥ ≡ 0 ≡ CD,D⊥;D⊥

.

Since the difference between spinor and metric connections is given by the
A-field (and the field C in (9), in special signatures), it follows that all phys-
ical fields of strict Levi-Civita (super) gravities are completely determined by
the graviton, gravitino and A-field (and, sometimes, by C).

4.2 Transformations rules for gravitons, gravitinos and A-fields

In this section we give explicit formulae for the actions of vector fields in
Xloc(M ;S) on the graviton, gravitino and A-field of a strict Levi-Civita
(super) gravity. We perform computations in local coordinates and compo-
nents to show that the obtained expressions nicely match the well-known
rules of simple 4D-supergravity and other supergravities.
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Let G = ((M,Mo,D), (g,∇)) be a strict Levi-Civita supergravity and
(Ea, Eα) a (local) field of g-orthonormal frames with Ea ∈ D⊥, Eα ∈ D and
w.r.t. which the Levi form Lg has constant components La

αβ . Let also
(Ea, Eα) be the dual coframe field.

Now, if we consider the ĝ-orthonormal coframes (ea = Ea|TMo
) on Mo,

we have that the graviton, the gravitino and the A-field are of the form

ĝ = ηab e
a ⊗ eb, ϑ = ψα

b Eα|Mo ⊗ eb, A = A
α

aβ Eα|Mo ⊗ ea ⊗ Eβ|S , (29)

where ηab = εaδab, and ψα
b , A

α
aβ are suitable smooth functions. Indeed, ĝ, ϑ,

A are the restriction to TMo and S of the tensor fields of M

g(πD
⊥
(·), πD⊥

(·)) = ηabE
a ⊗ Eb, πD = Eα ⊗ Eα,

−πD ◦ T = − Tα
ab Eα ⊗ Ea ⊗ Eb − Tα

aβ Eα ⊗ Ea ⊗ Eβ −Tα
γβ Eα ⊗ Eγ ⊗ Eβ .

In particular, the ψα
b are the components of the 1-forms Eα|TMo = ψα

b e
b,

while the A
α

aβ are the functions A
α

aβ = −Tα
aβ|Mo − ψγ

a · Tα
γβ |Mo .

Motivated by the above remark, we call variations of the graviton, the
gravitino and the A-field along X ∈ Xloc(M) the fields on Mo defined by

δXe
a := (LXE

a)|TMo , δXϑ := (LXπ
D)|TMo ,

δXA := −(LX(πD ◦ T ))|TMo×S

where “LX” denotes the usual Lie derivative along the vector field X. As we
will see in Section 5, the variations along the vector fields in Xloc(M ;S) corre-
spond to the so-called “supersymmetry transformations” in simple
4D-supergravity and other supergravity theories. We thus consider the fol-
lowing definition.

Definition 4.4. Let ε = εαEα|Mo be a (locally defined) spinor field in S.
We call (super) variations along ε the infinitesimal variations

δεe
a def= δX(ε)ea, δεϑ

def= δX(ε)ϑ, δεA
def= δX(ε)A,

determined by an arbitrary vector field X(ε) = Xloc(M ;S) with X(ε)|Mo = ε.
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The (super) variations along ε are clearly determined by the functions
δεe

a
b , δεψ

α
a , δεψb

a, δεA
α

aβ and δεA b
aβ defined by the relations

δεe
a := (δεeab ) e

b, δεϑ := (δεψα
a ) Eα|Mo ⊗ ea + (δεψb

a) Eb|Mo ⊗ ea, (30)

δεA := (δεA α
aβ) Eα|Mo ⊗ ea ⊗ Eβ |S + (δεA b

aβ) Eb|Mo ⊗ ea ⊗ Eβ |S . (31)

We now compute explicitly those functions, proving also that they are inde-
pendent of the choice of the extension X(ε). In the following, (ea) is the
ĝ-orthonormal frames field on Mo defined by πD⊥

(ea) = Ea|Mo .

Proposition 4.5. Given a spinor field ε = εαEα|Mo, the components of the
corresponding (super) variations of graviton and gravitino are of the form

δεe
b
a = −εαψβ

aLb
αβ + Lb

a for some L = (Lb
a) ∈ so(V ), (32)

δεψ
α
a = ea(εα) + εβ(H α

aβ + A
α

aβ + ψγ
aB

α
βγ), (33)

δεψ
b
a = εαLb

αβψ
β
a , (34)

where H α
aβ, B

α
βγ are the Christoffel symbols H α

aβ
def= Eα(∇eaEβ) and the com-

ponents of the B-field B
α
βγ

def= Eα(BEβEγ ), respectively.

Proof. For simplicity of notation, let us denote by the symbol “ε” also the
field X(ε) ∈ Xloc(M ;S). We first need one simple observation. In order
to compute the functions which determine the variations (30), one has to
evaluate the tensor fields LεE

a, Lεπ
D on elements of TMo. One can also

check that it is always possible to extend the field of ĝ-orthonormal frames
(ea) on Mo to vector fields (ea) on an open subset U ⊂M so that πD⊥

(ea) =
Ea and ∇Eαπ

D(ea)|Mo = 0. By tensoriality, one is allowed to evaluate LεE
a

and Lεπ
D on these special extensions and then restrict the result to Mo.

With these remarks in mind, one has that

δεe
b
a = (LεE

b)(ea) = −Eb([ε, ea]) = −Eb(∇εea) + Eb(∇eaε)

+ Ec(ea)Eb(CD,D⊥;D⊥
(ε, Ec)) + Eα(ea)Eb(HΛ2D;D⊥

(ε, Eα))

and that the matrix Lb
a = −Eb(∇εea)|x belongs to so(V ) for any x ∈Mo.

From Eb(∇eaε) = 0, CD,D⊥;D⊥
= 0 and (19), equality (32) follows.
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Similarly, we have that

δεψ
α
a = Eα((Lεπ

D)(ea))
∣

∣

Mo
= Eα

(

[ε, πD(ea)]
)∣

∣

Mo
− Eα

(

πD([ε, ea])
)∣

∣

Mo
.

Since

Eα([ε, πD(ea)]) = Eα(∇επ
D(ea)) − Eα(∇πD(ea)ε) − Eα(TD

ε πD(ea)),

Eα
(

πD([ε, ea]
)

= Eα ([ε, ea]) = Eα(∇εea) − Eα(∇eaε) − Eα(Tεea)

= Eα(∇επ
D(ea)) − Eα(∇eaε) − Eα(πD(Tεea)),

we have that

δεψ
α
a = Eα(∇eaε+ Aeaε + Bεϑ(ea)) = Eα(Deaε+ Bεϑ(ea))

= ea(εα) + εβEα(DeaEβ) + Eα(Bεϑ(ea)),

and (33) follows. Finally, (34) follows immediately from

δεψ
b
a = Eb

(

[ε, πD(ea)]
)

∣

∣

∣

Mo

− Eb
(

πD([ε, ea])
)

∣

∣

∣

Mo

= Eb(Lg
ε πD(ea)

)
∣

∣

∣

Mo

.

Proposition 4.6. Given a spinor field ε = εαEα|Mo, the components of the
corresponding (super) variation of the A-field are of the form

δεA
α

aβ = Eδ(Deaε)B
α

δβ + εγ
(

A
δ

aβB
α

γδ + A
δ

aγB
α

βδ −R α
γaβ −R α

aβγ − ψδ
aR

α
βγδ

)

+ εγ
(

A
ζ

aβB
α

ζγ − ψζ
aψ

ξ
cLc

ζβB
α

ξγ + ψζ
aLc

ζβA
α

cγ + C
α

aγβ − B
α

βγ|a
)

, (35)

δεA
b

aβ = εγLb
γδA

δ
aβ , (36)

where:

– where B
α

γβ, C
α

aγβ, R D
ABC are the components of B- and C-fields and of

the Riemann tensor R of ∇ w.r.t. (Ea|Mo , Eα|Mo , e
a, Eα|S);

– B
α

βγ|a
def= Eα

(

(DeaB)EβEγ − (Aea · B)EβEγ

)

, where Aea · denotes the
natural action of Aea |x ∈ Hom(Dx,Dx) on Bx ∈ Hom(Dx ×Dx,Dx).

Proof. As in the previous proof, for simplicity of notation, we denote by “ε”
also the extension X(ε) ∈ Xloc(M,S). By definition of Lie derivative and
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first Bianchi identity, we have that
(

Lε(πD ◦ T )
)

Y Z
=

[

ε, (πD ◦ T )Y Z

]

− (πD ◦ T )[ε,Y ]Z − (πD ◦ T )Y [ε,Z]

= (Lε −∇ε)(πD(TY Z)) + πD ((∇εT )Y Z + T∇εY Z + TY ∇εZ

− T[ε,Y ]Z − TY [ε,Z]

)

= (Lε −∇ε)(πD(TY Z)) + πD ((∇εT )Y Z + T∇Y εZ + TY ∇Zε

+ TTεY Z + TTZεY )
Bianchi id.= (Lε −∇ε)(πD(TY Z)) + πD (T∇Y εZ + TY ∇Zε)

+ πD (RεY Z +RY Zε+RZεY − TTY Zε

− (∇Y T )Zε − (∇ZT )εY ) . (37)

On the other hand,

δεA
α

aβ = Eα((δεA)eaEβ
) = − Eα(

(

Lε(πD ◦ T )
)

eaEβ
)
∣

∣

∣

Mo

.

Hence, from (37), we get that

δεA
α

aβ = −Eδ(TeaEβ
)Eα([ε, Eδ] −∇εEδ) − Eα

(

T∇eaεEβ

)

− Eα (RεeaEβ

+ ReaEβ
ε+REβεea − TTeaEβ

ε − (∇eaT )Eβε − (∇Eβ
T )εea

)

= εγA
δ

aβB
α

γδ + Eδ(∇eaε)B
α

δβ − εγ
(

R α
γaβ +R α

aβγ + ψδ
aR

α
βγδ

)

+ εγEα
(

TTeaEβ
Eγ + (∇eaT )EβEγ + (∇Eβ

T )Eγea

)

. (38)

Now, we remark that at the points of Mo,

(1) Eδ(∇eaε) = Eδ(Deaε) − εγA
δ

aγ ;
(2) Eα(TTeaEβ

Eγ ) = A
ζ

aβB
α

ζγ + ψζ
aLc

ζβA
α

cγ − ψξ
cψ

ζ
aLc

ζβB
α

ξγ .

Replacing (1) and (2) in (38), we get (35). Similarly, from (37),

δεA
b

aβ = − Eb
([

ε, πD(TeaEβ
)
])

∣

∣

∣

Mo

,

from which (36) follows immediately.
Corollary 4.7. If G is strict Levi-Civita and satisfies the constraint

TD ≡ 0, (39)

then (33) simplifies into

δεψ
α
a = ea(εα) + εβ(H α

aβ + A
α

aβ), (40)
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while (35) simplifies into

δεA
α

aβ = εγ
(

−R α
γaβ −R α

aβγ − ψδ
aR

α
βγδ + ψζ

aLc
ζβA

α
cγ + C

α
aγβ

)

. (41)

5 Classical supergravities as supergravities of type g

In this section, we want to indicate how simple supergravity in four dimen-
sion might be encoded in the language of supergravities of type g. We also
give short remarks on other supergravities in four and higher dimensions,
supporting the expectation that they can be presented as supergravities of
type g too. In the following, the discussion is forced to be informal. Indeed,
a rigorous presentation of supergravity should be based on various notions
of supergeometry, which will be introduced in [24].

5.1 Notations

In all the following, G = ((M,Mo,D), (g,∇)) is a fixed (super) gravity of
type g.

5.1.1 Clifford product between elements of TM and D
For any x ∈M , w ∈ TxM and ı(x) ∈ Og(M,D), we denote by w = wV + wS

the g-orthogonal decomposition of w into D⊥- and D-components and we
set

ŵ = ı(x)−1(w) ∈ V + S, ŵV = ı(x)−1(wV ) ∈ V, ŵS = ı(x)−1(wS) ∈ S.

For any s ∈ Dx, we call Clifford product between w and s the element in Dx

w · s def= ı(x)(ŵV · ŝ), (42)

where “ŵV · ŝ ” is the usual Clifford product. One can check that (42) does
not depend on the choice of ı(x) ∈ Og(M,D). We extend canonically (42) to
a product α · s ∈ Dx between any α ∈ ΛTxM and s ∈ Dx and, by g-duality,
also to a product ω · s between any ω ∈ ΛT ∗

xM and s ∈ Dx.

We remark that any such Clifford product is preserved by the action
(16).
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5.1.2 D⊥-curvatures and Rarita–Schwinger form

We denote by RicD
⊥

and sD⊥
the tensor field and the scalar function, defined

at any x ∈M by

RicD
⊥

x (v1, v2) =
n

∑

i=1

εig((πD
⊥ ◦R)v1Eiv2, Ei), sD

⊥
=

n
∑

j=1

εj RicD
⊥
(Ej , Ej),

where (Ei) is any g-orthonormal basis of D⊥
x and εi = g(Ei, Ei) = ±1. These

objects are related with Ricci and scalar curvature of the metric connection
D on Mo as follows. Since the curvature RD of D is at any x ∈Mo given by

RD
x = (πD

⊥ |TMo)
−1

(

πD
⊥ ◦R|TMo×TMo×TMo

)

,

we get that Ricci curvature RicD and scalar curvature sD of D are given by

RicD
x (v1, v2) = RicD

⊥
(v1, v2) +

n
∑

i=1

εig((πD
⊥ ◦R)v1πD(ei)v2, ei), (43)

sD
x = sD

⊥
x +

n
∑

i,j=1

εiεjgx((πD
⊥ ◦R)(πD(ej), πD(ei))ej , ei), (44)

for any v1, v2 ∈ TxMo, where (ei) is a ĝ-orthonormal basis for TxMo.

We call Rarita–Schwinger 3-form the tensor field R ∈ Λ3T ∗M ⊗M D
defined at any x ∈M , v1, v2, v3 ∈ TxM , by

Rx(v1, v2, v3)
def=

∑

σ∈P3

(−1)ε(σ)vσ(1) ·
(

(πD ◦ T )x

(

vσ(2), vσ(3)

))

.

Using coordinates on Mo, the 3-form R|Λ3TMo
is related with ϑ by

(

R|Λ3TMo

)

∂

∂xi1
, ∂

∂xi2
, ∂

∂xi3

= 2
∑

σ∈P3

(−1)ε(σ)

(

∂

∂xiσ(1)
· ∇ ∂

∂x
iσ(2)

(

ϑ(
∂

∂xiσ(3)
)
))

.

(45)

5.2 Simple 4D-supergravity

Let V = R
3,1 and g = so(V ) + V + S the super-Poincarè algebra determined

by the admissible bilinear form β(s, s′) = Reω(s, s′) = −Re(isT Γ0Γ2s
′) on
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the irreducible spinor module S = S+ + S− of C�3,1 (see Example 2.5). Sim-
ple 4D-supergravity can be interpreted as a supergravity

G = ((M,Mo,D = D+ + D−), (g,∇))

of type g (3), subjected to the following constraints and equations, which are
equivalent to Wess and Zumino’s constraints and the usual Euler–Lagrange
equations [31–33].

Constraints

(1) ∇ is strict Levi-Civita (i.e., TD⊥
= 0 = CD,D⊥;D⊥

);
(2) TD ≡ 0.

Equations

(i) CD,D⊥;D
∣

∣

∣

S⊗TMo

= 0 (vanishing of auxiliary fields);

(ii) R|Λ3TMo
= 0 (Rarita–Schwinger eq.);

(iii) RicD
⊥
∣

∣

∣

TMo×TMo

− 1
2 s

D⊥
g(πD⊥

(·), πD⊥
(·))

∣

∣

∣

TMo×TMo

= 0 (Einstein eq.).

The first equation corresponds to the vanishing of the “auxiliary fields”,
the second one to the so-called Rarita–Schwinger equation for gravitinos,
whereas the last one corresponds to the Euler–Lagrange equation for gravi-
tons.

Firstly, from constraints (1) and (2) and Bianchi identities, one gets that
the A-field A is of the following very special form (see [32], Ch. XV)

AXs = CD,D⊥;D
∣

∣

∣

S⊗TMo

(s,X)

= −Re(a)X · Γ5 · s+ i Im(a)X · s+ iA(X)Γ5 · s+
i

3
X ·A · Γ5 · s,

(46)

for a complex function a : Mo → C and a 1-form A ∈ T ∗Mo, usually called
auxiliary fields, and hence that (i) is equivalent to equations a = 0, A = 0.

Equation (ii) is equivalent to the Rarita–Schwinger equation by simply
comparing the coordinate expression (45) with [31], formula (5) at p. 222.

3For this super-algebra, the space h is trivial (see Remark 2.9) and ∇ = ∇o for G.



“ATMP-16-5-A2-SAN” — 2013/4/30 — 17:17 — page 1437 — #27
�

�

�

�

�

�

�

�
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Now, assume constraints (1), (2) and equations (i), (ii) hold. By equations
(43), (44) and Bianchi identities, one can prove sD⊥

= sD so that (iii) reads

(

RicD(X,Y ) − 1
2
sDĝ(X,Y )

)

−
n

∑

i=1

εig((πD
⊥ ◦R)XπD(ei)Y, ei) = 0, (47)

for any X,Y ∈ X(Mo). Using again Bianchi identities and (ii), the equation
(47) becomes equivalent to

(

RicD(X,Y ) − 1
2
sDĝ(X,Y )

)

−
n

∑

i=1

εig(πD(ei), X ·
(

πD ◦ T )Y ei

)

= 0,

for any X,Y ∈ X(Mo). From the expression in coordinates

πD
(

T ∂

∂xi
∂

∂xj

)

= ∇ ∂

∂xi

(

ϑ(
∂

∂xj
)
)

−∇ ∂

∂xj

(

ϑ(
∂

∂xi
)
)

and [31], formula (10) at p. 222, one gets that (iii) is equivalent to the usual
Euler–Lagrange equations for gravitons (see [31], formula (6) at p.222).

Finally, we remark that, under the constraints (1) and (2), the usual
transformation rules for graviton and gravitino (see [32], Ch. XVIII) coin-
cide with those in Proposition 4.5 and Corollary 4.7 and it is reasonable to
expect that, via (46), the usual transformation rules of auxiliary fields imply
the variations for the A-field, determined in Corollary 4.7. We plan to check
carefully this point in the near future.

In any case, we claim that the above constraints and equations are man-
ifestly covariant and hence invariant under all super-variations of Defini-
tion 4.4, by the following reasons.

Consider the system E on (D, g,∇) given by the tensorial equations

TD⊥
= 0, CD,D⊥;D⊥

= 0, TD = 0,

CD,D⊥;D = 0, R = 0, RicD
⊥ −1

2
sD

⊥
g(πD

⊥
(·), πD⊥

(·)) = 0.

Any (local) solution of E gives physical fields satisfying the system Eo of
(1), (2), (i), (ii), (iii). So, being E of tensorial type, in order to check the
manifest covariance, it remains to show that any (local) solution of Eo is
given by the physical fields of some (local) solution of E .

Indeed, following the same arguments used in [24] to check the manifest
covariance of the 11D supergravity equations and constraints, one can see
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that the conditions CD,D⊥;D⊥
= TD = CD,D⊥;D = 0, together with the rela-

tions R|D⊗D = 0 and (15.21) of [32] (which come from the first Bianchi
identities of ∇), coincide with the rheonomic constraints considered by
Castellani, D’Auria and Frè in [2], Ch.III.3.5. By the results of [2], one
gets that all equations of the system E are consequences of such rheonomic
constraints and Bianchi identities and that the required one-to-one corre-
spondence between solutions of Eo and solutions of E is a corollary of the
properties of the rheonomic constraints (we refer to [24] for more details on
this line of arguments).

5.3 Other supergravities

5.3.1 Gates and Siegel’s supergravities

Simple 4D-supergravity is one of the supergravities, parameterized by ζ ∈
R ∪ {∞}, introduced by Gates, Siegel in [7, 26] (see also [21, 22]). All of
them can be interpreted as supergravities

G = ((M,Mo,D = D+ + D−), (g,∇))

of the same type g of simple supergravity and they are subjected to the
following constraints for ζ �= −1

3 (the case ζ = −1
3 is simple supergravity).

Constraints

(1) ∇ is (non-strict) Levi-Civita with CD,D⊥;D⊥
x of the form

CD,D⊥;D⊥
x =

ζ

3ζ + 1
(Re(T ) ◦ πD − i Im(T ) ◦ πD ◦ Γ5)x ⊗ πD

⊥
x ,

for some complex-valued 1-form T ∈ T ∗M ;
(2) TD is of the form

TD
x (v1, v2) =

1
2
ζ + 1
3ζ + 1

(

πD
±

x (v1)(Re(T ) ◦ πD± − i Im(T ) ◦ πD± ◦ Γ5)x(v2)

+ πD
±

x (v2)(Re(T ) ◦ πD± − i Im(T ) ◦ πD± ◦ Γ5)x(v1)
)

+
1
2
ζ − 1
3ζ + 1

(

πD
∓

x (v1)(Re(T ) ◦ πD± − i Im(T ) ◦ πD± ◦ Γ5)x(v2)

+ πD
∓

x (v2)(Re(T ) ◦ πD± − i Im(T ) ◦ πD± ◦ Γ5)x(v1)
)

,

for any v1, v2 ∈ TxM ;
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(3) the torsion components CD+,D⊥;D−
and CD−,D⊥;D+

vanish.

These constraints are manifestly covariant. We expect that also the
Euler–Lagrangian equations of these supergravities are manifestly covari-
ant, as it occurs for simple 4D supergravity.

5.3.2 Supergravities in dimensions n ≥ 5

We recall that the Poincarè superalgebra g = so3,1 + R
3,1 + S of simple 4D

supergravity is the algebra of rigid supersymmetries of maximally super-
symmetric vacua solutions and that the theory is actually determined by
“gauging” such symmetries.

Supergravities in dimensions n ≥ 5 are similarly obtained from algebras g
of rigid supersymmetries of homogenous manifolds playing the role of vacua.

The superalgebra g = g0 + g1 is usually taken from Nahm’s classification
([12]), i.e., it is a simple Lie superalgebra with g0 = p ⊕ k, where k is reductive
and p is a conformal or de Sitter algebra, and with g1 = S a spinor module.

The associated simply connected, homogeneous supermanifold is of the
form G/H, with h = sop,1 ⊕ k ⊂ p ⊕ k and it is endowed with the G-invariant
distribution D with D|eH = S. Its Levi form at eH is the sop,1-invariant
tensor

L ∈ S2S∗ ⊗ R
p,1, L(s, s′) = [s, s′] mod h.

This means that (G/H,G0/H,D) is a space-time of type g′, where g′ is the
super Poincarè algebra g′ = (sop,1 + R

p,1) + S, with brackets [·, ·]|S×S = L.
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