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FLOER COHOMOLOGY AND DISC INSTANTONS OF
LAGRANGIAN TORUS FIBERS IN FANO TORIC MANIFOLDS*

CHEOL-HYUN CHO'! AND YONG-GEUN OH!

Abstract. In this paper, we first provide an explicit description of all holomorphic discs (“disc
instantons”) attached to Lagrangian torus fibers of arbitrary compact toric manifolds, and prove
their Fredholm regularity. Using this, we compute Fukaya-Oh-Ohta-Ono’s (FOOOQO’s) obstruction
(co)chains and the Floer cohomology of Lagrangian torus fibers of Fano toric manifolds. In par-
ticular specializing to the formal parameter 727 = e~!, our computation verifies the folklore that
FOOO’s obstruction (co)chains correspond to the Landau-Ginzburg superpotentials under the mirror
symmetry correspondence, and also proves the prediction made by K. Hori about the Floer cohomol-
ogy of Lagrangian torus fibers of Fano toric manifolds. The latter states that the Floer cohomology
(for the parameter value T2™ = e~1) of all the fibers vanish except at a finite number, the Euler
characteristic of the toric manifold, of base points in the momentum polytope that are critical points
of the superpotential of the Landau-Ginzburg mirror to the toric manifold. In the latter cases, we also
prove that the Floer cohomology of the corresponding fiber is isomorphic to its singular cohomology.

We also introduce a restricted version of the Floer cohomology of Lagrangian submanifolds, which
is a priori more flexible to define in general, and which we call the adapted Floer cohomology. We
then prove that the adapted Floer cohomology of any non-singular torus fiber of Fano toric manifolds
is well-defined, invariant under the Hamiltonian isotopy, which is isomorphic to the Bott-Morse Floer
cohomology of the fiber.
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Landau-Ginzburg model.
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1. Introduction. Floer cohomology of Lagrangian intersections was introduced
by Floer [F]] in symplectic geometry. Since then, its construction has been further
generalized [O1] and an obstruction theory to its definition has been developed by
Fukaya-Oh-Ohta-Ono [FOOO]. It has been proven to be a powerful tool in studying
various problems in symplectic geometry (see [F1], [O4], [Che], [P], [Se], [FOOO], [BC],
and [TY], for example). The theory itself was greatly enhanced by the advent of the
Fukaya category [Ful] and the homological mirror symmetry proposal by Kontsevich
[Ko], and also by the open string theory of D-branes in many physics papers, among
which [HV], [H] will be the most relevant to the content of the present paper.

Even in the midst of these theoretical enhancement and successful applications
of the Floer theory, actual computation of Floer cohomology itself for specific ex-
amples remains to be a non-trivial task, especially with Z-coefficients (not just with
Zo-coeflicients), except for the cases where there is no quantum contribution [F1] or for
the case of real manifolds i.e., the fixed point sets of anti-holomorphic involutions [02],
[FOOQ]. Indeed, computation of the Floer cohomology in the presence of nontrivial
holomorphic discs requires detailed understanding of the quantum contribution of the
holomorphic discs (or the effect of “open string instantons” in the physics terminol-
ogy) to the cohomology of the Lagrangian submanifolds. In this respect, the recent
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computation [Chol] by the junior author of the Floer cohomology of the Clifford torus
in P™ sheds some light on a general procedure of computing the Floer cohomology
“by direct calculation of disc instanton effects” in the context of A-model without
relying on the B-model calculations and the mirror symmetry correspondence, which
still remains conjectural.

In this paper, we extend this computation and compute the (adapted) Floer co-
homology of all the non-singular torus fibers of smooth Fano toric varieties equipped
with symplectic (Kéhler) form subject to a convex restriction. As in [Chol], we
will carry this out by computing the Bott-Morse version HEFPM(L; Jy) of the Floer
cohomology of Lagrangian submanifold L that was introduced in [FOOO]. Our com-
putation, when the Floer cohomology is twisted with the flat line bundles and the
formal parameter T is set T?" = e~ !, verifies the prediction made by Hori-Vafa [HV]
for the Lagrangian torus fibers of Fano toric manifolds based on the mirror symmetry
correspondence via the linear sigma models [Wi], [HV]. However due to a technical
problem regarding rectifiability of the moduli chain with a sphere bubble component,
we impose rather a strict assumption 6.1, convexity of the symplectic manifold, which
is not used in any other parts of the paper. In this case, all the relevant moduli
chain is already rectifiable without perturbing the standard complex structure of the
toric manifold if we equip the latter with the canonical symplectic form which natu-
rally arises from the linear sigma model description of toric manifolds of Witten [Wi].
But we believe, based on Theorem 6.1 and Corollary 6.5, the computation should go
through in general toric Fano manifolds, which we leave for a further research.

In the point of view of the obstruction theory developed in [O1], [FOOOQ], a priori,
the torus fibers of general toric manifolds are neither monotone nor unobstructed, and
may carry holomorphic discs of non-positive Maslov indices. Recall that the Clifford
torus is also obstructed as an object in the Ay-category [O1], [FOOO], but the fact
that it is monotone enables one to define the Floer cohomology [01],[04] which the
junior author computed in [Chol]. Combination of these facts prevent us from directly
applying the general construction of the Floer cohomology from [FOOO] and forces
us to manually construct a restricted version of the Floer cohomology and to prove
the invariance property. For this purpose, some specific geometry of the moduli of
holomorphic discs associated to the pair (L, Jy) of the torus fiber L and the canonical
complex structure Jy on the toric variety will play an essential role both for the
definition and computation of the Floer cohomology. We will prove that there exists
no non-constant holomorphic discs of non-positive Maslov indices for the torus fibers,
although its Hamiltonian deformations of them may allow such (pseudo-)holomorphic
discs. Our definition of the adapted Floer cohomology exploits this specific feature
of the pair (L, Jy). We call this version of the Floer cohomology the adapted Floer
cohomology. 1t appears that in general this adapted Floer cohomology is more flexible
to define and exploits best specific features of the moduli of holomorphic discs of the
given pair (L, Jy). In our particular situation of convex toric manifolds, this adapted
Floer cohomology is known to be isomorphic to the Bott-Morse Floer cohomology
HEBM(L; Jy) with the bounding chain b = 0 in the sense of [FOOQ]. We refer to the
final version of [FOOO)] for more detailed explanation on this aspect.

In this paper, we compute HFBM(L;.Jy) with the bounding chain b = 0 and
its computation largely follows the scheme used by the first named author [Chol]:
Firstly, we derive general Maslov index formula of holomorphic discs in terms of the
intersection number of natural divisors associated to the toric manifolds. Secondly
we explicitly classify all the holomorphic discs and prove the Fredholm regularity of
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the discs. Then using this information, we compute HFZM (L; Jy) with respect to
the complex structure Jy.

In the course of our computation, we also derive an area formula Theorem 8.1 for
the holomorphic discs of the Maslov index 2 (and so of all holomorphic discs) in terms
of the location of the base point of the Lagrangian fiber and the relative homology class
of the disc (or the divisor of the toric manifold that the disc intersect). This formula is
crucial for our proof of the prediction that the base points in the momentum polytope
at which the corresponding fiber has non-trivial Floer cohomology are indeed those
corresponding to the critical points of the superpotential of the Landau-Ginzburg
mirror.

We would like to emphasize that the mirror symmetry prediction made both in
the Kontsevich proposal or by physicists does not really concern the standard Floer
cohomology in symplectic geometry which uses the Novikov ring as its coefficients,
but its convergent power series version. One byproduct of our classification of disc
instantons is that this latter version of the Floer cohomology is defined and so sub-
stitution of the formal parameter 72" by the number e~ ! is allowed in the Fano toric
case. However the latter version of the Floer cohomology is not known to be invariant
in general under the Hamiltonian isotopy of the Lagrangian torus fiber and so the
mirror symmetry prediction concerns the Kdahler geometry of the Lagrangian torus
fibers (with respect to the natural complex structure Jp and the Kéhler form w),
rather than the symplectic geometry of its Hamiltonian isotopy class. For example, it
is possible that a fiber has trivial Floer cohomology with Novikov ring as its coeffi-
cients, but non-trivial one with the parameter value T?™ = ¢! (see section 13 for an
explicit example of Hirzebruch surfaces).

Our work also provides some concrete mathematical evidence in the toric case for
the conjectural relation between the superpotential and the “open Gromov-Witten
invariants” which has been advocated by physicists (see [KKLM] for example). More
precisely, we verify that under the mirror symmetry correspondence of a torus fiber,
the one-point open Gromov-Witten invariant, which is essentially FOOQ’s obstruction
chain [FOOO], maps to the superpotential W of the Landau-Ginzburg mirror, and
two-point invariants, which is essentially the Floer differential d5(pt) in the Bott-Morse
setting, maps to the derivative %—Vg. We refer to section 15 for more discussion on this
point or [Cho2] for a generalization of this correspondence.

One general distinction between the Fano and the non-Fano cases lies in the
transversality property of the singular strata of various compactified moduli spaces.
More precisely, non-Fano manifolds carry spheres of non-positive Chern numbers and
so the compactified moduli space may contain singular strata that contain sphere
bubbles (especially their multiple covers) of non-positive Chern numbers. As the
study in [FOOQ] demonstrated, such problems in the moduli space of holomorphic
discs in relation to the Floer theory (or to open Gromov-Witten invariants) are much
more troublesome than the case of spheres. We refer to section 16 for more detailed
discussion on this.

We like to thank K. Hori for explaining us the mirror symmetry correspondence
via the Landau-Ginzburg models and his B-model calculation that leads to his con-
jectural description of the Floer cohomology of the fibers of Fano toric manifolds. The
junior author would like to thank L. Borisov and S. Hu for helpful discussions. Both
authors thank K. Fukaya, H. Ohta and K. Ono for their interest in the results of this
paper and some interesting discussion on the homotopy identity defined in [FOOO)]
during the senior author’s visit of Kyoto University in August, 2003.
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2. Complex structures on toric manifolds. We consider smooth and com-
pact toric varieties. Here we closely follow the Batyrev [B1] with minor notational
changes (See M. Audin [Au] for more details)

In order to obtain an n-dimensional compact toric manifold V', we need a com-
binatorial object X, a complete fan of regular cones, in a n-dimensional vector space
over R.

Let N be the lattice Z™, and let M = Homgz(N,Z) be the dual lattices of rank
N. Let Ng = N®R and Mr = M ® R.

DEFINITION 2.1. A convex subset o C Ng is called a regular k-dimensional cone
(k > 1) if there exists k linearly independent elements vy, -, v € N such that

o={av1 +- -+ arv | a; € Rya; >0},

and the set {v1,---,vr} is a subset of some Z-basis of N. In this case, we call
v1,- -,V € N the integral generators of o.

DEFINITION 2.2. A regular cone o is called a face of a regular cone o (we write
o’ < o) if the set of integral generators of ¢’ is a subset of the set of integral generators
of o.

DEFINITION 2.3. A finite system ¥ = o1, -+, 0, of regular cones in Ny is called
a complete n-dimensional fan of regular cones, if the following conditions are satisfied.
1. if 0 € ¥ and ¢’ < o, then ¢’ € X;
2. if 0,0’ arein X, then 0’ No < o and 0/ No < o¢’;
3. Np=o01U---Uos.

The set of all k-dimensional cones in ¥ will be denoted by X(*).

ExaMPLE 2.4. Consider basis vectors ey, - - ,e, in a n-dimensional real vector
space. Let v; = e¢; for ¢ = 1,--- ;n and let v,4.1 = —e; — ez — -+ —e,. Any k-
element subset I C {v1,- - ,vp4+1} for (k < n) generates a k-dimensional regular cone

o(I). The set X(n) consisting of 2"*1 — 1 cones o(I) generated by I is a complete
n-dimensional fan of regular cones, with which later we will associate a projective
space P".

DEFINITION 2.5. Let ¥ be a complete n-dimensional fan of regular cones. Denote
by G(X) = {v1,--- ,un} the set of all generators of 1-dimensional cones in ¥ ( N =
Card £). We call a subset P = {v;,,---,v;,} C G(X) a primitive collection if
{vi;, -+ ,v;, } does not generate p-dimensional cone in ¥, while for all k(0 < &k < p)
each k-element subset of P generates a k-dimensional cone in X.

EXAMPLE 2.6. Let ¥ be a fan from Example 2.4. Then there exists the unique
primitive collection P which is the set of all generators {vy, -+, vn41}-

DEFINITION 2.7. Let CVN be N-dimensional affine space over C with the set
of coordinates z1,---,zy which are in the one-to-one correspondence z; < v; with
elements of G(X). Let P = {v;,,--- ,v;,} be a primitive collection in G(X). Denote
by A(P) the (N — p)-dimensional affine subspace in C™ defined by the equations

Zilz'--ZZiPZO.
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REMARK 2.8. Since every primitive collection P has at least two elements, the
codimension of A(P) is at least 2.

DEFINITION 2.9. Define the closed algebraic subset Z(X) in CV as follows
2(5) = UpA(P),
where P runs over all primitive collections in G(X). Put

UE)=CcV\ z®).

DEFINITION 2.10. Let K be the subgroup in Z" consisting of all lattice vectors
A= (M1, -+, An) such that

Av1 + -+ Ayvy = 0.

Obviously K is isomorphic to Z¥~™ and we have the exact sequence:
0-K—-2zZVN 57" 0, (2.1)

where the map 7 sends the basis vectors e; to v; fori =1,--- | N.

DEFINITION 2.11. Let X be a complete n-dimensional fan of regular cones. Define
D(X) to be the connected commutative subgroup in (C*)™ generated by all one-
parameter subgroups

ay:C* — ((C*)N,

l— (tAlv"' 7t)\N)
where A = (A1,--- , An) € K.

It is easy to see from the definition that D(X) acts freely on U(X). Now we are
ready to give a definition of the compact toric manifold X, associated with a complete
n-dimensional fan of regular cones X.

DEFINITION 2.12. Let ¥ be a complete n-dimensional fan of regular cones. Then
the quotient

Xs =U(%)/D(X)
is called the compact toric manifold associated with 3.

EXAMPLE 2.13. Let ¥ be a fan ¥(n) from Example 2.4. By 2.6, U(%(n)) = C*H1\
{0}. By the definition of X(n), the subgroup K is generated by (1,---,1) € Z"*1.
Thus D(X) C (C*)V consists of the elements (t,--- ,t), where t € C*. So the toric
manifold associated with ¥ (n) is the ordinary n-dimensional projective space.

There exists a simple open coverings of U(X) by affine algebraic varieties.
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ProrosiTioN 2.1. Let o be a k-dimensional cone in ¥ generated by
{viy,+++ , v, }. Define the open subset U(o) C CN as

U(o) ={(z1,"* ,2n) E(CN|ZJ-7§O forallj ¢ {i1, - ,ix}}.

Then the open sets U(c) have the following properties:
1.

U(E) = UUEEU(U);

2. ifo <d', then U(o) C U(0');
3. for any two cone 01,09 € X, one has U(o1) NU(o2) = U(o1 Nog); in partic-
ular,

U= J U).

ocexn)

PROPOSITION 2.2. Let o be an n-dimensional cone in X" generated by
{viy, - ,vi, }, which spans the lattice N. We denote the dual Z-basis of the lattice M

by {wiy, - ,u4, }. de
(Vi , i) = Okt (2.2)

where (-,-) is the canonical pairing between lattices N and M.

Then the affine open subset U(c) is isomorphic to C* x (C*)N=" the action
of D(X) on U(o) is free, and the space of D(X)-orbits is isomorphic to the affine
space Uy, = C™ whose coordinate functions x7,--- ,x% are n Laurent monomials in
21, 2N

o Aviuig) (vn,uiq)
xl P Zl '.'ZN

(2.3)

o _ (v1,Uiy) (N, iy, )
f— Zl .'.ZN

T

The last statement yields a general formula for the local affine coordinates
g, ,22 of a point p € U, as functions of its “homogeneous coordinates” z1,--- , zn.

3. Symplectic forms of toric manifolds. In the last section, we associated
a compact manifold Xy to a fan . In this section, we review the construction of
symplectic (Kéhler) manifold associated to a convex polytope P.

Let M be a dual lattice, we consider a convex polytope P in Mg defined by

{r € Mg | (z,v;) > A\jforj=1,--- N} (3.1)

where (-,-) is a dot product of Mg = R™. Namely, v;’s are inward normal vectors to
the codimension 1 faces of the polytope P. We associate to it a fan in the lattice N as
follows: With any face I" of P, fix a point m in the (relative) interior of I' and define

or = Up>or - (P — m)
The associated fan is the family X(P) of dual convex cones

or ={x € Nr | (y,z) >0 Yy € or} (3.2)
={z € Ng | (m,z) < (p,x) Vp€ P,m T} (3.3)
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where (-,-) is dual pairing Mg and Ng. Hence we obtain a compact toric manifold
Xs(p) associated to a fan X(P).

Now we define a symplectic (Kéhler) form on Xy (py as follows. Recall the exact
sequence :

0—-KLzZN5z" -0
It induces another exact sequence :
0— K —RN/ZN - R"/Z" — 0.

Denote by k the Lie algebra of the real torus K. Then we have the exact sequence of
Lie algebras:

0—k—RYNLZR" 0.
And we have the dual of above exact sequence:
0 — (R")* — (RV)* k.

Now, consider CV with symplectic form % > dzy, A dzg. The standard action T
on C" is hamiltonian with moment map

1
T2

For the moment map g of the K action is then given by

:u(zlv"' 7ZN) (|Zl|27"' 7|ZN|2)' (34)

pr =i*op: CN — k*.
If we choose a Z-basis of K C ZV as

Q1= (Qu1, - ,Qn1), , Qr = (Quk, -+, QnNk)

and {q',---,¢"} be its dual basis of K*. Then the map i* is given by the matrix Q*
and so we have

N N
1 *
pr (21,0 2n) = 5(2@j1|zj|27 Y QalzP) eRE =k (3.5)
j=1

j=1

in the coordinates associated to the basis {¢',--- ,¢"}. We denote again by ux the
restriction of px on U(X) c CV.

PROPOSITION 3.1 (Audin [Au], Proposition 6.3.1.).  Then for any r =
(ri, -+ y,rN—n) € ur(U(X)) C k*, we have a diffeomorphism

pg'(r)/K = U(2)/D(E) = Xs. (3.6)

And for each (regular) value of r € k*, we can associate a symplectic form wp on the
manifold Xx, by symplectic reduction [MW].

To obtain the original polytope P that we started with, we need to choose r as
follows: Consider A; for j =1,---, N which we used to define our polytope P by the
set of inequalities (x,v;) > A;. Then, for eacha=1,--- ,N —n, let

N
Tq = — Z Qja)\j'
j=1
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Then we have

,UJ]_{l (Tlv e aTan)/K = XE(P)

and for the residual T" = TV /K action on Xs(py, and for its moment map ur, we
have

pr(Xspy) = P.

In fact, Guillemin [Gu] proved the following explicit closed formula for the Kéhler
form

THEOREM 3.2 (Guillemin). Let P, Xx(py, wp and
pr s Xspy — (RN /k)* = (R™)*
be the moment map defined as above. Define the functions on (R™)*

li(z) = (x,v;) = N for i=1,--- N (3.7)
N N

loo(z) = Z (x,0;) = ZC,Z’UZ (3.8)
i=1 i=1

Then we have
B N
wp = V=100 (3 Nillog £) + ) (3.9)
i=1

on int(P).

4. Adapted Floer cohomology of the torus fibers. Let (Xx(py,wp) be a 2n-
dimensional symplectic toric manifold with T™-action constructed from the polytope
P C Mg. Each T™ orbit associated to an interior point in P is a Lagrangian subman-
ifold of X5(p). Such an orbit can be obtained as prt(A) for A € int (ur (Xs(py)) for
the moment map pur.

We fix one such orbit (non-singular) and denote it by L. In this paper, we will
study the Floer cohomology of these Lagrangian tori and compute this by computing
its Bott-Morse theory version HFBM(L; Jy) as in [Chol]. This is the m;-homology
of the As-algebra of Lagrangian submanifolds defined in [FOOO]. It will be shown
that in this case, obstruction class, mg, turned out to be non-zero, but is a multiple
of fundamental class, which makes m? = 0 (See Theorem 7.1). Note that in this case
we can set the bounding cochain b = 0 (See [FOOO)] for its defintion). The explicit
computation of Bott-Morse Floer cohomology is given in section 10.

A natural question is its relation to the Floer cohomology groups H F(L, ¢(L)) for
a Hamiltonian isotopy of M. One important difference between the Clifford torus and
the general torus fibers is that the former is monotone [O1], [O4] while the latter are
not. Since the obstruction classes defined in [FOOO] do not vanish for the Lagrangian
submanifold L, it is not clear whether the standard Floer cohomology HF(L, ¢(L))
is defined and invariant under the change of Hamiltonian isotopy, or whether it is
isomorphic to the Bott-Morse version HF5M(L; Jy) when L is not monotone.

In this section, we will define a restricted version of the Floer cohomology which
exploits some special geometry of Lagrangian torus fibers in the toric manifolds. We
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will call this adapted Floer cohomology and denote it by HF(L;Jy). Important
ingredients for the construction of the adapted Floer cohomology HF®(L; Jy) are
the following three theorems whose proof will be postponed to the next two sections.

[Maslov index formula] For a symplectic toric manifold Xspy, let L be a La-
grangian T™ orbit. Then the Maslov index of any holomorphic disc with boundary
lying on L is twice the sum of intersection multiplicities of the image of the disc with
the codimension 1 submanifolds V (v;) for v; € 1) for all j =1,--- ,N.

[Classification theorem] Let L € CN \ Z(X) be a fized orbit of the real N-torus
(SYYN. Any holomorphic map w : (D?,0D?) — (Xxp), L) can be lifted to a holomor-
phic map

@ : (D*,0D%) — (CV\ Z(%), L)

so that each homogeneous coordinates functions z1(W),---,zn(W) are given by
Blaschke products with constant factors.

2
. _ Z—aj
i.e. zj(w) =cj- —
@) =TT T2
k=1 G
for ¢; € C* and non-negative integers p; for each j =1,--- ,N. In particular, there

is no non-constant holomorphic discs of non-positive Maslov indices.

[Regularity theorem] The discs in the classification theorem are Fredholm regular,
i.e., its linearization map is surjective.

Assuming these theorems for the moment, we proceed construction of
HF%(L; Jo) of (L;Jo). We denote the standard integrable complex structure on
X by Jo. Let ¢ be a Hamiltonian diffeomorphism such that ¢(L) intersects L trans-
versely. Let J,(X) be the set of almost complex structures of X compatible to w.
We consider the set of paths J' : [0,1] — J,(X) with

J(0)=Jo, J(1)=¢.Jo

denote it by j(g,1,)-

Similar theorems obviously hold for the pair (¢(L), ¢.Jo) as for (L; Jy). In par-
ticular, there is no non-constant holomorphic discs of non-positive Maslov indices for
the pair (¢(L), ¢sJo) either.

REMARK 4.1. The set j4, s,) was considered and played an important role in [O6]
in relation to the formulation of Floer homology of Hamiltonian diffeomorphisms over
the mapping torus of ¢. It appears that considering this set of paths depending on the
triple (L, Jo; ¢) enable us to define the Floer homology of Lagrangian submanifolds
in a more flexible way when the given pair (L; Jy) has some special structure of the
moduli of Jy-holomorphic discs attached to L as in our case.

Now we restrict to the paths J' € j4 s,) for the study of Floer’s equations
ou ou __
ar + i =0 (4.1)
u(r,0) € L, u(r,1) € ¢(L)

in the definition of the Floer boundary operator. Now for given pair z,y € LN ¢(L),
we study the moduli space

M(z,y; J")
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for the Fredholm index p(xz,y) = 0,1 or 2. It is easy to see that for a generic
J' € jp,5) the (uncompactified) moduli space M(z,y;J’) is transversal(See [05]).
The following proposition is the reason why we restrict J’ to the ones coming from

J(J0)-

PROPOSITION 4.1. Assume Xxp) is Fano. Let ¢ be a Hamiltonian diffeomor-
phism such that ¢(L) intersects L transversely and choose a generic J' € jig, 1)
Assume that x, y € LN ¢(L) with u(x,y) =0, 1 or 2. Then the following holds:

1. When p(z,y) =0, M(z,y; J")/R is empty.
2. When p(z,y) =1, M(z,y; J')/R is a compact manifold of dimension zero
3. When p(x,z) =2,
(a) if © £ z, M(z,2z;J")/R can be compactified into a compact manifold
with boundary of dimension one, whose boundary consists of the form

V102 (4.2)

where v € M(x,y; J') and vg € M(y, z;J').
(b) if x = z, M(x,x;J") can be compactified into a compact manifold with
boundary of dimension one, whose boundary consists of the types

v1fvo

where v;’s are types either of (4.2) or that for which one of v;’s is con-
stant and the other is a Jo-holomorphic disc with boundary lying on L
or a ¢«(Jo)-holomorphic disc with boundary lying on ¢(L).

Proof. First note that non-constant holomorphic discs with boundary on one of
the Lagrangian submanifold, L or ¢(L), have positive Maslov indices (and so greater
than or equal to 2). Once this is in our disposition, the proof of this fact follows by the
dimension counting arguments from [O1], [O4]. We omit the details of the argument
referring to [O1]. O

REMARK 4.2. Unlike the case [O1] or [O4] where we allow to vary the almost
complex structures, since we prefer to keep the usage of integrable complex structure
Jo, we also need to prove that the singular curves in part (3b) are also regular (or more
precisely the relevant evaluation maps are transverse in forming the fiber products).
This follows from the fact that L is a torus orbit of the torus action on Xy (p).

COROLLARY 4.2. Under the hypothesis as in Proposition 4.1, the Floer cohomol-
ogy HE (L, ¢(L); J') is well-defined.

We can now compare two Floer cohomology HF(L,¢(L); J') with J" € ji4 1)
and HF*(L,v(L));J") with J" € j(y,5,) by considering paths

® = {p*}o<s<1; ' =@, ' =
J={J%Yocs<1; JO =T, T =T, T% € Gige

and the continuity equation

u (7) ou _
Gu gt o =0
u(r,0) € L, u(r, 1) € ¢"7)(L)
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where p : R — [0, 1] is a monotonically increasing function

L for < —-R
p= 1 for 7> R

for some sufficiently large R > 0. Again by the same reasoning using the choice
J® € j(gs,1,), We can prove that the continuity equation defines a chain map

h 7 CF(L,¢(L);64) — CF(L,(L);6,)

which is an isomorphism. We refer to [O1], [O4] for the proof in the monotone
case, which obviously generalizes in the current Fano toric case if we use the set-up
of the adapted Floer cohomology. More specifically we use the special property of
the pair (L, Jy) mentioned in the three theorems in the beginning of this section.
This proves the well-definedness and the invariance property of HF(L,¢(L); J). We
denote the canonical isomorphism class of HF (L, #(L); J') over ¢ and J' € j4, 54 by
HEF(L; Jy).

We will compute this group by computing the Bott-Morse version of the Floer co-
homology, which we denote by HEFBM(L;.Jy). Because the above structure theorems,
this latter Floer cohomology group is well-defined. The following theorem permits us
to do this for the computation of HF(L, ¢(L); J’).

THEOREM 4.3. Assume Xxpy is Fano and let L and ¢, J' as above. Then
HEBM(L: Jy) is well-defined and isomorphic to HF(L;.Jy). More specifically,
HEBM(L; Jo) is isomorphic to HF (L, $(L); J') for any Hamiltonian diffeomorphism
¢ with L intersection ¢(L) transversely and a path J' € j(g, 1)

Proof. The well-definedness of HFPM (L; Jy) follows from the classification theo-
rem which in particular implies that all holomorphic discs have positive Maslov indices
and are regular, by examining the details of the construction from [section 7, FOOO].

For the second statement, it is enough to consider the case when ¢ is C?-close
to the identity. We refer to [O4] for the proof in the monotone case which obviously
generalizes to the semi-positive case, in particular the Fano case (X,w). A complete
proof will be given in the revision of [FOOO]. O

REMARK 4.3. Here we use the canonical complex structure Jy and directly verify
that the Floer cohomology HFBM(L;Jy) is well-defined. Once this is done, the
general theory from [FOOO] (2006) implies that the Floer homology is defined and
invariant under the Hamiltonian isotopy, as long as either the Bott-Morse case with
time-independent J or the adapted Floer cohomology are considered. This general
result is not used in this paper. We refer interested readers to [FOOO)] for the detailed
explanations.

Having Theorem 4.3 in mind, we will compute the Bott-Morse Floer cohomology
group HEBM(L; Jy) in the rest of the paper.

5. Index formula and the classification of holomorphic discs. In this sec-
tion, we will prove the Maslov index formula and the classification theorem mentioned
in section 4. Let us first recall the definition of the Maslov index in this setting. If
w : (D?0D?) — (X, L) is a smooth map of pairs, we can find a unique trivialization
(up to homotopy) of the pull-back bundle w*TX = D? x C". This trivialization
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defines a map from S* = dD? to A(C") = the set of lagrangian planes in C", where
there is a well-known Maslov class u € H'(A(C"),Z); see [Ar]. We define

Lp(w) := p(dD?) € Z.

For the smooth maps @ : (3,0%) — (X, L) from the Riemann surface with boundary,
one can define its Maslov index similarly by taking the sum of Maslov indices along
0Y. using the fact that symplectic vector bundle w*TX is always trival.

Before we state the theorem, we recall that for each generator v; € Y, there
is associated a codimension 1 subvariety V'(v;). For the principle bundle (U (%) =

Xspy), 1 (V(v)) is defined by the equation z; = 0 in U(X).

THEOREM 5.1 (The Maslov index formula). For a symplectic toric manifold
Xs(p), let L be a Lagrangian T™ orbit. Then the Maslov index of any holomorphic
disc with boundary lying on L is twice the sum of intersection multiplicities of the
image of the disc with the codimension 1 submanifolds V (v;) for v; € Y1) for all
j=1,--- /N.

Proof. As in [Chol], we deform a holomorphic disc w : (D?,dD?) — (X, L) near
the intersections with V'(v;)’s. It is easy to see that the intersections are discrete and
there are only finitely many of them because of holomorphicity of the map w. Denote
by p1 € D? a point in the preimage of the intersection. i.e. p; € w~!(image(w) N
V(v;)) for some j. We describe how to deform w as a smooth map near the point pq
and such deformation will be carried out near every preimages of intersections.

Note that w(pi) may lie in the intersection of several V'(v;)’s: Denote them by
V(viy), -+, V(vi,). Then, We have

w(p) € V(v ) NNV (vg,) (5.1)

The fact that V' (v;, )N+ -NV (v;, ) # 0 implies that {v;,, -+ , v, } is not a primitive
collection (See Definition 2.5). Since the fan ¥ is complete, we may choose (n — k)
generators v;, - - ,v;, so that (v;,---,v;,) defines a n-dimensional cone ¢ in X.

We may consider the map w near p; as a map into the affine open set C" =
Spec(dNM) as in [Ful]. More precisely, the coordinate functions of this affine open set
C™ is given as in Proposition 2.2. Denote by di,- - - , dy the intersection multiplicities
of the map w with V(v;, ), -,V (v;,). In other words, if we represent the map w
in terms of homogeneous coordinates, then the homogeneous coordinate functions
Ziys -, %, Will have order of zero dy, - - - , dj, at p; and other homogeneous coordinate
functions are non-vanishing near p;.

As in Proposition 2.2, let {u;,, - ,u;, } be the basis of M dual to {v;,,---,v;, }.

<uz‘j ) Uik> =04,k

Then, the affine coordinate function x¢ is

.IT _ Zivhuil) o ZJ(\I[)N,uil)
= C(Z) . Z’L_<1Ui17ui1>
= C(Z) " Ziy

where C(z) is a function nonvanishing near p;. Therefore, the affine coordinate
function x{ has order of zero di at p;. Similarly, z3,---,27 have order of zero
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da,--- ,di at p1. For j > k, 7 is non-vanishing near p;. We may further assume
that p; = 0 € D?. Then, the map w near p; can be written in affine coordinates as
(arzB + O(zHFh) o apz® + 0" apr + O(2), -+ ,a, + O(2)).

Now we are in the same situation as in [Chol] Theorem 9.1. From now on, we
will only sketch the arguments and refer readers to [Chol] for details.

We label by po,---,pm € D? all the other points whose image intersect with
V (v;) for some j. We find disjoint open balls B¢(p1) C D? centered at p; with fixed
radius € for sufficiently small € for all i = 1,2, -+ ,m.

Now we smoothly deform the map w inside the ball B.(p1), so that the deformed
map w satisfies

ﬁ|335/2(101) cL (5.2)
and as a map into the affine open set C™ near p;, the map w on B, /5(p1) is given by

d() dk

(Ll et wn o) (5.3)
laol(5)M " akl(5)% laksr]” 7 an|

We perform the same kind of deformations for ps,ps,- - ,py, inside the ball
B.(p2),- - , Be(pm) and write the resulting map as w. Over the punctured disc

Y = D? \ (Be(p1) U+ Be(pm)),

the deformed map w does not intersect with the hyperplanes, and it intersects with
the Lagrangian torus L along the boundaries of the punctured disc.

Since the Maslov index is a homotopy invariant, we have u(w) = u(w). Hence,
we may compute the Maslov index of the map w. Note that the boundary 0% is
0D? U (Ui(?BE/Q(pi)).

Since the image of the map w on the boundaries of the balls B /5(p;)’s lies on the
Lagrangian submanifold L, the map w : (X,0%) — (X, L) satisfies the Lagrangian
boundary condition. Furthermore, since every intersection with the hyperplane occurs
inside the balls B, /o, w|s does not meet the hyperplanes. Hence, it can be considered
as a map into the cotangent bundle of L, (If we take out all such codimension 1
submanifolds V' (v;)’s from Xy (py, there remains (C*)™ which can be considered as
the cotangent bundle of the torus orbit L). Therefore we have

p(wls) = 0. (54)

On the other hand, the Maslov index of the map w|s is given by the sum of the
Maslov indices along 0% after fixing the trivialization.

Now consider the map @ : D?> — X and we fix a trivialization ® of the pull-
back bundle w*TX. It gives a trivialization ®x of the pull-back bundle (w|s)*TX
restricted over ¥. In this trivialization, it is easy to see that

(@5, 0D?) = p(®,0D?) = p(w) = p(w).

Since the boundary of the balls B, /, are oriented in the opposite way, and from the
explicit description (5.3) of the deformed map on the ball B/ (p;), we have

(Ps, 0B, /2(pi)) = —2(sum of intersection multiplicities in Be /o (ps)).
From the equation (5.4), we have

p(w) — 2(sum of intersection multiplicities ) = 0. O
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Now, we use this index formula to classify all holomorphic discs with boundary
lying on L. It is much easier if we describe them in terms of “homogeneous coordi-
nates” of toric varieties. Namely we claim that homogeneous coordinate functions of
any holomorphic discs with boundary on L can be written as just Blaschke products
with constant coefficients.

We recall that the homogeneous coordinates come from CV \ Z(%) in Definition
2.9 and (CV \ Z(X))/D(E) = X5(py. We denote by

the natural projections.

THEOREM 5.2 (Classification theorem). Let L C CN \ Z(X) be a fized orbit of
the real N-torus (S*)N. Any holomorphic map w : (D?,0D?) — (Xx(p), L) can be
lifted to a holomorphic map

@ : (D?,0D?) — (CN\ Z(%),L)

so that each homogeneous coordinates functions z1(w),--- ,zn(W) are given by the
Blaschke products with constant factors: i.e.,

Hj

~ 2= Q5K
. = ¢ - S L 5.5
zj(w) = ¢ Hl—a‘kz (5.5)
k=1 B
for ¢; € C* and non-negative integers p; for each j =1,--- | N. And two such liftings
w, w' of w are related by
w=t-w

where t € T(X) is a constant element in the real torus T(X) C D(X).

Proof. Suppose the map w meets the submanifold V (v1) at w(a) for a € int(D?).
We multiply the torus element

e ((12__5511 1)) € (CHN/D(D) = (C)" (5.6)

to w and denote the modified map by w;. Note that the map w; still satisfies the
boundary condition because we multiplied the element (5.6) of the torus (C*)Y /D(%)
and the L is an orbit thereof and [L=22| = 1 on D?. And the intersection multiplicity
of wy with V(vy) is one less than that of w.

By repeating the process, we may assume that we obtain a map wy which does
not meet V(v1). Repeat the process for each V(v;) for j = 1,---,N. Hence we
obtain a holomorphic map w’ : (D?,0D?) — (X, L) does not meet any codimension
1 submanifolds V'(v;)’s. This map has Maslov index 0 and is contained in any affine
open sets C™ of toric variety. It is easy to see that this map is indeed constant. Due
to the boundary condition, this last map w’ must be the constant map

’UJIEZEO
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for some point zp € L C Xx(p). We choose any point

(c1,--+ ,en) € Hao) N L (5.7)

and then define w : D?> — CY by the map whose j-th component is given by the
formula

Mmoo
~ - ik
y@) = [ ==
k=1 gk
i r—ayn : 1—a;% o
where []i2, =2 is the reciprocal to the factors —2*% multiplied to cancel the
k=1 1-a; k2 Z—0y K

intersection of w with the divisor V(v;) in the above process.

Hence, we may deduce that homogeneous coordinates of any holomorphic disc
can be written as Blaschke products. The map w obviously maps 0D? to L since
we made the choice (5.7) for (cp, -+ ,cn) and so L is a fixed TN -orbit (cg,- -+ ,cn),
and all the Blaschke factor has unit norm on dD?. This proves the first part of the
theorem.

For the second statement, we note that in the above formula (5.5) the data «a; k
and p; are completely determined by w but not on the lifting, the coordinates func-
tions of @'(z) and w(z) have common zeros and poles. Therefore the ratios
w;(2)

defines a non-zero holomorphic function. Therefore if we define

~

Y = DX c*\V
9j ,[Djv g (917 7gN)C ( )C( ) ’
g defines a well-defined holomorphic map from D? to D(X) C (C*)V each of whose
components has the unit norm on dD?. Since (D(X),T(X)) is holomorphically iso-
morphic to the pair ((C*)N=", TN=")  the argument in the first part proves that g
must be constant.
This finishes the proof. O

REMARK 5.1.
1. In the case of PV a similar formula was proved in [Chol].
2. The Maslov index of w is Zjvzl 15 by Theorem 5.1.

6. Fredholm regularity of discs. In this section, we justify the use of the
standard complex structure in the computation of the Floer cohomology. In general,
to make a good moduli space of J-holomorphic discs M(X, L, 8) is very difficult. It
is especially so since all perturbations of the moduli spaces had to be compatible for
all homotopy classes of the J-holomorphic discs. (See [FOOQ] for details). But, we
will show that the moduli space of holomorphic discs in toric Fano manifolds with
boundary on torus fibers behaves rather nicely.

First we show the Fredholm regularity of the holomorphic discs. This implies that
the moduli space of holomorphic discs (before compatification) are smooth manifolds
of expected dimensions.

THEOREM 6.1 (Regularity theorem). The discs in Theorem 5.2 are Fredholm
regular.
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Proof. We have only to prove the surjectivity of the linearization of 9 at each holo-
morphic disc. Since the standard complex structure is integrable, linearized operator
D,, for a holomorphic disc w is complex linear and exactly the Dolbeault derivative

0. And we will prove the surjectivity of this linearized operator.
We first recall the exact sequence

0—-K—-zNZzr—o.
This induces the exact sequence of the complex vector space
0-Ct-cVNEZcCcr—o0

via tensoring with C where C¥ is the N —n dimensional subspace of C spanned by
K C Z~. Note that this exact sequence is equivariant under the natural actions by
the associated complex tori.

Now we explain implication of the existence of the above equivariant exact se-
quence on the study of Fredholm property of holomorphic map

w: (D?,0D?%) — (X, L)

where L C X is a torus fiber L = u~1(n), n € P C M.

We first need some general discussion on the sheaf of holomorphic sections of
bundle pairs (E, F') where E is a complex vector bundle over D? and F' a real vector
bundle over D? such that FF @ C is identified with E|sp2. We denote by (€,F)
the sheaf of holomorphic sections of E with boundary values lying in F'. We will be
interested in the sheaf cohomology of (£, F) which we denote by

HY(D? 0D* E,F)= HYE,F).

Here the sheaf cohomology functors are the right derived functors of the global section
functor from the category of sheaves of (O, Or)-modules on D? to the category of
R modules, where (O, Og) is the sheaf of holomorphic functions on D? with real
boundary values. Denote by AY(E, F) the sheaf of C™ sections of E with boundary
values in F, and denote by AV (E) the sheaf of C>° E-valued (0,1)-forms. The
following is easy to check (see section 3.4 of [KL]).

LEMMA 6.2. The sequence
0= (£,F) — A°(E,F) % A% (E) -0

defines a fine resolution of (€,F).

Hence, the sheaf cohomology of (£, F) is given by the cohomology of the two term
elliptic complex

0— AYE, F) 2 A% (E) -0,

where A°(E, F) is the space of global C* sections of E with boundary values in F,
and A%!(E) is the space of global C*° E-valued (0,1)-forms. From this, it follows
that

H(E,F) = kerd
H'(E, F) = coker 0.
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Next let (X, L) be a pair of Kéhler manifold X and a Lagrangian submanifold L C X.
Consider a holomorphic disc w : (D?,0D?) — (X, L) and denote

E=wTX, F=(0w)TL.

In terms of the sheaf cohomology group HY(D? 0D?; E, F), the surjectivity of the
linearization of the disc w is equivalent to the vanishing result

HY(D?,0D* E,F) = {0}. (6.1)

Now we restrict to the case of our main interest as in Theorem 6.1. Let w :
(D?,0D?) — (X, L) be a holomorphic disc obtained in section 5 and @ : (D?,dD?) —
(ch, Z) be the lifting obtained in Theorem 5.2. From the expression of @ in Theorem
5.2, it follows that w(AD?) is contained in a torus orbit of (S1)V

L=(SYN(e1, o+ en) Cnl(L) c V.
We denote by
(E,F)=(w'TX, (0w)*TL)

(E,F) = (D* x CN (8w)*(TL)))
(Exk, Fk) = ((0)*(TOrbc, <), (0w)*(T'Orbi))

and by
(€F), (EF), (& Fx)

the corresponding sheaves of holomorphic sections.

LEMMA 6.3. The natural complex of sheaves

0— (&, Fx) — (£, F) = (£,F) — 0 (6.2)

s exact.

Proof. We need to prove the sequence of stalks

0= (&, Fr): = (€, F): = (£,F). = 0

is exact at each z € D2. When z € Int D?, this immediately follows from the O-
Poincaré lemma. It remains to prove exactness when z € 9D?. We will give details
of the proof of surjectivity of the last map

(&, F). = (€, F)- (6.3)

and leave the rest to the readers.

Let 29 € dD?. By choosing a sufficiently small neighborhood U of z, we can
holomorphically identify (Ex, Fik)|y with the trivial bundle (CN =" RN —") — (U,UN
0D?). By shrinking U if necessary, we may choose a holomorphic frame

{flv"' 7fN*nafN*n+1a"' 7fN}

of (E, ﬁ) so that f; =e;, 1 <j < N —n the standard real constant basis of RN-" ¢
CN=" and the projections of {[fx_n+1],--* ,[fn]} defines a holomorphic frame of E.
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Now let 7 be a given holomorphic section of E defined in a neighborhood z €
V C V C U such that
nlvrap2 € F.

We can write

N =0bN—nt1[fN-nt1] + -+ On[fN]

where b;’s are holomorphic functions on V. Then it is obvious that
& = bN_nt1fN_ny1+ -+ ONSN

defines a holomorphic section of E which projects to 7. However &, may not satisfy
the boundary condition

(E)lvaop: C F

and so we need to correct it by adding a suitable holomorphic section of (Ex, Fi) &
(CN=m, RN="). Since (&,)|apz C F, there exists a map g: VNID? — F = RV-",
g=1(g1,-+ ,9n—n) such that

N—n

Enlvrop2(2) = Y gi(2)ei € F (6.4)

i=1

for all z € V N OD3.
Now we solve the following Riemann-Hilbert problem for the map G
(D2,0D?) — (CN=" RN=™) G = (G1,-++ ,Gn_n)

9% =0
{ Y=g(2) ze€VNoD2 (6.5)

It is well-known that this equation can be solved (see [O3] for example) on a neigh-
borhood V! c V' ¢ V by multiplying a cut-off function p such that

(2) = 1 forzeV
P = 0 for z in a neighborhood of OV.

Now it follows that if we define £

N—n

£(2) =& (2) = Y Giz)es,

i=1
it satisfies
(€] =[¢,] and £(z) € ., z € VNOD>.

This finishes the proof of surjectivity of (6.3). O
The exact sequence (6.2) of the sheaves induces the long exact sequence of coho-
mology
0 — H°(Eg, Fx) — H°(E,F) — H(E,F) —
— H'(Ex,Fx) — HY(E,F) — H'(E,F) — 0. (6.6)
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Therefore to prove H*(D? 0D? E,F) = {0}, it is enough to prove the following
lemma.

LEMMA 6.4. HY(E, F) = {0}.
Proof. From the definition of the bundle pair (E, F) — (D%, 8D?), we have

E=D?2xCN, F=t0 - @ly.

Here for each j = 1,---, N, ¢; is the line bundle which is the tangent space of the
circle

9»—»62”’”9-@ cC

with p; > 0 is an integer given in Theorem 5.2. Now the lemma immediately follows
from the study of the one-dimensional Riemann-Hilbert problem with this Lagrangian
loop (see e.g., [O3] for this kind of analysis). O

This finishes the proof of the vanishing result

HY(E,F) = {0}

and so the discs w obtained in Theorem 5.2 and so all the discs in X with boundary
lying on L are Fredholm-regular. 0

Now, let us consider the compactification of the moduli space of holomorphic
discs.

COROLLARY 6.5. Singular strata of the compactified moduli space of holomorphic
discs which consist of only disc components, have expected dimensions.

Proof. First note that from the classification theorem, all evaluation maps from
the moduli space to the Lagrangian submanifold are submersions. This also may be
seen from the torus action on the space of holomorphic discs. Hence, any singular
stratum which consists of only disc components is given by transversal intersections of
appropriate moduli spaces of holomorphic discs. Hence it has expected dimension. O

When there is a singular stratum with sphere bubble, it may cause a trouble,
since the standard complex structure is not always Fredholm regular for holomorphic
spheres. Hence, the moduli spaces of holomorphic spheres may have dimensions dif-
ferent from expected dimensions. But since we only evaluate only at the boundary of
the discs (not on spheres), with Fano condition, the evaluation image of such stratum
is always of codimension of two or higher. Hence, it is plausible that these moduli
spaces with evaluation maps define well-defined currents on L. We still believe that
the moduli chains in the general Fano toric case are rectifiable. Since we have not been
able to prove this statement in general, we make a following additional assumption
on the toric Fano manifold for the computation of Floer cohomology.

AssuMPTION 6.1. The toric Fano manifold M is assumed to be convex. Namely
we require that for any genus 0 stable map f: X — M, f*T), is generated by global
sections.

In fact, the above assumption may be replaced by the following slightly less re-
strictive condition.
1. All holomorphic spheres with chern number less than (n +2)/2 in toric Fano
manifold are Fredholm regular, or
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2. The Chern number of the holomorphic spheres are at least (n + 2)/2, where
2n = dim(X).

In the first case, all singular strata of the moduli space of holomorphic discs (relevant
in Floer cohomology) will have expected dimensions. The convex algebraic manifolds
(tangent sheaf is generated by global sections) satisfy the first assumption, hence
complex projective spaces and products of complex projective spaces satisfy our as-
sumption. In the second case, note that the moduli spaces of holomorphic discs with
Maslov index greater than (n + 1) does not contribute to the Bott-Morse Floer coho-
mology by the dimension counting. And with the second assumption, all the relevant
moduli spaces can not have sphere bubbles due to the index restriction, hence Floer
cohomology is well-defined.

7. Holomorphic discs of Maslov index two. We briefly recall the definition
of the Bott-Morse Floer coboundary operator from [FOOO], while refering readers
for the precise definition to [FOOO] or [Cho2]. : For [P, f] € C*(L,Q) and non-zero
B € ma(M, L),

55([P, 1) = (M2(B) ev, X1 P, evo) (7.1)
So([P, f]) = (=1)"[OP, f]. '
And the boundary operator is defined as
(P = Y SR eT D (7.2)

BETI'Q(M,L)

And we extend it linearly over the universal Novikov ring A,,,,,. The following bound-
ary property follows from the proof of [Theorem 6.24, FOOOQ)] in which is considered
the case where all the obstructions vanish, after combined with some additional can-
cellation arguments used in [addenda, O1], [Theorem 4.9, Cho] to deal with the case
where the obstruction does not vanish but is a multiple of the fundamental cycle. We
omit the proof referring to that of [Theorem 4.9, Cho].

THEOREM 7.1. Assume that Xxpy is Fano and L is as before. Then

606 =0.

Since the standard complex structure Jy in these toric manifolds are regular as
proved in the last section, we may proceed to compute the actual Floer boundary
map with respect to Jy. The relevant calculations in our cases will be reduced to the
study of discs of Maslov index two as in [Chol] because of the following proposition.

PROPOSITION 7.2. Let ) to be the formal sum of 6g with p(8) = k. Then we
have 0, =0 for k > 4.

Proof. Consider the homotopy class 3 € m2(X, L) with the Maslov index p(3) > 4.
The fiber product Ma(8)ev, X s P for the current Lagrangian torus fiber of the Fano
toric manifolds is always transversal and so becomes a smooth manifold of dimension
dim(P) + u(B8) — 1. Now we consider the chain

evy : Ma(B)ew, X5 P — L.

We would like to show that this is zero as a current on L. Note that if its image has
dimension less than that of Ma(8)eys, X P, the value of the boundary operator of P
is zero as a current of dimension dim(P) + u(8) — 1 (See [FOOQ] for details).
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It is immediate to check from the transversality of the fiber product that if all
the elements in M(3) is of multiplicity greater than one, the dimension of the image
of evy is strictly less than that of Ma(8)ey, X5 P ( = dim(P) + p(8) — 1).

Therefore it remains to prove the statement in the case where generic elements
in M(fB) are simple. In this case, the lifting of w in Theorem 5.2 must have the
representation

z — Ozj k

— H 1—aj iz
such that the set {1, }1<k<n of non-negative integers is relatively prime, i.e, does not
have a common factor. In particular, there are at least two p;’s that are not zero
since we assume p(3) > 4. For the simplicity of the exposition, we consider the case
where p1 = po = 1 and all others are zero. Other cases can be dealt similarly. In this
case, we have u(8) = 4 and so Ma2(8)eys, X P have dimension dimP + 3, unless it is

empty.
Noting that

cvo(Mz(B)en, x5 P) = | evo(Mz2(B)ew, x5 (p))

peEP

it is enough to consider the case that P is a point cycle (pt) in X. The fiber product
M3(B)ev, X5 (pt) has dimension 3 and the image evo(M2(83)ev, X s P) is nothing but
the set of the boundary image points of holomorphic discs in M(3) that meets the
point (pt).

We claim that in the case of the current Lagrangian torus fiber of the Fano toric
manifolds this latter image cannot have dimension bigger than two. To prove this,
we consider the lifts of the holomorphic discs to U(X). From the expression of lifted
discs in Theorem 5.2 and by the uniqueness of the liftings upto the action of T'(X),
the image of the boundary of the lifted discs is the union

zZ— 7 zZ — Qg N
£ : 1.--,1)c CV.
U (1—512’ 1 —asz )

teT (%),

z€0D?
However it follows from Theorem 5.2 that the projection of this to L by 7, which is
precisely the image evo(Ma(B)ew, X5 (pt)) C L, has dimension always less than or
equal to two. This finishes the proof for the case u; = pus = 1. Other cases can be
done similarly. O

Based on this theorem, we will be mainly interested in the holomorphic discs

of Maslov index two for the computation of HFBM(L; Jy). From the classification
theorem, it is easy to see that there exists exactly N distinct holomorphic discs of
Maslov index 2 (up to an automorphism of the disc) passing a given point in L. We
denote the homotopy class of such discs by 8; € ma(X,L) for j =1,--- ,N:

DEFINITION 7.1. For the homogeneous coordinates z1,---,zn, we denote by
D(v;) the holomorphic disc of class 3; € ma(X, L) associated to the lifted disc

{zkzck for k#j

Zj:Cj'Z

(7.3)

for z € D?, where (c1,- -+ ,cn) € (C*)Y are chosen to satisfy the boundary condition.



794 C.-H. CHO AND Y.-G. OH

Now we want to express each such disc in terms of the coordinates of the torus
(C*)" C Xx(py to compute the boundary operator. Recall that in toric varieties, the
torus (C*)™ corresponds to 0-cone in N or the dual cone Mg.

(C*)™ = Spec (C[xl,xl_l, T2, :102_1, R
Its coordinate can also be obtained by applying Proposition 2.2 for the cone ¢ which
is generated by the standard basis vectors (ey,--- ,e,) (Such cone may not exist in
the fan 3, but the coordinate expression of (C*)" obtained this way is still true).
Hence we use Proposition 2.2 to find the relation with the (C*)" coordinates
and the homogeneous coordinates. If we choose the generators of the cone (v;;) in
Proposition 2.2 to be (e1,- - ,e,), its dual basis becomes

Uij = ej.

From the equation (2.3), we have

o _ <U178){> <'UN16I>
1 =2 AN
(7.4)
o _ (vnen) (vnseq)
Ty =27 ez M

Hence for the holomorphic disc D(v;), by substituting (7.3) into the above equations,
we get the following :

* 1

o /o {vj,el) /U

Ty = C Z<J’1 =C -2
(7.5)

o / vj, rou

Ty = Cp Z< iven) Cp 27

where v; = (vj, - ,0}).
PROPOSITION 7.3. Fori=1,---,N, the holomorphic disc D(v;) given by (7.3)
can be written in terms of coordinates of the torus (C*)" as
(C12%,Co2% -+, Cr2) (7.6)
where constants C; € C are chosen to satisfy the given Lagrangian boundary condition.

ExaMPLE 7.2. For the Clifford torus case, the holomorphic discs of index two
are

[zier: o iepl, ey [lier et enz],

which in the standard open set Uy are

1 1

(Clga"' ,Cn;),(CLZ,"' acn)a"' 7(015"' ,CnZ)-

Now, the image of the moment map of P" is the standard n simplex, which can be
written as follows:
For v1 = ey, vy = €p,Upt1 = (=1, —1,--+ , 1) € R™,

{(z,vi> >0 for i<n

(x,vp41) > —1. (77
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Now one can see the theorem is true in this case.

{Un+1 = (Clé,"' 7Cn%)

7.8
v = (c1,++ ,¢2,  + ,Cp). (78)

We have the classification theorem, Theorem 5.2 in terms of the homogeneous
coordinates, but it is also convenient to look at them in the open sets C™ corresponding
to n-dimensional cones in . But one should note that not all discs are contained
in these affine open sets. More precisely, if the holomorphic disc intersects with
V(viy), -+, V(vi;) (possibly at different points), and if {v;,,---,v;,} is a primitive
collection, then such disc can not be contained in the affine open sets. But as the
primitive collections have two or more elements, the discs of Maslov index two which
intersect only one of the submanifolds V' (v;)’s are always contained in the affine open
sets.

PROPOSITION 7.4. For the affine open set C™ corresponding to n-dimensional
cone o = (v, ,v;,) in X, the holomorphic discs with Maslov index 2 contained in
this open set C* C X are just D(vi, ),- -+, D(v;,) up to an automorphism of a disc.

Proof. For such an open set C" C X, the Lagrangian torus fiber L is defined
by |zi| = ¢ for i = 1,--- n for some ¢; € R. And the holomorphic discs which are
mapped into this open set C" are indeed easy to classify. More precisely, the i-th
coordinate of such maps are just given by the Blaschke products times the constant
¢;. Hence, holomorphic discs of Maslov index 2 are (up to automorphism of disc) can
be written in terms of coordinates of C™ as

(Clzv C2, ;Cn)
(Clu CoZ,y - - ,Cn)
(Clv C2, ,CnZ)-

As the coordinate of C" is determined by the dual cone & of the cone o =

(Viys -+ ,v;,). The primitive generators of & are given by the dual Z-basis (u1, -, un)
in M since X is smooth.

Let z1,--+,2, be the coordinates of the torus (C*)® C X given by Mg. From
[Ful], the affine coordinates z{, - - - , 7 are given by the primitive generators as follows:
For w; := (w1, ,uin) € M,

(7.9)
:L'Z e Z,lu‘"lzg’"2 e Z;llfnn'

Then, the torus coordinates z; can be recovered from the affine coordinates
zf,--- ,22: Take
1> »Pn

k k k (ull'u{C Fedup vk ) (uln'u{C +otUnn P )
o\V; o\V; o\v! i i i i
(@)% - (@3)%2 - (@) =2 "eizy "

(VEU)ik | (VEU)ue —
n

=2z Zk
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where U, V are (n x n) matrices whose j-th rows are given by the vectors v;;, u;
respectively. The last equality follows from the duality between v;; and u;.
Hence the holomorphic disc in CV given by

(Cla"' 70]-2,... 7CN)

can be rewritten in the coordinates of the torus (C*)™ as

1

a0 = (@) (@) = Cy 2

(7.10)
tn = @) (@) = O 2
for (C1,---,C,) € (C*)". This is nothing but the expression of the disc D(v;;) in
Proposition 7.3. This proves the proposition. O

8. The areas of holomorphic discs. In this section we compute the symplec-
tic areas of the holomorphic discs. For each such holomorphic disc D(v;), there exists
Sl-action on its image from the torus action on the toric variety. From the coordi-
nate expression of holomorphic discs in Theorem 7.3, this S! can be easily seen as a
subgroup of T' = (S*)" via the monomorphism

Sl 7. i, (ew;97 o ,eiv;f@) (8.1)

for each given j =1,--- , N. We will fix one such j in the rest of this section.
In the level of Lie algebra, the S' C T is generated by the element

§=vjer +vjes + - +vje, € Lie(T") = R". (8.2)

From now on, we denote by pp for the moment map of the whole torus (7' =
(S1)™) action. The image ur(D(v;)) of holomorphic discs D(v;) under the moment
map pur can be easily seen to be 1-dimensional because it is invariant under the
St action generated by &, and it meets with the boundary of the moment polytope
because when the disc meets the submanifold V' (v;). The intersection point is a fixed
point of the S! action we described above. Indeed, ur(D;) meets the hyperplane
defined by

<$,’Uj> = Aja

since the preimage under the moment map pr of this hyperplane has the stabilizer v;.
Also recall that the image of the Lagrangian torus fiber under pr is a point, which
we denote by

A= (a1,a2, - ,a,) € (R™")".
Let (r,0) be the standard polar coordinate of D?(1) C C and consider the map
(r,0) = pr(w(r,0))
where

w = D(v;) : (D?,0D?) — (X, L)
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provided in Proposition 7.3. Since the disc is invariant under the S'-action (8.1), the
map is independent of §. We write the corresponding curve by

a:[0,1] = RY) = (Lie(T™);  a(r) == pr(w(r, ).

We are now ready to prove the following area formula of the disc D(v;), which will
play a crucial role later when we relate our computation of the Floer cohomology to
Hori-Vafa’s Landau-Ginzburg B-model calculation.

THEOREM 8.1. The area of the holomorphic disc D(v;) in Proposition 7.3 is
27T(<A, Uj> - )\J)
Proof. Let np € Lie(T™) be any element and nx be the vector field on X generated

by 1. By definition of the moment map ur, we have the following defining formula of
the moment map

d{pr,n) = nx lwp
in general [MW]. We apply this identity to n = £ defined in (8.2) to have

d{pr, &) = {x Jwp. (8.3)
Therefore we derive
2 {a().©) = ldur (50). )
(%)
= {x]wp (g_@:) (8.4)

where we regard pr both as the map from X to (Lie(T™))* and as a (Lie(T™))*-valued
function.
And it follows from the coordinate formula (7.6) that
0
Ex(w(r,0) = 55(,9).
By substituting this into (8.4), we have derived

L tar).6) = wp (22,90, (85)

From this, we derive

. Lopem ow Jw
Area(D(vj))—/Dzw wp—/o /0 wP(E,%)der
'd
= —27r/0 %<a(r),§> dr

= 27(((0), &) — {(1),€))-

The value of a(1) = pr(w(l,)) is the base of the Lagrangian torus fiber L which is
nothing but (A4,¢) and «(1) is in the hyperplane determined by

<£L‘,f> = )‘j'

Therefore we have proved that the area of the disc is 27((4,£) — A;). Finally noting
that & = v; in (8.2), we have finished the proof. O
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9. Standard spin structure. We recall the notion of the standard spin struc-
ture introduced in [Chol] for the case of the Clifford torus in P™. A spin structure of
L is equivalent to the homotopy class of a trivialization of the tangent bundle of L
over the one skeleton of L, which can be extended over two skeleton. We also recall
that a framing of the manifold L is defined to be the homotopy class of a trivialization
of the tangent bundle T'L. Therefore each framing canonically fixes a spin structure
of L.

Recall that a Lie group has a natural framing of its tangent bundle. In particular
a Lie group with an orientation has a preferred spin structure. Now a torus (S1)" =
R™/Z"™ has a canonical orientation on its Lie algebra which is canonically isomorphic
to R™. And we have a canonical framing of (S!)™. Then, any orbit of the torus (S1)"
in toric manifolds has a canonically induced trivialization and orientation. We fix the
orientation of a torus orbit to be the induced orientation. And we call the induced
spin structure on any torus orbit standard spin structure. .

For the space of holomorphic discs with a given homotopy class, say M (), consid-
eration of the deformations of discs via torus action gives the subspace of the tangent
space T M(3). This subspace can be oriented by the orientation of the torus group,
which determines the orientation of the moduli space of holomorphic discs via the
Proposition 21.3 of [FOOQ]. Also note that there exists 2" = |H'(L;Z/2)| different
spin structures for the torus L. Other spin structures besides the standard one can
be naturally considered in the setting of the Floer cohomology twisted by the flat line
bundles on L: Calculations of the Floer cohomology with different spin structures can
be substituted by the Floer cohomology twisted by the flat line bundles on L with
holonomy e™ along appropriate generators of 7y (L).

Our computations will be carried out in the rest of the paper in terms of the
standard spin structure. We refer readers to [Chol] for more detailed discussions on
the orientation and computations for different spin structures.

10. Computation of the Bott-Morse Floer cohomology. Now, we are
ready to compute the Bott-Morse Floer cohomology of any Lagrangian torus fiber
L in symplectic toric manifold Xypy. We will assume in this section that Xy py is
Fano.

The Bott-Morse Floer cohomology defined in section 7 satisfies

6o0d6=0

for our torus fiber. Note that we do not need to deform the boundary operator of the
Floer complex by introducing obstruction cycles since all non-constant holomorphic
discs have positive Maslov indices in our case.

We fix the standard spin structure of L, which fixes the orientation of the moduli
space of holomorphic discs. The orientation of the boundary (7.1) not only depends
on the orientation of the moduli space Ms(/3), but also the fiber product orientation.
It was studied in great detail in [Chol], [FOOO], and so we restrict our discussion
about orientation to a minimum.

Recall that the Floer cochain complex in [FOOOQ] is constructed using currents.
From now on, the cycles we write actually represents their Poincaré duals, and we will
not distinguish homology H.(L, Q) and cohomology H*(L,Q) in our presentation.

The filtration on the boundary operator d with energy induces a spectral sequence
E** which converges to the Floer cohomology HFBM(L; Jy). Recall from [FOOO]
that

EP1>~ (H*(L,Q) ®e)?
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where ()P means the total degree p. To compute the Floer cohomology, we work
with this spectral sequence and the main step is to compute the boundary do of the
cohomology generators. Here §5 is the boundary operator given by considering only
Maslov index 2 discs.

We first compute the boundary for a point class (pt). We denote the generators of
H.(L,Q) by Li,---, L. More precisely, by L; we denote a cycle given by the image
of the map

St — (C)" e (e, ep).
In view of Proposition 7.3 and considering an orientation as in [Chol], we have
8p, (pt) = (=1)"(v; L1 + -+ + v} Ln) (10.1)

where 3; = [D(v;)] € m2(X, L). Hence,

|
.MZ

5o ((pt)) (—1)rrAreatBi) g (0 Ly + -+ + 0 Ly,)

<
Il
—

I
M=

(_1)"T27T(<’Uj'rA>7)‘j) q- (vjl-Ll +o 0l L),

<.
Il
-

We can also compute the Floer cohomology with flat line bundle £ on it, which we
denote by

HFBY (L, £); Jo).
If we denote by
he = e

the holonomy of the line bundle £ along the cycle L, for « = 1,--- ,n, Proposition
5.2 implies that the holonomy along the boundary of the disc D(v;), becomes

1 o?

Byt o hy? = v = v (10.2)
where the vector v = v is defined by
v=(vi,",vn) (10.3)

which we call the holonomy vector of L.
In this case, the boundary operator of the Floer cochain complex is defined as
follows [Fu2]:

(10.4)

{%([R f1) = (M2(B) evy Xf P,evg) - (holpgl) ® g for B #0
So([P, f]) = (=1)"[0P, f].

Therefore, we have

Sa((pt)) = > (=1)"h T D=X) g (i Ly + -+ 0 L), (10.5)

J
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By identifying H; (L : Q) with Q™ via L; — e;, we may write the condition to have
d2({pt)) =0 as

S ()R T ATy = 0. (10.6)

J
It is not hard to see that if d2((pt)) = 0, we would have d2(P) = 0 in H*(L, Q) for any
cycle P € H.(L,Q) (see [Cho] for the relevant computations). Therefore, in this case,
the Floer cohomology HFBM((L, L); Jy) is isomorphic to the singular cohomology of

L. In particular, it is non-vanishing. The following proposition implies that, one only
needs to consider d2(({pt)) for the computation of Floer cohomology.

THEOREM 10.1. If d2({pt)) = 0, then Bott-Morse Floer cohomology is isomorphic
to the singular cohomology of L as a A,o,-module, i.e.,

HFBM((L, £); Jo) =2 H*(L; AS,,)

nov

where AS,, is the Novikov ring twisted by the line bundle £ in an obvious way.

If 62({pt)) # 0, then the Floer cohomology HEFBM ((L,L); Jo) vanishes.

Proof. Tt remains to prove the second statement. Suppose d2((pt)) # 0, and
consider the lowest energy terms of §;(pt) which gives rise to a non-zero term: Suppose
the terms with this energy are given by dg, -, dg,,. Denote by > the sum

02 1= 0p;, + -+ 0p,,.

By the assumption d2(pt) # 0, we have 5:2 # 0. It follows from the construction of the
spectral sequence in [FOOO)] that this becomes the boundary operator of the spectral
sequence of a certain step, say r. From our choice of g;_, lower energy terms give rise
to zero boundary maps in the spectral sequence. Therefore we have,

EPt~ EPI>~ (H*(L,Q) ® e)P.
We will show that
Er+1 =0.

For this we will compute 05 for the cohomology generators of H (L, Q).
In H*(L,Q), we may write, omitting the common factor of formal parameter
TAreaq,

0a(pt) = c1[L1] + ca[La] + -+ + ca[La). (10.7)

At least one of ¢; is non-zero from our assumption. It is not hard to see that
- n
52<L1> = ZC]‘ <LJ X Lz>
j=1
where L; x L; is O-cycle. Or more generally,

62(.[/1'1, X Lig X oo X sz) = ch<Lj X (LZZ X Liz X e X sz»
j=1
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where the latter is a 0-cycle if j € {41,142, - ,ix} (See [Chol] for the case of Clifford
torus in P™).

From now on, for index sets, say J with j = |J| elements, we denote its elements
as J = {jl;"' ,jj} with 71 < jo < --- <jj. And we denote J; = J\{js}

Now we denote an arbitrary element of k£ dimensional cycles as

> AL

I|I|=k

for I € {1,2,---,n} and A; € Q. The boundary of this element is

0 > ALy =Y Ai(6:Ly)
AV I
= ZA[(ClLl + - +CnLn) X Ll
I
k1

= Z ZAJE(—l)SilchLJ.

J,|J|=k+1 s=1

Hence, the element ZI,IIIZk ArLy is in the kernel of gg if for any set J C
{1,2,--- ,n} with |J| = k + 1, the following equation holds:

k+1
> A (1), =0. (10.8)
s=1

Set

{s:_ {ie{l,2,---,n}|c;=0} (10.9)

S¢:={1,2,--- ,n}\ 8.

Then, the equation (10.8) is exactly the same equation as we had in Theorem 13.3 in
[Chol] with (h;, — ho) replaced by ¢;..

Hence, by applying the same method, one can show that such elements in the
kernel of d5 lies in the image of do. This finishes the proof. O

Since for a fiber to has a non-trivial Floer cohomology is a very special geometric
property, it seems to deserves a name to them.

DEFINITION 10.1. We call balanced a Lagrangian fiber that has a non-vanishing
Floer cohomology.

In the next section, we will provide a geometric description of balanced torus
fibers.

11. Description of the balanced torus fibers. In this section, we now ex-
amine the equation (10.6) in terms of toric geometry. In particular, in the case of
no line bundle twisted, we provide a concrete toric description of the conditions for a
fiber to satisfy the equation.

For given A € intP, we partition G = G(X) = {v; }1<;<n into the disjoint union

G =11Gua
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where G 4,q) is the set of v; € G' with the symplectic area of the associated homotopy
class 8; = [D(v;)] € ma(X, L)

wp(Bj) =a

for each given positive number a. Obviously G(4,q) = () except for a finite number of
values of a’s

O<a1<a2<---<aLA

and 1 < Ly < N. Then (10.6) becomes
Yoo hu= Y ey =0 (11.1)

forall 1 </ < Ly.

PROPOSITION 11.1. Assume Xsp) is Fano and let L = p (A C (Xs(py,wp)
be a fiber for A € int P and L be a flat line bundle with the holonomy vector v =
(v1,+++ ,vp) such that A and v satisfy (11.1). Then we have the isomorphism

HFBM((L,L); Jo) = H*(L; AS,).

nov

For all other cases, HFPM ((L, L); Jy) is trivial.

Now we specialize to the case without £, i.e., all k% = 1. In the remaining section,
we will provide a more concrete description of the balanced fibers by analyzing (11.1)
in terms of toric data.

Note that in this case (11.1) just becomes

> wvi=0. (11.2)

v;€G(A5ay)

We denote by
La
{15 aN}:HIZ
=1

the partition of {1,---, N} corresponding to the partition of G = Hfﬁl G (Asap)- We
also denote

e, =Y e, (11.3)

Jjel,
where {e;} are the standard basis vectors of Z". By the exact sequence
0-K5zN Sz -0
(11.2) implies that there exists §; € K such that
i(67) = eg, € 2
for each 1 < ¢ < L4, where Z!* is the obvious product space. We denote by

Ay C (Sl)l"]
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the obvious diagonal circle group generated by the vector e;, € Z* and by A their
products as a subgroup of (S*)". By construction, we have

ACK

with dimA =L4 <dimK =N —n.

We will now carry out the “reduction by stages” to describe our toric manifolds
Xs(p) and the Lagrangian torus fiber L in a two-step process. We denote 6 = Lie(A)
and by

pa : CN — 6"
the moment map of the action of A on CV. We denote
j:A— K(C(SHN) or j:d— k(CRY)

the inclusion homomorphism and 74 := (S1)V/A.

We note that (S1)Y acts on CV as the direct product of the actions of dj-
dimensional torus (S*)% on C’. By carrying out the first reduction by the action of
A, we have obtained the reduced space

Ya = pux (G (r)/A = P x .y pdza=D)

WA =w1 D Dwr,

where we have

La
5 =D (=An)er, €07, A= > (M)
(=1 i€l
with respect to the basis {e} , -+, e} } dual to the basis {er,,--- ez} of d, and wy

is the Fubini-Study form on P(%~1) associated to the value \;, of the momentum
function pa, : C% — §7 = R, which becomes nothing but the standard momentum
function of the S! action on C% i.e.,

1
z€C¥ §|z|2 eR.

Furthermore the residual torus 72 = (S*)V /A is the direct product

T8 =1

14

with T2¢ := (S1)1¢/A,, and canonically acts on the reduced space Ya as the direct
product action of the standard torus action of T2¢ 2 (S1)% /A, on P~ We
denote

the — Lie((Sl)I@/Ae) o~ Rde—1)

This action of the torus 72¢ on P(*~1 naturally extends to the action of the product

Us = [JUd)
4
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as the Kéhler isometry with respect to the canonical complex and symplectic struc-
tures induced from the ones on Ya = pux'(j*(r))/A.
Now the quotient group K/A := K acts on Ya. We denote its moment map by

HEKA : Ya — k*A
and the natural projection K’ — Ka by ma. Then we have the identity
WNCITNESI TS

and the second reduction provides the description of (X5 (p),wp) as the reduced space

Xs(p) & MI}IA(S)/KA

where s € k} such that 74 (s) =r.
In terms of this identification, the Lagrangian torus L = u~(A), A = (a1, ,an)
can be written as

pph (AL AR Ky 2 (ph, (A1) 5 xoph, (AB) /K
where A’ € (t2¢)* and (Al,--- |, AL4) € @,(t7)* and
sy plde=1) _, (tA/z)* ~ R(de—1)

is the standard moment map on P(?~1) of the action by the torus T2¢. Here
(AL ... AEA) = 7%(A) where

(SHN/A

T2 =(SHY/A = KA

~ (SHN /K =17,

By the symmetry consideration, it follows that u;i ,(A") is the Clifford torus of
P(de—1)
We summarize the above discussion into the following theorem

THEOREM 11.2. Let Xspy = p *(r)/K be a Fano toric manifold with the
symplectic form wp associated to the polytope P. Then each balanced Lagrangian
torus fiber in Xxpy has the form

L= (Lyx--xLp,)/Ka Cpug(s)/Ka = Xsp)

where Ka = K/A and Ly is the Clifford torus of (]P’(d’f_l), wpe) with we the Fubini-Study
form associated to the normalization

phet = /Lgi(_)‘le)/sla AL, = Z Ai.

i€ly

12. Hori-Vafa’s B-Model Calculation. In this section and the next, we will
relate the equation (10.6) with the critical point equation of the superpotential of
the Landau-Ginzburg mirror to the toric manifold (Xyp),wp), after substituting
T?" = e~1. We will closely follow the notations from [HV] with few minor exceptions,
and exclusively use convention that the letter ¢ runs over 1,--- N, a over 1,--- , k(=
N —n) and @ over 1,--- ,n.
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In this section, we first describe the prediction of Floer cohomology by Hori via
the mirror symmetry correspondence from Hori and Vafa [HV] or Hori [H].
Suppose the k-dimensional torus K = (S1)* acts on CV as follows.

k k
(eiGI, . 7ei0k) . (Zl7 e 7ZN) — (Z eiQ1a9a217 e ,ZeiQNaeazN)'
a=1 a=1

The moment map of this action is given by

i CY (R

1
(21, 2n) — 5(2 Qalzl > Quelzl)

(See section 3 for more detailed discussion on this). Now we consider the quotient
p~1(r)/K as toric manifolds where r = (r1,--- ,7) lies in (R¥)*.

With some physical arguments, Hori and Vafa [HV] introduce the dual geometry
by introducing periodic variables Y;,¢ = 1,--- | N with Y; = Y; + 2m¢ such that for
a=1,--- .k,

N
> QiaYi=ta (12.1)
1=1

where t, = r, — 10,.
REMARK 12.1. Here we consider the case where the B-field is zero.

The real part of Y; represents the position of the Lagrangian torus fiber and
imaginary part represents the holonomy of the line bundle on this torus fiber. And
one considers the superpotential

W= e (12.2)

i=1
The critical points of the superpotential correspond to specific fibers and holonomies
whose Floer cohomology are non-vanishing.

For a given @, we consider the equation

N

> 0iQia =0, wv; €L (12.3)

=1

The space of solutions of (12.3) form an integral lattice of rank n = N — k in RY. We
denote a Z-basis of this lattice by {v*}1<a<n C RY with

va:(v?v"' av?\tf)

each of them satisfying

N
> v8Qia =0. (12.4)

i=1
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Therefore the general solutions for the constraint equation Zi Q..Y; = t, have the
form

n

Yi=> v0Oa+yi (12.5)
a=1
with n = N — k periodic variables ©, ( mod 27i) where y = (y1,--- ,yn) is a special

solution of

N
Z Qia}/i = tq.
=1

(In [HV], the letters t;’s are used for y;’s which is somewhat confusing with the other
usage of t,’s.)
Now the superpotential (12.2) of the mirror theory can be expressed as

N
W =>"exp(—yi — (©,uv)), (12.6)
i=1
where
U = (vilvvzgv"' ,1}?) ER”gN}R

and (©,v;) is the short hand notation for >."_ v¥0,. Note that the condition

oW a=1 "1
6. = 0 is the same as

N N
Z e Vil = Zexp(—yi —(O,v)) v =0 (12.7)
i=1 i=1

for « =1, -+ ,n. One can already see the similarity between equation (10.6) and the

equation (12.7). In the next section, we show that two equations indeed coincide, if
we substitute
T?" = e ' and then Yi = — A

3

13. Equivalence when 72" = e¢~!. In this section, we show that our calculation
of the (Bott-Morse) Floer cohomology indeed verifies the mirror symmetry prediction
made by Hori-Vafa’s B-model calculation. More precisely, the condition (10.6) to have
non-vanishing Floer cohomology with 72" = e~! exactly corresponds to the critical
points of the superpotential, with a canonical definition of the variables Y;’s.

To see the correspondence for the compact toric manifold Xy (py, we define Y; as
follows:

DEFINITION 13.1. For i =1,--- | N, define Y; € R x i(R/27Z) as

{Re(Yi) = Area(f;)/2m (13.1)

Im(Y;) = ilog(h¥') = —(v,v;) mod 2w

where v;’s are the generators of the one dimensional cones of the fan ¥ associated
the toric manifold Xy, py as in section 2 and §; € m2(X, L) is its associated homology
class, and v is the holonomy vector of the flat line bundle £ defined in (10.3).
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Then it follows from Theorem 8.1 that

}/i = (<A, Ui> — Az) — i<l/, Ui> = <A — ilj, Ui> — )\1 (132)

and hence
e_ifi — 6_(<A_7:V7’Ui>_>‘i) or (13.3)
= hvie=((Avi)=A), (13.4)

Consider the choice of ¢,’s given by the real numbers

N
t, = _ZQia/\i
i=1
fora=1,---,N —n. Then by the choice of t,’s,
yi:_)\’i; ’L:lvaN

is a special solution of (12.1).

PROPOSITION 13.1. For any vectors A and v above, Y;’s defined by (15.2) satisfy
the constraint equation

N
ZQin:ta for eacha=1,--- ,N —n.
i1

Proof. First note that we have the following equality from the exact sequence
(2.1) or equation (12.4)

N
Z Qiqvy =0 for all «,
i=1

and so we have

N
> Qiavi = 0. (13.5)

=1

From this, we derive
N N
Z QiaY; = Z Qza(<A - iV? Ui> - )‘l)
i=1 i=1

N N
= <A — v, Z Qiavi> - Z QiaAi

i=1 i=1
=0+1t, =tg

which finishes the proof. O
Now identifying the variable ©

©=A-—1iv,
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Y:’s defined in (13.2) coincide with (12.5).
Now, it remains to show that the condition (10.6) to have non-vanishing Floer
cohomology corresponds to the critical points of the superpotential W = Zi\;l e Vi,

if we substitute 727 = ¢~ 1.

PROPOSITION 13.2. The © = A — iv is a critical point of the superpotential W
if and only if A and v (or hVi’s) satisfy (10.6), i.e., d2(pt) = 0.

Proof. The condition (10.6)
Z h'UiT27T(<A1'Ui>*)\i) cv; = 0

K3

becomes the following equation, after we substitute 727 = e~ !:

D hviem (AT Ly, = 0, (13.6)
Then from (13.4) and from the choice y; = —\;, the above equation is same as
D e =0 Va, (13.7)

which is precisely the condition for Y; to be the critical points of the superpotential
W as in the equation (12.7). O

14. Examples.

14.1. The complex projective space P2. In [Chol, Floer cohomology of the
Clifford torus T2 with a flat line bundle is computed. This example extends the results
by showing that there are no other fibers in P? with non-vanishing Floer cohomology.
We consider P? associated with the moment polytope P defined by

(z,(1,0))
(z,(0,1))
(x,(-1,-1

>0
>0 (14.1)

~—

) >

Let (a1,a2) € int(P). For the Lagrangian submanifold L := uy'(ay,az2), there exist
three Maslov index 2 discs (up to Aut(D?)) with boundary in L. It is not hard to
check that its moment map ur trajectories are in fact straight lines. To find the torus
fiber whose Floer cohomology is non-vanishing, we check the condition (10.6).

Sa({pt)) = RaT?™ (1,0) + hoT?™%2(0, 1) + hy thy 172 (c—a24m) (1 1) = 0. (14.2)

Since h; € U(1), we have

hy = hithy?
{ TR (14.3)
ar=—ay—azx+r

ay = —a1 —as + 1.

ho = hy'h;2
{ S (14.4)
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Hence, we have

a1 =as =71/3,

h,l :hQ and h? =1.

The Lagrangian fiber p.' (r/3,7/3) is called the the Clifford torus and the holonomies
(h1, he) of the line bundle £ for the non-vanishing Floer cohomologies on the Clifford
torus are

(17 1), (e2m'/3, e27ri/3), (e47ri/37 647Ti/3).

14.2. Hirzebruch surface F}. This example illustrates well the difference be-
tween the actual Floer cohomology with A, ,-coefficient and the Floer cohomology
with the parameter value 72" = e~!. The latter was predicted by Hori-Vafa [HV]
by the B-model calculation. However the latter version of the Floer cohomology is
not invariant under the Hamiltonian isotopy of the Lagrangian torus fiber while the
former version is so. The latter Floer cohomology has Euler number of fibers whose
Floer cohomology is non-vanishing for toric Fano manifolds ([HV]), especially there
exists four such fibers for Hirzebruch surface F;. But we will show that the former
version has no fiber whose Floer cohomology is non-vanishing.

We consider Fj associated with the moment polytope P; defined by

(z,(1,0)) = -1

(z,(0,1)) = -1

(2,(0,—1)) > —1 (14.5)
<‘T7 (_17 1)> > —1

(The compuation here can be generalized to the case of other polytopes). This poly-
tope is reflezive [B2], thus F; is Fano. Let (a1,a2) € int(P;). For the Lagrangian
submanifold L := pp." (a1, az), there exist four Maslov index 2 discs (up to Aut(D?))
with boundary in L. In the torus coordinates, these are given as

C (&
(Cla 022)7 (ClZ, 02)7 (017 ;2)7 (;17 022)'

To find the torus fiber whose Floer cohomology is non-vanishing, we check the condi-
tion (10.6).

0= o((pt)) = hyT? (@D (1,0) 4 hoT? 2+ (0, 1) +
hy ' (a2t (0 1) 4 b hy TP (mataatl (),

From the first coordinate, we obtain,

hi = hythy
{T27r(a1+1) — T27r(7a1+a2+1)' (146)

Therefore we have

h2 = h%,ag = 2a1.
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From the second coordinate, we have

R2T2r(RartD) _ po2p2n(=2a+1) 4 p p2e(atd)
Or, equivalently
(M T# 1)t — 1 4 (B T*™ )% = 0. (14.7)
Now, we substitute 7%™ = e~!. Then, the equation (14.7) becomes
(hie™ ™) — 1+ (hre™™)? = 0. (14.8)
By setting X := hie™ %, we have
Xt4X3-1=0. (14.9)

It is not hard to check the four solutions of this equation indeed gives the location
of the four fibers inside the polytope P;, whose Floer cohomology with the value
T?" = e~! is non-vanishing. This agrees with the B-model calculation from [HV].
For the Floer cohomology with Ag ,0,-coefficients, note that we regard T" as a
formal parameter. Hence to have a solution of the equation (14.7), we should have

a; = 0. (14.10)
In this cases, the equation becomes,
hi+h3 —1=0. (14.11)

It is easy to check that this equation does not have a solution for h; € U(1). Hence,
there exists no torus fiber in F (from the polytope P;) whose Floer cohomology with
A ou-coeflicient is non-vanishing.

Also note that the Hirzbruch surface F} is not convex, however, it satisfies the
generalized assumption. Or one may observe that holomorphic discs of index 4 does
not come into play in the computation of Floer cohomology due to dimensional reason,
and it is clear that holomorphic discs of index two cannot bubble off the holomorphic
sphere of chern number 1, since such holomorphic sphere does not intersect fiber tori
whose moment map image lie in the interior of the moment polytope. Hence, Floer
cohomology in this case is well-defined.

REMARK 14.1. For Fy = P! x P! it is easy to find the torus fiber (at the
centor of the rectangle) with four possible holonomies whose Floer cohomology with
A op-coefficient is non-vanishing.

15. Obstruction classes, open Gromov-Witten invariants and superpo-
tentials. Fukaya-Oh-Ohta-Ono [FOOOQO] have defined the obstruction cycles of the
filtered Aoo-algebra associated to each Lagrangian submanifold and developed a de-
formation theory thereof, which tells whether one can kill the mg-term by a suitable
gauge equivalence. The mg is defined by a collection of currents induced by the
(co)chains

[M1(B), evo]

for all 8 € mo(M, L). More precisely, we have

mo(1) = > [Mi(B),evg] - TP g P2 € C*(L) @ Apow,o- (15.1)
Bema(M,L)
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The sequence {0x(L)}1<k<oo Of the obstruction classes introduced in [FOOO] is the
iterative obstructions to deforming the filtered A..-structure so that

myg=0 mod T+ as k — oo.

Here we order those \’s that appear as the area of 3, i.e., as w(f3).

Since the paper [FOOQ)] appeared, it became a folklore among some mathemati-
cians and physicists alike that under the mirror symmetry correspondence FOOO’s
obstruction (co)chain of the A-model should correspond to the Landau-Ginzburg su-
perpotential of the B-model.

In fact, our computation confirms this test in the toric case. We now explain this
correspondence precisely. We first recall from Theorem 5.2 and the orientability of
the torus that there is no holomorphic discs of Maslov index less than 2. According
to [section 7, FOOO], all obstruction classes o(3) are well-defined and the only non-
trivial obstruction classes (as currents) are the ones given by

o(B) = [Mi(B),ev] for 3 with p(B) =2 (15.2)

for the torus fibers in this paper (see [section 7, FOOQ] for more explanation), which
also coincides with mg(1) in this case. In view of Proposition 7.3 and consideration
of the sign from [Cho], we also have

o(f) =[L1(=1)

the fundamental class of L for any 8 with u(8) = 2. Therefore we have obtained the
formula for the obstruction class of L

N
o(L) =Y hviTArei) . g (15.3)

i=1

from the definition of obstruction classes [Definition 4.6 & 4.8, FOOO]. However it
follows, by the same substitution 72" by e~! as before, that the right hand side of
(15.3) precisely becomes

N
> exp(—y; — (8,v) = W(6)
i=1

if we ignore the harmless grading parameter q. Therefore we have confirmed the exact
correspondence

o(L) «— W

for the case of Lagrangian torus fibers in toric manifolds.
In addition, comparing (10.6) with the derivative

9 9 9
5 = (Gor - 5o,)

after substitution of 72" = e~!, we have also verified the correspondence

ow
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Recall from [addenda, O1] that the senior author observed that the obstruction class
is determined by the (genus zero) one-point open Gromov-Witten invariants in the
monotone case, which obviously generalizes to the toric Fano case (because the fiber
does not have holomorphic discs of non-positive Maslov indices). Similarly in general,
d2(pt) is determined by the two-point open Gromov-Witten invariants from the def-
initions (7.1) and (7.2) [FOOO]. Here we would like to emphasize that in this case
of torus fibers in the Fano toric manifolds, the (genus zero) open Gromov-Witten
invariants considered here are rigorously well-defined (with respect to the canoni-
cal complex structure). This correspondence between adding one marked point and
taking the derivative is consistent with the well-known principle in the calculus of
correlation functions in physics. In the subsequent work, the first author showed the
exact correspondence between products of A algebra of Lagrangian submanifold and
derivatives of the superpotential([Cho2]).

Combination of these facts suggests an intriguing relation between the derivatives
of W of the superpotential (or of the obstruction o(L)) and the “open Gromov-Witten
invariants” of L in general. (Here we put the quotation mark because the open
Gromov-Witten invariants in general has not been rigorously defined.) In fact, there
has been conjectured by physicists that the superpotential is related by the mirror
symmetry correspondence to the “open Gromov-Witten potential” (see [KKLM] for
example), and our work provides a concrete mathematical evidence via an A-model
calculation. As far as we understand, most calculations, if not all, in the physics
literature in this respect have been done in the B-model side. We hope to further
investigate this relation in the future.

16. Discussion: non-convex cases. We believe that our calculation of the
Floer cohomology in this paper should remain to be true for the non-Fano toric
manifolds. In this section, we explain what remains to be proved for the non-Fano
cases.

The structure and regularity theorem of smooth holomorphic discs still hold for
the non-Fano case. However for singular curves, distinction occurs in the transver-
sality problem because of the presence of multiple covered spheres of negative Chern
numbers. Therefore it is essential to use the abstract perturbation in the framework
of Kuranishi structure [FOn], even if all disc components are already regular. With
this transversality problem taken care of, all the theorems, especially those in sections
4 and 10 should remain to be true, possibly except the statement

HF(L,¢(L); J') = HFPM(L, Jo).

The proof of this isomorphism is expected to use a singular degeneration argument
as those used in [FOh1] in the presence of non-trivial instantons which may not be
transversal. One really has to construct a Kuranishi structure in the limit config-
urations and to prove other non-trivial convergence statements. This singular de-
generation problem is currently being studied by the senior author with K. Fukaya
[FOh2].

In the end, we expect that the above isomorphism still holds but details of the
proof remain to be worked out. Because of this, we restrict ourselves to the Fano case
for sections 4, 10 and the beginning of section 7 in this paper.
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