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EDGE OF THE WEDGE THEORY IN INVOLUTIVE STRUCTURES*

ZIAD ADWAN' AND SHIFERAW BERHANU'

Abstract. This paper describes the C°° wave-front set of the boundary values of approximate
solutions in wedges W of involutive structures (M, V) that are not necessarily locally integrable. It
is shown that the C'>° wave-front set of the boundary value is contained in the polar of a certain
cone I'T (W) contained in ®Y N TX where X is a maximally real edge of W. A converse result is
also established.
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1. Introduction. Let M be a C*° manifold and ¥V C CT M a subbundle of rank
n which is involutive, that is, the bracket of two smooth sections of V is also a section of
V. We will refer to the pair (M, V) as an involutive structure. The involutive structure
(M, V) is called locally integrable if the orthogonal of V in CT™*M is locally generated
by exact forms. In [EG] assuming that (M, V) is locally integrable, the authors proved
some microlocal regularity results for a distribution » on certain submanifolds E of
M where u arises as the boundary value of a solution on a wedge W in M with
edge E. These results were expressed in terms of the hypo-analytic wave-front set
developed in [BCT]. In this article we prove some analogous results in the setting
of involutive structures that are not necessarily locally integrable, and for boundary
values of approximate solutions (Definition 2.4) in wedges.

In section 2 we summarize some of the notions from [EG] that we need to state
our main results, Theorems 3.1 and 3.2. Section 3 is devoted to the proofs of these
results. Finally, in section 4 we present a sufficient condition for the existence of
boundary values that is used in the proof of Theorem 3.2.

2. Preliminaries. In this section we will briefly recall some of the notions and
results we will need about involutive structures. The reader is referred to [EG] for
more details.

We assume (M, V) is an involutive structure and the fiber dimension of V equals
n. A distribution f on M is called a solution if Lf = 0 for all smooth sections L of
V. A real cotangent vector o € T7M is said to be characteristic for the involutive
structure (M, V) if o(L) =0 for all L € V,, and we let

0 _ * L. c .
T, = {0 € T, M : o is characteristic for (M,V)}.

Even when V is a line bundle, the dimension of TISJ may not be constant as p varies.
However, when V is a CR structure, that is, VNV = {0}, then TY is a vector bundle.

DEFINITION 2.1. A smooth submanifold X of M is called mazimally real if
CI,M =V, ®CI,X for each p € X.

If X is a maximally real submanifold and p € X, define

V' ={LeV,:RLeT,X}.
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2 Z. ADWAN AND S. BERHANU

We recall the following result from [EG] which is also valid for a general involutive
structure.

PROPOSITION 2.1. (Lemma II.1 in [EG]) VX is a real subbundle of V|x of rank
n. The map

RiE V|X — TM
which takes the imaginary part induces an isomorphism
VX >=TM|x/TX.
Proposition 2.1 shows that when X is maximally real, for p € X, & defines an

isomorphism from V;¥ to an n—dimensional subspace N,, of T,, M which is a canonical
complement to T, X in the sense that

T,M =T,X & N,,.

DEFINITION 2.2. Let E be a submanifold of M, dimg E = k. We say an open
set W is a wedge in M at p € E with edge E if the following holds: there exists a
diffeomorphism F of a neighborhood V of 0 in RN (N = dimg M) onto a neighborhood
U of p in M with F(0) = p and a set Bx T C V with B a ball centered at 0 € R*
and T' a truncated, open convex cone in RN™F with verter at 0 such that

F(BxT)=W and F(Bx{0})=EnNU.
DEFINITION 2.3. Let E, W and p € E be as in the previous definition. The
direction wedge I'y(W) C T, M is defined as the interior of the set

{(0)]c:]0,1) = M is C*, ¢(0) = p, c(t) € W Vt > 0}.
It is easy to see that I',(W) is a linear wedge in T, M with edge T,E. Set

rw) = J T,W).

peE
Suppose W is a wedge in M with a maximally real edge X. As observed in [EG],
since I',(W) is determined by its image in T, M T, X, the isomorphism & can be
used to define a corresponding wedge in V;( by setting
LYW)={LeV)S:SLeT,(W)}.
V . . . X . . . .
L) (W) is a linear wedge in V' with edge {0}, that is, it is a cone. Define also
ITW)={RL:LeTy(W)}.
I'T(W) is an open cone in (RV,) NT,X (see [EG]). Set

rYov) = [J ryw) and T7(W) = [ J TL(W).

peX peX
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DEFINITION 2.4. Let W be a wedge in M with edge a maximally real submanifold
X. We say a distribution f € D'(W) is an approzimate solution if Lf € L} (W) and

loc
Lf(p) = O(dist(p, X)) VI=1,2,3,..,
and for all smooth sections L of V.

Let W and X be as in Definition 2.4, f € D'(W) and u € D'(X). Near a point
p € X let (2/,2"”) € BxT be a coordinate system where B and I' are as in Definition
2.2. We say that f has a boundary value u if at each p and in each such coordinate
system, f is a smooth function on I' with values in D’(B), extends continuously to
U {0} and equals u at z” = 0.

3. Main results and proofs.

THEOREM 3.1. Let (M,V) be an involutive structure, dimg M = m + n, rank of

YV =mn, X CM a mazximally real submanifold, and W a wedge in M with edge X.

Suppose that u € D'(X) is the boundary value of an approxzimate solution f € D'(W).
Then

WF(u) C (T7(W))".

(Here WF (u) denotes the C™° wave-front set of u and (I‘T(W))O denotes the polar
of TT(W) in the cotangent space T*X ).

Proof. Since W is a wedge in M with edge X, in a neighborhood Q2 of a point
p € X, there are coordinates (z,t) = (x1,...,%m,t1,...,t,) vanishing at p so that in
Q

X ={(x,0) : |z| < r} = B,(0),

W =X x T for some open convex cone I' C R}.
Since X is maximally real,
CIM=Crxsv

and so for each j = 1,...,n, there exists a smooth section L; of V ( near 0 ) and
smooth functions a;x(x,t), 1 < j <n, 1 <k < m such that

0 “ 0
= ; — (1<j<n).
Ly = gy + ootz (1<5<n)

Observe that the L;’s are linearly independent over C, and so
V =spanc{L; : 1 <j <n}.
Let
{Z1(2, ), e, Zn (2, 8)}

be smooth functions satisfying the following properties (see [T]): for all N € N there
exists Cny > 0 such that

|L; Zy(x,t)] < Cn |t]Y, and Z(z,0) = 2, for 1 <1< m. (3.1)
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Forl=1,...,m, and (z,t) € Q, we can write

Zl (:67 t) = + Z%Ms(% t)7 (32)

s=1
where (2, t) = (1)(:10 t) —i—zwl ( t), (S and z/Jl real-valued. Set
Z(x,t) = (Z1(x,t), ..., Zm(x, 1)), and A(z,t) = (1/}ij(x7t))1§i§m, 1<j<n -
Then we can rewrite (3.2) in the matrix form
Z(xz,t) =z + Az, t)t.
From (3.1),forall1<j<n, 1<I<m
—a;1(0,0) = t1;(0,0).
Hence, forall1<j<n, 1<I<m
~$a;1(0,0) = {7 (0,0). (3.3)
We have:
V¥ ={L €Vy: RL € TyX} = spang{iL;|o: 1 <j < n}.

Indeed, the above span is contained in V;* and since its dimension over R is n, by
Proposition 2.1, it equals V;*. The direction wedge

To(W) = Zaj%|o+2bja—tj|0;aek bel b ~R™ xT.
j=1 ji=1

Hence,

DY W) ={L eV :SLeToW)} =< ibjLilo:beT ¢,
j=1

and

LEW)={RL:LeTy(W)}
= i@(Z% 006|>:bel“
= zn:bj<21/),(£)00—|>:beF

m n 8
=3 (D 0w20,0) | 5—lo:beTl p  TnX.
= &ck
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Hence,

(T )" = {€ € TyX\{0} ~ R™\ {0} : £ v > 0 for all v € TT (W)}
={£eR™{0}:£-SA(0,0)b>0 forallbeTl}. (3.4)

Therefore, since (FOT(W))O is closed in R™\{0}, we obtain

O ¢ (Fg(W))O & 3 an open convex cone I C T': €% SA(0,0)T < 0. (3.5)
For j =1, ...,n, define the vector fields
Ly =1L; =Y L;jZ(x,t)My,
k=1

where My, ..., M,, are C*° complex vector fields involving differentiation in the z
variables only such that

MpZy =0 foralll<k<m, 1<I<m.
Note that
L;-leo forall1<j<n, 1<I<m. (3.6)
If g(x,t) is any C! function defined in €2, observe that the differential
dg(z,t) = Z Lig(x,t)dt; + Z Myg(x,t)dZy.
j=1 k=1
Hence, if we consider the m-form
w(z,t) = g(x,t) dZ(z,t) = g(x,t) dZy N -+ NdZ (2, 1),
its differential becomes
dw(z,t) = Z Lig(x,t)dt; N dZ(x,t). (3.7)
j=1
Since f(z,t) is an approximate solution of V in W,
VYN € N3Oy >0 |L;jf(x,t)] < COx [t|Y for all (z,t) € W. (3.8)

We also know that

lim / fz, t)p(r) de = (u,p) exists for all p € C§°(X).
I'st—0 Jx

Let n(z) € C§°(R™), n(x) =1 for |z| < r, and n(z) = 0 when |z| > 2r (r small). We

will consider the following FBI transform of nf:

For(t;y,€) = / e =20~y = 200" () £ (2, 1) (det Zy (2, 1)) da.
X



6 Z. ADWAN AND S. BERHANU

where for z € C™, we write (2)? = z§ 4+ --- + 22,. Since the boundary value bf = u
exists, we have

ei& (=)= IElw=2)" 1 (1) (2) da
(Y €)-

Let £ € R™\{0} be such that £° ¢ (I‘OT(W))O. Then, by (3.5), we can get an open
convex cone I' CC T such that

nfoyg

< ><\»

€% - SA(0,0)T < 0.
Fix T € T and let
v(s) =sT for 0 <s<1.
Consider the m-form w(z,t) = g(z,t) dZ(z,t), where
g(z,1) = & W= 2@ e =200 (1) £ (2, 1),

and it is to be understood that y and £ are parameters. We now avail ourselves of

Stokes’ theorem
// dw(x,t):/ w(z,t). (3.9)
y/X O(X x7)

Using (3.7), equation (3.9) becomes

// ZLng tdtj/\dZ(:c,t):/Xw(x,T)—/Xw(x,O). (3.10)

Note that by (3.6),

Lig(z,t) = & (ny(ryt))flél<ny(rﬂt)>2n(I)L;f(I,t)
+ i 2@ )~ ly=Z(@.0)* £ (5 L, 1),
w(z,T) = g(z,T) (det Zy(x,T)) dx
— 2@ D)= 2@ TN ) (2) f (2, T) (det Z, (2, T)) dzr, and
w(z,0) = g(x,0)dx = eig'(y_w)_lgl<y—1>277(a:)u(:c) dz.

Hence, together with (3.10), the above equations imply

Foul )] < \ [ TS0 T) (et Zu(,T))

Q(m,t,y,s)n(x)L;f(x, t)(det Z,(x,t)) dzdt;

Qetwd) f (2, 1) Lin(z) det Z, dwdt; (3.11)




EDGE OF THE WEDGE THEORY IN INVOLUTIVE STRUCTURES 7

where
Q(z,t,y,) =it - (y — Z(x,1)) — €| (y — Z(x,1))°. (3.12)
We have

RQ(x,,y,€) = & SA(z, )t — €] [ly — o + [RA(z, )t]* — [SA(x, )]
—2(y — z, RA(x, t)t)].

Let M > 0 such that
[ A(z,t) — A(0,0)| < M (|| +¢]) for all (z,t) € Q
and so, for all (z,t) € Q:
E-SA(z, )t <&-SA(0,0)t + M €] |t] (|Jz| + |t]) -
Therefore, for some C' > 0,
RQ(z,t,y,€) < & SA(0,0)t + M(|=| + [¢])[t][¢]

2
y—x
roppig - Ly,

Since €2 - (3A(0,0)T) < 0, there is a conic neighborhood C of £€° and ¢ > 0 such that

& (SA(0,0)t) < —2c|t||€] VE e, Vt €.
Hence for r small enough, |x| < r, and |¢| small,
RQ(z,t,y,8) < —clt|]|§] VE€C,Vten.
Thus, there are § > 0, Cy > 0, an open neighborhood @ C R™ of the origin and an

open conic neighborhood C C R™\{0} of £° such that for all t € v and all (y,&) €
OxC:

RQ(r,,9,6) < 1o ll I

We are now ready to conclude the proof. We consider each term in (3.11). Since
f(.,T) is a distribution, and

1
%Q(‘T?Tayué-) S _ZCO |T| |§| 9

for some C,C}, > 0, we have:

[ e D 2 ) ) (et 20, T))

< Ce 7% for all (y,€) € O xC.

Since Lin(x) =0 for |z| < r, the term

//Xeiﬁ'(y—Z(m,t))—\5\(y—Z(m,t)>2L;n(x)f(I,t) (det Z,,(x,t)) dzdt,
~
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has an exponential decay for y near 0 and £ in a conic neighborhood of £y. To estimate
the third term, for N a positive integer,

|§|N/ /Xeig'(y_z(””’t))_‘5‘<y_Z(””’t)>2n(x)L;-f(x,t)d:z:
,

gCI&I”/7

+OI€|N

dt;

dt;

/eiE-(ny(myt))flél<y*Z(I’t)>277(I)LJ'f(Iat)dx
X

e =20 ~lEy= 200 () [ 7, (2, 8) My f (v, t)dr

dt;.
Since f is an approximate solution of the L;’s, we obtain

C e

Y
<CCy [ [ e g o o
vJX

< ' forall (y,€) € O xC.

(& W= Z @) e =2 @0 VL f (e, )|

Since bf = wu exists, so does b (M} f) for all k = 1, ..., m. Hence, after decreasing §, we
can find a positive integer J independent of N such that

Cle™ ei¢ W= 2@~ =2@0) %y () L; 7y, (, t) My f (x, ) der| d

< Ky [N Z/ 3 SHP}DQ{ i€ (y=2 (@) ~IEly=Z(@.0)" )szk(xvt)}’dtj

7 al<J
< K2e—zCo|tH£\ |§| |t|
< C" for all (y,£) € O xC.

Therefore, for each N € N there exists a constant Cy > 0 such that for all (y,¢) €
OxC:

CN
I

This shows that the FBI transform of u, F,,(x, ), has rapid decay in £ for all (z,&) €
O x C. It is well known (see [BH1] for example) that this implies

(0,6°) & WF(u).

|Fou(y, §)| <

This concludes the proof. O

COROLLARY 3.1. (Edge-of-the-Wedge Theorem) Let WT and W™ be wedges in
Q with edge X whose directions are opposite: T',(WT) = —T',(W™). If u € D'(X) is
the boundary value of an approzimate solution f* of V on W™ and also the boundary
value of an approzimate solution f~ of V on W=, then WF,(u) C i% (T}).

Proof. By Theorem 3.1,

WEy(u) ¢ (TT (W) n (17 (w))".
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Note that

r, o) =-T, (W)
Thus, if ¥ € WF,(u), then

-y Wt >0 and ¢°-TF (W) >0.
This implies that
¢-rr (wt) =o.
Since I'l (W) is open in RV, N T, X, we conclude that
£ e (RV, NT,X)" =% (12).

Thus, W F,(u) C i% (TQ). 0

COROLLARY 3.2. If (M,V) is an elliptic structure and we have the same hypoth-
esis as in the previous corollary, then u is C*> in X.

We will next prove the converse of Theorem 3.1.

THEOREM 3.2. Let (M,V) be an involutive structure, dimg M = m + n, rank of
YV =mn, X C M a mazximally real submanifold, and W a wedge in M with edge X.
Suppose u € E'(X) is such that

WF(u) c (17 (w))".

Then in a slightly smaller wedge W' CC W with edge X, there exists an approximate
solution f € D'(W') such that

u=>ubf on X.

Proof. We take off from (3.4). For some open convex cone I CC T, one can write
W' = B,.(0) x I".

If T7(W)° = {0}, then u is C°°, in which case the conclusion of Theorem 3.2 is well
known. We may therefore assume that I'"' (W)? #£ {0}. Using (3.4) and the fact that

I cC T, one can find an open convex cone C C R™\{0} containing (FOT(W))O and a
constant ¢ > 0 such that

€-SA0,0)t > clé|t]  forall (&,t)eC xT. (3.13)
For (z,t) € W' and £ € C, define

Q(Ia tvg) =1~ Z(Ia t)
g (4 RA( ) — € - SA(x, D)t

From (3.13) and the fact that SA(x,t) is of class C* near (0,0), one obtains for some
M >0 and for all (z,t) € W and £ € C :

RQ(x,1,§) = =¢ - SA(x, 1)t
< =€ SA0,0)t + ML [t] (| + [¢])
< —clgl [t + Mg ] (| + [¢])
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Choosing 0 < 1,0 < 437, we can insure that

RQ(z,t,€) < —g E|Jt]  for all (z,t,€) € By(0) x T x C. (3.14)

Since u € £'(X), there exists a constant C' > 0 and a positive integer N such that the
Fourier transform

)| <o +[g)Y  for all € € R™. (3.15)

This allows us to define for (z,t) € B,(0) x I'§ the continuous function

1
o L e de

1 / i6-2(e,0)
[ e TP u(g) de.
2m)™ Je
We claim that (i) f1 is an approximate solution of V and for some C' > 0, (ii)
|fi(z, )| [t|Y < C where N is the same as the one in (3.15). Assuming that the

claims are true for the moment, we can use Theorem 4.1 from Section 4 to guarantee
the existence of the boundary value bf; = lim fi(.,t) in D'(B,(0)) and moreover,
I's>t—0

fl (,T, t) =

1 i€~
biie) = o [ €A de (3.16)
2m)™ Je
To show (i), we fix ¢y € I'j and we consider a small open neighborhood of ¢y in I'§. In
this small neighborhood, estimate (3.14) allows us to pass L; under the integral sign

Lﬁmaﬂ—@%méﬂéLﬂ@Jﬂﬁzw”MOM-

Since the Zj(z,t) are approximate first integrals for V, for each | = 1,2,... there
exists a constant C; > 0 such that
|L; Zi(z,t)| < CrJt|" for all (,t) € B,(0) x Bs(0), Vk. (3.17)

From (3.14) and (3.17), for each [ = 1,2, ..., there exists a constant K; > 0 such that
|L; f1(z,t)| < K |t|' for all (z,t) € B.(0) x T}

Hence, f1 is an approximate solution of V and claim (i) is proved. Claim (ii) follows

from (3.14) and (3.15)which imply that there is a constant C’ > 0 such that
Az, )] [t <" for all (z,t) € B.(0) x T%.

For x € B,(0) define

v(z) = —1 Ty
@)= G [ O (318)

Using the fact that WFy(u) C (I‘OT(W))O, compactness of (R™\C) NS™~1, and the
characterization of the C'* wavefront set by the rapid decay of the Fourier transform,
we get that v € C*°(B,(0)). It is well known (see [A] for example) that in this case,
one can find a C* function fo € C*°(B,(0) x Bs(0)) such that f; is an approximate
solution of V and bfs = v on X. Thus, from (3.16) and (3.18) we get

u=">bf1+bf2 =0bf,

where f = f1 + fo is an approximate solution of V in the wedge W’. This completes
the proof. O
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4. Existence of Boundary Values. In this section we present a sufficient
condition for a function defined on a wedge to have a boundary value on the edge of
the wedge. The result is more general than what was needed in the proof of Theorem
3.2.

We will consider a system of smooth complex vector fields

0 - 0

in a neighborhood U of the origin in R?* x R}. For simplicity, say U = B,.(0) x Bs(0)
and let W = B,.(0) x I's be a wedge where I'; C R} is a truncated open convex cone.

For analogues of the following theorem for a single vector field see Theorem 1.1 in
[BH2] and Theorem VI.1.3 in [BCH]:

THEOREM 4.1. Let W = B,.(0) x I's be as above and suppose that f(x,t) € C(W)
satisfies: for some C > 0 and some N € N

()
[ il <c
B, (0)
and (ii)
|[f@, )Y < C.
Then bf = F(;g{eriof(" t) exists in D' (B,(0)).
Proof. Let Z1, ..., Zy, : U — C be smooth functions near the origin in U satisfying
L;Zy(z,t) = O(lt]") forl=1,2,.., and Zp(2,0) =24, 1<k<m. (4.1)
Define
bj(x,t) = L; Zy(z,t). (4.2)
Write
Z(z,t) = (Z1(x,t), .oy Zin(z,t)) and  Zg(z,t) = Uig(z,t) + 1War(z, 1),
where Wy (z,t) and Woy(x,t) are real-valued. For j =1,...,m, let

i 0
MJ = chk(.f,t)a—xk

k=1

be vector fields in x-space satisfying
M;Zy =i, [M;, My] = 0.

Note that for each j, k,

(M, Li] = > djwa(,£) M,
=1
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where each dji(x,t) = O(|t|°) for s = 1,2,.... Indeed, the latter can be seen by
expressing [M;, L] in terms of the basis {L1, ..., Ly, M1, ..., M}, } and applying both
sides to the n + m functions {¢i,...,tn, Z1, ..., Zm}. Equations (4.1) and (4.2) imply
that
Mibjr = O(|t|) for s =1,2,....
If g(,t) is any C! function defined in U, observe that the differential
dg ="M (g)dZ,+> Lj(g)dt; — > > My (g)bjxdt;.
k=1 j=1 j=1k=1

Hence, if we consider the m-form w = gdZ, we get

dw =dg NdZ = ZL )dt; AdZ — ZZMk bjr dt; A dZ. (4.3)
Jj=1 j=1k=1

Observe that hypothesis (ii) in the theorem together with the fact that
bjr(z,t) = O(|t]*),  Mibjk(z,t) = O(|t|*) Vs

imply that Yo € C§°(B,(0)),

/ / bjk(x,t) My f(z, t)o(x)dzdt] < Cs, (4.4)
s J B,.(0)

where Cy > 0 is a constant that depends only on sup E\a|<1 [|D*p(z)||. Let
z€B-(0)

\Ifl = (\1111, .. .,\Iflm) and \112 = (\1112, .. .,\Ifgm).

For ¢ € C3°(B,(0)) and k a nonnegative integer, define

Tip(z,t) = ) - K%)a@(‘l’l(%ﬂ)] (W2 (z,t))"

ol
la] <k

We will first show that - lign ofB ©) f(z,t) (Tnp) (x,t)dZ(z,t) exists. To prove this,
5t— "

fix T elsandlet ' =8 —|T|. For s € I'ss, define y4(7) = (1 —7)s+ 77,0 < 7 < 1.
Let w = (fTny) dZ. Using (4.3) and Stokes’ theorem, we get

/ f(.5) (Twg) (. 5) dZ(z, 3) = / f(@.T) (Tn) (2, T) dZ(x, T)
B, (0) B, (0)

Z/T(O)/ (Ljf_;Mk (f)bjk> Tnedt; NdZ

j=1 k=1
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The second integral on the RHS has a limit as s — 0 by hypothesis (¢) of the theorem
and an argument similar to the one used to get (4.4). For the third integral, consider

prve= ¥ S () e
|

al<N I=1
m_ ol a
+ > v (6%) o(U1) [O‘l ()™ LJ‘I’QZ}
1<]al<N I=1
m zlo“ 9 a+e;
m Z|O¢|_,_1 a+tep
Y YT () et v ()
la|<N—11=1
™ lal a+te;
= > 3 — (((%) 90(‘1’1)> (L;¥1) (P2)
la]=N =1

Since Z(z,0) =z, |Pa(z,t)| = [P2(x,t) — Pa(x,0)] < C’|t| and so, recalling that the
Z; are approximate solutions, we conclude that

N
|LiTneo(x,t)] < Cj |t
Hence,

lim flz, ) Tne(x,t)dZ (z,t) exists. (4.5)
I's>t—0 B, (0)

We will next use the existence of

li ) (T, )dZ (x, t
plm BT(O)f(iv ) (Tng) (v, t)dZ (z,t)

to show that

lim f(z,t) (Tn-19) (z,t)dZ(z,t) exists.
T's>t—0 B,(0)

To do so, let ¥(z,t) € C§°(B,(0) x Bs(0)) and for a fixed multi-index £ with |G| = N
let

g(l‘,t) = "Zj(xvt)ib(xv t)ﬁa
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where (z,t) = (U1 (x,t),t) and Uy(z,t) = Wy(Vy(z,t),t). The functions ¢ and
Wy (x,t) exist since the map (z,t) — (¥y(x,t),t) is a diffecomorphism. Note that we
may write

Ty (997) (2.8) = (@, W (@. ) +¥(@.1) Y aale, s (x,t)°

la|=N

+ > by(a, t)Wa(a, 1)

[v[>N

(t is treated as a parameter in Tivg(z,t) and T acts on @ — g(x,t)) where ay(z,t)
and by (z,t) are smooth and an(z,0) = 0. The assumption on the growth of f implies
that the limit of

/ IRICOICIED SEREDLAEERD DRI

la|=N |v|>N

existsast — 0, t € I's. From (4.5), it follows that for any ¥ (z,t) € C§°(B,(0) x Bs(0))
and any multi-index 8 with |8 = N,

pJim o fla, )y (z, t)Ws(x, ) dZ (2, t) (4.6)

exists. Note next that for any g(z,t) € C§°(B,(0) x Bs(0)),
Tng(z,t) = Tnag(a,t) + > a(x,t)Us(x, 1)
|B|=N
for some smooth 13 of compact support. Hence, from (4.5) and (4.6),

lim fz,t) (Tn-1g) (x,t) dZ(x,t)  exists. (4.7)
I's>5t—0 B,(0)

We will prove by descending induction that for any
g(z,t) € C§°(B,(0) x Bs(0)) and 0 < k < N,

lim fz,6)Trg(x,t)dZ(x,t)  exists,
t—0 B,.(0)

which for k = 0 and g(z,t) = ¢ (x) € C§°(B,(0)) proves the Theorem. To proceed by
induction, suppose 1 < k < N and assume that for any multi-index 8 with |5 = k,
the limits

lim f(z, t)Wy(z,t)Pg(x,t)dZ(2,t) and
t—0 BT(O)

lim f(‘T?t)Tk—lg(x?t) dZ(.’IJ,t)

t—0 BT(O)
both exist for any g(x,t) € C§°(B,(0)x By(r)). We have already seen in (4.6) and (4.7)
that (4.8) is true for k = N. Fix #’ with || = k — 1. Plug g(x,t) = (x, t)Ua(z, )7
in the limit on the right in (4.8) and observe that Tj_1g may be written as

kalg(xv t) = 1/}(:E7 t)\IJQ (Ia t)ﬁ/ + 1/}($, t) Z Ca(za t)\ll2(x7 t)a
|a|=k—1

(4.8)

+ Z dy(x,t)Wa(z,t)7

[v|>k
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where cq(z,t) and d(x,t) are smooth and cq(z,0) = 0. From the existence of the
two limits in (4.8) we derive that

lim Fla )@z, ) sz, )" + oz, t) Y cala, t)Wa(x,t)*) dZ(,t)

t—0
B (0) la|=k—1

exists. Observe next that since each ¢, (z,0) = 0, given any collection {¢g(x,t) : |5] =
k — 1} of compactly supported functions, we can find compactly supported functions
{np:(z,t) : |8'| = k — 1} such that

> el + > s <Z ca‘I’§“> = Yt}
B B @ B
We conclude that

lim fx, ) Uy(2,t)P(a,t) dZ (x,t)  exists (4.9)
t—0 B, (0)

for all 8 with |8 =k —1 and ¢(z,t) € C°°(B,(0) x B;(0)). Hence, taking account of
(4.8) and (4.9) we conclude that

lim f(z,t)Th—29(x,t)dZ(z,t) exists.
t—0 BT(O)

We have thus proved that (4.8) holds for k — 1, completing the inductive step. There-
fore,

lim fz, 0)(x)dZ(x,t) exists
t—0 B,.(0)

and thus bf = lim;_,o f(.,t) exists. O

For the rest of this section, let (M, V) be R™*" = R™ x R} with a CR structure V
near the origin; i.e., VNV = {0} in a neighborhood U = B,.(0) x B;(0) of the origin in
R x RY. Suppose that V is generated in U by the complex vector fields {L, ..., Ly},
where

0 - 0
Li=— ; t)—.
T D a(e, ) o
k=1
Let 73, ..., Zy, : U — C be a complete set of smooth approximate first integrals for V
in U such that
Z)(x,0) =z, 1<1I<m.
For each [ = 1,...,m, we may write
Zi(z,t) =z + Ztﬂ/)zs(i?, t),
s=1

where ¥5(z,t) = (1)($,t) + iwl(sz)(x,t). Since V is CR in U, for each 1 < j < n there

ls

exists 1 < 5/ < m such that

%ajj/ (0, 0) 7& 0.
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Observe that

Sa;(0,0) = —2(0,0).
Indeed,

L;Zi(x,t) = 8 Zaﬂk x, t x,t)

( e t)+¢zj($af)>

<i xt(ék[—i—Zt s t))).

Evaluating this at (0,0), we get

0= 1/)lj (0, 0) + Cle(O, 0).

COROLLARY 4.1. Let W = B,(0) x T's be a wedge with edge B,(0), where I' C R}
is an open cone with vertex at the origin, and suppose that f(xz,t) € C(W) satisfies:
for some C > 0 and some N € N,

(i) /B Lt <0

and
(i) |f(@.t)]]Z(z,t) — Z(2,0)]" < C.

Then bf = lim f( t) exists in D' (B,(0)).

I's>t—0
Proof. Write Z(x,t) = (Z1(x,t), ..., Zm(x, 1)), * = (X1, .ce; Tm)s £ = (E1,..yTn),
and A(z,t) = (Vij(2,1))1<ic . 1<j<n SO that
Z(x,t) = x + Az, t)t.

Since V is CR in U, SA(x,t) has rank n at and hence near the origin. Without loss
of generality, suppose that

B(z,t) = (Sty(, t))1<ij<n is invertible near the origin.
Then
|A(z, t)t] > |B(x,t)t| > |Bj(z,t) - t| for all (z,t) near (0,0),

where Bj(z,t) is the I-th row of B(z,t). Fix tY € T. Since B(0,0) is invertible, one
can find a row B;(0,0) of B(0,0) such that

0

= C, 0.
T

‘BZ(O 0) -
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Hence, we can find an open convex cone FccT containing t° such that

‘BZOO > C’O for all t € T.

[¢] ‘

Therefore, we can find a wedge W = By(0) x I's CC W (where 0 < 7 < r ) such that

‘Bl (z,1) > 1Co forall (z,1) € eW.

il ‘

This implies that for all (z,t) € W

Thus,

1

|f(z, )] |t|N < const. |f(z,t)||Z(z,t) — Z(z, 0)| <C.

Hence, by Theorem 4.1, bf = lim f(.,t) exists in D/(B,(0)). O

[A]
[BCT]
[BCH]
[BH1]
[BHZ2]
[EG]

[T]

T's3t—0
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