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Abstract

We use our recently developed algebraic methods for the calculation of
the heat kernel on homogeneous bundles over symmetric spaces to evalu-
ate the non-perturbative low-energy effective action in quantum general
relativity and Yang—Mills gauge theory in curved space. We obtain an
exact integral repesentation for the effective action that generates all
terms in the standard asymptotic epxansion of the effective action with-
out derivatives of the curvatures effectively summing up the whole infinite
subseries of all quantum corrections with low momenta.

1 Introduction

One of the basic object in quantum field theory is the effective action (see
[1,9,13,16,18]). It is a functional of the background fields that encodes, in
principle, all the information of quantum field theory. It determines the full
one-point propagator as well as all full vertex functions. Moreover, it gives
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the effective equations for the background fields, which makes it possible to
study the back-reaction of quantum processes on the classical background.

One of the most powerful methods for the evaluation of the effective action
is the heat kernel approach (see the books [9,15,16,18,19,21,22] and reviews
[1,7,8,10,25]). Of course, the effective action (or the heat kernel) cannot
be computed exactly. Therefore, various approximation schemes have been
developed depending on the problem one is studying. First of all, there is the
standard semi-classical expansion of the effective action in inverse powers
of a (large) mass parameter of massive quantum fields, which corresponds
to the short-time asymptotic expansion of the trace of the heat kernel in
powers of the proper time. It describes such physical effects as polarization
of vacuum of massive quantum fields by weak background fields. There has
been tremendous progress in the explicit calculation of the coefficients of this
asymptotic expansion over the last two decades (see [1,7,9,10,13,19,22,25]).
However, the applicability of this approximation is rather limited — it does
not apply to strong background fields and massless (or light) quantum fields.
Therefore, there is a need for new non-perturbative approximation schemes.

Next, one is interested in scattering processes of energetic particles. Such
processes are well described by the (essentially perturbative) high-energy
approximation. The high-energy effective action can be computed in a suffi-
ciently elaborated perturbation theory [1,8-10,13]. Although it is non-local,
it is analytic in the background fields and, therefore, can be computed simply
by expanding in powers of background fields (or their curvatures).

On the other hand, one is interested in studying the structure of the
physical vacuum (the ground state) of the theory. Such problems are well
described by the low-energy approximation. The low-energy effective action
(or the heat kernel) is a local, but highly non-trivial (non-polynomial) func-
tional of background fields and their curvatures, and, therefore, it cannot
be computed in the usual perturbation theory. There are just a few very
special cases, such as group manifolds, spheres, rank-one symmetric spaces
and split-rank symmetric spaces when one can determine the spectrum of
the Laplacian exactly and obtain closed formulas for the heat kernel in terms
of the root vectors and their multiplicities [17,21]. The complexity of the
method crucially depends on the global structure of the symmetric space,
most importantly its rank. Therefore, to study the low-energy effective
action in the generic case one needs new essentially non-perturbative meth-
ods. The development of such methods for the calculation of the heat kernel
was initiated in our papers [2,4] for a gauge theory in flat space, which
were then applied to study the vacuum structure of the Yang—Mills theory
in [5,7]. These ideas were first extended to scalar fields on curved manifolds
in [3,6] and finally to arbitrary twisted spin-tensor fields in [11,12].
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In the present paper we apply these methods to study the one-loop low-
energy effective action in quantum general relativity and Yang—Mills theory
in curved space with some twisted scalar and spinor fields. We consider a
wide class of field theory models with the action

1 1
1/2 v
S = /M dz g/ {kz(R = 28) + 5 tr P P
_ 1
HY [V + M)y — 59"V g Ve — V(so)}, (1.1)

where g = |det g,v|, g is a metric on the spacetime manifold M, R is
the scalar curvature, k? = 16wG is the Einstein coupling constant, G is the
Newtonian gravitational constant, A is the cosmological constant, F,,, is the
strength of the gauge fields A, taking values in the adjoint representation
of the Lie algebra of a compact simple gauge group Gy, € is a coupling
constant, ¢ and 1 are multiplets of real scalar fields and the Dirac spinor
ones, which belong to some, in general, different representations of the gauge
group, M(yp) is a spinor mass matrix, V(p) is a potential for scalar fields,
~# are the Dirac matrices and V, is the covariant derivative in the corre-
sponding representation.

Our goal is to compute the one-loop effective action for this model assum-
ing a covariantly constant background, that is, a background metric with
covariantly constant curvature, a background gauge field with the covari-
antly constant strength tensor and also some covariantly constant back-
ground scalar fields.

This paper is organized as follows. In Section 2 we describe briefly the con-
struction of the one-loop effective action in gauge field theories. In Section
3, we describe the heat kernel method for the calculation of functional deter-
minants of elliptic partial differential operators of Laplace type. In Section
4, we describe the low-energy approximation and derive some of its conse-
quences, in particular, we present the results for the heat trace of our earlier
paper [12]. In Sections 5-7 we apply these results to evaluate the effective
action in general relativity, the Yang—Mills theory and also for the matter
(scalar and the spinor) fields. In conclusion, we summarize our results.

2 Effective action in gauge field theories

We describe briefly the construction of the one-loop effective action in gauge
field theories. Let M be a globally hyperbolic spacetime manifold with a
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(pseudo)-Riemannian metric. Let V and G be two fiber bundles over M such
that dim G < dim V. Let both bundles V and G be equipped with some
Hermitian positive-definite metrics and with the corresponding natural L?
scalar products (, )y and (, )g.

The sections of the bundle V are quantum (gauge) fields. The dynamics
of the quantum fields is described by the action S : C*(V) — R. At the
linearized level it is described by the second-order differential operator, P :
C>®(TV) — C*(TV) defined by

2

d
(h, Ph)y = d—628(g0 +¢h) L (2.1)

If this operator is non-degenerate then the one-loop effective action is deter-
mined by its determinant [18]

1
F(l) = 0'5 log Det (—P), (2.2)

where ¢ = +1 for bosonic fields and ¢ = —1 for fermionic fields. In the
following we consider the bosonic theory.

In gauge theory the operator P is degenerate. This means that the
action has some invariant flows which define a first-order differential operator
N : C®(TG) — C(TV). Let N :C>®(TV)— C®(TG) be the first-order
differential operator such that for any & € C*°(G), h € C*(TV)

(Nh,€)g = (h, NE, (2.3)
and F : C*°(TG) — C*°(T'G) be the operator defined by
F=NN. (2.4)

Finally, let L : C*®°(TV) — C*°(TV) be the second-order differential opera-
tor defined by

L=—-P—-NN. (2.5)

We consider only the case when the gauge generators are linearly inde-
pendent. This means that the rank of the leading symbol of the operator N
equals the dimension of the bundle G. We also assume that the leading sym-
bols of the generators N are complete in that they generate all zero-modes
of the leading symbol of the operator P. Then the leading symbols of the
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operators L and F' are non-degenerate and the one-loop effective action has
the form [9, 18]

1
Loy = §<log Det L — 21log Det F) (2.6)

Strictly speaking, one should include the contribution, log Det~y, of the
determinant of the gauge group metric v. However, in the cases of our
primary interest (general relativity and Yang-Mills theory) the gauge group
metric v is a zero-order differential operator, and, therefore, its contribution
can be omitted, more precisely, it can be absorbed in the definition of the
path integral measure.

3 Heat kernel method

The effective action is determined by the functional determinants of second-
order hyperbolic partial differential operators with Feynman boundary con-
ditions. At this point we can do the analytic continuation to the imaginary
time (Wick rotation) and consider instead of hyperbolic operators the elliptic
ones. Furthermore, the most important elliptic partial differential operators
encountered in quantum field theory are so-called Laplace type operators.
That is why we concentrate below on the calculation of the heat kernel for
Laplace-type operators (see [9,10,13,15,19]).

Let (M,g) be a smooth compact Riemannian manifold of dimension n
without boundary, equipped with a positive-definite Riemannian metric g.
We assume that it is complete simply connected orientable and spin. Let A
be a vector space and End (A) be the space of endomorphisms of A. Let T be
a spin-tensor bundle with fiber A realizing a representation of the spin group
Spin(n). It naturally defines a representation 3 : SO(n) — End (A) of the
orthogonal algebra SO(n) in A with generators ¥,;. The spin connection
induces a connection on the bundle 7 defining the covariant derivative of
spin-tensor fields.

Let Gyas be a compact Lie (gauge) group and Gy s be its Lie algebra.
It naturally defines the principal fiber bundle over the manifold M with the
structure group Gyjs. Let W be a vector space and End (W) be the space
of its endomorphisms. We consider a representation X : Gy r — End (W)
of the Lie algebra Gy s in W and the associated vector bundle W through
this representation with the same structure group Gy s whose typical fiber
is W. Then for any spin-tensor bundle 7 we define the twisted spin-tensor
bundle V via the twisted product of the bundles W and 7 with the fiber
V=ARW.
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We assume that the vector bundle V is equipped with a Hermitian metric.
This naturally identifies the dual vector bundle V* with V. We assume that
the connection V is compatible with the Hermitian metric on the vector
bundle V. The connection is given its unique natural extension to bundles in
the tensor algebra over V and V*. In fact, using the spin connection together
with the connection on the bundle V, we naturally obtain connections on
all bundles in the tensor algebra over V, V*, TM and T*M; the resulting
connection will usually be denoted just by V. It is usually clear which
bundle’s connection is being referred to, from the nature of the section being
acted upon.

Let A be a connection one form on the bundle W (called Yang-Mills
or gauge connection) taking values in the Lie algebra Gy ;. Then for any
section of the bundle V we have

[VM,VV]SO = Rul/@a (31)

where
1
Ry = 5Rabwzab + X(Fu) (3.2)

is the curvature of the total connection on the bundle V, and
Fuw = Op Ay — Oy Ay + [Ay, Ayl (3.3)

is the curvature of the Yang—Mills connection. We use Greek indices to
denote tensor components in the coordinate basis. We also use Latin indices
from the beginning of the alphabet to denote the indices of an orthornomal
frame. Both group of indices range over 1,...,n.

The fiber inner product on the bundle V defines a natural L? inner product
on C*°(V). The completion of C*°(V) in this norm defines the Hilbert space
L?(V). Let V* be the formal adjoint to V and @ be a smooth endomorphism
of the bundle V. A Laplace-type operator L : C*(V) — C*°(V) is a partial
differential operator of the form

L=V'V+Q=-A+0Q, (3.4)

where A = gV, V, is the covariant Laplacian. It is easy to show that the
Laplacian, A, and, therefore, the operator L, is a self-adjoint elliptic partial
differential operator [19].

For ¢t > 0 the operators U(t) = exp(—tL) form a semi-group of bounded
operators on L?(V), the heat semi-group. Moreover, the heat semi-group
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U(t) is a trace-class operator with a well-defined L?-trace, the heat trace [19]:
O(t) = Tr p2 exp(—tL). (3.5)

The heat trace is well defined for real positive ¢. In fact, it can be analytically
continued to an analytic function of ¢ in the right half-plane (for Ret > 0).

The heat trace determines the zeta-function,

C(5,A) = 2T pa(L — A)~* = F’f:) /0 Tarteron), (3.6

where p is a renormalization parameter introduced to preserve dimensions,
A is a sufficiently large negative constant such that the operator (L — \) is
positive and s is a complex parameter with Re s > n/2. The zeta-function is
a meromorphic function of s analytic at s = 0 [19], and, therefore, it enables
one to define, in particular, the zeta-regularized determinant of the operator
(L —\), via [1,9,10,13]

(0N = gﬁ(s, A) = —logDet (L — \), (3.7)
s s=0

which determines the one-loop effective action in quantum field theory. The
parameter \ serves here as an infrared regularization parameter. One should
take the limit A — 0 at the end of the calculation.

4 Low-energy approximation

Of course, it is impossible to compute the heat kernel in the generic case.
That is why, one considers various approximations. To study the struc-
ture of the ground state in quantum field theory one needs to evaluate the
heat kernel in the low-energy approximation. In this case the curvatures
are strong but slowly varying, i.e., the powers of the curvatures are more
important than their derivatives. The main terms in this approximation
are the terms without any covariant derivatives of the curvatures. We will
consider the zeroth order of this approximation which corresponds simply
to covariantly constant background

vuRaﬁ"/é =0, vuRaﬂ =0, qu =0. (4'1)

Riemannian manifolds with parallel curvature are called symmetric spaces.
Vector bundles with parallel curvature are called homogeneous bundles.
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Thus, the most general covariantly constant background is described by
homogeneous vector bundles over symmetric spaces.

4.1 Holonomy group

A generic symmetric space has the structure M = My x My, where My =
R™ Mg =M, x M_, and M and M_ are compact and non-compact sym-
metric spaces, respectively [20,23,26]. The components of the curvature
tensor can be presented in the form [3,6,23]

Rabed = Bir Bl ap E” cq, (4.2)

where E’, is a collection of p anti-symmetric matrices and 3y, is a symmetric
non-degenerate p X p matrix. The number p is determined by the curvature
tensor. In the following the Latin indices from the middle of the alphabet
range over 1,...,p and will be raised and lowered with the matrix §;, and
its inverse 3. They should not be confused with the Latin indices from the
beginning of the alphabet.

Next, we define the traceless n x n matrices D; = (D%;), by
D = — B, B* 0. (4.3)

The matrices D; are known to be the generators of the holonomy algebra,
H, i.e., the Lie algebra of the restricted holonomy group, H, [6,23,26]

[Di, D;] = F*;; Dy, (4.4)
where FJ;;, are the structure constants.

The holonomy algebra is a subalgebra of the orthogonal algebra SO(n)
[14,24,26]. The embedding of the holonomy algebra H in the orthogonal
algebra SO(n) is described as follows [12]. Let Y,; be the generators of
the orthogonal algebra SO(n) in the representation Y : SO(n) — End (W)
of the orthogonal algebra SO(n) in a vector space W and let T; be the
matrices defined by

1
Ti=—5D"pY"s. (4.5)

Then T; form a representation of the holonomy algebra H in W, that is,
they satisfy the commutation relations

(T3, T;j] = F*; Ty (4.6)
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Vice versa, for every representation 7' : H — End (W) of the holonomy alge-
bra H in a vector space W there is a representation Y : SO(n) — End (W)
of the orthogonal algebra SO(n) in W such that the generators T; of the
representation 7" are given by (4.5).

The structure constants F7;, of the holonomy group define the p x p
matrices F;, by (F,)J x = FJ;;., which generate the adjoint representation of
the holonomy algebra. The scalar curvature of the holonomy group is given
by the invariant [20,26]

1 ..
Ry = _EﬁlﬂF’fﬂF’jk. (4.7)

4.2 Homogeneous vector bundles

Let h%, be the projection to the subspace T, M, of the tangent space T, M
and

q"y = 0" — h% (4.8)

be the projection tensor to the flat subspace R™. Since the curvature exists
only in the semi-simple submanifold Mg, the components of the curvature
tensor Raped, as well as the tensors E'y;, are non-zero only in the semi-simple
subspace Mg. Moreover, the condition (4.1) imposes strong constraints on
the curvature of the homogeneous bundle WW. We decompose the Yang—Mills
curvature according to

Fab = Bab + gaba (49>
where

By = Fead®ads,  Eap = Feahahb. (4.10)

Then, one can show [12] that if B, is non-zero then it takes values in an
Abelian ideal of the gauge algebra Gy s (that is, commutes with everyhting
else) and if £, is non-zero then it takes values in a representation of the
holonomy algebra. More precisely, the existence of a non-zero component
Eap 1is possible only if the holonomy algebra H is an ideal of the gauge
algebra Gy js. That is, the gauge algebra Gy s must be big enough to have
a subalgebra C & H, where C is an Abelian ideal. Below we will assume that
this is the case.



318 IVAN G. AVRAMIDI

Since the curvature &, takes values in the holonomy algebra, it has the
form [12] X (Ew) = —FE',T;, where T; are the generators of the holonomy
algebra in some representation 7' of the holonomy algebra in the vector
space W. Since the holonomy algebra is a subalgebra of the orthogonal
algebra SO(n) it can be embedded in the orthogonal algebra SO(n) via a
representation Y : SO(n) — End (W) of the orthogonal algebra SO(n) in
W, equation (4.5). Thus, the curvature of the homogeneous bundle W is
given by

; 1
X(Fa) = ~FlaTi+ X(Bu) = 3R Yo + X(Bu), (1)

where X (B,) satisfies the commutation relations [X (Bg), X (Beq)] = [X
(Bap), Yeq) = 0 and Yy, are the generators of the orthogonal algebra SO(n)
in the representation Y.

Now, we consider the representation ¥ : SO(n) — End (A) of the ortho-
gonal algebra SO(n) in the vector space A (defining the spin-tensor bundle
T) and define the generators

Gap = Yap @Iy + 15 ® Yap (4.12)

of the orthogonal algebra SO(n) in the product representation G =X ® Y :
SO(n) — End (V) in the vector space V =A® W.

Then the matrices

1
R = —QDaibG”a (4.13)

form a representation R : H — End (V') of the holonomy algebra in V' and
the total curvature of the twisted spin-tensor bundle V is

. 1
Rab = —E'wRi + X(Bab) = iRCdachd + X(Bab)' (414>

The Casimir operator of the holonomy group in this representation
is [12]

. 1
R? = BIRR; = ZRabaic:abczcd. (4.15)



GAUGE THEORIES AND QUANTUM GRAVITY 319

4.3 Heat trace

The heat trace of the operator L was computed in [12]. It has the form

O(t) = / dz g'/? (4mt) ™% exp { (1R + 1RH> t}
M 8 6

dw 1
_aw oy 1
g /R:zg e 2eXp{ it <w’5w>} U(t,w)

o ()

Jaor (BLIDE2Y] "

where 3 = det §3;j, (w, Bw) = Bijw'w’ and

X tr A exp [—t (R2 + Q)] exp [R(w)] . (4.17)

Here D(w), F(w), R(w) and B are matrices defined by D(w) = w'D;, F(w) =
W, R(w) = w'R; and B = (B%), where the matrices D;, F;, R; and By
were defined above in Sections 3.1 and 3.2. Notice that the whole structure
of this expression is the same for all vector bundles (all representations), the
only difference is in the function ¥ (¢, w).

We need to explain the meanning of the integral over w' in (4.16). In
the derivation of this formula in [12] we used a certain regularization proce-
dure. The point is that the integrals over the holonomy group in canonical
coordinates w’ have singularities that need to be avoided (or regularized) by
deforming the contour of integration. This procedure with the non-standard
contour of integration is necessary for the convergence of the integrals since
we are treating both the compact and the non-compact symmetric spaces
simultaneously. We complexify the holonomy group by extending the canon-
ical coordinates w’ to be complex, more precisely, to take values in the
p-dimensional subspace Ris of CP obtained by rotating R? counterclock-
wise by 7/4 in CP, that is, we replace each variable w’ by el™/43. We also
make an analytic continuation in the complex plane of ¢ with a cut along the
negative imaginary axis so that —7/2 < argt < 37/2 and consider ¢ to be
real negative, t < 0. Remember, that, in general, the non-degenerate diago-
nal matrix ;; is not positive definite. The space Rl is chosen in such a way
to make the Gaussian exponent purely imaginary. Then the indefiniteness
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of the matrix 8 does not cause any problems. Moreover, the integrand does
not have any singularities on these contours. The convergence of the integral
is guaranteed by the exponential growth of the sine for imaginary argument.
These integrals can be computed then in the following way. The coordinates
w’ corresponding to the compact directions are rotated further by another
7/4 to imaginary axis and the coordinates w’ corresponding to the non-
compact directions are rotated back to the real axis. Then, for ¢t < 0 all the
integrals are well defined and convergent and define an analytic function of
t in a complex plane with a cut along the negative imaginary axis.

5 General relativity

Einstein’s theory of general relativity is a gauge theory with the gauge group
G being the group of diffeomorphisms of the spacetime manifold M. The
gravitational field can be parametrized by the metric tensor of the space-
time g,,,. The Hilbert-Einstein action of general relativity has the form

1
Sar = / dz g*? (R — 2A). (5.1)
k2 Jy

The tangent bundle to the bundle of Riemannian metrics is the bundle
T2y = T*M vV T*M of symmetric covariant 2-tensors. (Here V = Sym® is
the symmetric tensor product.) An invariant fiber metric on the vector
bundle 7o) is defined by

E/J,I/Oéﬁ — gﬂ(agﬁ)y _ %gHVgOéﬂ’ (52)

where s # 1/n is a real parameter. The inverse metric is then

Ve

E;I}Oéﬁ = 9u(a9pyw — Juv9aps- (5.3)

nx — 1

The tangent bundle to the group of diffeomorphisms is the tangent bundle
T M itself. We define an invariant metric on the gauge algebra by

k‘2
Vv = Eguua (5'4)

where o # 0 is a real parameter.

The invariant flows of the action are the infinitesimal diffeomorphisms,
which define the first-order differential operators N : C°(T'M) — C*(T(3))
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and N : C*(Ty)) — C%(TM) by

(N = 205V 1€, (5.5)
(Nma:-aggQﬂ@vW—»@WWW)hw. (5.6)

Therefore, the ghost operator F = NN : C®(TM) — C®(TM) is a second-
order differential operator defined by

a

F =25

F, (5.7)
where

Pl = —§MA + (25 — 1)VPV, — RY. (5.8)

The second variation of the action defines a second-order partial differen-
tial operator P : C°°(T(3)) — C*(T(9)) by

d2
WSGR(Q + Eh) = (h, Ph)’7’<2>, (59)
€ e=0
where
1 1— 2 1— 2
P, = (s 7 La*% ) A RAvAC v
K 2k2{ ( (n V)+n%—1gug —*_n%—lg“v v

— 977V, V) + 29,00 V) = 2820y — 260 (R + Rywg™

4r—1 o o
n%_1%WR3+%R42Aﬁ(MWW
1
S _ af
+2m%_1ﬂu 43R+ 2(25¢ nApr } (5.10)

The operator NN : C*®(T(5)) = C*(T(3)) is a second-order operator of the
form
@

{Vd©) 97 = 5"V, ¥, } (5.11)

The graviton operator L = —P — NN : C*(T(2)) = C*(T(2)) now reads

~ 1
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where
1—2x 1— 2
L/Waﬁ == (5(04(#55)1/) + o — 1guugaﬂ) A+ e — 1guuv(avﬁ)
— (1 + 804%)90/6V(uv,,) + 2(1 + 40&)V(u(5(a,/)vﬁ) — 2Ra(#ﬁy)
— 26, RP ) + Ry g®® + Z: 1 9w R + (R — 20)6%,0°
1 oB
+ 3= [(1 — 450)R + 2(25 — 1)A] 9. (5.13)

The most convenient choice of the parameters of the fiber metrics (gauge
parameters) is

1
- ——— .14
9 @ 4 (5.14)

=

In this gauge the non-diagonal derivatives in both the operators F' and L
vanish so that they both are of Laplace type

Fuu = 75#1/A - R#W
L=-A+Q, (5.15)

where
«@ (] o @ 72 o
Qu = —2R, ) = 26, R7 ) + Ruwg®” + —— g, R
1 o a
~ gy PR+ (R —20)6% (0", (5.16)

In the Euclidean formulation the zeta-regularized effective action has the
form

T =~ cnl0), (5.17)
where
Car(s) = CL(s) — 2Cr(s), (5.18)

where (7,(s) and (p(s) are the zeta functions of the graviton operator L and
the ghost operator F'. Next, by using the definition of the zeta function we

obtain
s) = N / dt t*" e @ (t) (5.19)
CGR( ) ( ) GR ) .
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where
Ocr(t) = OL(t) — 20F(t), (5.20)

and O (t) and Op(t) are the heat traces of the operators L and F.

By using the results for the heat traces described above we obtain the
total heat trace

Oan(l) = (4rt) /2 /M dvol exp { <;R + éRH> t} (5.21)

dw 1
X /R?eg (i)l ﬁ1/2 exp {—475 <w,ﬁw)} Var(t,w)

(5.22)

where
\I/GR(t, w) = \I/L(t, w) — Q\PF(t, w). (5.23)

Thus, all we need to compute is the functions ¥y, (¢,w) and Vp(t,w) for the
operators L and F.

Notice that both operators L and F' act on pure (untwisted) tensor bun-
dles. Therefore, there is no Yang—Mills group, that is, Fu, = Eqp = Bap = 0.
The generators of the orthogonal algebra SO(n) in the vector and the sym-
metric 2-tensor representation are

(Zyas)y = 265,9010: (5.24)
(Z@2)av) 2; = _45[(59b](d5£))- (5.25)
Therefore, the generators of the holonomy group are
Ry = Di, (5.26)
Ryi = —2D; V Iy, (5.27)

which, in component language, reads

(R1yi)y, = D%, (5.28)
(Reayi) oy = —2D;(00",). (5.29)
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Now, it is easy to compute the Casimir operators

(R%1)>: — R, (5.30)

ab
2 a b a b
(REy)  =2RCD. =250 1, (5.31)

The potentials for both operators are obviously read off from their definition

(Qr)y = —R%, (5.32)
a a a a 2 a
(QL)CS = —2R!( cb)d — 24 (cRb)d) + Redg bt mgcdR b
1
e 9eag™ R+ 6°(0%4) (R — 2A). (5.33)

By substituting these expressions in the general formula (4.17) we obtain

Up(t,w) = exp [—t(R — 2A)] tr 7, exp (tM ) exp [2D(w) V Iyy]
Up(t,w) =trra exp (tMp) exp [ D(w)], (5.34)

where the endomorphisms My and Mg are defined by

(Mp)y = 2R%, (5.35)

a a a 2
(ML)CS = 46 (cRb)d) — Reag b n—o9

5 geag™R.  (5.36)

ngRab +

1
(n—2)

6 Yang—Mills theory in curved space

Let Gypr be a compact simple Lie group. Yang—Mills theory is a gauge
theory with the gauge group being the group of transformations of sections
of the principal bundle over the spacetime manifold M with structure group
Gy and the configuration space being the space of all connections on this
principal bundle valued in the Lie algebra Gy s of the group Gyjs. Let
Ad : Gy — End (Wag) be the adjoint representation of the gauge algebra
Gy m in the vector space W4y and Wyy be the associated vector bundle
over M with structure group Gyps and the fiber End (Wa4) realizing the
adjoint representation of the gauge group. The Yang-Mills gauge field can
be parametrized by the local components of the connection A, taking values
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in End (Wy44). Then the Yang-Mills action has the form [18]

1
Sy = 862/ dz gl/2tr WAdg“O‘g”ﬁfoaﬁ. (6.1)
M

The (ghost) operator K : C°°(Wy4) — C*°(Waq) and the (gluon) oper-
ator H : C®°(Waq @ TM) — C®°(Wyq ® TM) are second-order partial dif-
ferential operators acting on scalar and vector fields valued in End (Wy4q).
In the minimal gauge these operators are [5, 7]

H", = —6",A + RV, — 2F",. (6.2)
K =—A.

Thus, the zeta-regularized one-loop effective action of quantum Yang-—
Mills theory in the Euclidean formulation is given by

T = —5Ghar(0), (64)
where
Grar(s) = Ca(s) = 20 (s), (65)

and (g (s) and (x(s) are the zeta functions of the gluon operator H and
the ghost operator K. Next, by using the definition of the zeta function we
obtain

Crum(s) = #(2:) /O Tt 51Oy s (8), (6.6)
where
Oym(t) = Ou(t) —20k(1), (6.7)

and Oy (t) and Ok () are the heat traces of the operators H and K.

Since both operators H and K are of Laplace type we can use the results
for the heat trace described above. We obtain the total heat trace

Oy (t) = (4mt)™/? /M dz g*? exp { <éR + éRH) t} (6.8)
<[ e e {~5 @8 f vt
foun (TR e (TR

(6.9)
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where
Uy (t,w) = Vg (t,w) — 2V (t,w). (6.10)

Thus all we have to do now is to compute the functions ¥y (t,w) and
U g (t,w) for the operators H and K.

We assume that the gauge algebra is big enough to include the holonomy
algebra as a subalgebra (as discussed above). Further, we assume that By,
takes values in the (Abelian) Cartan subalgebra of the gauge algebra. The
other part &, of the Yang—Mills curvature is described by a representation
Y4 : SO(n) — End (Waq) of the orthogonal algebra SO(n) in Wy with
generators Ya‘gd so that the total Yang—Mills curvature is given by (6.11)

1
Ad(Fop) = 5 R Y q" + Ad(Ba). (6.11)

For the ghost operator K we have Qx = 0 and Ecﬁ = 0. Therefore,

1

R = _§DaibYAdba7 (6.12)
1

Ri = 7RV (6.13)

Thus, we obtain

X exp (—R%(t) exp [Ri(w)], (6.14)
where R (w) = REwW.

For the gluon operator H we have

(Qu)™» = R% — 2Ad(F%)
= R% — R%qY 54 — 2Ad(B%), (6.15)
(7)) = 20004 (6.16)

Therefore,

(R™), = D% + 8RS, (6.17)
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and
(RJZLI>Z = —R% + R%aY 54 + 0y R%. (6.18)

Thus

—-1/2
\I/H(t,w) = tr Wad [det TM (Sln?Atjd ):| exp 'R%(t)

x exp [Rx (w)] trrar exp [2Ad(B)t] exp [D(w)] . (6.19)

Finally, we obtain the total function ¥ (¢, w):

sin —1/2
Uyt w) =trw,, [det ™ (W)] exp (—R%kt) exp [Rk (w)]

X tr TM{exp [2Ad(B)t] exp [D(w)] — 2}.
(6.20)

7 Matter fields

Now, we assume that M is a spin manifold. Let Agyn be the spinor vector
space and End (Agpin) be the space of endomorphisms of Agpin. Let S be the
spinor bundle with fiber Ay, realizing the spinor representation of the spin
group Spin(n). It defines the spinor representation v : SO(n) — End (Agpin)
of the orthogonal algebra SO(n) in Agpin. The spin connection induces
a connection on the bundle S defining the covariant derivative of spin-
tensor fields. Let Gyjps be a compact simple Lie group and Gyjs be its
Lie algebra. It naturally defines the principal fiber bundle over the man-
ifold M with the structure group Gyns. Let Wypin be a vector space and
End (Wspin) be the space of its endomorphisms. We consider a representa-
tion Xgpin : Gy — End (Wgpin) of the Lie algebra Gy in Wipin and the
associated vector bundle Wypin through this representation with the same
structure group Gyj)s whose typical fiber is Wypin. Then we define the
twisted spinor bundle Vi, via the twisted product of the bundles Wypin
and S with the fiber Vipin = Agpin ® Wepin. The spin connection on the
spinor bundle and the Yang-Mills connection on the bundle Wy, define
the twisted spin connection on the bundle Vypyin.

Let W, be another associated vector bundle over M with the structure
group Gyjs and typical fiber Wy realizing a representation Xy : Gy —
End (W) of the Lie algebra Gy s in Wy.
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The sections of the bundles Wy and Vpin are multiplets of scalar, ¢, and
spinor, v, fields that we call matter fields. The action of matter fields reads

Smatter = /M dx 91/2 { <¢7 hﬂuvu + M(SO)] 1/}>Vspin

- %g“" (Vup, Vo), — V(s@)}, (7.1)

where (, )VSpin and (, )y, are the (Hermitian) inner products in the vector
spaces Vipin and Wy, M (p) € End (Vipin) is an endomorphism of Vi, and
V() is a scalar function of .

The contribution of the matter fields to the one-loop effective action has
the form [18]

1
F?i?tter = —logDet D + 5 log Det Ly, (7.2)

where D is the Dirac-type operator and Lg is a Laplace-type operator
defined by

D =4V, + M(9), (7.3)
Lo = —A+ Qo). (7.4)

where ¢ is a background scalar field and Q(¢) is the mass matrix of the
scalar fields. Here the background scalar fields realize the minimum of the
potential V(¢), and the matrix Qg is defined by

V(e) = V() + 5 (9~ 9), Q)6 ~ Dy +Ollg — 0. (75)

As we mentioned above it is assumed that the endomorphism Qg is covari-
antly constant.

We also assume that the mass matrix M does not contain the Dirac
matrices or contains only even number of them, so that

[M’ 7#] =0. (76)

Then one can show that the spinor contribution can be expressed in terms
of the squared Dirac operator

1
logDet D = 5 log Det Lgpin, (7.7)
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where
1 1 ab 2
Lopin = —A + ZR — 57 X(Fap) + M=, (7.8)

where g = Va Vo]

Thus, the zeta-regularized contribution of the matter fields to the one-
loop effective action in the Euclidean formulation is given by

1
F?ié)ltter = 7§Cr/natter(0)a (79)
where
Cmatter(s) = CO(S) - CSpin(S)a (710)

where (o(s) and (spin(s) are the zeta functions of the operators Ly and Lgpin.
Next, by using the definition of the zeta function we obtain

2s 0
_ s—1 _tA
Cmatter (5) = I(s) /0 dt t* e Omatter (), (7.11)
where
Gmatter(t) = @O(t) - Gspin(t)a (7'12)

where ©¢(t) and Ogpin(t) are the heat traces of the operators Ly and Lgpin.

Since both operators Ly and Lgpi, are of Laplace type we can use the
results for the heat trace described above. We obtain the total heat trace

@matteI‘(t) = (47Tt)_n/2/ dxgl/z €xp { <1R + 1RH> t}
M 8 6

X / i 61/2 €xXp {_1 <w7 ﬁw>} \I]matter (t7 w)
R

4t

[ (] e (585)]
(7.13)

where
\I/matter(t7w) = \I/(](t, W) - \I/spin(taw)- (7'14)

Thus all we have to do now is to compute the functions ¥ (t,w) and Wgpin
(t,w) for the operators Ly and Lgpiy.
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We assume that the gauge algebra is big enough to include the holo-
nomy algebra as a subalgebra (as discussed above). Further, we assume that
B, takes values in the (Abelian) Cartan subalgebra of the gauge algebra
and &, takes values in the corresponding repesentation of the holonomy
algebra. More precisely, we define two representations of the orthogonal
algebra Yy : SO(n) — End (Wp) and Yipin : SO(n) — End (Wepin) with gen-
erators Y and Y,'" so that the total Yang-Mills curvature in the repre-
sentations Xy and Xgpin is given by (6.11)

1
Xo(Fap) = §RCdab e+ Xo(Bap), (7.15)
1 in
Xspin(fa ) = iRcdabchj + Xspin(Bab>- (7.16)

Now, for the scalar operator Ly we have Zgb = 0, and, therefore,

1
RY = —§Da,»byoba, (7.17)

1
Rg = zRade Y,S, Yc%. (7.18)
Thus, we obtain

sinh(th(B))ﬂ —1/2

\Ilo(t,u)) = trw, [detTM < th(B)

1 1 '
X exp [— <4RadeYa%Yc?1 + Qo) t] exp [_QDaibebawz:| - (7.19)

For the spinor operator Lgpin, we have

1 1

Qspin = ZR - i’yabXspin(fab) + M2
1 1 ; 1
=R~ ZRabcd%b)@Pm - 5W’Xspin(Bab) + M2, (7.20)

The generators of the orthogonal algebra in the spinor representation are

w1
S = Ve (7.21)

Therefore,

)

spin 1 a
R'p = _iD ib <7ba + Y;pinba> (722)
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and

R2. = —R+ Rmimywm+ R“wymﬁﬂm. (7.23)

spin

Thus the endomorphism Rbpm + Qspin has the form

1
Rgpln + Qspin — R + Rabchsplanpm o *’YabXspin(Bab) + M2. (7.24)

2

Finally, we obtain

1 sinh(tXepin (B)) \ 12
Uopin(t, w) = ——Rt ) tryy.. |det P
abed-y spiny -spin 2 Loa v b
X exp | — R Y, Y, +M")t|exp —§D bW Yspin a
1 )
X tr Ay, €XP [—2 (Xspin(Bab)t + Daibw) ’Yba} ’ (7.25)

where tr_, indicates the trace over the spinor indices. It is interesting
to note that the scalar curvature term exp(—éR) in the function \I/Spm(t, w)
precisely cancels the prefactor exp(iR) in the heat trace (7.13).

8 Conclusion

In the present paper we used the results for the heat kernel on homogeneous
bundles over symmetric spaces obtained in our recent paper [12] by using
sophisticated algebraic methods to evaluate the low-energy effective action
in quantum gravity and gauge (Yang-Mills) theory. There always exists a
minimal gauge such that both the gauge field operator and the ghost opera-
tor are of laplace type, and, therefore, the evaluation of the zeta-regularized
effective action reduces to the calculation of the corresponding heat traces.
Of course, one could try to go further and compute the functions ¥(¢; w)
for the relevant operators by finding the eigenvalues of the corresponding
endomorphisms, etc. However, we will not do this in this paper and leave
the result in the general form it was presented above.

We would like to stress two more points here. First of all, quantum general
relativity is a non-renormalizable theory. Therefeore, even if one gets a
final result via the zeta-regularization one should not take it too seriously.
Secondly, our results for the heat kernel and, hence, for the effective action
are essentially non-perturbative. They contain an infinite series of Feynmann
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diagrams with low momenta and cannot be obtained in any perturbation
theory. One could try now to use this result for the analysis of the ground
state in quantum gravity. But this is a rather ambitious program for the
future.
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