ASIAN J. MATH. (© 2007 International Press
Vol. 11, No. 1, pp. 047-054, March 2007 004
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Define a line bundle E over the Riemann sphere C = CU {00} by gluing together
two copies of C x C using the transition mapping (z,w) — (1/z,iw/z). Since the
square of this bundle is the holomorphic cotangent bundle of C it is reasonable to use
the notation f(z)+/dz for sections of E.

If f(2) is holomorphic on R < |z| < oo then f(z)+V/dz extends to a holomorphic

section of F over R < |z] < oo if and only if f(z) — 0 as z — oo.

A Moébius transformation 7' : z — %idb of C lifts to (a pair of) maps F — F

given by (z,w) (Tz, Vc‘lzd;;cw). Note that the norm

(1) 1E]ly =

ﬂmmw

of a section F' = f(z) Vdz of E over a curve v in C is Mébius-invariant.
Given a smooth Jordan curve v C C and a section F' = f(z)+vdz of E over v
then the Cauchy integral

2 o [ s v YV

271
wey

defines a pair of holomorphic sections Gi,;‘F and G?YutF over the two components ™™

out

and ~°"* of C \ 7 with the property that F is the jump

in ut
b.V.GvF—b.V.Gi F

between boundary values of G;“F and 9" F; moreover, the operators (i‘;“ and " are
completely characterized by this description. (This is a restatement of the classical
Plemelj formula — see for example [Hen, §14.1].)

Since the characterization of (i‘i,Y“F and G?Y‘“F given above is Mobius-invariant it

follows that the operators Gf;l and C3"* are Mébius-invariant. (This can also be checked
1 VdzVdw

by a direct computation verifying that the Cauchy kernel 5— Y222 is Mobius-

invariant.)
We also consider the following Mobius-invariant operators.

*Received August 2, 2006; accepted for publication March 9, 2007.

tDepartment of Mathematics, University of Michigan, Ann Arbor, MI 48109-1043, USA (barrett@
umich.edu).

fDepartment of Mathematics and Statistics, Calvin College, Grand Rapids, MI 49546-4403, USA
(mdb7Qcalvin.edu).

47



48 D. E. BARRETT AND M. BOLT

The Cauchy operator: This is the operator €, mapping sections of E over 7y
to sections of E over v given by the principal value of (2) or by the formula

1 in ou
C F = 3 (b.v. CYF +b.v.C] tF)

[Hen, §14.1].

The Kerzman-Stein operator: This is the operator A, defined as twice the
anti-self-adjoint part of C, with respect to the norm (1); if F' = f(z)Vdz
then A, F is given by

L[ s (TS

2m
wey

-z w—-z

In view of the Mdbius-invariance of these operators it makes sense to try to relate
their properties to Mobius-invariant properties of the curve ~.

Important Mébius-invariant geometric quantities attached to 7 include the fol-
lowing.
(c—a)(d—
(d—a)(c—Db)
v; the cross-ratio satisfies the transformation law

CR(Ta,Tb,Tec,Td) = CR(a,b,c,d).

Cross-ratio: The cross-ratio CR(a, b, ¢,d) = of four points along

Kerzman-Stein “distance”: For z,w € v this is the quantity 6(z,w) given
by the formula

0(z,w) = arg Tz + arg Tyw — 2 arg(w — z)
(3) = Imlog

where T,z and T, w are the forward tangent directions at z and w, respec-
tively.

This is a Mobius-invariant quantity admitting the following Mobius-
invariant geometric interpretation: 6(z,w) is the angle between the circle
passing through z and w and tangent to v at z and the circle passing through
z and w and tangent to 7 at w. (See [KeSt, §7] for a more euclidean geometric
interpretation.)

The definition of 6(z,w) given above doesn’t make sense when z = w
but the approximation (6) below shows that  extends continuously to the
diagonal if we set 0(z, z) = 0.

At first 6 seems to take values in R/(27Z). However, it is easy to check that
0(z,w) = 0 when 7 is a circle, and a deformation argument then shows that
0(z,w) may be uniquely defined as a continuous R-valued function vanishing
on the diagonal.

Note that € is not a metric in general; it can vanish off the diagonal and
can take negative values.

The formula
(4) O(z,w)=7m+ lim argCR(z,w,(,w)

REIN%:
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CAUCHY INTEGRALS AND MOBIUS GEOMETRY 49

shows that # may be viewed as a partial infinitesimalization of the cross-ratio.
(The notations ¢ \, z and w \, w are to indicate that ¢ and w approach z
and w from the forward side.)

(One way to prove the geometric characterization of 6 given above is to
first establish Mobius invariance using (4) above or (9) below and then to
reduce to the case where one of the circles is the extended real axis.)

Schwarzian derivative: The Schwarzian derivative

gy =3 (Y’
o 2\

of a parameterization v, of an arc of y satisfies the following transformation
laws:

(T o) =8V
§(ve0¢) = (87 09) (¢') + 8¢
(5) Im8 (v, 0 ¢) = (Im8y. 0 ¢) - (¢')°,

2

where T is a Mobius transformation and ¢ is a diffeomorphism of real inter-
vals.
The expansions

(6) 0 (1), 7)) = (0~ 1) TS (1) + 0 (fu — 1)
() CR ()7 (8), 7 (1), 7% (1)) = CR(r, £, u,0)
2= ) — )0
+o([t—r*+u—t?+|v—ul?)
() TmCR (1.(r),72(1), 7 (1), 70(0) = 5 (¢~ ) (o~ w) T S7.(1)
+o(ft—rf+u—t]+[v—ul?)

show that the imaginary part of the Schwarzian may be viewed as an infini-
tesimalization of # or as a complete infinitesimalization of the imaginary part
of the cross-ratio.

Inversive arc-length: From (5) we see that /|Im8v.(¢)|dt defines a
parametrization-independent Mobius-invariant 1-form on «. The integral

/\/| T 87, (2)] dt

is called the inversive arc-length of v ([Lie], [Pat], [CaSh], [Mael]).
From (6) we see that the inversive arc-length of v may also be viewed as
the limit of Riemann sums

> /61625, 2j11)l-
5



50 D. E. BARRETT AND M. BOLT

In terms of the euclidean curvature x and arc-length ds, the inversive arc-
length of v may be written as

dr
/\/|dl€d8|—/” = ds.
g g

Inversive curvature: Consider an arc of v on which dk # 0. If we reparame-
terize the arc by inversive arc-length we will have Im 8v.(t) = £1. Since this
parameterization is unique up to precomposition with a translation of R, the
real part of 8. becomes a scalar Mdbius invariant known as the inversive
curvature Kiny of v ([Pat], [Mael], [Mae2]).

Writing euclidean curvature x as a function of euclidean arc-length as
above, the inversive curvature may be written in the form

4(1%/// _ IQQIQ/)I{/ _ 5(1%//)2
Riny =
8(&')3

Our arc can be reconstructed up to post-composition with a Mdbius trans-
formation from the inversive curvature (viewed as a function of inversive
arc-length) by solving the equation

8’7* = &1 + Kiny

[Leh, Thm. II.1.1].
Note that the four-vertex theorem guarantees that our Jordan curves vy will
have at least four troublesome points where dk = 0 (see for example [CaSh,

§3])-

The expansion (6) can be extended to read

0 (7 (1), 7)) = 50— 1) & s 0= 1) e 1) + 0 (fu — 1)

for an arc parameterized by inversive arc-length. Note in particular that
this shows that /|6| will satisfy a local triangle inequality or a local reverse
triangle inequality depending on whether ki, is negative or positive.

Returning finally to the Cauchy integrals we find that the Cauchy kernel

1 VdzVdw
Clzyw) = ——
2T w— 2
restricted to 7y x ~y satisfies
(9) 2arg C(z,w) = 0(z,w) + 7.

(To clarify the meaning of (9), write z = ~v.(t), w = 7«(u); then C(z,w) =
Lim(;)_ W Vdtv/du, and arg C(z,w) denotes the argument of the scalar func-

2mi
tion ﬁim(;)_ VZ’Y:‘(H) To verify (9) note that 2argC(z,w) = argC(z,w)? =

—1 dzdw
arg (w—2)2 )
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The adjoint kernel

1 VdzVvdw
Clw,z) = 5o
2m w—72
satisfies
C(w, z)| = [C(z,w)]

For the Kerzman-Stein kernel

A(z,w) = C(z,w) — C(w, z)

(10) = 2jsin 9(22’11}) e 0EW/2 02 )

we have the following results.

THEOREM 1. The kernel 2m1/6 [A(z,w)C(z,w)| extends to a continuous kernel
on v Xy, the trace of the extended kernel along the diagonal is the element of inversive
arc-length.

Proof. Setting z = 7.(t), w = v«(u) and quoting (6) we have

21/6 |A(z, w)C(z,w)| = 4my /3 [sin @’ |C(z,w)]

= (V)@ Ju — t] + ofu — 1))
O @Vt du
() — ()]

— /Im(8v.)(t)| dt

asu —t. 0O
THEOREM 2. |A(z,w)|? = — 415 tan £ d.d..0.

Proof. Differentiating (3) with respect to z and w and quoting (9) we have
d.d,0 = 87> Tm C(z,w)?

= —8r%sinf(z,w) - |C(z,w)|?.
Combining this with (10) we obtain the theorem. O

THEOREM 3. The Hilbert-Schmidt norm ||A,||5_g = [ |A(z,w)]* equals
Xy
—> [ tangd.d,0.
Xy

Proof. This follows from the previous result by integration. O
THEOREM 4. If the function 0(z,w) takes values in the interval (—m, ) then

1

(11) AT = 52

/ dtp du)

¥XY
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where ¥ = log (sec & + tan §).

Proof. This follows from the previous result using integration by parts and dy =
1 0
5secgdf. O

ExaMPLE. Consider the “stadium domain” obtained by capping a strip of unit
height and length M with two semi-circles of unit diameter.

C )

+ >
M

It is easy to check using Theorem 4 that ||A,||3,_g ~ C - M for M large. The
inversive arc-length of -y, however is zero!

(Actually, this is cheating a bit since v is piecewise C® but not actually C3.
However, 7 can be approximated by C? curves with arbitrarily small inversive arc-
length without any significant change to ||A,||g—s.) O

The example shows that it is problematic to represent ||A.||%_g as the integral
over v of any purely local Mébius-invariant quantity. But ||A||%,_g can be controlled
by a non-local variant of inversive arc-length times a “diameter” factor based on total
variation.

THEOREM 5. Assume that 6(z,w) takes values in the interval (—m, ) and let

Ly = max / (2, )],
zEy

wey
Ly = /max|dz1/)(z,w)|: /max|dw1/1(z,w)|.
wey zey
zey wey
Then
LiL
(12) A NF-s < Ty

Note that L; is the maximum over z € 7 of the total variations of the functions
1/)(25 )
Proof. By (11) we have

1
o5 = 5z [ detbdut

YRy

1
<oy [ maxidol [ lduol

zey wey

1
S W /Ll mu?.X|dz’lb|
zey
_ L1L2. O
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Note that Ly < Lg; thus (12) implies

: 13
(13) 1205 < 53

THEOREM 6. If 0(z,w) takes values in the interval (—m,7) and the quantity Lo
given above is < \/27 then the Szegd projection operator for v is represented by the
sum

(14) O_OO(—1)J' <(37 + %I) Al

J

Proof. By (13) we have ||A,| g—s < 1. The conclusion (14) follows by quoting
Theorem 8.1(a) of [KeSt]. O

Returning to the stadium domains discussed above we find that L; ~ C'log M
and Ly &~ CM for M large. Thus (13) is a factor of M away from being sharp for
this family while (12) is only off by a factor of log M.

See [Bol] for lower bounds for ||A,||z—s.

It would be interesting to know if the quantity Lo has any general utility in
Mobius-invariant geometric analysis.

Note: The current authors are preparing a longer work which will examine the
inversive arc-length in parallel with a number of other invariant arc-lengths such as
the affine arc-length of Blaschke ([Bla], [Buc]).
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