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1 Introduction

A Sasaki—FEinstein manifold Xo,,11 may be defined as a complete Riemann-
ian manifold of dimension 2m + 1 such that the metric cone C(Xay,11) is
Ricci-flat and Kahler i.e., Calabi—Yau. The restricted holonomy group of
the cone is then a subgroup of SU(m + 1). There are various other, more-
or-less equivalent, definitions. For example, X9,,41 may also be defined as a
Riemannian manifold which admits two' non-trivial solutions to the Killing
spinor equation Vx = j:%iX -1, with appropriate signs. Alternatively, the
Sasaki-Einstein condition may be phrased in terms of the existence of a cer-
tain type of contact structure — indeed, this was Sasaki’s definition. These
conditions are all equivalent, provided Xo,+1 is simply-connected and spin
[6].

There has been particular interest in Sasaki—Einstein manifolds recently
due to their importance in the AdS/CFT correspondence [17]. For exam-
ple, AdS5 x X5, with suitable self-dual five-form flux, is a supersymmetric
solution of type IIB supergravity that is expected to be dual to a four-
dimensional superconformal field theory arising from a stack of D3-branes
placed at the tip of the corresponding Calabi—Yau cone [15, 18]. The su-
perconformal field theories will preserve at least N' = 1 supersymmetry
[15, 18, 9, 1]. Similarly, AdS; x X7, with appropriate four-form flux, is a
supersymmetric solution of eleven-dimensional supergravity that is expected
to be dual to a three-dimensional superconformal field theory arising on a
stack of M2-branes sitting at the tip of the corresponding metric cone. The
superconformal field theories will preserve at least N' = 2 supersymmetry?
(15,18, 9, 1].

Recall that every Sasaki—Einstein manifold possesses a constant-norm
Killing vector, V' (for some general discussion see e.g., [7]). Indeed, in the
contact structure definition, V' is part of the geometric data. We thus have
a one-dimensional foliation, and it is easy to show that the transverse ge-
ometry is locally Kéhler—Einstein of positive curvature. If the orbits of V'
close, then we have a U(1) action. Since V' is nowhere vanishing, it follows
that the isotropy groups of this action are all finite. Thus the space of leaves
of the foliation will be a positive curvature Kahler—Einstein orbifold of com-
plex dimension m. Such Sasaki-Einstein manifolds are called quasi-regular.
If the U(1) action is free, the space of leaves is actually a Kahler-Einstein

"When m = 3 one can have weak G2 holonomy manifolds admitting a single solution
to the Killing spinor equation. In higher dimensions this is not possible — see, e.g., [6].

2If X7 has weak G2 holonomy, so that the metric cone has Spin(7) holonomy, then the
D = 11 solutions will be dual to field theories with the minimal N' = 1 supersymmetry,
while A/ = 3 theories arise as duals to tri-Sasakian X7.
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manifold and the Sasaki—Finstein manifold is then said to be regular. More-
over, the converse is true: there is a Sasaki—Einstein structure on the total
space of a certain U(1) bundle over any given Kéhler-Einstein manifold of
positive curvature [16]. A similar result is true in the quasi-regular case [7].
If the orbits of V' do not close, the Sasaki-Einstein manifold is said to be
irregular.

Although there are many results in the literature on Sasaki—Einstein man-
ifolds in every dimension, explicit metrics are rather rare. Homogeneous
regular Sasaki-Einstein manifolds are classified: they are all U(1) bundles
over generalised flag manifolds [6]. This result follows from the classification
of homogeneous Kahler—Einstein manifolds. For example, in low dimensions
with m = 1, 2, 3 the homogeneous base is either CP!, CP%, CP'xCP!, CP3,
CP? x CP!, CP' x CP! x CP', SU(3)/T? or Grsa. The corresponding ho-
mogeneous Sasaki—Einstein manifolds are, in the physics literature, denoted
53, 8%, Thl ST M32 QbLL, Nll’l7 V5,2, respectively (see for instance [8]
for a review). Notice that inhomogeneous Kéhler—Einstein manifolds are
known to exist (including cohomogeneity one examples), and are explicit up
to a function which satisfies a certain ODE - see, e.g., addendum C of [4].
One may then construct the associated regular Sasaki-Einstein manifolds.

However, until recently, there have been no known explicit inhomogeneous
metrics in the quasi-regular class. Previous constructions® of such mani-
folds use methods in algebraic geometry which imply existence of solutions,
but do not produce explicit metrics. Moreover, no irregular examples were
known to exist at all. In [10], we constructed a countably infinite family of
explicit cohomogeneity one Sasaki-Einstein metrics on S? x S3. These were
discovered by dualising one of the class of M-theory solutions of [11]. This
family gives not only the first explicit examples of inhomogeneous quasi-
regular Sasaki-Einstein manifolds, but also the first examples of irregular
geometries. In this note we show that this construction extends to every
dimension. More precisely, we prove the following:

For every positive curvature 2n-dimensional Kdhler—FEinstein manifold Bay,,
there is a countably infinite class of associated compact, simply-connected,
spin, Sasaki—-Finstein manifolds Xop+s in dimension 2n + 3. Hence each
Xon+s admits a Killing spinor and the holonomy of the associated metric
cone is a subgroup of SU(n + 2). Moreover, the isometry group of Xop43 is
at least G x T?, where G is the isometry group of Bay,.

3Very recently an infinite class of explicit inhomogeneous Einstein metrics have been
constructed in [14]. It is not known if any of these are Sasaki-Einstein.
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Note that there is also a straightforward generalisation to the case where
By, is a product of Kéhler-Einstein manifolds [12].

2 The local metric

Let By, be a (complete) 2n-dimensional positive curvature Kéhler—Einstein
manifold, with metric d5? and Kéhler form J. Recall that complete Einstein
manifolds with positive curvature are necessarily compact [19] and hence
Bs,, is compact. In addition, we note that a positive curvature Kéhler—
Einstein manifold is simply-connected [16]. Now, as shown in [3], [20], the
local metric

(1) ds* = U(p) 'dp® + p*Ulp)(dr — A)* + p*d5®

is then a positive curvature Kéhler—Einstein metric in dimension 2n + 2,

where 2J = dA and

A A A M\ g
2) Ulp) = — 2 2 v
(2) Ulp) om+2 on+4’ * 2(n+1)(n+2) <A> p2nt2

where k is a constant that has been rescaled compared to [20] for later
convenience. The Kéahler form is given by

(3) J = p*J+pldr — A) Adp

and the curvatures of the Kéhler-Einstein metrics in dlmensmns 2n and
2n 4+ 2 are A > 0 and A > 0, respectively. Thus Ric = AG, Ric = Ag.

In [20] it was shown that the local expression (1) describes a complete
metric on a manifold if and only if the base is CP™, with its canonical metric,
and the resulting total space is then CP""!, again with canonical metric.
This requires the choice k = 0 [20]. For this reason, the local one-parameter
family of Kéhler—Einstein metrics (1) (with A > 0) has been largely ignored
for more than 20 years.

However, consider adding another dimension to the metric above — specifi-
cally, the local Sasaki-Einstein direction. We define the (2n+3)-dimensional
local metric

(4) ds? = d&* + (dy + 0)?

where do = 2J. As is well-known (see, e.g., [13] for a recent review),
such a metric is locally Sasaki—Einstein, with curvature 2n + 2, provided
A =2(n+2). An appropriate choice for the connection one-form o is

(5) UZ%A+<%— 2) (dr — A).
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We now utilise a very useful change of coordinates which casts the local
metric (4) into a different (2n + 2) + 1 decomposition. Define the new
coordinates

(6) R

and (A/\)Y = 1. A straightforward calculation then shows that the local
metric (4) assumes the following form

(7) ds? = U(p)~'dp? + p*d5® + q(p)(dy + A)®
+w(p) [do+ f(p)(dp + A)J?

where?
(8) w(p) = p’U(p)+ (0> = A/A)
N p’U(p)
Q o) = o
w(p) '

In order to have a Riemannian metric we must certainly ensure that U > 0,
w > 0, ¢ > 0. The second two conditions are in fact implied by the first,
U > 0. The latter holds if we choose the range of p to be

(11) p1 < p<p2

where p; are two appropriate roots of the equation U(p) = 0. As we want to
exclude p = 0, since the metric is generically singular there, we thus take p;
to be both positive (without loss of generality). Moreover, w > 0 provided
p? # N/A. If we define

(12) T==p
we can write

(13) O p— !

2(n+1)(n+ 2) ant!

where we have introduced the polynomial in x

(14) P(z;k) = —(n4 1)2" "2 + (n + 2)2" ™ + k.

P(x; k)

For any x > 0 (for fixed k), a zero of U(p) corresponds to a root of the
equation P(z;k) = 0. Observe that the only turning points of P(z;k) on
the interval [0,00) are at x = 0 and = = 1 where the latter is a global
maximum. When & is positive it is straightforward to see that there is only

“Note that for n = 1 these definitions differ slightly from those in [10] when using the
coordinates in section 5.
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a single real root and so this is excluded. Similarly, when x < —1 there are
no real roots and this is also excluded. We thus conclude that in the range

(15) —1<Kk<0

there are two distinct suitable values of the roots p;

A(n+42
(16) 0<pm < \/%< p2 < AEHL)).

The limiting value x = 0 in (1) gives rise to a smooth compact Kéhler—
Einstein manifold if and only if Bs, = CP", in which case the resulting
space is CP"!. Clearly the corresponding Sasaki-Einstein manifold X, 3,
defined by (4), is S?"*3 (or a discrete quotient thereof). As a consequence,
we now focus on the case where the range of x is —1 < k < 0.

3  Global analysis

We first analyse the (2n + 2)-dimensional part of (7), transverse to the
« direction, and show that, with appropriate ranges and identifications of
the coordinates, it is a smooth complete metric on the total space of an
52 bundle over the original 2n-dimensional K#hler-Einstein manifold Ba,,.
This is true for any value of the constant «, with —1 < k < 0. We will also
show that the resulting (2n + 2)-dimensional Riemannian manifold Y29
is in fact conformally Kahler. Secondly, we show that the « direction can
be made into a U(1) fibration over the base Y, 9 for countably infinitely
many values of the parameter x in the allowed range. The total space of the
fibration is then a (2n + 3)-dimensional Einstein manifold. In the following
section we show that it is Sasaki-Einstein.

The base space Y3, 2

With the range of p being p1 < p < po we see that, if ¢ is periodically
identified, the p — 1 part of the metric (7) at fixed point on the base Ba,
is a circle fibred over the line segment with coordinate p, where the size
of the circle goes to zero at the two roots p = p;. This fibre will be a
smooth S? provided the period of 1 can be chosen so that there are no
conical singularities where the circle collapses. Now, near a root p; we have
U(p) = U'(pi)(p — pi). Defining the new coordinate
2 _ 4p—pi)
" =0
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the p — ¢ part of the metric (7), at any fixed point on the base, is

N piU'(pi)?
1 2 3 ? 2 7,/,2
(18) AR+ R Al

near to the root p = p;. Now we notice the remarkable fact that

piU'(pi)®
" CESv

for any root. Therefore the circle fibre collapses smoothly at both roots
provided that 1 has period 47“. The p — 1 fibre is then a smooth S? and
hence we have a smooth complete metric on Ya,49.

Now, since dA = 2J and Ric = AJ, we see that dA is % times the Ricci
form of the base manifold Bs,. Since the period of ¢ is 47”, at fixed value of
p between the roots, the resulting circle fibration is just the associated U(1)
bundle to the canonical bundle of Bs,. Indeed, note that one may rescale
the coordinate p, as well as the other variables and coordinates, so as to set
A = 2. Then the period of v is the canonical value of 27, and dA is the
Ricci form. We may therefore set

A=2

20
(20) A=2(n+2)

without loss of generality, where the second condition ensures that the
Sasaki-Einstein metric has curvature 2(n + 1). We will often still keep
factors of A and A in formulae, with the understanding that they take the
above values.

Before studying further topological properties of these spaces, we remark
that the spaces Yo, +2 are complex manifolds. Moreover, these manifolds are
in fact conformally Kéhler. Specifically, consider the fundamental two-forms

- A
(21) Je=ptft oL

A w(p)

and the associated (n + 1,0)-forms

dp A (dip + A)

(22) Ou = 0N [~ i Ja(p) (i + A) |

VU(p)

One finds that one can write dQ2+ as

(23) dQy = Ly AN Q4
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for suitable one-forms L4, which shows that Ya,19 is complex, with complex
structure specified by €2.. Moreover, it is immediate that

z(wa;
p A /w(p)

which implies that Ya,19 is conformal to a Kéhler manifold.

(24) dJy = >@AA

We have now constructed a complete manifold Y5,s which is the total
space of an S? bundle over Bs,. Let us denote the canonical bundle of Bo,
as L. Then Ya,12 may be thought of as the manifold obtained by adding
a point to each C fibre of £ to obtain a CP! = S? bundle over By,. We
can write this bundle as £ xp() CP!. This notation means that one uses
the U(1) transition functions of £ to make an associated CP! bundle, where
U(1) acts isometrically on CP! in the usual way. Notice that one can also
write this as P(L @ O), where O is a trivial complex line bundle over By,
and P denotes projectivisation (i.e., one quotients out by the Hopf map
C? — C?/C, = CP' = S? on each C? fibre of the bundle £ @ O).

We will later need a basis for the second homology group of Ya,12, in
terms of a basis for the base manifold Bs,. In general we have Ho(Bay,;Z) =
7" & torsion, where r is the rank. We will not need to know anything
about the finite part (as we will be integrating two-forms over the basis).
Since 71(Bay,) is trivial, note that, by the universal coefficients theorem,
we have H?(Ba,;7) = 7" is torsion-free. Now, we can find r submanifolds
Y, i = 1,...,7, such that their homology classes [¥;] provide a basis for
the free part of the second homology group of Bsg,. Recall that Ya,19 is
the total space of a CP! = S2 bundle over Bs,. In fact, since this is a
projectivised bundle, we can use the results of section 20 of [5] to write
down the cohomology ring of Y3,49 in terms of Bs,. In particular, we
note that H?(Ya,12;Z) & Z & H?(Bay;Z), where the generator of the first
factor integrates to one over the S? fibre. By Poincaré duality, notice that
we can find r cohomology classes w; € H?(Bay;Z), i = 1,...,r, such that
(wi, [X;]) = 6;5. Also notice that the rank of Ha(Ya2p42;7Z) is then r+1. Now
let o : By, — Ya,,2 denote the section of 7 : Ya, 19 — Ba, corresponding
to the “north pole” of the S? fibres. This is clearly a global section. Also
define a submanifold ¥ = S? of Yon12 corresponding to the fibre of Yo, o at
some fixed point on the base Bay,. Then since (m*w;, ol [S)]) = (w;, [S;]) =
dij, we see that {¥, o3} forms a representative basis for the free part of
Hy(Yon12; 7).

For later use, we also note that a closed two-form v corresponds to an
integral cohomology class under the map H?(Ya,12;7Z) — H?(Yonio;R) if
and only if the periods (v, [Z]) over our basis Z € {X, sV %;} are all integral.
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We conclude this section with two technical comments. First, note that
Yo,10 is always a spin manifold, irrespective of whether Bs, is spin or not.
One way to see this is to view Ya,19 as the total space of the unit sphere
bundle in the associated R? bundle, E. Then ws(E) = wa(Lr) = c1(L)
mod 2. But also we(B2,) = ¢1(B2,) mod 2 = —¢1(£) mod 2. We may
then use the Whitney formula to compute wa(T'E) |g,, = wa(E)+wa(Bay,) =
0, where we view E as the normal bundle to the zero section Bs, of FE.
Since Bs, is a deformation retract of the total space of E, this is enough to
show that the total space of F, and therefore its boundary Ya, 2, are spin.
Secondly, the S? bundle Y, 4o will not in general be trivial. It was shown
in [10] that if n = 1 and By = S? then Y} = S? x S2, but this is a low-
dimensional exception. Using standard techniques one can show that the
first Pontryagin class of the SO(3) bundle Ya,,,2 is ¢3(£) € H*(B2y;Z). In
fact this can never be trivial for n > 2 since, for a Kahler—Einstein manifold
Bsy,, ¢1(L) is proportional to the Kéhler class [j], and J" is proportional
to the volume form, which is a non-trivial cohomology class. In particular,

c3(L£) must be non-trivial.

The circle fibration

We now turn to the « direction in the metric (7). The latter may be written
(25) ds® = dsy, ,, + w(p)(da+ B)?

where B = f(p)(dy + A). Since for the range of x chosen the function
w > 0, the Killing vector 9/0« is nowhere vanishing on the base Ya,2.
The idea now is that, if £~'B is a connection one-form, where ¢ € R, then
by periodically identifying « with period 27¢ we obtain a complete metric
on the total space of the U(1) bundle over Y2, o with connection one-form
¢(~'B. We will find that a countably infinite number of values of x work.

Notice that at fixed value of p between the two roots, B is proportional
1

to the global angular form 5-(dy + A) on the resulting “equatorial” U(1)
bundle. This is of course globally defined on this space. However, crucially,
the function f(p) does not vanish at the poles. Since the azimuthal angle 1
is not defined at the poles the one-form B is not well-defined on the whole
manifold Ya,42. However, it is straightforward to verify that dB is a globally
defined smooth two-form on Y3,42. We now address the question of when
such a closed two-form is the curvature of a connection on a complex line
bundle. In fact, this is the case precisely if the periods of the two-form are
all integral. Any such closed two-form v is then the curvature of a U(1)

bundle (divided by 27). Thus we must ensure that the periods of %EildB
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are integers, for some ¢ € R. In this case, /!B is a local connection one-
form. The reason that it is not defined globally (specifically, at the poles) is
that, for a non-trivial bundle, the connection ¢! B is only defined in local
coordinate patches, and there are gauge transformations at the intersections
of the patches. The singular nature of B is due to the fact that we are trying
to use only one patch for a non-trivial bundle.

The periods of %dB over our representative basis {2, 0V, } for the free
part of Ho(Ya,42;7Z) are easy to compute:

(26) /E 5 = (1) = flp2)

dB
(27) /Nz, o = fp2)eqi)-
Here
dA
(28) C(z) = . % = <Cl(£)a [ZZD €Z

are the Chern numbers. Thus we see that, if f(p1)/f(p2) = p/q € Q is
rational (with p, ¢ € Z), then the periods of [q/27 f(p2)] dB are {p—q, qc(; }-
Clearly, these are all integer. Moreover, if we set h = hef{p — ¢, qc(;)} then
%E‘ldB has integral periods with no common factor, where ¢ = hf(p2)/q.
Notice that, using the expression (10), we have

flpr) _ pi(p3 = A/A) _ aa(za— 1)
flp2)  P3(pt = A/A)  wa(ar = 1)

where x; are the associated roots of the polynomial (14). This is a continuous
function of & in the interval (—1,0]. Moreover, it is easy to see that R(0) = 0
and in the limit R(—1) = —1, and hence there are clearly a countably infinite
number of values of x for which R(k) is rational and equal to p/q, with

Ip/q| < 1.

(29) R(k) =

In summary, this means that, for each such value of &, since %f‘ldB isa
smooth globally defined two-form on Y3,,42 with integral periods and w(p) is
strictly positive, we can conclude that (7) defines a smooth, complete metric
on Xopy3.

4  The global Sasaki structure on X, 3

We denote the manifold with metric (7), and appropriate value of k, by
Xont3. By construction, this is a complete, compact Einstein manifold.
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Moreover, since Xo,3 is the total space of a U(1) fibration over a simply-
connected manifold Ya, 2, it is straightforward to calculate m(X2p,43). In-
deed, notice that, again by construction, the Chern numbers have no com-
mon factor, and hence it follows that Xs,, 3 is also simply-connected® . Note
also that wa(Xay,13) is just the pull-back of ws(Y2,42) = 0, and so Xoy,43 is
a spin manifold.

The local metric (4) that we started with is Sasaki-Einstein. The Sasaki
condition means that there exists a certain contact structure. This may be
phrased in terms of the existence of certain geometric objects which sat-
isfy various algebraic and differential conditions. Specifically, the contact
structure involves the Killing vector V' = 9/9v/, its dual x, and the (1,1)
tensor constructed by raising an index of dy with the metric. Since these
objects already locally satisfy the appropriate algebraic and geometric con-
ditions, we simply have to check that they are globally well-defined, given
the identifications and ranges we have taken in order to make a complete
manifold.

In terms of the coordinates (7) the unit-norm vector V' is easily computed
to be

(30) vz§<%_%>.

This is clearly globally defined, as each of the vectors /0, /0« is globally
defined. Moreover, the dual one-form y may be written

o0 x=(# =) et o+ )+ Tl + )

The function (p? — A\/A) is smooth on X, 13, and the one-form [da+ f(dr) +
A)] is proportional to the global angular form on the U(1) fibration U(1) —
Xont3 — Youio, so is globally defined on X9,43. The global angular form
5= (dy + A) on the “equatorial U(1) bundle” contained in Yo, at fixed p,
p1 < p < p2, is not defined at the poles of the S? fibres of Ys, 2, but the
function ¢(p) vanishes smoothly there, so in fact the second term is also
globally defined on Xg,43. Clearly x and also dy are smooth and globally
defined. We conclude that the local Sasaki structure is globally well-defined,
and thus Xo, 3 is a simply-connected spin Sasaki-Einstein manifold.

As discussed in [7], the restricted holonomy group of the metric cone
on a Sasaki-Finstein manifold Xy, 13 is a subgroup of SU(n + 2). Since
our manifolds Xy, 3 are simply-connected, it follows that the metric cone
C(Xa2n+3) has holonomy group contained in SU(n + 2), and is therefore a

®Look at the Thom-Gysin sequence for the U(1) fibration — cf. appendix A of [10].
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Calabi-Yau cone. Thus, from [2], there exists a parallel spinor on C(Xay,+3)
which projects down to a Killing spinor on Xo,, 3.

Notice that the orbits of the Killing vector V' close if and only if f(p2) € Q.
In this case the Sasaki-Einstein manifold is said to be quasi-regular, which
means that the space of leaves of the foliation determined by V is a Kahler—
Einstein orbifold. Determining when f(p2) € Q seems to be a non-trivial
number-theoretic problem. For the case n = 1 studied in [10] one has to
solve a quadratic diophantine, which can be done using standard methods.
However, there is no general approach for solving higher-order diophantines.
If f(p2) is irrational, the orbits of V' are dense in the torus defined by the
Killing vectors 0/0v¢, 0/0c. In this case the Sasaki-Einstein manifold is
said to be irregular, of rank 2. There is no well-defined Kéahler—Einstein
base in this case. These remarks are of course consistent with [20] where
it was shown that the local K&hler-Einstein metric (1) is a complete metric
on a manifold only if K = 0. For the countably infinite number of values of
k found here, the Kéhler—Einstein “base” is at best an orbifold, and in the
irregular case there is in fact no well-defined base at all.

5 Connection with previous results

If we introduce the new coordinates p? = (A/A)(1 — cy) and 8 = cr, the
metric (1) can be cast in the following form

2
(32)  d§*= %(1 — cy)ds® + ﬁdzﬂ + (%) F(y)(d3 — cA)?

where
B 2A [a — y2Qn(1 — cy)]
(33) Fly) = (n+1)(n+2) (1—cy)»

with the constant a = (k + 1)/c? and @, is a polynomial of degree n given
by

n

(34) Qn(z) =Y (i+1)a’.

i=0
The range of a, for ¢ =1, is given by 0 < a < 1.

We are now in a position to recover the form of the five-dimensional
metrics, as presented in [10]. Indeed, this is achieved by setting n = 1,
A =2 and A =6 to obtain

(35) Fly) =

2(a — 3y? + 2cy?)
1—cy ’
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As a further example, we note that seven-dimensional Sasaki—Einstein met-
rics corresponding to n = 2, A = 2 and A = 8 have
%a — 8% + %cy?’ — 4%yt

(36) Fly) = T

When c¢ is non-zero we can always choose ¢ = 1 by rescaling y. On
the other hand when ¢ = 0 we can recover known Sasaki-Einstein metrics.
Setting ¢ = 0, using the fact that Q,(1) = 2(n+ 2)(n + 1), and introducing
the new coordinates y> = (2a/A) cos?w and ' = [aA\?/2(n + 2)(n + 1)]/28,
we find that the metric (1) becomes
(37) ds? = %déz + %

which is just the direct product metric on Bs, x S%. The corresponding
Sasaki-Einstein metrics (4) are then appropriate U (1) bundles over By, x 52
and are clearly regular. For instance, with n = 1 so that By = CP*, the
¢ = 0 limit gives the homogeneous space T /Zy (or TH1) [10]. Similarly,
for n = 2, explicit metrics are obtained by taking B, to be CP' x CP! or
CP?, and the corresponding homogeneous Sasaki-Einstein seven-manifolds
are QU1 and M3?2, respectively. The new Sasaki-Einstein metrics in seven
dimensions that we have presented here, for the special cases with B4 given
by CP! x CP! and CP?, are co-homogeneity one generalisations of Q11
and M2, respectively.

[dw2 + sin? w(dﬁ')ﬂ
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