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RIGID FLAT WEBS ON THE PROJECTIVE PLANE*

DAVID MARINT AND JORGE VITORIO PEREIRA#

Abstract. This paper studies global webs on the projective plane with vanishing curvature. The
study is based on an interplay of local and global arguments. The main local ingredient is a criterium
for the regularity of the curvature at the neighborhood of a generic point of the discriminant. The
main global ingredient, the Legendre transform, is an avatar of classical projective duality in the
realm of differential equations. We show that the Legendre transform of what we call reduced convex
foliations are webs with zero curvature, and we exhibit a countable infinity family of convex foliations
which give rise to a family of webs with zero curvature not admitting non-trivial deformations with
zero curvature.
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1. Introduction. Roughly speaking, web geometry is the study of invariants
for finite families of foliations. The subject was initiated by Blaschke and his school
in the late 1920’s, but among its most emblematic results there are versions of Lie-
Poincaré-Darboux’s converse to Abel’s addition theorem which can be traced back to
the XIXth century. While the subject can be developed in different categories, the
earlier practitioners of the subject dealt with finite families of germs of holomorphic
foliations.

Recently, the study of holomorphic webs globally defined on compact complex
manifolds started to be pursued, see for instance [26, 3, 13, 22]. It is in this context that
this work places itself. Its main purpose is to investigate the irreducible components
of the space of flat webs on the projective plane.

1.1. Webs on the projective plane. In the same way that a foliation on the
projective plane is defined by a polynomial 1-form a(x,y)dx + b(z,y)dy on C? with
isolated zeros, a k-web on the projective plane is defined by a k-symmetric polynomial
1-form

w= Z aij(x,y)dz'dy’
i+j=k

with isolated zeros and non identically zero discriminant. In more intrinsic terms, a
k-web on a complex surface S is defined by an element w of H°(S, Sym*QL @ N) for
a suitable line-bundle N, still subjected to the two conditions above: isolated zeros
and non-zero discriminant.

When S = P?| it is natural to write N as Op2(d + 2k) since the pull-back of w to
a line ¢ C P? will be a section of Sym*Qi, (d + 2k) = Op:1(d) and consequently for a
generic ¢ the integer d will count the number of tangencies between ¢ and the k-web
W defined by w. That said, we promptly see that W(k, d) — the space of k-webs on
P? of degree d — is an open subset of PHY(P?, Sym*Qi, (d + 2k)).

*Received October 29, 2011; accepted for publication March 8, 2012.

fDepartament de Matematiques, Universitat Autdonoma de Barcelona, E-08193 Bellaterra
(Barcelona), Spain (davidmp@mat.uab.es). The first author was partially supported by
FEDER /Ministerio de Educacién y Ciencia of Spain, grant MTM 2008-02294. He specially thanks
the invitation of IMPA at Rio de Janeiro in August 2009.

fInstituto de Matemadtica Pura e Aplicada, Est. D. Castorina, 110, 22460-320, Rio de Janeiro,
RJ, Brasil (jvp@impa.br). The second author was partially supported by FAPERJ and Cnpq. He
thanks the invitation of CRM at Bellaterra in July 2010.

163



164 D. MARIN AND J. V. PEREIRA

1.2. Curvature and flatness. One of the first results of web geometry, due to
Blaschke-Dubourdieu, characterizes the local equivalence of a (germ of) 3-web W on
C? with the trivial 3-web defined by dx-dy- (dx — dy) through the vanishing of a differ-
ential covariant: the curvature of W. It is a meromorphic 2-form K (W) with poles on
the discriminant of W that satisfies p* K(W) = K (¢*W) for any bihomolomorphism
©.

For a k-web W with k > 3, one usually defines the curvature of W as the sum
of the curvatures of all 3-subwebs of W. It is again a differential covariant, and to
the best of our knowledge there is no result characterizing its vanishing (a conjectural
characterization for 4-webs is proposed in [24]). Nevertheless, according to a result of
Mihaileanu — recently rediscovered by Hénaut, Robert, and Ripoll — this vanishing is
a necessary condition for the maximality of the rank of the web, see [7, 25, 20] for a
thorough discussion and pertinent references.

The k-webs with zero curvature are here called flat k-webs, and the subset of
W(k,d) formed by the flat k-webs will be denoted by FW(k, d). It is a Zariski closed
subset of W(k, d) and it is our purpose to describe some of its irreducible components.
More specifically we will characterize one irreducible component of FW(k, 1) for each
k > 3. For that sake we will pursue the following strategy:

1. study the regularity of the curvature on irreducible components of the
discriminant;

2. translate constraints imposed by (1) on flat k-webs of degree 1 into constraints
on foliations of degree k using projective duality;

3. apply (2) to convex foliations to establish the flatness of their duals;

4. apply (1) combined with (2) to determine the deformations of convex folia-
tions with flat duals.

We will now proceed to a more detailed discussion about each of the steps of our
strategy, and will take the opportunity to state the main results of this work.

1.3. Regularity of the curvature. As mentioned above, the curvature of a
web W on a complex surface is a meromorphic 2-form with poles contained in the
discriminant A(W) of W. As there are no holomorphic 2-forms on P2, the curvature
of a global web W on the projective plane is zero if and only if it is holomorphic over
the generic points of the irreducible components of A(W).

This very same observation was used in [21] to classify completely decomposable
quasi-linear (CDQL) exceptional webs on P? with zero curvature. There, a criterium
for the holomorphicity of the curvature over an irreducible component of A(W) is
given under a certain number of hypothesis. Among these hypothesis, there is the
local decomposability of W, that is W can be locally written as a product of foliations.
While this was sufficient in that setup, here we will deal with webs which are not
necessarily locally decomposable.

If W is a germ of (k + 2)-web on (C2,0) with reduced, smooth, and non-empty
discriminant A(W) then it is the superposition of an irreducible 2-web W, and a
completely decomposable web Wy. Moreover A(Ws) = A(W) and A(Wy) = 0. Our
first result is a generalization of [21, Theorem 7.1], with hypothesis also satisfied by
webs with reduced discriminant.

THEOREM 1. Let W be a germ of (k + 2)-web on (C2,0) with smooth (but not
necessarily reduced), and non empty discriminant. Assume W = Wo KWy, where Wa
is a 2-web satisfying AWs) = AW), and Wy, is a k-web. The curvature of W is
holomorphic along A(W) if and only if A(W) is invariant by either Wa or By, (Wk).
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In the statement Sy, (W) stands for the Wh-barycenter of Wy. It is a 2-web
naturally associated to the pair (W, W) as defined in Section 2.1.

A simple consequence of Theorem 1 is the following result, which will play an
essential role in our study of irreducible components of FW(k, 1).

COROLLARY 1. Let W = Wy B W be a (k + 2)-web in (C%,0) such that
AWs) = A(W) is smooth and invariant by Wa. Then any deformation W< of W
having holomorphic curvature is of the form We = W5 RWg with A(W5) = A(W®)
invariant by W5.

1.4. Legendre transform. Browsing classical books on ordinary differential
equations one can find the so called Legendre transform, see for instance [9, page 40].
It is an involutive transformation which sends the polynomial differential equation
F(z,y,p) to F(P,XP-Y, X), where p = dy/dx and P = dY/dX. Tt can be expressed
in global projective coordinates, as Clebsch already did back in the XIXth century
[4] and as we explain in Section 3. It turns out to be an isomorphism between
HO(P2, Sym*Ql, (d + 2k)) and HO(P?, Sym?QL, (k + 2d)), and as such associates to a
k-web of degree d, a d-web of degree k.

There is a beautiful underlying geometry which we take our time to discuss. We
analyze carefully the dual of foliations. Radial singularities and invariant components
of the inflection curve turn out to have a distinguished behavior. Looking at foliations
with extremal properties with respect to the latter we are able to put in evidence an
infinite family of examples of webs with zero curvature.

1.5. Convex foliations. More precisely, we look at the dual of what we call
reduced convex foliation. For us a foliation F on P? is convex if its leaves other
than straight lines have no inflection points. In other words, the inflection divisor
I(F) of F — called in [19] the first extactic divisor — is completely invariant by F.
When besides being completely invariant, this divisor is also reduced we will say that
F is a reduced convex foliation.

Our second main result is about the dual of reduced convex foliations and it can
be phrased as follows.

THEOREM 2. If F is a reduced convex foliation of degree d > 3 then its Legendre
transform is a flat d-web of degree one.

Of course such result would be meaningless if examples of reduced convex foli-
ations did not exist. Fortunately, this is far to be true as we have for every d > 2,
the reduced convex foliation F, of degree d defined by the levels of the rational func-
tion % It turns out that the dual webs are not just flat but indeed

algebraizable, see Proposition 5.2.

Besides the infinite family F4 we are aware of three other examples of reduced
convex foliations. The Hesse pencil of degree four; the Hilbert modular foliation of
degree 5 studied in [17]; and one foliation of degree 7 induced by a pencil of curves
of degree 72 and genus 55 related to extended Hesse arrangement. These examples
are described in Section 5. In Table 1.1 we list the number of radial singularities of
these examples and their main birational invariants: Kodaira and numerical Kodaira
dimension as defined in [14], see also [2, 15].
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Fol. | d(F) r(F) kod(F) | v(F) description

Fo 2 4 —00 —00 rational fibration

F3 3 7 —00 —00 rational fibration

Fu 4 12 0 0 isotrivial elliptic fibration

Fa d>5| (d—1)?+3 1 1 isotrivial hyperbolic fibration
Ha 4 9 1 1 non-isotrivial elliptic fibration
Hs 5 16 —00 1 Hilbert Modular foliation

Hr 7 21 2 2 non-isotrivial hyperbolic fibration

TABLE 1.1
Known examples of reduced convex foliations.

1.6. Rigidity. Our third main result concerns the deformations of the webs dual
to the foliations F,4 inside FW(d, 1). It can be succinctly stated as follows.

THEOREM 3. Ifd =3 or d > 5 then the closure of the PGL(3,C)-orbit of the
Legendre transform of Fy is an irreducible component of FW(d,1). For d = 4, the
closure of the PGL(3,C)-orbit of the Legendre transform of F4 has codimension one
in an irreducible component of FW(4,1).

Indeed we prove slightly more, as we describe a Zariski open subset of the irre-
ducible component of FW(4,1) containing the Legendre transform of Fy.

Acknowledgments. We are grateful to Olivier Ripoll. In an early stage of this
project we made an extensive use of Ripoll’s Maple scripts to compute the Hénaut’s
curvature of 4 and 5-webs. The period of experimentation with Ripoll’s script was
essential as it helped to build our intuition on the subject. We are also grateful to
Maycol Falla Luza for pointing out a number of misprints and mistakes in previous
versions of this work.

2. Regularity of the curvature. Let WW be a web and let C' C A(W) be an
irreducible component of its discriminant. We say that C' is invariant (resp. totally
invariant) by W if and only if TC C TW)|¢ (resp. TC = TW)|¢) over the regular part
of C'. Notice that when W is a germ of irreducible web then the two notions coincide.

2.1. Barycenters of webs. Theorem 1 was proved in [21] in the case that W,
is reducible, so we only need to show it when W is irreducible. To this end, we recall
and slightly extend the notion of barycenters of webs introduced there.

Let W be a k-web on a complex surface S and let F be a foliation transverse
to W at some open set U C S. For each point p € U the tangent lines of W at p
can be considered as k points in the affine line PT,,U \ [T, F]. Thus, we can consider
their barycenter. As p varies on U we obtain a line distribution, which determines a
foliation B (W) on U, called the barycenter of W with respect to F. Taking a suitable
system of coordinates in a neighborhood U of each point we can identify F and W with

its respective slopes f,wi,...,w; : U — C. If we consider the polynomial W(z) :=
k

I1 (z — w;) then 8x(W) corresponds to the slope f — %,V[,/((J{)) : U — CU{o0}. We note

i=1

that when F and W are not transverse W (f) = 0 and Sz(W) has slope f, even in the
case that W(f) = W'(f) = 0. We extend the definition of barycenter by replacing
the center foliation F by a center -web W’'. The extension is straightforward, if we
write pointwise W = F; K - - - K Fy then we define the W’-barycenter of W as being

P (W) = Br, (W)X --- K Bx,(W).
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2.2. Curvature. Let us recall the definition of curvature for a k-web W. Let us
first assume that W is a germ of completely decomposable k-web W = F1 X - - - K F.
We start by considering 1-forms w; with isolated singularities such that F; = [w;].
Following [21], for every triple (r,s,t) with 1 <r < s <t < k we define

Nrst = N(Fr B Fs K Fy)

as the unique meromorphic 1-form such that

d(5st wr) = Mrst N\ Ost Wy
d(5tr Ws) = Mrst A 5tr Ws
d(5r5 Wt) = Mrst A 57"5 Wt

where the function d;; is characterized by the relation
w; Nwj = 6ij dr N\ dy.

Although the 1-forms w; are not uniquely defined, the 1-forms 7, are well-
defined modulo the addition of a closed holomorphic 1-form. The curvature of the
web W = F1 X --- XK Fj is defined by the formula

KW)=K(F R---KF)=dnW)

where n(W) =n(F1 & --- K FL) = > <, cocr<p Mrst - It can be checked that K (W) is
a meromorphic 2-form intrinsically attached to W. More precisely for any dominant
holomorphic map ¢, one has K (¢*W) = ¢* (K (W)). This property of the curvature
allows us to extend the definition of curvature to an arbitrary (not necessarily com-
pletely decomposable) k-web. If we pass to a ramified Galois covering where the web
becomes completely decomposable then the curvature of this new web turns out to
be invariant by the action of the Galois group and descends to a meromorphic 2-form
on our original surface.

2.3. Lemmata. We now establish some preliminary results aiming at the proofs
of Theorem 1 and Corollary 1. The first is a normal form for germs of 2-webs with
smooth discriminant which is not invariant.

LEMMA 2.1. Let Wy be an irreducible 2-web and let C C A(Wsa) be a smooth
irreducible component non invariant by Wa. Then there exist a local coordinate system
(U, (x,y)) such that CNU = {y = 0} and Wa|y is given by dx® + y™dy?, for some
odd positive integer m.

Proof. We mimic the proof given in [1, §1.4] when m = 1. First, we can
write locally C = {y = 0} and W, : d2? + y™(2a(z,y)dx dy + B(z,y)dy?) =
0 by redressing the distributions of lines TWh|c along C. Since the foliation
BayW2) : dz + y"a(z,y)dy = 0 is non singular there exists a function Z(z,y)
transverse to y such that Sq,(Ws) is defined by the differential form dz. Writing
Wa 1 di® + y™(26(%, y)dE dy + B(Z,y)dy?) = 0 and Bay(Wa) + dz + y"a(Z,y)dy =0
in the coordinates (Z,y), we deduce that & = 0. Thanks to the irreducibility of Ws
we can assume that it is given by dx? 4+ y™B(x,y)dy? = 0, where m is odd and y /3.
Taking the pull-back by the ramified covering § — y = 72, there is a unity u such
that

dz? + 452" B2, g?)dy? = (dx + 5™ u(z, §7)dy) (dz — g™ u(z, 52)dy).
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There also exists a unity function v(x, ) such that d(z + ™ 2v(z, 7)) is parallel to
dr £ g™ u(x, y?)dy. Write v(z,j) = w(x, 5?) + yz(z, y*) and define

by using that w is a unity. Finally return downstairs by putting

N - 2
g =7 = yw(z,y) 7=

and verifying that

m+3

T=x+y 7 z(z,y)
is a well defined change of coordinates because m is odd. Since

~m4-2 m+t2

Ty, y) ==y,

rty

we deduce that Wy : di? — (mTJrQ)2 §™dj)? = 0 which can be reduced to the normal
form da? + y™dy? by rescaling. O

The second preliminary result provides an asymptotic expansion of the curvature
of a decomposable 3-web along an irreducible component (which we can assume to be
y = 0) of its discriminant.

LEMMA 2.2. Let 0 < a1 < as < ag be integers and consider the 3-web W defined
by the 1-forms

wz:dx'i_yalhz(xay)dya 1=1,2,3.

Suppose that the functions hi, ha, and hs do not vanish along {y = 0}, and that the
same holds true for the differences hy —h; when a; = a; fori # j. Then the curvature
of W is the exterior differential of the meromorphic 1-form

a; — ag 1 hggayhlg — hlgayhgg :| 1 ) (a1 )
+ ‘ — 4+ lde+|—+--- ) d
(h31(9€, 0) yortt hi2haghsz1 y=0] Yy Yy Y

where the dots correspond to higher order terms in the variable y and
—h; Zf a; < aj,

hij = hj — hi Zf a; = aj,
hj if a; > a;.

Proof. We will use the notations of Section 2.2. Notice that under our assumptions
0ij = y“hy —y* h;. If we write n = Adz + B dy then the equalities

d(éijwk) = ( — 895” -+ y“’“é?z (5whk))dﬂ§ A dy = 51’]’ (Ayak hy — B)dl‘ A dy =nA 5ijwk,

where (i, 7, k) runs over the cyclic permutations of (1,2, 3), are equivalent to the linear

system
012y“3hs  —d12 A\ _ [ 0u(012h3)y** — Oyb12
023y hy  —d23 B Ox (023h1)y™t — 0yda3 )~
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The determinant of the system is § = d12023(y**h1 — y*3hg) = 012023031 =
Y241 +92hohoshsy 4+ ---. Since highoshsy is not a multiple of y, it follows that &
has order 2a; + a3 at y = 0. Solving the system by Cramer’s rule we obtain that

0z (012h3)y*® — 0y012  —d12
Oz (023h1)y** — 0yd23  —d23
= ya1+a2_1(a1 — ag)haghig + y*1 T (ho3Oyhia — h120yhas) + - -

0A =

and consequently

_wm—ay 1 ha3Oyh12 — h120yhas 1
h31  yutl hi2hashai Yy

On the other hand,

_ 512ya3 hs 0. (512h3)ya3 - 0y612
023y® h1  0x(023h1)y™ — 0,023

2 1 1
= a1y’ T2 hyhashas — asy® T TS hyshoshs + - - -

0B

so that B — “—yl is holomorphic along y = 0. O

Our next preliminary result settles Theorem 1 when the discriminant is not in-
variant.

LEMMA 2.3. Let Wy be an irreducible 2-web and let C C A(Ws) be a smooth
irreducible component non invariant by Wo. Let Wy_o be a smooth web transverse to
Wy along C. Then the curvature of Wa R Wy_o is holomorphic along C if and only
if C is invariant by the barycenter By, Wa—2).

Proof. We use the normal form for W given by Lemma 2.1 and we write W;_o
d—2
as [] (dy + ci(z,y)dz) = 0. After passing to the double cover w(x,y) = (z,y?) we
i=1

can write 7*(Wa K Wy_o) as
d—2
(da —y™+dy)(da +y™dy) [] (@, %) de + 2ydy) = 0.

i=1

Its curvature is the exterior differential of

Z 77+,—,i+z Z Ne,ij + Z Mijk-

1<i<d—2 e=+ 1<i<j<d—2 1<i<j<k<d—2

The last summatory is holomorphic along y = 0 because it is the pull-back by 7 of
the 1-form n(Wy_2) associated to the smooth web Wy_o. Writing wy = dx +y™tdy

and w; = dx + %dy, i1=1,...,d — 2, we can apply Lemma 2.2 to deduce that
dy dy

Ny, —i + %Ci(x,())z—;” — % and ny;,; — 9¢ are also holomorphic along y = 0. We
conclude that the curvature of 7*(Ws K Wy_3) is the exterior differential of

m (2 dx dy
- ci(2,0) | = +(d—2)* = +1,
 (Sete0) v a0
where 7 is a holomorphic 1-form along y = 0. Consequently, the curvature of

Wo W W,;_5 is holomorphic along y = 0 if and only if Zf;f ¢i(z,0) = 0. On
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the other hand, the restriction of the barycenter Sy, (Wi—2) to y = 0 is given by
dy + d—iQ (Zf;f ci(z, 0)) dz, and consequently y = 0 is invariant by it if and only if
YL ei(x,0)=0.0

Finally we deal with the case of invariant discriminant.

LEMMA 2.4. Let Wy be an irreducible 2-web and let C C A(Ws) be a smooth
irreducible component of its discriminant invariant by Ws. Let Wy_o be a smooth
web transverse to C. Then the curvature of Wao R Wy_o is holomorphic along C.

Proof. If C = {y = 0} then Wy can be presented by dy? + y™ndx, for some
1-form 7 and some integer m > 1. Reasoning as in the beginning of the proof of
Lemma 2.1 we can assume that 7 is proportional to dx. By passing to the double
cover 7(z,y) = (z,y?), we obtain that T*Wo ®IW, o) = F_ RF, KF K- K F, o,
where Fy : dy £y™ ! fdx = 0 and F;|,—0 : dz = 0. The curvature of 7* (W2 K W,_2)
is the sum

d—2
S K(F RBFRF)+Y Y KFERFERF)+ Y KFERFREF).
i=1 i<je=+ i<j<k

The first term is holomorphic thanks to Theorem 1 (in the decomposable case already
proved in [21]) because y = 0 is Fy-invariant. The second term is holomorphic
also by Theorem 1. To see that, we shall distinguish two cases. If m = 1 then
> K(F.XF;KF;) is the curvature of the 4-web F KF_KF;XF; whose discriminant
e==+

y = 0 is invariant by Bz, (Fy K F_) = By (dy? — f2dx?) = dy. If m > 1 then y = 0 is
invariant by Sz, (F:) = Fe. Finally the third term is holomorphic because it is equal
to m* K (Wj—2). O

2.4. Proofs of Theorem 1 and Corollary 1. Now we have just to put the
previous results together to obtain proofs of Theorem 1 and Corollary 1.

Proof of Theorem 1. As we have already mentioned, we restrict to the case that
Wy is irreducible. If C C A(Ws) is invariant by Ws or by B, (Wa—2) then the
curvature of Wy W Wy_o is holomorphic along C' thanks to Lemmas 2.4 and 2.3.
Suppose now that K(Ws X W;_3) is a holomorphic 2-form at a neighborhood of a
generic point of C. If C' is not Wh-invariant then Lemma 2.2 implies C' is invariant
by the barycenter Sy, Wi—2). O

Proof of Corollary 1. Since regularity and transversality are open conditions, any
deformation W€ of W = Wh K Wj, is of the form W*® = W5 KW} with W], regular
and transverse to W5 if ¢ is small enough. By composing by a local diffeomorphism
we can assume that A(We) = A(W). Since A(W) is invariant by Wa, it is transverse
to Bw,(Wr) and consequently, it is also transverse to Bws (Wg). Since the curvature
of We is holomorphic, Theorem 1 implies that A(W) must be invariant by W5. O

2.5. Invariant discriminant. Here we will deal with more degenerate compo-
nents of the discriminant of a web. The focus is on irreducible components of the
discriminant which are totally invariant and have minimal multiplicity. Our goal is
to show that these components do not appear in the polar set of the curvature. We
start by characterizing the defining equations of webs having discriminant with these
properties.
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Consider a v-web W, and let C' be an irreducible component of A(W, ) which is
totally invariant by W,. In suitable coordinates C N U = {w = 0} and W, is defined
by

dw” +w™(a,_1(z,w)dw” " tdz + - + ao(z,w)dz")

for some m > 1.

LEMMA 2.5. If W, is as above then A(W,) > (v —1)C, and equality holds if and
only if m =1 and ap(z,0) # 0. Moreover, in this case W, is irreducible.

Proof. If W, is irreducible then we can consider the Puiseux parametrizations

dw

E:C]co(z)w%_’_, CO(Z);I_éO, C:eQiﬂ—/V, ]’::L...,V7

of the defining polynomial of W, in C((2))[w, 22]. Then an equation for A(W,) is

[T ((Cao@wy +..) = (Feoz)w? +...)) = w D (co(2)"" D" =¢7) + .
i# i#]

and the multiplicity of w = 0 is (v — 1). Moreover, since

v

H((jco(z)uﬁ +..)=we(2)" +... =wmap(z,w),

we deduce that m < r. Consequently the multiplicity of w = 0 is at least m(v — 1) >
v—1. If C = {w = 0} has multiplicity v — 1 in A(W,,) then m =r =1 and w fao.

Reciprocally, if m = 1 and ag(z,0) # 0 then W, is irreducible by Eisenstein’s
criterion and the argument shows that AW,) = (v — 1)C.

To conclude the proof of the lemma it suffices to show that when W, is non-
irreducible the inequality A(W,) > (v —1)C holds true. If W, =W,, K--- KW, _ is
the decomposition of W, in irreducible factors then

A(WV) = H A(WW) H tang(ww ) WVj )7
i=1 i#]

S
so that the multiplicity of w = 0 is at least Y (v; — 1) + s(s — 1) = v+ s(s — 2) which
i=1
is greater than v — 1if s > 2. O
We are now ready to establish the regularity of the curvature along totally invari-
ant irreducible components of the discriminant. Indeed we show more as we allow to
superpose the irreducible web with a smooth web transverse to it.

PROPOSITION 2.6. Let W, be a v-web and let C C A(W,) be an irreducible
component totally invariant by W, and having minimal multiplicity v — 1. Let Wy_,,
be a smooth (d — v)-web transverse to C. Then the curvature of W =W, ®W,_,, is
holomorphic along C.

Proof. Let (U, (z,w)) be a local coordinate system such that C N U = {w = 0},

WU = {dw” +w(a,—_1(z,w)dw” " tdz + - - - + ap(z,w)dz") = 0}
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d—v B
and TWy_,|U = {]] (dz + Lg;(z,w)dw) = 0}. Let 7 : U — U be the ramified
j=1

covering given by (z,w) = 7(z,y) = (x,y"). The irreducibility of W, implies that its
monodromy group is cyclic and consequently 7*W, is totally decomposable. In fact,
W, is given by

YDy +a, 4 (z, y)y(”_l)2dy”_1dx+- st ay (z,y)yt " rdy det T+ ag(x, y)dat = 0.
Since y fag we can write the differential 1-forms defining 7*W, as

w; i=dx +y" 2 f(z, C'y) ¢ ldy, i=1,...,w
The differential 1-forms defining 7*W,_, are

Woj o= dr +y" g (z,y")dy, j=1,...,d—v.

Recall from §2.2 that K (7*W) = > dni;k, where n; is the unique 1-form satisfying
d(drswi) = Miji A Orswy for each c;f:fizkpermutation (r,s,t) of (4,4, k) and the function
Srs is defined by w, A ws = 6p5(z,y)dz A dy. We denote by py(z,y) = (,¢%),

¢ =1,...,v the deck transformations of 7. We have that
1 1% 1 v
K(n* =7 = — *a* — - . .
W)=k =1 i kon = 5 a3 i
r=1 i<j<k r=1

On the one hand 1Y) | ¢i(y"dz) = y"dz if and only if n = 0 mod v and
LS 1 ¢ (y"dy) = y"dy if and only if n = —1 mod v. On the other hand, if
Nijk = Aijk(x,y)dz + Bijk(z,y)dy then from Lemma 2.2 follows that the order of
the poles of A;j, along y = 0 is < v — 1 and B;j;, is logarithmic along y = 0 with
constant residue. This fact jointly with the previous remark will imply that dn;j is
holomorphic along y = 0 and consequently K (W) is holomorphic along C. O

3. Global webs and Legendre transform. Now we turn our attention to
global k-webs of degree d on the projective plane. As it was already mentioned in the
introduction these are determined by a section w of Sym’“QI%,,2 (d+ 2k) having isolated
zeros and non-zero discriminant. Dually, a k-web of degree d can also be expressed
as a section X of Sym*TP2(d — k) subjected to the very same conditions as above:
isolated zeros and non-zero discriminant .

It follows from Euler’s sequence

0— Opz — Op2(1)® — TP? - 0,

that sections w € HO(P?, Qb (d + 2)) and X € HO(P?, TP?(d — k)) defining the same
foliations can be presented in homogeneous coordinates as
(a) a homogeneous vector field with coefficients of degree d

0 0 0
X = A(m,y,z)% + B(Iaywz)a_y + C(.f,y,z)&,

and
(b) a homogeneous 1-form with coeflicients of degree d + 1

W= p(IE, Y, Z)dl‘ + Q(xaya Z)dy + T(Za Y, Z)dZ

satisfying w(R) = 0, where R = :c% + ?/a% + z%.
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The relation between X and w is given by
(1) w=1r1x), where Q =dz AdyAdz.

It is clear that the 1-dimensional distribution (X) on C? is not uniquely determined
by the foliation, only the 2-dimensional distribution kerw = (X, R) is. As w(R) =0,
there exist homogeneous polynomials A’, B’, C’ of degree d such that

(2) w=Aa+B'B+C"y,
where
(3) a=ydz — zdy, [ =zdx—axdz, ~=uzxdy—ydz.

From (1) and (2) it follows that

(pa q, T) = (Al7 Bla Cl) X (Ia Y, Z) = (Aa Ba C) X (x7 Y, Z)a
so that we can take (A’ B’,C") = (A, B, C) + A(z,y, z) for any homogeneous polyno-
mial A of degree d — 1.

From Euler’s sequence we can deduce the following exact sequence
0 — Sym* 1 (Op2 (1)) @ Op2 — Sym*(Op2 (1)) = Sym* TP? - 0.

It implies that a k-web of degree d on P? is determined by a bihomogeneous polynomial
P(z,y, z;a,b, c) of degree d in the coordinates (x,y, z) and degree k in the coordinates
(a, b, ) respectively. More concretely,

(a) X=P (:c, Y, 2; 6%, a%’ %) determines a global section of Sym*TP?(d — k), and

(b) w= P(z,y,2;, 3,7) determines a global section of Sym”Q4,(d + 2k).
Notice that two polynomials P and P’ differing by a multiple of za+yb+ zc determine
the same sections.

There exist natural homogeneous coordinates in the dual projective plane P2
which associates to the point (a: b : ¢) € P? the line {az + by + cz = 0} C P2. Since

Tyer)P? ={w =adz + bdy + cdz € T*C* : w(R) = 0}
={adr+bdy+cdz:ax+by+cz =0}
there exists a natural identification of PT*P? with the incidence variety
T={((x:y:2),(a:b:c))|ax+by+cz =0} C P? x P2,

Let W be a k-web of degree d on P? and let P(z,, 2;a, b, c) be a bihomogeneous
polynomial defining W. Then Sy C PT*P?2, the graph of W on PT*P2, is given by

Sw={((z:y:2),(a:b:c)) € P> x P*|ax + by + cz =0, P(x,y, z;a,b,¢c) = 0}

under the above identification between Z and PT*P2.
Suppose W is an irreducible web of degree d > 0 and consider the restrictions
and 7 to Syy of the natural projections of P? x P? onto P? and P? respectively. These

projections 7 and 7 are rational maps of degrees k and d respectively. The contact
distribution D on PT*P? is identified with

D =ker(adz + bdy + cdz) = ker(z da + y db + zdc).
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Fic. 1. The algebraic web Leg C

The foliation Fyy induced by D on Syy projects through 7 onto the k-web MW and it
projects through # onto a d-web W on P2.

DEFINITION 3.1. If d > 0 and the k-web W of degree d is irreducible then the
d-web W on P? is called the Legendre transform of W and it will be denoted by
LegW.

If W is determined by P (:c, Y, 2; 6%, 6%, %), or respectively by
P(z,y,z;ydz—zdy, zdx —xdz, xdy —ydz), then its Legendre transform Leg W is deter-
mined by P (%, %, %; a, b, c), respectively by P(bdc—cdb, cda—ade, adb—bda; a, b, ).

Using these formulae we can proceed to define the Legendre transform for arbi-
trary k-webs of arbitrary degree d. Notice that when VW decomposes as the product of
two webs Wy KW, then its Legendre transform will be the product of Leg(W;) with
Leg(Ws). But the Legendre transform of an irreducible k-web of degree 0 is no longer
a web on P2. It is instead an irreducible curve of degree k. Similarly, the Legendre
transform of a reduced curve of degree d is a d-web of degree 0, see Figure 1.

If we consider the space of k-webs of degree d, W(k,d) C PHO(P?, Sym*Ql.(d +
2k)), as the projectivization of the space of k-symmetric 1-forms with non-zero dis-
criminant and having singular set with reduced divisorial components (instead of
only isolated singularities), then the Legendre transform defines an involutive isomor-
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phism
Leg : W(k,d) — W(d, k)

when k,d > 0 and d+ k > 0.

It is easy to check the following properties of the Legendre transform:

(a) Let us fix a generic line £ on P2. Then tang(W, ) = p1 + ...+ pa, where p; € P2

We can think ¢ as a point of P? and the p; as straight lines on P? passing through

d
the point £. Then Ty LegW = |J Typ;.
i=1
(b) If L is a leaf of W distinct from a line then the union of lines tangent to L is a
leaf of Leg(W).

Consider an affine chart (z,y) of P? and an affine chart of P? whose coordinates
(p,q) correspond to the line {y = pz + ¢} C P2. If a web W is defined by an implicit
affine equation F(z,y;p) = 0 with p = Z—Z then Leg(W) is defined by the implicit
affine equation

. d
(4) F(p,giz) == F(x,pr + ¢;p) =0,  with 2=——L

In particular, for a foliation defined by a vector field A(x,y)a% + B(x,y)a% we can

We will proceed to describe some of the geometry of the Legendre transform of a
foliation F on P2. We start by describing the role played by the inflection divisor of
F.

3.1. Inflection divisor for foliations. Let F be a degree d, d > 0, foliation
of P2 and X any degree d homogeneous vector field on C? inducing F. The inflec-
tion divisor of F, denoted by I(F), is the divisor defined by the vanishing of the
determinant

T Y z
(5) det | X(z) X(y) X(2)
X3 x) X*(y) X?(2)

In [19], I(F) was called the first extactic curve of F and the following properties
were proven:
(a) If the determinant (5) is identically zero then F admits a rational first integral
of degree 1; that is, if we suppose that the singular set of F has codimension
2 then the degree of F is zero;

(b) On P2\ Sing(F), I(F) coincides with the curve described by the inflection
points of the leaves of F;

(c) If C is an irreducible algebraic invariant curve of F then C C I(F) if, and

only if, C' is an invariant line;

(d) The degree of I(F) is exactly 3d.

As a consequence of property (d) we obtain that the maximum number of invariant
lines for a degree d foliation is 3d. This bound is attained, even if we restrict to real
foliations and real lines, as the Hilbert modular foliation of degree 5 described in
Section 5.4 shows.

One can also define the inflection divisor for an arbitrary k-web W on P?. One has
to consider the surface Syy C PTP? naturally associated to W; and take the tangency
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locus T of S)y with the foliation on PTP? induced by the lifting of all the lines of P2.
The inflection divisor of W can be then defined as 7, T, where 7 : Syy — P? is the
natural projection. Since we will not use it in what follows, we will not provide more
details but instead redirect the interested reader to [5, Example 2.13]. Here we will
just mention that it is a divisor of degree k? + (2d — 1)k + d.

Let C be an irreducible curve contained in the support of the inflection divisor
I(F) of F. If C is F-invariant then C is a line and the corresponding point on the
dual projective plane is a singular point for Leg F. If instead C is not F invariant
then the image of C' under the Gauss map of F is a curve D of the dual projective
plane P2. In general D is not invariant by Leg F. When it is invariant one has strong
implications in the geometry of F as is stated below.

PRroOPOSITION 3.2. If D is Leg F invariant then we are in one of the two following
cases:
1. The curve D is a line in P? and the tangent line of F at a generic point p of
C is the line joining p and the point of P2 determined by the line D;
2. The curve D C P2 is not a line, its dual curve D C P? is F-invariant and
the tangent line at a generic point of it is tangent to F at some point of C.
Moreover at a neighborhood of a generic point of D the Legendre transform
of F decomposes as the product of foliation tangent to D and a (d — 1)-web
transverse to D.

In particular, for webs on the projective plane of degree one, on each irreducible
component C' of the discriminant which is not a straight line, the multiple directions
can not be tangent to C' at generic points.

Proof. If D is a line invariant by Leg F then the point p € P? determined by it
must be a singular point of F. Moreover, since D is the image of C under the Gauss
map of F the generic line through p must be tangent to F at some point of C.

If D is not a line then tangent lines of D determine the dual curve D C P2. It is
clear that D must be F-invariant, and as not every point of D is an inflection point,
over a generic point of D only one of the tangent lines of Leg F is tangent to D. O

Besides the components of A(LegF) determined by the inflection divisor of F
there are also the ones determined by singularities of F.

3.2. Singularities versus invariant lines. If p € P? is a singularity of a foli-
ation F then the line determined by it on P? must be invariant by Leg F. The dual
line of a general singularity p will not be contained in the discriminant of Leg F. This
will be the case if and only if the tangency at p between F and a generic line through
p has order at least two or I(F) contains a non invariant irreducible component of the
tangency locus between F and the pencil of lines through p. This last eventuality does
not occur when considering convex foliations. One can promptly verify that the first
eventuality holds if and only if the singularity has zero linear part or if its linear part
is a non-zero multiple of the radial vector field. Singularities in the latter situation
will be called radial singularities. Note that these, by definition, have non-zero
linear part.

Although any two radial singularities are locally analytically equivalent by a clas-
sical theorem of Poincaré, they may behave distinctly under the Legendre transform.
The point is that a generic line through a radial singularity has tangency with the foli-
ation of multiplicity at least two but it may be bigger. If we write X = ¢, R+X,+h.o.t.
with ¢,(0,0) # 0 and X, homogenous of degree v and not proportional to R then
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the generic line through zero has tangency of multiplicity v at zero with the foliation
determined by X. In this case we will say that the radial singularity has order v — 1.
Radial singularities of order one, will be also called simple radial singularities.

PropoOSITION 3.3. If s is a radial singularity of order v — 1 of a foliation F
then at a neighborhood of a generic point of the line £ dual to s the web Leg F can be
written as the product Wy W Ws, where Wy is an irreducible v-web leaving ¢ invariant
and Wh is a web transverse to £. Moreover, still at a neighborhood of a generic point

of £,
A(Leg F) = (v — 1)+ AWs).

Proof. By using (4), if s = (0,0) is a radial singularity of order v — 1 of F then

F(p,q;x) = q+ai(p,q)gz + - + ap—1(p, ) gz ' + a,(p, @)z + - - - + aq(p, )27,

with a,(p,0) #Z 0. By applying Weierstrass preparation theorem we can write

F(p,q;z) = Up, ¢;2) (2" — q(@v—1(p, )"~ + -~ +ao(p, q)),

where U(p, 0;0) # 0. Hence, Leg F = W; KW, near the generic point of £ = {g = 0},
where W is a (d —v)-web transverse to £ and ¢ is totally invariant by W;. Lemma 2.5
implies that W, is irreducible and A(W;) = (v — 1)¢. O

Let r;(F) denote the number of radial singularities of a foliation F having order
i. As the discriminant of a d-web of degree 1 has degree (d+ 2)(d — 1) the proposition
above has the following consequence.

COROLLARY 3.4. If F is a foliation of degree d then

S ien(F) < (d+2)(d-1).

%

Combining Theorem 1 with the previous consideration we obtain a characteri-
zation of flat 3-webs of degree 1 satisfying some conditions. If C' is a non invariant
irreducible component of the inflection divisor of a degree 3 foliation F on P? then we
consider the curve C* consisting of those points ¢ for which there exists p € C' such
that tang(F,T,F) = 2p +q.

PROPOSITION 3.5. Let F be a degree 3 foliation on P? with reduced inflection
divisor I(F). A necessary condition for Leg F being flat is that for each non invariant
irreducible component C of I(F) we have that C* is invariant by F. Moreover, if all
the singularities of F have non zero linear part, this condition is also sufficient.

Proof. First we will prove that for each non invariant irreducible component C
of I(F), K(Leg F) is holomorphic along D C A(Leg F) if and only if C* is invariant
by F, where D is the image of C' by the Gauss map of F. The reducedness of I(F)
implies that in a neighborhood of D we can decompose Leg F = Wi K Ws, where Wy
is a 2-web with discriminant D and W is a foliation transverse to W,. By Theorem 1,
the curvature of Leg F is holomorphic along D if and only if D is invariant by either
Wy or by By, (W1) = Ws. In the first case, we are in the eventuality (1) of Proposition
3.2 and consequently C is a singular point of F. In the second case, C* is contained
in the envelope of the family of lines {T,,F,p € C} and consequently it is invariant
by F.
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Secondly, if all the singularities of F have non zero linear part then A(LegF)
only contains the previous considered components D and the dual lines ¢ to radial
singularities of order v — 1 € {1,2}. By Proposition 3.3, we can decompose Leg F =
W, K Ws_,, in a neighborhood of ¢, with ¢ totally W,-invariant and Ws_,, transverse
to £. From Proposition 2.6 we deduce that K (Leg F) is holomorphic along ¢. O

4. Duals of convex foliations are flat. Convex foliations are those with-
out inflection points along the leaves which are not straight lines, i.e. those whose
inflection curve is totally invariant (a product of lines).

4.1. Singularities of convex foliations.

LEMMA 4.1. Let F be a convex foliation on P2. If the inflection curve of F is
reduced then the singularities of F have non-nilpotent linear part.

Proof. Let p be a singularity of F with nilpotent linear part. Throughout we will
assume that p = (0,0) € C?. If X is a polynomial vector field inducing F, decompose
itas X = X1+ Xo + ...+ Xi where X, is a vector with polynomial homogeneous
components of degree 1.

The lemma will follow from a simple analysis of the first non-zero jet at the origin
of the polynomial

X(x X
100 = (340 4 )

which defines the inflection curve of F in C2. The key observation is that under the
hypothesis of complete invariance and reduceness of I(F), the directions determined
by the first non-zero jet of I(X) determine the F-invariant lines through p.

Let X; be the first non-zero jet of X. The F-invariant lines through the origin
must be invariant by X;.

If X; is not proportional to the radial vector field R then the F-invariant lines
through the origin are contained in the zero locus of X;(y) —yX;(x). Therefore there
are at most ¢ + 1 of them. If we write down the homogeneous components of I(X),
we promptly realize that

1(X) = X,(2)X2(y) — Xi(y) X2(2) + hoot

In particular, the algebraic multiplicity of I(X) at 0 is at least 3i—1. But 3i—1 > i+1
unless ¢ = 1. When this is the case, X7 (y)—y X1 (x) cuts out the eigenspaces of matrix
DX;. The reducedness of I(F) excludes the possibility of a nilpotent linear part.

It remains to treat the case where X; is a multiple of the radial vector field. Let
now X, for some j > 7, be the first jet not proportional to R. Now the F-invariant
lines are in the zero locus of X ;(y) — yX;(x). Thus there are at most j + 1 of them.
On the other hand, all the jets of I(X) of order strictly smaller than 2i 4+ j — 1 are
zero. Hence, the reducedness of I(F) ensures that the number of F-invariant lines
through 0 is at least 2 +j — 1. As before, 2i+j —1 > j+ 1 unless i = 1. This settles
the lemma. O

4.2. Flatness of reduced convex foliations. We are now ready to prove The-
orem 2. We restate it thinking on reader’s convenience.

THEOREM 4.2. The dual web of a reduced convex foliation is flat.

Proof. As we have seen in §3.1 and 3.2 the discriminant of the web dual to a
foliation F is composed by the dual of its inflection curve and lines dual to some of
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its singularities. If F is convex and has degree d then the inflection curve is entirely
composed by 3d invariant lines and hence its dual is a finite number of points. Hence
A(]:' ) is a product of lines corresponding to some of the singularities of F.

As explained in §3.2, the only singularities of F that contribute to the discriminant
of F are those with zero or radial linear part. Lemma 4.1 excludes the case of zero
linear part. Let us analyze a radial singularity s of order v of F. The dual line § C P?
is contained in the discriminant of F. Proposition 3.3 implies that we can decompose
locally F = W; X W, near S, where Wi is an irreducible v-web leaving § invariant
and Wy is a (d — v)-web transverse to 3. We claim that W, is regular near 3, i.e.
through a generic point of § we have (d — v) different tangents lines to W;. Indeed,
the tangent lines to F are the dual of the tangency points of F with a generic line
through s. This tangency locus is composed by s itself with multiplicity v and other
d — v points. If two of these points would coincide then we would have an inflection
point of F on a non invariant straight line, which contradicts the convexity of F. By
applying Proposition 2.6 we deduce that the curvature of F is holomorphic along 3.
Since s is an arbitrary radial singularity of F, the 2-form K (.7:" ) is holomorphic on the
whole P2. But P? does not have holomorphic 2-forms, and therefore the curvature of
F vanishes identically. O

5. Examples of convex foliations. In this section we exhibit some examples
ensuring that Theorem 2 is not versing about the empty set. We start by describing an
infinite family of convex foliations — the Fermat foliations —, showing their birational
invariants, and studying the algebraization of its elements. Next we describe three
sporadic examples: the Hesse pencil H4, the Hilbert modular foliation Hs, and Hr a
foliation of degree 7 sharing with H, twelve invariant lines.

5.1. Fermat foliations. Let d > 2 be an integer. Consider the foliation G4
determined by the rational function

gq: P? -5 P!
gd=1 _ gyd-1
(I Yy Z) — W .
The rational function g4 has three singular fibers g;l(()), g;l(oo), g;l(l) which are
products of (d — 1) lines, and every other fiber is isomorphic to the Fermat curve of
degree d — 1. The foliation G4 has degree 2d — 4.

Consider now the standard Cremona involution ¢ : P? --» P2 o(z : y : 2) =
(x=t:iy=t:27Y) = (yz : w2 : 2y). Define F, as the pull-back of G4 by ¢. Thus Fy is
determined by the rational function

NA=1 _ (gy)d—1  pd—1(yd—1 _ 4d—1
oy =ty = SR 2oy

Each of the fibers f;(0), f; ' (c0), f; ' (1) is a product of d — 1 reduced lines and one
line with multiplicity d — 1. The degree of Fy is equal to 4(d — 1) =2 —-3(d—2) =d
according to Darboux’s formula [10]. Since Fy leaves invariant 3d lines it follows that
it is a convex foliation.

If 74 : S — P? is the blow-up at the (d— 1)2 base points of g4 then gy = gqomy is
an isotrivial fibration and the foliation 7;F4 is completely transverse to the smooth
fibers of gg.
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REMARK 5.1. If F is a foliation on a projective surface S and F in S is any
reduced foliation birationally equivalent to JF, then the foliated genus of F is defined
in [15, 16] as
]‘ * 7= * 7= *
9(F) :=x(0g) + §T F-(T"F® K%).

If the morphism 7y : Sy nd P? corresponds to the blow-up of the radial singulari-
ties of Fy4 then the foliation Fq = 7 Fy is such that (cf [15, Example 3.5.1])

— d(d+1 —d? +5d -8
o(F) = gFa) = LD g1y g = SIS
and in particular
lim g(Fq) = —o0,
d—oo

showing that there is no lower bound for the foliated genus of holomorphic foliations.
This answers a question raised in [16].

5.2. Algebraization of ;. The d-webs F,; are not only flat but also algebraiz-
able. Indeed they belong to bigger family of algebraizable webs that we now proceed
to describe.

Given (p, q) coprime integers with ¢ > 0, we define Fp/q as the ¢%-web induced
by

q q
P 2imtm P
wp/q:H (ziat+e @ yiB+te
=1

n=1m

2iTtn P

q z?fy),

where a, 8,7 are the homogeneous 1-forms introduced in (3). It has degree d where,

_ pqg if p>0
(6) d{ —2pq if p<O.

When ¢ = 1, we recover the 1-webs (foliations) Fy.
Given (p, q) coprime integers as above, define the triangular-symmetric curve (the
terminology is classical, see for instance [6]) of type (p,q) as follows:

It follows from ged(p, q) = 1 that I/, is irreducible. More informally we can think

of I, /4 as the curve cut out by the algebraic function aP/1 4 yP/a 4 zP/a,

For e € Q*, let us consider the correspondence (multi-valued algebraic map)
he : P2 ——5 P? given by

&€

he(z:y:z)=(x°:y°:2%).

PropoSITION 5.2. The following assertions hold true:
(a) If e = =L then h*F(p/q) is an algebraic web (the product of ¢* pencils of

a-p
lines);
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(b) If e = ﬁ then hiLeg(F(p/q)) = Leg(F(p/q)). In particular the dual of
F(p/q) is an algebraizable d-web, where d is given by (6).

Proof. The proof is a blind computation. First notice that

Ma=c@z) "o,  hB=c(az)f'B,  hiy=-c(ay) .

Then, for ¢ = p one has the following identity:
2 1“22 i i
hiwyq =€t (zyz)a—r H H a+e 5‘1‘6 O 7)
m=1n=1

which implies (a).

Similarly, for e = Lq, one has

pa? M P inm irn P
hiLeg(F(p/q)) = e?¥(xyz)> H H(oﬁ e TR 4 ety

m=1n=1

= ePU(zyz)ra iLe g(F(p/q))

)

which implies (b). O

5.3. Hessian pencil of cubics. Every nonsingular cubic in P2 is projectively
equivalent to one defined in projective coordinates (z : y : z) by

Fo(z,y,2) = 2° +9° + 2% — 3azyz , where o € C and o® # 1.

If H(F) denotes the Hessian determinant of F' then a direct computation shows that
the solutions of F,, = H(F,) = 0 do not depend on a € C\ {z|2® = 1}. The solutions
corresponds to the inflection points of F,, and there are nine of them. These nine
points lie on 12 projective lines which are the four singular cubics described by the
parameters o = 1 and o = oo.

Consider the foliation H4 induced by the projective 1-form w = fdg — gdf where
f=23+v3+ 23 and g = 3zyz. It has degree 4 and 12 invariant lines. The radial
singularities of w corresponds to the inflection points of F,. Through each of them
passes four invariant lines, and therefore they all have order two.

If 0 : S — P? is the blow up of P? on these radial singularities then o*Hy is a
reduced foliation and its cotangent bundle is Og(C) where C is the strict transform
of one of the cubics of the pencil. It follows that kod(H4) = v(H4) = 1.

The dual of H, is a 4-web of degree 1 with discriminant divisor supported on the
union of the nine lines of P2 dual to the radial singularities of H4. Since they are all
radial singularities of order two, each of these lines appear in the discriminant divisor
with multiplicity two.

For any 4-web W on a complex surface S we can consider the meromorphic map
j : S --» P! which sends a point p of S to the j-invariant of the four tangent directions
of W at p. Recall that the j-invariant is the unique analytic invariant of four unordered
points of PL. It is for unordered points what the cross-ratio is for ordered points.

The property of the discriminant of LegH, alluded to above implies that the
j-invariant of Leg H4 is identically zero. Indeed, for any web the j-invariant has polar
set contained in the discriminant. But, it is well known, that the j-invariant of 3p + ¢
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with p # ¢ is zero. Hence the j-invariant of Leg H4 is a meromorphic function on P2
without poles and equal to zero when restricted to a number of lines. Hence it must
be identically zero.

We can apply the proposition below to deduce that Leg H4 is a parallelizable, and
consequently an algebraizable, 4-web.

PROPOSITION 5.3. Let W be a germ of smooth 4-web on (C2,0). If the j-invariant
of W 1is constant then

K(W) =4K(W')

where W' is any 3-subweb of W. Moreover if K(W) =0 then W is parallelizable.

Proof. Since W is a germ of smooth 4-web it is the product of k£ distinct foliations
Fi,...,F4 which we will assume to be defined by 1-forms wy,...,ws. We can further
assume that wy; +wy + w3z = 0.

The j-invariant of W is constant if and only if a holomorphic multiple of w4 can
be written as a linear combination of w; and ws with constant coefficients. Thus we
can assume wy = Awi + pwe where A, u € C. This is sufficient to show the existence
of a unique holomorphic 1-form 7 satisfying

dw; =n A w;

for every ¢ = 1,...,4. Its differential is the curvature of any 3-subweb of W. Hence
K(W) =4K(W') as wanted.
If K(W) =0 then 7 is closed and so are the 1-forms §; = exp (f 77) w;. The map

e ([ 2

conjugates the 4-web W to the 4-web defined by the levels of the linear forms x,y, x +
Yy, Ax + py. Hence K(W) = 0 implies W parallelizable. O

REMARK 5.4. An analogous result holds for k-webs (k > 4) if one assumes that
the j-invariant of any 4-subweb is constant. The proof is the same.

5.4. Hilbert modular foliation. Our next example was studied in [15]. It is
Hs, the degree 5 foliation of P? induced by the following 1-form on C?:

(2® = 1)(a® — (V5 —2)*)(x + VBy)dy — (v* — 1)(y* — (VB — 2)*)(y + V5a)dx .

It leaves invariant an arrangement of 15 real lines that can be synthetically described
as follows. Consider the icosahedron embedded in R3 with its center of mass at the
origin. Use radial projection to bring it to the unit sphere S2. On the quotient P%
of S2 by the antipodal involution, the 30 edges of the icosahedron will become 15
line segments. The corresponding line arrangement, more precisely an arrangement
isomorphic to it, is left invariant by Hs.

The foliation H5 has 10 radial singularities of order one, coming from the centers
of the 20 faces of the icosahedron, and 6 radial singularities of order three, coming
from the twelve vertices of the icosahedron.

It has negative Kodaira dimension, and numerical Kodaira dimension equal to
one. See [15] for a thorough discussion.
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Theorem 2 implies that the Legendre transform of H;5 is flat. A computer-assisted
calculation shows that its linearization polynomial [8] has degree four (see remark
below), and hence it is not linearizable, and in particular it is not algebraizable.
Indeed we do believe that Leg(Hs) has no abelian relation at all, but so far we do not
have a proof.

REMARK 5.5. The linearization polynomial is not intrinsically attached to a web,
one has to choose local coordinates and write it as an implicit differential equation.
The claim about its degree means that in suitable coordinates it has degree four.
Anyway this is sufficient to ensure the non-linearizability of the web.

5.5. Degree 7 foliation invariant by the Hessian Group. The group of
symmetries of the Hessian configuration of 12 lines was determined by Jordan as a
subgroup of PSL(2,C) of order 216. It is generated by projective transformations
of order 3 which leave one of the 12 projective lines pointwise fixed. It also contains
nine involutions which fix nine invariant lines. Together with the twelve lines of the
Hessian arrangement these nine lines form an arrangement of 21 lines, which we will
be called the extended Hessian arrangement, following [18].

It is possible to prove that the degree 7 foliation H7 given in affine coordinates
by

(z® = 1)(2® + 7y® + )20, + (y° — 1)(y° + 72° + 1)y0,

is invariant by the Hessian group and leaves invariant the extended Hessian arrange-
ment of lines.

It is tangent to a pencil of curves of degree 72. Except for three special elements,
the generic member of the pencil has genus 55. The special elements are:

1. a completely decomposable fiber, with support equal to the extended Hesse
arrangement. The 12 irreducible components appearing in the original Hesse
arrangement have multiplicity 3, while the remaining 9 appear with multi-
plicity 4;

2. a fiber of multiplicity three, with support equal to an irreducible curve of
degree 24 and genus 19;

3. afiber of multiplicity two, with support equal to an irreducible curve of degree
36 and genus 28.

These claims have been verified with the help of a computer.

The foliation H7 carries 21 radial singularities: 12 with multiplicity 3, and 9 with
multiplicity 4. It has Kodaira dimension and numerical Kodaira dimension equal to
two.

Theorem 2 implies that the Legendre transform of H7 is also flat. Its lineariza-
tion polynomial [8] has degree six and, as the Legendre transform of Hs, it is not
algebraizable. In contrast we do know that Leg(H7) has at least three linearly inde-
pendent abelian relations coming from holomorphic 1-forms on a ramified covering of
P! (Klein’s quartic) but we do not know what is the exact rank of it.

6. Deformations of radial singularities and convex foliations. The re-
maining of the paper is devoted to the proof of Theorem 3. The starting point is the
following result which guarantees the persistence of simple radial singularities when
we deform a reduced convex foliation in such a way that its Legendre transform is
still flat.
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THEOREM 6.1. Let F¢ be a small analytic deformation of foliations of degree
d > 2 on P2. Suppose that s° € P? is a simple radial singularity of F° and assume
that the tangency locus between F° and the pencil of lines through s° does not contain
any non-invariant irreducible component of I(F°), for instance this is the case if F°
is convez. If the dual webs Leg F* are flat then there exists an analytic curve € — s°
such that s¢ is a simple radial singularity of F¢.

Proof. Since the tangency locus between F° and the pencil of lines through s°
does not contain any non-invariant irreducible component of I(F°) it follows that
the dual web F° decomposes at a neighborhood of a general point of C° ( the line
dual to s ) as WY K WY_,, where WY _, is a smooth web transverse to C°. Taking
an affine chart (z,y) in P? such that s° = (0,0) and the corresponding affine chart

d
(p,q) in P2, we have that F° is given by F'(p,q;z) = 3 a¥(p,q)z’ = 0 with q|a!
i=0
for i = 0,1 and ¢ Ja$, so that CY = {q = 0} is a reduced invariant component of
A(F?). By continuity, there exists an irreducible component C¢ C A(F¢) deforming
C°. By Corollary 1, locally F¢ = W5 KW5_, and C° = A(Wj) is invariant by Ws.
Thus, eventuality (2) of Proposition 3.2 is not possible and C° must necessarily be a
straight line in P2, dual of some point s¢ € P2. Since 3 is invariant by F¢ we deduce
that s® must be a singularity of F¢. Taking into account the discussion of section 3.2
we obtain that s¢ is a radial singularity of F¢. Taking affine charts (p., ¢c) in P2 such
that C° = {g. = 0} we can present F¢ by an equation

F psa‘]e;ze Za pe;‘kx =0,

where ¢.|a5 for i = 0,1. By continuity, ¢. Ja$ if € is small enough. Therefore, F*¢ is
given by a vector field

68(1‘58335 + yaaye) + X2€ +ee

where X§ is an homogeneous vector field of degree 2 in the variables (zc,y.) not
collinear with x.0,_ + y-0,. because this is so when € = 0. Notice that for small ¢ we
have that ¢§ # 0 if ¢} # 0. O

COROLLARY 6.2. Let F¢ be an analytic deformation of the foliation FO := Fy,
d >3, such that F¢ is flat for all e = 0. Then F* has at least (d — 1)? simple radial
singularities.

Proof. Let p1,...,p@—1)2 be the singularities of Fy defined by il — il =
=l — 2471 = gd=1 _yd=1 — () Since through each of them there are only three
Fg-invariant lines, the convexity of F; implies that each of these singularities is radial
of order one. Theorem 6.1 implies the existence of (d — 1)? simple radial singularities

for F¢. O

7. Rigid flat webs I: the rational case. In this section we will study the
deformations of F3, the next section will be devoted to the deformations of F, for
d> 4.

THEOREM 7.1. The closure of the orbit by Aut(P?) of the dual web of the foliation
F3 is an irreducible component of the space of flat 3-webs of degree 1.

The foliation F3 : (2° — :E) +(y® — Y) 5o 6 has 6 hyperbolic singularities, 4 radial
singularities of order 1 and 3 radlal smgularltles of order 2. The dual of each radial
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singularity of order 1 of F3 is an invariant reduced component of the discriminant of
the dual web F3. The main ingredient in the proof of Theorem 7.1 is the stability of
radial singularities of order 1 given by Theorem 6.1.

7.1. Flat deformations of F3 are Riccati. Let G be a foliation tangent to a
pencil of rational curves on P?, and let p : S — P2? be a morphism for which p*G is
a fibration 7 : S — P!. We will say that a foliation F is Riccati with respect to G if
p*F has no tangencies with the generic fiber of m. In these circumstances there exists
a Zariski open set U C P! such that every fiber over a point of U is transverse to p*F.
Moreover, once a base point b € U is chosen, there is a natural representation

¢ m (U, b) — Aut(n (b)) ~ Aut(P')

called the monodromy representation, obtained by lifting paths in U along the leaves
of p*F.

LEMMA 7.2. The foliation F3 is Riccati with respect to F_1. The open set U can
be taken equal to the complement of 3 points in P!, and the monodromy representation
is a morphism from the free group with two generators onto a subgroup of Aut(P!)
isomorphic to Zo X Zs.

Proof. Notice that F_; is the pencil of conics through the points [£1 : +1 : 1].
Let p : S — P2 be the blow-up of these four points and Ej, ..., E4 be the exceptional
divisors. The foliation p*F3 has cotangent bundle isomorphic to

T*p*]'-g = p*T*]'-g X Os(*El — .. = E4) = p*0p2 (2) ® Os(fEl — .. = E4)

and the strict transform C' of a conic through the four p(E;) is defined by a section
of the same line bundle. On the one hand,

(T*p*Fs)> =T*p*Fs-C = C? =0.

On the other hand, T*p*F3 - C = C? — tang(p* F3,C) for any curve C not invariant
by p*F3 according to [2, Proposition 3, Chapter 3]. It follows that tang(p* F3,C) = 0.
Hence F3 is Riccati with respect to F_1.

The fibers of the fibration 7 : § — P! determined by F_; which are not completely
transverse to p*F3 are precisely the three singular fibers of 7. On P2 they correspond
to the six invariant lines of F_; which are also invariant by F3. The other three
F3-invariant lines intersect a curve of the pencil of conics in two distinct points away
from the base locus. They correspond to orbits of order two of the monodromy
representation. The generic leaf of F3 is a quartic with smooth points at the base
locus of the pencil of conics. Hence its strict transform intersects C at four distinct
points. It follows that the image of the monodromy representation has order four.
Putting all together we deduce that the image of the monodromy representation is a
subgroup of Aut(P!) conjugated to the one generated by x — —x and x +— z~1. 0

LEMMA 7.3. Let F¢ be an analytic deformation of the foliation F° := Fs such
that F¢ is flat for all e = 0. Then there exists a family ¢° of automorphisms of P2
such that (9°)*F¢ is a Riccati foliation with respect to F_1. Moreover the tangency
between (g°)*F¢ and F_1 is equal to the siz Fa-invariant lines.

Proof. Let F¢ be an analytic deformation of the foliation F° := F3 such that F¢
is flat for all € ~ 0. Since the 4 radial singularities of order 1 of F° are in general
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position, and they are stable by deformation by Theorem 6.1, we can assume that the
four points (£1, £1) are also radial singularities of F= of order 1. As in the previous
lemma one can show that F¢ is Riccati with respect to F_;. Moreover, as a line
through a radial singularity p of F¢ has local tangency of order at least two, the
six lines joining the four points (+1,41) must be invariant by F°. As they are also
invariant by F_; they must contained in tang(F®, F_1). Since the tangency divisor
of foliations of degree d; and ds has degree dy + dz + 1, the lemma follows. O

7.2. Proof of Theorem 7.1. On the one hand F* is a transversely affine foli-
ation because its dual is flat, on the other hand Lemma 7.3 implies F¢ is a Riccati
foliation. According to a result of Liouville, see for instance [12], a Riccati foliation is
transversely affine if and only if there exists an invariant algebraic curve generically
transverse to the fibration. Consequently the monodromy of ¢ must have a periodic
orbit.

Suppose one of the generators of the monodromy of F¢, say the one deforming
x +— —uz, has non constant conjugacy class. We can assume that it takes the form
x +— —A(e)z for some germ of non constant holomorphic function A. Since the only
points of P! with finite orbit under x +— —\(¢)x for generic € are 0 and +oo, the other
generator of the monodromy, in this same coordinate for P!, must be of the form
x +— p(e)z~?t for a suitable germ of holomorphic function p. But these are clearly
conjugated to x — x~!. Therefore the conjugacy class of the local monodromy around
at least two of the three invariant fibers do not vary. Consequently the analytical type
of the singularities of F¢ on these fibers are the same as the ones for F3. In particular
F¢ has at least two extra radial singularities, and the line ¢ joining them is invariant
by it.

Consider now the inflection curve of F¢. If it contains an irreducible component
D which is not F*¢-invariant then, by applying Proposition 3.5, either (a) the tangents
of F¢ along D intersect at a singular point of F¢; or (b) the tangents of F*¢ along D
are also tangent to a F-invariant curve DL of degree at least two.

If we are in case (a) then there exists a singularity p of F¢ for which the tangency
divisor of the pencil of lines £, through p and F vanishes along D with multiplicity
two. Since this holds for every € # 0 small, it follows that F5 has a singularity p
for which the tangency between F3 and L, the radial foliation singular at p, is a
non-reduced divisor T" of degree 4. As through the radial singularities of F3 passes
three distinct invariant lines, p cannot be radial. If p is a reduced singularity then T’
would have support at two invariant lines through p and a non-invariant line. As the
tangency locus between F and £, must contain all the singularities of 7 and each
invariant line contains exactly 4 singularities, the non-invariant line would contain 6
singularities of F. This leads to a contradiction, a non-invariant line contains at most
3 singularities, which shows that situation (a) is not possible.

If we are in case (b) then D™ is a F*-invariant curve distinct from ¢ and the six
F_i-invariant lines. Hence its strict transform is invariant by p*F and it is generically
transverse to the fibers of the fibration defined by F_;. It follows that the monodromy
group of p*F has two distinct periodic orbits. Consequently A(e) must be constant
and the analytical type of the singularities of ¢ do not vary with €. At this point
we can see that F*© has 7 radial singularities and share with F3 the same 9 invariant
lines. In particular the tangency of F3 and F¢ has degree at least 9. To conclude one
has just to observe that the tangency divisor between two distinct degree 3 foliations
has degree 7. O
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8. Rigid Flat Webs II: Elliptic and Hyperbolic cases. We will now prove
Theorem 3 when d > 4. Indeed, according to Corollary 6.2, more will be done as we
will characterize deformations of F for which the (d — 1)? radial singularities of order
one persist. For d = 4 there is a pencil of foliations with this property. This pencil
has been studied before by Lins Neto in [11]. Our result below shows that there are
no other non-trivial deformations up to homographies.

THEOREM 8.1. Let F5, € € (C,0) be a deformation of the Fermat foliation
Fa. If each F§ has 9 radial singularities then there exists a family of homographies
he € PGL(3,C) and an analytic germ f : (C,0) — (C,0) such that h:F5 is defined by
the family of vector fields Zo + f()Z1, where Zy = (z3 — 1)x0, + (y> — 1)y0y defines
Fy and Zy = (23 — 1)y?0, + (y3 — 1)29, defines the Fermat foliation F_.

Using a Maple script by Ripoll we verified that every element of this pencil of
degree 4 foliations give rises to a flat 4-web of degree one and that the generic element
of the pencil is not algebraizable, unlike Leg(F_2) and Leg(F4). Indeed there are only
8 algebraizable elements in the pencil, four of them isomorphic to F4 and the other
four isomorphic to F_o. It would be nice to give a geometric proof of these facts.

When d > 5, the foliation F,; does not admit non-trivial deformations preserving
the (d — 1)? radial singularities of order one.

THEOREM 8.2. Let F5, € € (C,0), be a deformation of the Fermat foliation
Fa, d > 5. If each F5 has (d — 1)* radial singularities then the deformation is
analytically trivial, i.e. there exists a family of homographies he € PGL(3,C) such
that F5 = htFq.

LEMMA 8.3. If a polynomial F(x,y) of degree < d belongs to the ideal generated
by 971 — 1 and y?=! — 1 then there exist affine polynomials a(z,y) and B(x,y) such

that F(z,y) = o(w, y)(@~" = 1) + Bla,y)(y*" - 1).

Proof. Let o/, ' be polynomials such that F' = o/ (24! —1)+ ' (y?~* —1). Define
m = max(deg o, deg 8’) and consider the homogeneous part o, of o’ of degree m. If
n >d—1then y" = (y*! — 1)gn(y) + rn(y), deg(r,) < d — 2. Thus, there exists a
suitable polynomial x such that the homogeneous part a,, of a = o/ + Ii(ydil —1) of
degree m is of the form

Ay, = Oém,oxm + amylmmfly + -+ am,d72lﬂm7d+2yd72.
Change o by aand 3’ by 8 = ' —k(z?~1 —1). If m > 1 then a,, %1+ B,,y? " = 0.
Hence ™% 3,,y%! and consequently 3,, = a,, = 0. O

Proof of Theorem 8.2. Since the first part of the proof also applies to the case
d = 4, we will not restrict to the case d > 5 unless it is strictly necessary.
Write X, = Xo + X1 + 1 X5 + .., a vector field defining Fg, where

Xo = (2 =)0, + (y?" =)0y, X1 = (f +2h)s + (g +yh)dy,

f, g are polynomials of degree < d and h is an homogeneous polynomial of degree d.
Since all the singularities of F; are nondegenerate they are stable. After composing
by a family of homographies of P? we can normalize the deformation F5 so that
{1 :0:0),0:1:0),0:0:1),(1:1:1)} C Sing(F5). This implies that
£(0,0) =¢(0,0) = f(1,1) = g(1,1) = 0 and h(zx,y) = zyh(z, y) for some homogeneous
polynomial A of degree d — 2.
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By assumption, there are (d — 1)? germs of holomorphic maps
pij : (C,0) — P? i,j=1,...,d—1,

such that p;;(0) = (¢%,¢7) and p;;(¢) is a radial singularity of order one for F3, where
¢ is a primitive d — 1 root of the unity. In fact, the only explicit property of Xy that
we will use in the sequel is that

(%) pi;(0) are radial singularities for Xj.

Write pij(e) = pij(0) + e°qij(e). A straightforward computation shows that
if ¢;(0) # 0 then ¢ > k. In fact, we can take ¢ = k with ¢;(0) =
—DXo(pi;(0)) 71 (X1(pij(0))). Since the matrices DX.(p;;(g)) are diagonal (in fact
they are multiple of the identity) we obtain that 0, f + 20yh and 0yg + y0,h vanish
at p;;(0). Hence, there exist polynomials «, §,, d such that

7 Oy f +2*(h+ydyh) = a(z?1 = 1)+ Byt —1)
( ) 6;89 + y2(h+ xé)lh) = ’y(xd_l — 1) + 5(yd—1 _ 1).

By Lemma 8.3 we can assume that «, 3,7 and ¢ are affine. By equating the
homogeneous parts of degree d in (7) we obtain that z%(h+yd,h) = ajz?~ 1+ B1yd—1.
Hence 1 = 0 and 855 = 0. Analogously, 92h = 0 and consequently we have

0 if d>5
(8) { Ary if d =4,

for some \ € C.

At this point we will assume that d > 5. The equality h = 0 means that the line
z = 0 is invariant by the foliation defined by X;. Notice that the initial foliation F9
is invariant under the following automorphism of P?: (z :y: 2) — (y : z : ). Since
the lines x = 0, y = 0, and z = 0 are permuted by this automorphisms we deduce
that the lines x = 0 and y = 0 are also invariant by X;. Therefore z|f and y|g. Since
h =0 and deg(dy f) < d—1, by applying Lemma 8.3 we deduce that «, 3,y and § are
constant. Therefore,

fl@y) = a@ 'y —y) + By /d —y) + fi(x).

Since z|f we have that « = 8 = 0 and f(z,y) = fi(z) = zfi(x). Analogously,
g(x,y) = ygi(y). This means that through the points (1 : 0 : 0) and (0 : 1 : 0)
pass d + 1 lines invariant by X;. By symmetry, the same property must be true for
the point (0 : 0 : 1), so the tangency locus zg(y) — yf(z) = zy(g1(y) — fi(x)) =0
between X; and the radial vector field 0, + y0, is homogeneous. Therefore fi(x) =
az?! + o and g;(y) = By¢~! + B’. Using that f1(1) = ¢1(1) = 0 we deduce that
a=—a =—p"=p,sothat f(r) = a(z? —z) and g(y) = a(y? — y), i.e. X1 = aXp.
Thus, X, = Xo+e*X; + - = (1 + ae®) Xy + 1 Xy + ---. We conclude by an
inductive argument on k. O

Proof of Theorem 8.1. We will use the same notations as in the proof of Theo-
rem 8.2. By (8), h(z,y) = Az?y? and consequently the line z = 0 is not invariant by
X1, but the tangency locus of Xy with 2 =01s2(1:0:0)+2(0: 1:0). Interchanging
the coordinates z,y, z we also deduce that the tangency locus of X7 with = 0 (resp.
y=0)is2(0:1:0)+2(0:0:1) (resp. 2(1:0:0)+2(0:0:1)). This implies that
£(0,y) (resp. g(x,0)) is a constant multiple of 2 (resp. x2).
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From (7) and Lemma 8.3 we deduce that & = 2A\y+ag and 8 = B with ag, 8y € C.
Therefore, f(x,y) = a0x3y+%y4—)\y2+ﬁ($). Since f(0,y) is a constant multiple of
y? we obtain that 3y = ag+ o = f1(0) = 0 and consequently, f(z,y) = xf1(x) — \y>.
Analogously, g(x,y) = yg1(y) — Az?. Since fi(1) = g1(1) = 0, the points p3;(e) =
(1,¢7) mod k*1 (vesp. pis(e) = (¢%,1) mod e**1) belong to the line x = 1 (resp.
y = 1) through (1:0:0) (resp. (0:1:0)). By symmetry, the points p;;(e) = (¢*,¢?)
mod ! belong to the line y = x through (0 : 0 : 1). Therefore f;(z) = a(a® — 1)
and g1(y) = B(y®> — 1). Finally, by imposing that (1,1) is a radial singularity we
obtain that o = 8 and hence

fHah=aw@® 1)+ 2 @®—1),  g+yh=ay@y’ —1)+1’(y* - 1).

Thus, X1 = aZy + A\Z; and X, = (1 + ae¥)Zy + A\e¥Z; + ---. Thanks to (%) we can
iterate this procedure taking as X, the vector field Zy + ek Zq, obtaining that X; is
parallel to Zy + f(g)Z1 for some analytic map f : (C,0) — (C,0). O

9. Questions. In this final section we highlight some of the questions that nat-
urally emerged in our investigation. The first question concerns the classification of
reduced convex foliations. It is a curious fact that all the examples are invariant by
complex reflection groups and the inflection divisor is supported on the arrangement
of the corresponding reflection lines. We believe that the examples presented in Sec-
tion 5 encompass all the reduced convex foliations. As we are not bold enough to
pose this as a conjecture, we instead propose the following problem.

PROBLEM 9.1. Are there any other reduced convex foliations ?

Our second question appeared already in Section 5 and it can be succinctly stated
as follows.

PROBLEM 9.2. Compute the ranks of the webs Leg(#Hs) and Leg(Hr).

The interest is not just on the answer but on the methods used to obtain them.
It is our believe, already conjectured in [13], that the existence of abelian relations
for webs implies that the foliations involved have Liouvillian first integrals. If this is
true then the rank Leg(Hs5) would be zero as it is not a transverselly affine foliation,
see [17]. On the other hand we have no idea how to determine the rank of Leg(H7).
It is not even excluded the possibility of being an exceptional 7-web.

The next problem seems to be very wild in nature, and a complete answer is
probably out of reach already for pretty small values of k£ and d. Nevertheless, due to
the paucity of examples of flat webs and exceptional webs in the literature, the task
seems to be worth pursuing.

PROBLEM 9.3. Determine (some of) the irreducible components of the space of
flat k-webs of degree d on P?, for small k and d.

Every k-web of degree 0, being algebraic, is automatically flat. Therefore
FW(k,0) = W(k,0) for any k > 3. Already for (k,d) = (3,1), the first non-trivial
case, the task of determining the irreducible components of FW(k,d) seems to be
far from trivial. Even very particular instances of the above problem seems to have
interest. For instance, one can ask if Bol’s 5-web, seen as a 5-web of degree 2 on P?,
admits non-trivial flat deformations among the 5-webs of degree 2.

Another particular instance of the problem above concerns the flat webs Leg(F, /)
introduced in Section 5.
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PROBLEM 9.4. Determine the flat deformations of the webs Leg(F,/,) for arbi-
trary relatively prime integers p and gq.

It is an interesting problem already when ¢ = 1 and p < 0. In this case we
are dealing with the Legendre transforms of foliations of degree 2p defined by the
pencils of Fermat curves {\(zPT! — yP1) + p(yPTt — 2PT1) = 0}. We know that there
are deformations of these foliations keeping the (p + 1)? simple radial singularities,
see [23, Example 3.1]. As we have seen in Section 8, Leg(F_2) has non trivial flat
deformations. It is possible that something similar holds true for other negative values
of p.
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