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SELF-DUAL MANIFOLDS AND MIRROR SYMMETRY
FOR THE QUINTIC THREEFOLD*
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Abstract. For all m > 1 we build a two-dimensional family of smooth manifolds of real
dimension 3m 4 2 and use it to interpolate between the anticanonical family in CP™*1 and its
mirror dual. The main tool is the notion of self-dual manifold.
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1. Introduction. In the present paper we describe a way to interpolate geomet-

rically between the large Kahler structure limit point in the (K&hler ) moduli space
of the anticanonical divisor in CP” and a large complex structure limit point in the
complex structure moduli space of its mirror partner (which is a submanifold of the
complex manifold H™). The most interesting case is n = 4, when we get the family
of the quintic threefold and its mirror.
The interpolation is achieved by constructing a two dimensional family of smooth
manifolds of (real) dimension 3(n — 1) + 2. For instance, for the quintic threefold we
obtain a two dimensional family of 11 dimensional smooth manifolds. These man-
ifolds are endowed with a structure, which we introduced in [G2], and we call a
weakly self-dual structure (or WSD structure for brevity). The definition is given at
the beginning of the next section and involves a Riemannian metric and three smooth
2-forms.

The manifolds depend on two parameters p1, p2. Qualitatively, what happens is
that fixing p, determines the ”shape” of the limiting manifold, while if we let p; go to
400 we get the large Kéahler structure limit, and if we let p; go to zero we get the large
complex structure limit. Moreover as p2 goes to infinity, the limiting manifolds ap-
proach in a normalized Gromov-Hausdorff sense the anticanonical divisors of CP™ and
their mirror duals. Another (dual) construction relates in the same way a large com-
plex structure limit on the anticanonical divisors of CP™ and the large Kéhler structure
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limit of its mirror dual family . To clarify what happens on the boundary of the defor-
mation space, it is useful to imagine the deformation space as a square, with the four
sides associated to the values p; = 400, pa = p7¥" p; = 0, p2 = +00 respectively. Call
the first three sides A, T, B, S respectively, and call also M 4 the vertex common to the
sides A and S, and similarly call Mp the vertex common to the sides B and S. Then
the point M4 corresponds to the large Kéhler structure limit point in the (Kéahler )
moduli space of the anticanonical divisor in CP" and Mp corresponds to a large com-
plex structure limit point in the complex structure moduli space of its mirror partner.
Moreover, the points on the interior of the boundary A are ”infinitely inflated” T™
fibrations over the sphere S™~!, the points on the interior of the boundary T are
complex tori of (complex) dimension n with a choice of a K&hler structure on them,
and the points on the (interior of the) boundary B are ”infinitely inflated” real T™’s.
Finally, there seems to be no easy interpretation for the interior of the boundary S, as
the objects that one obtains are wildly singular from a metric point of view. The dis-
tance used to take the limits in the above discussion is normalized Gromov-Hausdorff
distance. The above picture of the deformation space for our self-dual manifolds has
a striking similarity with the conjectural picture of the moduli space of superconfor-
mal field theories described by Kontsevich and Soibelman in [KS]. This agreement
is in accordance with a more general conjectural picture, in which (weakly) self-dual
manifolds can be used as targets for a sigma-model construction. However, such a
procedure has not yet been established in a mathematically rigorous way even for the
more classical Calabi-Yau manifolds. We cannot therefore claim that our construction
verifies in any way the conjecures of [KS] for the anticanonical families in projective
spaces.

We should point out that the limits M4 and Mp are not bona fide limits, but rather

7‘,2 2
asymptotic limits. Indeed, near M4 for any choice of large po we must choose G

small enough to have that the self-dual manifold converges in normalized Gromov-
Haurdorff distance to the set of points [20, ..., z,] € CP} which satisfy the equation
I, z1 = 0, where we indicate with CP},, projective space endowed with the symplectic
form which is p? times the Fubini-Study one. Similarly near Mg for any choice of large
p2 we must have p;ps small enough to have that the self-dual manifold converges in
Gromov-Haurdorff distance to the set of points [z, ..., 2,] € H, ,, which satisfy the
equation []; 21 = 0 where we indicate with H}, , the space H" (cf. Definition 4.5)
endowed with a complex structure (defined in Definition 4.8) compatible with the
(induced) Fubini-Study two-form and which for p; which goes to 0 tends to a ”large
complex structure limit”. As mentioned before, we can also make a dual construction,
which interpolates a large compex structure limit point for the anticanonical divisor
in projective space with the large Kahler structure limit point of its mirror dual in
H™.

The interpolating manifolds are constructed via a procedure which has a toric
flavor to it, and starts from the reflexive polytope associated to CP™. The toric nature
of the construction is reflected in the fact that the resulting manifolds have a (free)
action by the real torus T” x T™. Moreover, the limiting procedure involves a geometric
deformation (reflected in a rescaling of the parameter p;) which implies the rescaling
of the metric on one of the two fibrations by a factor, and on the other fibration by
the inverse of the same factor. As mentioned before, depending on the fact that we let
the parameter p; go to zero or to infinity, we approach one or the other limit point of
the deformation space. This description of mirror symmetry has some similarity with
the conjectural description of the mirror involution contained in the paper [SYZ] by
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Strominger, Yau and Zaslow, although in a (possibly) unexpected way. Indeed, we do
not build special lagrangian fibrations on the Calabi-Yau manifolds themselves near
the limit points, but we end up with ”special” tori fibrations on (higher dimensional)
WSD manifolds, which approximate the Calabi-Yau ones only in Gromov-Hausdorff
sense. The idea that this could be a way to avoid the problems associated with
building special lagrangian fibrations in the geometric approach to mirror symmetry
is what led us to the definition of self-dual manifolds in the first place. As for T-
duality (cf. [SYZ] for the definition), it does not hold in the manifolds that we build,
except possibly in an approximate way near the boundary of the deformation space.
However, we think that there should be a way to identify inside the whole deformation
space of the manifolds that we build a subspace made up of ”"T-dual” WSD manifolds,
for which T-duality holds (exactly) for the two T™ fibrations mentioned above. This
would in a sense verify the conjecture of [SYZ] without necessarily implying the
existence of special lagrangian fibrations on the limiting Calabi-Yau manifolds. The
most natural way to impose this duality condition on the structure would imply
asking for the codimension n — 1 differential form giving the Riemannian volume
on the distribution associated to the T™ x T" fibration to be closed. This condition
however would determine a differential equation on the components of the metric very
similar to the Monge-Ampére equation associated to the Calabi-Yau condition, and
hence its integration might be difficult to perform.

In the paper [G2] we proved that self-dual manifolds can be used to build an
interpolating family for mirror pairs of elliptic curves and of Affine-K&hler manifolds.
In both those cases however the dual special lagrangian fibrations do exist on the
Calabi-Yau manifolds, and we actually used those fibrations to build the interpolat-
ing self-dual manifolds as fibre products over the common base of the fibrations. In
the present paper we advance the project of explaining mirror symmetry via self-dual
manifolds, to a case where one does not expect to find special lagrangian fibrations.
The absence of fibrations is what makes the present construction much more compli-
cated than the one for elliptic curves and Affine-Kéhler manifolds. Notice also that we
do not get nondegenerate self dual manifolds, but rather degenerate ones. This could
be circumvented by quotienting out the (two dimensional) degenerate distribution,
but the price would then be having to work with noncommutative manifolds. We
chose not to pursue this in this paper. Apart from the above differences, the present
construction is a direct generalization of those of [G2]|. Finally, we should mention
that our toric-like construction generalizes to more general polytopes. In this more
general context it is however not clear what (if any) relevance the resulting WSD
manifolds have to mirror symmetry. We now give a description of the content of the
various sections.

In section 2 we very briefly introduce self-dual manifolds and weakly self-dual man-
ifolds. We do not explore any of their properties, as that has been already done in
[G2]. We need however to generalize slightly the definition that was given in [G2], as
in the present paper we need to consider degenerate weakly self-dual structures, while
in the cited reference we only considered the non degenerate case. We then introduce
the polytopes associate to projective space when they are considered as toric varieties,
and their dual polytopes. We do not state or prove any facts on reflexive polytopes,
as the only property that we need to perform the construction is easily stated and
proved directly in our case. We feref to [B] for more on reflexive polytopes, and for
the construction of the conjectural mirror partners using them.

In section 3 we perform the main construction of weakly self-dual manifolds XZI_,;
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starting from the polytope A,, for CP™ and its dual A}. We then prove that what we
obtained is actually weakly self-dual.

In section 4 we first consider a natural action by the torus T™ x T™ on the manifold
XZ;,;, which makes it "toric”. For reasons of space we do not try to define what is a
toric weakly self-dual manifold, even if all the ingredients for a natural generalization
of the standard definition would be present. We then define the two fundamental
projection maps 7 and me of a weakly self-dual manifold, in the special case of the
manifolds XZ:,% The map m; takes values in CP", while the map 7o takes values in
the toric variety H™ associated to the polytope AY. We give equations for the images
of both m; and 7o, which will be needed later. We finally introduce a natural geomet-
ric deformation which is present whenever one has a nondegenerate weakly self-dual
manifold, and can be induced on the XZ;;Q (which are degenerate) in a natural way.
This deformation will play a crucial role in the following.

In section 5 we study the boundary of the deformation space of the manifolds XZ:,%
To do that we define a normalization of the Gromov-Hausdorff distance, which is
useful in the following as we need to compare manifolds with divergent diameter, and
we we are only interested in their ”shape”. Using this distance, we show among other
things that there are two special points on the boundary of the deformation space.
One of them corresponds to families converging to the large Kéhler structure limit of
the anticanonical divisor in projective space, while the other corresponds to families
converging to a large complex structure limit on its mirror.

In the final section we briefly sketch how one can generalize the construction to more
general polytopes, and we conclude with some remarks and some questions.

This paper was written while at the Mathematical Sciences Research Institute
(M.S.R.1.) in Berkeley, California. I would like to thank the organizers who made
my stay there possible, and the staff at the Institute for creating a very pleasant and
stimulating environment for doing research.

2. Preliminary facts on self-dual manifolds and reflexive polytopes. In
this section, after some preliminary remarks on self-dual and weakly self-dual man-
ifolds, we prove some elementary facts on reflexive polytopes that we will need in
the sequel. In the present paper we will need a slight generalization of the notions
presented in [G2], so we give here briefly the basic definitions, without comments or
examples. We refer to [G2] for those, an for a more extensive and detailed introduc-
tion to them. When « is a differential form we indicate with o the distribution of
subspaces of the tangent bundle formed by vectors which contract to zero against a.

DEFINITION 2.1. A weakly self-dual manifold (WSD manifold for brevity) is given
by a smooth manifold X, together with two smooth 2-forms wi,ws a Riemannian
metric and a third smooth 2-form wp (the dualizing form) on it, which satisfy the
following conditions:

1) dwy = dwsy = dwp = 0 and the distribution W\ + w9 is integrable.

2) For all p € X there exist an orthogonal basis dx1, ..,dxm, dyt, ..., dyL  dy?, ..., dy2,,
dz1, ..., dze, dwn, ..., dwe of Ty X such that the dxy, .., dzy, dyt,...,dyk  dy?, ... dy2, are
orthonormal and

(w)p = dei Adyt, (wo)p = Zd:ci Ady?, (wp)p = Zdyz1 Ady? + Zdzi A dw;.
i=1 i=1 i=1 i=1

Any orthogonal basis of T, X dual to a basis of 1- forms as above is said to be adapted
to the structure, or standard. The number m is the rank of the structure.
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For a more intrinsic definition of WSD manifolds the reader should refer to [G2].
Here we have chosen the quickest way to introduce them.

REMARK 2.2. The form wp is symplectic once restricted to w{ + w3. We have
therefore that w%m(x)_m #0.

DEFINITION 2.3. 1) A WSD manifold is nondegenerate if dim(wy Nw?), =0 at
all points (equivalently if its dimension is 3 times the rank).
2) A WSD manifold is self-dual (SD manifold for brevity) if all the leaves of the
distribution w9 + w9 have volume one (with respect to the volume form induced by the
metric)

The difference with respect to the definitions given in [G2] is that there we only
considered the nondegenerate case, where w Nw§ = (0). The present definitions of
self-dual and weakly self-dual manifold simplify to those ones in this special case. In
the following we will be mainly interested in the case where dim(w)NwY), = 2 at all p,
and hence dim(X) = 3m + 2. In the nondegenerate case, condition 2 in the definition
is enough to determine wp starting from wy,ws and the metric. It is however not true
that in this case the properties of wi,ws and g are enough to guarantee that wp is
closed. The above definitions are all that we will need from [G2].

Let us now come to reflexive polytopes. For their definition and their basic properties
we refer to [B].

DEFINITION 2.4. Let A,, be the polytope associated to P™, when considered as a
toric variety in the standard way. Indicate with A} the dual polytope

The polyhedra A,,, A¥ are given by
A, = convex hull of {v; = (n,—1,.....—1),..,0, = (=1,,...;0n),vp41 = (=1, ..., —1)}
AY = convex hull of {u; = (1,....,0), .., up = (0, ..., 1), up1 = (—1,..., 1)}
Point 1) and the corresponding part of point 3) of the following definition are standard
constructions, and can be found for example in [Gu].

DEFINITION 2.5. In the notations of the previous definition, define:
1) The linear maps of real vector spaces Fa, , Fax : R — R” are

n+1 n+1
Fa, (21,00 Tny1) = E T, Fax(T1, .0, Tn41) = E V4.
im1 i=1

2) The maps FX ,FXA. : R" — R"*! are the maps obtained from the transposes of
the matrices of of FA; Fax with respect to the standard bases.

38) The group morphism fa,, fa: : TV —=T" and fX , fA. : T" — T""! are the
maps induced by the Fa, , Fax, FX ,FX. respectively, after qunotienting by the integer
lattices of the spaces. "’

*

Notice that in the definition of Fa, you use the vertices of A¥,
The maps can also be defined explicitely using the standard bases as

and viceversa.

Fa, (@1, Zn11)) = (#1 = Tng1,s oo T — Tnga)
Fas (@1, oy Tng1)) = (N1 = D20 Ty ooy N0 — D 24p, Ti)-

LEMMA 2.6. 1) The linear map Fa,FX. = Fa: FA isn+1 times the identity
of R™.
2) Ker (Fa,) ® Im (FA) = Ker (Fa:) @ (F ) = R,
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Proof. 1) The proof is an easy direct computation.
2) This follows from part 1 and the fact that the rank of all the maps Fa,,, FX., Fax,
FX isn. O !

The first point of the following definition is a standard object, described for
example in [Gu].

DEFINITION 2.7. 1) We indicate with Na, (resp. Na:x ) the kernel of fa, (re-
spectively of fax ).
2) Define

Da, = Na, NIm(fas), Day = Nax NIm(fa,).

COROLLARY 2.8.

1) Ker (fa, 3, ) = Ker (fay f5,) = (Z/(n+1)" € T"
2) Na,+Im(f3;) = Nag +Im (f3,) = T+

REMARK 2.9. Da, = f%. (Ker (fAn fg*)) and Da: = fx. (Ker (fas £5.)),
therefore they are both finite groups.

LEMMA 2.10. The maps fA., fa, (resp. fA ., fax) induce group isomorphisms

T /Na, 2= fA, (T") /Da, = T"/(Z/(n+1))"

T"*/Na; = fA, (T") /Day, = T"/(Z/(n +1))".

Proof. This is clear from the definition of the Da, , Dax and the previous corol-
lary. O

The reader familiar with Delzant’s construction of toric varieties via a symplectic
reduction might be a little surprised by the previous statement. To clarify it, one
should notice that the above isomorphisms translate into isomorphisms of the fibres
of the reduction away from the points where the original fibres collapse. In this
respect, the existence of the isomorphism above is linked to the fact that there is an
open subset inside any toric variety which is isomorphic to a product of C*’s.

3. From the polytopes A, to weakly self-dual manifolds. In this section
we give the main construction, which starts from the reflexive polytopes A,, and
A and builds a (two dimensional family of) compact smooth WSD manifolds of
dimension 3(n — 1) 4+ 2. There is also a dual construction (which we don’t write down
explicitely), in which the roles of A, and of A% get switched. Although the tecnical
details to prove that the construction achieves what is claimed are not trivial, the idea
is simply stated: to perform a “polysymplectic reduction” with respect to a group
action defined via a reflexive polytope and its dual, generalizing the corresponding
standard symplectic construction of toric varieties.

We indicate with (rg,...,7n, 00, ..., 0n) = (7,0) the standard coordinates on (C*)"*,
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so that the standard holomorphic coordinates are x; + iy; = z; = r;e2™% for j €
{0, ...,n}. Then the map pu(ro, ..., n, 00, ..., 0) = — (77, ..., 7r2) is a moment map for
the standard T"*! action on (C*)"*! (given by translation of the 6;’s in the previous
notation). We are using the symplectic form Y°7_ 277;dr; Adf; = =t > i dzj NdZ;
which is compatible with the standard flat metric of C* = R?\{0}, given in coordinates
by >, ((drj)? + 471'27“]2-((19]‘)2).

DEFINITION 3.1. Let p: C*T1 — R+ be the moment map described above. Let
(C*)"FL %, (C*)™*L be the associated fibred product space. By using two copies (7, 0)
and (7,7) of the standard coordinates on (C*)"*1, we obtain global coodinates (0,7, 1)
on (C*)"*1 x, (C*)" . We define on it the differential forms &1,&2,0p) and the
metric g given in coordinates by the erpressions

N " 3 1 &1
wp = 271';7”1'([7"1' ANdb;, wo = % ; r—szl N d??i,

n+1 n
1
g = Z (drf + 4m2r2do? + dm?) . Op = Zdt% Adn;.
=1

42r? ;
1=0

LEMMA 3.2. The above forms w1, w2, 0p and the metric g determine a self-dual
structure on (C*)" 1 x, (C*)"+1,

Proof. The two-forms involved are clearly smooth and closed, and the distribution
@Y + @Y is the span of the %, 9_ and is therefore clearly integrable. The basis

a0y
1 9 1 0 9 0 , 9 D
— e, ——— —— —— o, ——, 2T —— Ty ——
270 900" 2y 00n O’ O Come 7 " o

is by inspection orthonormal and adapted to the structure. This proves that the
structure is WSD. To prove that it is actually self-dual, we observe that the co-
ordinates (6,7) provide an identification of the leaves of the distribution &9 + &9
with the torus T"*! x T"+!. Under this identification, for fixed 7, the metric gets

sent to a flat metric on T+ x T"*!, which gives length 27rg, ..., 277, ﬁ, e ﬁ

to the 2(n +1) T'-factors of T2+, From this, the volume of such a leaf is
(I 2mr) (IT—ol(z2)) = 1.0

The WSD manifolds that we are going to build are "morally” (poly)symplectic
reductions of (C*)" ! x , (C*)"*! by the action defined below. From this point of view,
the map (g1, p2) of the next definition plays the role of the moment map. However,
the presence of a section simplifies things in our context, and allows us to build
our manifolds as quotients by a finite group of submanifolds of (C*)"*1 x, (C*)"*+1,
without having to develop the theory of reduction for such actions. Such a theory is
in our opinion interesting, but describing it would take us too far from our present
objective.

DEFINITION 3.3. 1) The group Na, X Na: (and hence also its subgroup
Da, x Dax) acts naturally and freely on (C*)"*t x, (C*)"*', wvia its inclusion
in T"tY x T, Moreover, this action has a section, given by the points & =
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LEMMA 3.4. 1) The action of Na, x Nax preserves the 2-forms and the metric of
the self-dual structure of (C*)" ! x,, (C*)"*, and the two maps p1, p2 are invariant
with respect to it.

2) puy (k1) N (CH)"HE %, (C*)" Y is non-empty if and only if 77]:16"4_11]62 >n+1.
3) For 771616"4_11]62 >n+ 1, for any point p € puy (k1) Ny t(ke) C (C*)"H x, (C*)"F!
we have dpy A dps # 0.

Proof. 1) Clear by inspection.
2) The minimum of ps for a fixed value of p; is obtained when all the r; are equal to
a common value r. At such a point we have

log(r), ki = =—7(n+1)r*=—m(n+ 1)6—%192

k = = —

2 = M2 .
47 4w

and hence *Tklen_ﬂk2 = n + 1. This proves that whenever *Tkle"_“kz >n+ 1 the two

—ky 6"4711]62 <n _|_ 1

equations p1 = ki1, g2 = k2 admit a common solution, while when ==
there cannot be any point where they are both satisfied.
3) Assume that for some p € py ' (k1) N g ' (k2) we have duy A dus = 0. Then there

exists t € RT such that

t
Vi 27wr; = —— .
Lo 2mr;
Therefore Vi r; = 2—‘/5, and
(n+ 1)t n+1 t
k = - k = — l — .
! azz 2 ar 9\ a2

From this it follows that _:1 entih2 — + 1, whatever value ¢ had. 0

DEFINITION 3.5. Let

—kl n+1 _kl k?
PL=A\—) p2= D) log| — | + =
s 47 s T

The quantities p1, p2 will show up again many times. We will among other things

use them as the fundamental parameters to describe the deformations of the manifolds
4n2p2
that we are about to build. In terms of py, the condition above becomes e T >

n+ 1.

4W2p%
1

DEFINITION 3.6. Assume that e »¥1 > n+ 1. Then the space XZ;;Z is defined
as a quotient of a submanifold of XZ;;Z C (CH)nFl x,, (C*)ntL:

Xk, = {@rm e (Im(rs,) x Im(f3,)) o) | 1 (0,7.7) = by, 26,7, 7) = ks |
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and

n—1 _ wn—1
Xk17k2 - Xkl,kz/DAn X DA:L'

Notice that the action by the group Da,, X D+ is fixed-point free, so the quotient
is a smooth (compact) manifold as soon as (k1, k2) is a regular value for (py, p2).

LEMMA 3.7. The submanifold XZ;;Z is an integral manifold for the distribution
of vectors annichilated by the space of forms

"9 . "9 .
(Z 8_9> — Wwp, ( ) ) — Wwp, dlulu dM? > .
i=0 "1 =0 i

Proof. A tangent vector is of the form ), aia%i +dfx- (u) + dfx (w). We have

0 0
only to verify that dfx. (u) € (Z?:o 8%1» — JJD) dfA, (w) € (Z?:o aim — &JD) , as
the other vanishings are clear. However, by construction > 61‘% € Ker(dfax) and
hence its dual is in the orthogonal to the image of the transpose of the differential
with respect to any metric. Here we are just asking this for the metric determined by
the basis 8%1- (recall that contrancting with wp is equivalent to sending to the dual as
the form is orthonormal symplectic with respect to the metric induced by the bases).
Notice that we are identifying the orbits of the two copies of T without mentioning
it. The same argument proves the other inclusion, and we have therefore the thesis. O

THEOREM 3.8. In the prekus notations, assume that = e"+1k2 >n+1, so
that at any point p € py ' (k1) Nyt (ke) C (C*)"H x, ((C*)”Jrl we have dpy Adpg # 0.
Then the self-dual structure on (C*)" 1 x,, (C*)"! induces three 2-forms wi,ws,wp
and a metric g on the tangent space at p for any p € Xy, r,, plus a section o. The
forms and the metric determine a WSD structure on Xkl ko

Proof. Tt is enough to prove that the self-dual structure on the ambient space
induces a WSD structure on XZ;,;, as the quotient by a finite group of elements
which preserve the structure preserves the WSD property. Let

:Za(z-’ X2_4L§ :Zai» 5/2:472;7”3 J

1=0 H i=0 ? i

’L

NM|>—~

Then X1 - 01 =Yy, — (:12 and X2 -0 =Y — w2, ||X2|| = ||§/2||2 = 47T2Z? 0 z
and || Xz|? = V1> = 2= 2o = . We also have < X, Xy >=<Y;,Ys >=n+1.

We have, indicating with X* the 1-form dual to the vector X with respect to the
metric, that

* - * - * - 1 * -
Xi=> An’rld;, X5=> doi, Yy=> Tz, Y5 = > dn; .
=0 =0 =0 ? =0
By construction,
(Vi =)’ = (X3)° =< X >+, (X1 = wp)’ = (13)° =< Vo >+

and therefore from the previous lemma the tangent space at any point to XZI_,; is
just TPXZ;;Q = (< X2, Y2 >+ N Ker(du) N Ker(d,ug))p. We need to show that
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the forms of the structure restricted to this space satisfy the pointwise conditions for
a WSD structure (part 2 of the definition).

As dpy Adug # 0, we have that the dimension of Ker (duy) N Ker (dug) is 3n+1—2.
Furthermore, for i € {1, 2}

QY @Y C Ker (dur) N Ker (dus), dim (Ker (dpi) N (& @ &g)l) =n.

It follows that the intersection Ker (du1)NKer (du2)N (&) & &g)J' has dimension n—1.
Take an orthonormal basis vy, ..., v,—1 of this space, and complete it to orthonormal
bases (for i € {1,2})

; ~ ~0\ L
< U1y ooy Un1, Uy, >= Ker (dp;) N (w? @wg) ,

o “0 - ~onL
VL ey U1, Vg, Uy >= (OF B @3) 7
For i € {1,2}, let ul,...,ul | (resp. wi,..,w’ ;) be the basis inside &3 C (@9)*
(resp. inside @) C (@9)') dual to the basis vy, ..., vn—1, v}, v} 11 with respect to the

two-form @; (resp. @g), which is symplectic when rectricted to the space (©9)+ (resp.

the space (©9)+ ). Then by construction

1 1 1 1
1 2 2 1
u =——X1, u =——Xs, w =—Y), w = —Y5.
P T TR T Tl T T )
It follows that at all points p the orthogonal set of (nonzero) vectors

< X1, X9 >
([ X2?

<Y,Y; >

X —
Y22

1 1 2 2
X27u17"'7un—17U17"'7vn—17w17"'7wn—17§/1 - Yo

spans the space orthogonal to X»,Y> and is inside (Ker(dui) N Ker(duz)),, and

therefore is a basis for the tangent space to XZ;,; at the point p. Notice that the

quantity < X1, Xo >2 —|| X5]|?|| X1 |* (and therefore both the vectors X; — %Xg

and Y7 — <ﬁ;1,2)”/§> Y5) is always different from zero, as for it to vanish the vectors X7, Xo
would have to be collinear, and that never happens as long as du; A dus # 0. The

subset ui, ..., ul 1, v1,...,vp_1,w?, ..., w?_; is an orthonormal set and
n—1 n—1
_ * 1y* _ * 2\ *
wil<x, o>t = E ()" A (ug)", walax, vont = E (i)™ A (wg)"
=1 i=1

This guarantees that the forms w;,ws and the metric satisfy the axioms required for
a WSD structure regarding the pointwise conditions. For the form wp, first observe
that from the definition of wp we get

n—1
_ 1\* 2\ *
WDl r w2 > = O () A (w])"
=1

To prove that wp™ # 0 it is therefore enough to show that it is not zero when restricted

to the span of X; — %XQ,H — %YQ As the vectors X1, Xs,Y1,Ys form

a basis for the space that they generate, there must be coefficients {a;;} such that

Opl<xy, X v1,vo> = ann X7 AYY + a2 X7 AYS + a1 X5 A Y] + aX5 AYS.
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To determine the {a;;j} we use the defining conditions for X, and Y> and the fact
that the structure on (C"™1)* x, (C"*1)* is nondegenerate (and hence @p is uniquely
determined):

Yy =ap(X1,—) = [1X1]Pan Yy + [ X1]2a12Ys + (n + 1)as1 Yy + (n + 1)aYs'

V)" =@p(Xe,—) = (n+ Dan Yy + (n+ DaaYs + || Xo|[?an V" + [ Xo|[ag2 Y5
From this we get the system

||X1H2a11 + (n + 1)&21 =0
[X1][a12 + (n + 1)ag = 1
(n+ 1an + || Xz2)%a21 =1
(n + a2 + |\X2||2a22 =0

which can be successively reduced to

_ +1
az = — 1Ly G Fe
2 2 2 = [B:S
(n+ 1)2 - H§1H2||§2H2) az = (n+ 1) e ) 2T TGre H”XIZL‘ X112
n+ — ail = n+ = —
(et 1) EIFIGI 0 = (et 1) @21 = = P GG
a1y = — oy 22 a2 = nil
(n+1) 22 = A DX PTX0P

Then (< X1, X5 >? —[|X5||?||X1]|?) @p|<xy,x2,v1,v2> has the expression
(n+DXTAYY = [ XaPXTAYS = [ Xa|PX5AYT + (n+ 1)X5AYS

and hence
n+1 n+1 n+1 n+1
p| X1 — o5 X2, Y1 — Y2) =wp (Xl——Xz,Yl——Yé) =
( [ X2|[? [[Y2]|? [ Xa|[? ([ X2
n+1 (1_ HX2||2_ | X1 (n+1)2 > B n+1
(n+1)% — [ X1 |21 X2]? X2 (X2l X2 IXe]? [ X1 |21 X212

Therefore the given basis of < X»,Y> >* is adapted to the WSD structure. The
forms w1, ws,wp are also closed by construction . The remaining condition to verify
is that the distribution wi® + wy? is integrable. This follows from the fact that it is
the restriction to XZ:%Z of an integrable distribution in the ambient space. O

REMARK 3.9. From the proof of the previous theorem, and computing the norms
of the vectors X1 — ”X H2X2 and Y7 — HYJ2FII12Y?’ we obtain that the norm of the form

wp when restricted to the span of the degenerate distribution is ||X1||2|\)?2J|T21—(n+1)2'

REMARK 3.10. The forms X{ and Y{* induce on XZ ky O Structure which is a
generalization of a (nondegenerate) contact structure in the same way as the forms
wi,wsq are a generalization of a (degenerate) symplectic structure. Using this analogy
as a guide, one could use this “polycontact” structure to induce a nondegenerate WSD
structure on XZI_,; x T2.

DEFINITION 3.11. We indicate with X~ ,i both the quotient manifold constructed
above and the same manifold endowed with the WSD structure (w1, ws,8,wp). When
referring to a generic element of the family, we may drop the subscripts k1, ks.

REMARK 3.12. We have dim(X™) = 3m + 2. In particular dim(X3) = 11.
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4. Natural group actions, projections and deformations. The following
action is the same natural one that one obtains on a toric variety after building it via
symplectic reduction starting from its (dual) polytope. In our case, we chose to use a
section for the group action by which one reduces, instead of performing the quotient,
which makes the proof different from the standard one.

LEMMA 4.1. There is a natural free action of the group T x T™ on X"~ 1, induced
by the morphism fa, X fax : Tt x Tt — T™ x T™. The orbits of the first factor
are the leaves of the foliation w9, while the orbits of the second factor are the leaves
of the foliation w?.

Proof. Take (ti,tz) € T" x T", and let p = [0,7,7] € X"~L. To induce the
action, we use (s1,s2) € T" 1 x T"*! such that fa, x fa: (s1,52) = (t1,t2). Pick also
p = (0,7,7) € X» ! which maps to p under the natural projection from X"~ to X",
p =[] As fX.(T") + Na, = T and fX (T")+ Na: = T""! (from Corollary
2.8), there must be an u € Na, x Nag such that u(s1,s2)p € fA. (T") x fA (T")5.
Define

(t1,t2)p = [u(s1, 52)P)-

We have to check that this is a well posed definition (and then it is automati-
cally a group action), and that the action so defined is free. For the first, ob-
serve that the ambiguity in the choice of p is associated to the possible multipli-
cation by an element (ui,u2) € Da, X Dax, while the ambiguity in the choice
of (s1,s2) is associated to the possible multiplication by an arbitrary element
(v1,v2) € Na, x Na:. Now if u(si,s2)p € fZ;;(Tn) x fA, (T™)a, we have that
(u(uy tort ug toy M) (urvr, uavs) (s1, 82)p € fA- (T™) X fA, (T™)G. Summing up, all the
choices made are summed up in the ambigtﬁty in the choice of the element u. If
however also v(s1,52)p € fA.(T™) x fA (T™)G for another element v € Na, X Nax,
we have that !

wl e (fg;(ﬂrn) X fgn(ﬂrn)) N (Na, x Na:) = Da, x Da:.

This implies that [up] = [vp], and we have a well defined action. To see that the action
is free, assume in the previous notation that [u(s1, $2)p] = p. This implies that there
must be (a1, a2) € Da, x Dax with (a1, az)u(s1, s2)p = p. As the original T+ x T"+1
action is free, this implies that (a1, az)u(s1, s2) = (e, e) (the identity element). This
however implies that (s1,52) € Na, x Na: and therefore (t1,t2) = (e, e) as required.
The last statement is clear by inspection. O

THEOREM 4.2. There is a smooth map w1 from XZ;,; to CP", with the leaves
of the distribution w9 as fibres. This map is equivariant with respect to the natural
T™ x T™ action on XZI_,; and the natural T™ action on CP™, and with respect to the
projection onto the first factor pry : T™ x T" — T™. Moreover, the pull-back via this
map of the Kdihler form on CP™ which is p? times the Fubini-Study one is the form
wi. The image of m is the set of points [2g, ..., zn] € CP™ which satisfy the equation
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Proof. We use the identification (as a symplectic manifold with a torus action)

CP} = {(20,...,2 ) e (CHY | anzn2 }/NAn

provided by Delzant’s construction. As A varies in RT we get different symplectic
forms w(y) on the space, and we have w(y) = Aw(1). Moreover, a direct computation

shows that w1y is just the Fubini-Study Kéhler form on CP". There is then a natural
—ky

T ?

71 ([0,7,7]) = [Toe2”9°, ...,Tnezme"].

way of defining 71, namely if A =

First of all we have to verify that this definition is well posed, so choose (u1,us)
in Da, x Da:. We then have [rge?™ . r,e? ] = [roe?miu(00) _ p e2miu1(0n)]
because Da, C Na, by construction. So the map 7 is well defined. If 71'1([0 7,1 =
71 ([0, 7,7']), then § = uf’ for some u € Na,. As however both § and @ lie in the
same lateral class of T"*!/Da  with respect to Na, /Da,, it must be u € Da, and
therefore [0,7,7] = [#,7,7]. This implies that the fibres of m; are obtained varying
7], and therefore they coincide with the integral manifolds of wY.

Let (t1,t2) € T™. From the last statement in the previous lemma, we have to verify
that 71 (t1[0,7,7]) = t1[roe® %, ..., 7,e2™%]. Recall that the action of ¢; on CP" is
obtained by first lifting it to s; € T"*! along fa,, and then applying s; to any lifting
of the point in CP" to a point in (C"*1)* (cf. [Gu] for details). Comparing this with
the definition of the action on XZ;,;, the statement is clear by inspection.

For the statement concerning the symplectic forms, it is enough to prove that the pull-
back of the symplectic form w(y) of CP} (with A = *Tkl = p?) along the composed
map 71 : XZI_,; — CPY is the form w; on XZI_,; This however is clear, as both forms
are induced (in one case via the inclusion and in the other via a projection) by the
symplectic form of (C"1)*.

The last statement is clear by inspection, once we translate the symplectic reduction
presentation of projective space into the standard one as a quotient by a C* action. O

The following map should be thought of as similar to the Cremona transformation
which sends the anticanonical divisor of projective space to itself, having its irreducible
component divisors and their interserctions switched.

DEFINITION 4.3. The map ¢, ,, from (C*)"T1 x,, (C*)"F1 to itself is defined as

222

_ _ 5.2 2.2 _
¢Pl>ﬂ2(937:a ﬁ) = (9,p16 27 pQTo, -y P1€ TR _77)

LEMMA 4.4. The map ¢, p, is a diffeomorphism from (C*)"*1 x,, (C*)"*1 onto
the set of points {(0,7,7) € (C*)" T x,, (C*)"*! | Vi r; < p1}. Moreover,

.~ 87°pip3ri "
B po(@1) = Z ﬁd NdOi, ¢y, . (02) = = 2mp3 Zﬁdﬁ A dn;
=0

n n 2,22
. ~ 471'2[)2 167T4p2p47"2 471' poT;

D1, (8) = 47r2p2i‘.2 () + Z o (dri)? + A2 02 (dmi)?

e 2" /I8 pl

471'2p r?
=0 =0
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n+1 n
¢:17p2( k1+/1’1) (1 - 267471' 2 l) 21 pz( 2_k2) = Wp% (Z(T1)2 - 1) .

i=0

The tensor Jo = >, (27”1'8%71- ®dr; — ® dm) on (C"H1)* x, (C"TH* gets

pulled back by the isomorphism ¢,, ,, to the expression

8m3rip2ps O edm’oiri g
P et dri— =" % wan .
i Z < w3t O @ 8m3riptp3 Ori @

i

27rn arl

Proof. The proof of the lemma is just a direct computation. O

We recall below the definition of the (singular) manifold associated to the polytope
dual to that of projective space. The reader is advised to consult [B], [Gu] and
[CDGP] for further details on it and on its rdle in mirror symmetry for anticanonical
divisors of projective space.

DEFINITION 4.5. The space H™ is defined as the quotient of CP™ by the ac-
tion of the finite group (Z/(n—1))""" . It can also be represented (as a toric
Kahler manifold) as the symplectic reduction associated (by Delzant’s method) to the
polytope A} dual to the polytope associated to CP™.

The proof of the following theorem is very similar to that of the previous one,
with A, replaced by A¥. The only real difference is that here we first need to use the
isomorphism ¢ defined in the previous lemma, to put the structure in a more standard
form.

THEOREM 4.6. There is a smooth map 7o from Xk ky Lo HT, with the leaves
of the distribution w9 as fibres. This map is equivariant wzth respect to the natural
T™ x T™ action on XZ:,; and the natural T™ action on CP™, and with respect to the
projection onto the second factor pro : T™ x T™ — T™. Moreover, the pull-back via
this map of the Kdihler form which is p3 times the one induced by the Fubini-Study
one of projective space is the form wa. Using the homogeneous coordinates from the
covering projective space, the image of ma is the set of points [zq, ..., zn] € H™ which
satisfy the equation

Proof. As mentioned in the definition of H, preceding the statement of the
theorem, we use the identification (as a symplectic manifold with a torus action)

H;\l = {(2,‘07 ,Zn) S (Cn+l)* | Z ||Z'L||2 = A} /NA:L

i=o0

provided by Delzant’s construction. As A varies in RT we get different symplectic
forms w(y) on the space, and we have w(y) = Aw(1). Moreover, a direct computa-
tion shows that w(;) is just the Kéhler form on H" induced by the Fubini-Study
Kihler form on CP". We define explicitely ma, for A = p2, as

o 1 1\ _—ori
27T2p2 0g r_ e 2m770, s 27T2p2 p_ e 27rmn]_
2 0 2

WQ([éa T, ﬁ]) =
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To prove that the map is well defined, and that it has the properties claimed in the
statement, we consider the map mi¢,, ,, (Where ¢, ,, is the isomorphism defined in
Definition 4.3), and proceed to consider this composed map. As ¢ is an isomorphism
on an open set containing the points used in the definition of XZ;,;, this is harmless.
We indicate with wi’,wy’, iy ete. the pulled back structures along ¢,, ,,, to avoid
confusing them with the original ones. We then have from the previous lemma that
Wo' = 2mp3 >0 g ridri A, ph—ky = wp3 (31 v — 1) and the new composed map
is in expressed in coordinates as

2ming 271'1'77"]
. .

7r2¢p1,p2([9, 7, 7)) = [roe T

At this point it is clear that the proof that the map is well defined and equivariant
with respect to the torus actions, that the fibres are the the leaves of the distribution
w9 and that the form ws is the pull-back of p3 times the Fubini-Study form on the
target space is an exact replica of the proof of the analogous facts contained in the
Theorem 4.2. We won’t reproduce the argument here, as it would mean simply
interchanging the indices one and two and the polytope A,, with A} everywhere.

It remains to be verified the equation for the image of the map. This however is
proved in Lemma 4.4, where it is stated that

n+1
¢"(=k1 + p1) = (k1) (1 - 264”2”%”2) ) O

i=0

We will need the following remark and proposition in the next section.

REMARK 4.7. The expression

n 2.2,.2
~ 4r? Pl 167" P1P2T o el 2
Bp1.p2 = 47r2p Z eAm2p drl) + 47T2p% (dni)
=0

defines a nondegenerate metric on (C*)" ! x, (C*)"+1,

DEFINITION 4.8. We indicate with Jx, x, the tensor induced on the complement
of {[r,7] | 11, r: =0} inside H™ by the tensor

813 AN 0 AN 9

Z e g @ dri — =5 —3waa- @dn

- e™ Ay O 8m3riATA3 Or;

defined on (C*)"*1, after quotienting by Na» the set {(F,7) | Y, r? =1}.
The following definition is a generalization of one found in [G2].

DEFINITION 4.9. The deformation oy (ngz) of X}y i, s defined as the WSD

manifold obtained by the same procedure as that used for Xiy ky» by reducing the self-
dual structure

B . B 1 -1
(wl)t = 27Tt2 ;TidTi A dﬁz, ((.UQ)t = % ; r—szl A d’l]l,

g => <t2dr§ + an%r2t2d0? + de) . (@p)r=_dbi Adn;
3 =0
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on (C*)"T1x ,(C*)" 1 with respect to the same moment maps p; = —m Z;:rll r2, g =

;—; log (Hf:ll n-) and the same group action as before.

ProPOSITION 4.10. Fort >0,

m ~ m
Xt?kl,krg—*jlogt = o (X g,) -

Proof. Consider the smooth ¢; map from (C*)"*! x, (C*)"*? to itself given by

wt (éa 777 ﬁ) = (éu tfu ﬁ)

Then
P (@01) = (01)e, Y[ (@2) = (@2)i, V7 (&) =8, Y7 (@p)= (D)t
Moreover,
B n+1 1 n+1 n+1
1/}_1 {(977:577) | _W;T? :tlea ﬁlog <}:[1 Ti) —k2_7109(t)} =

B n+1 _1 n+1
{(9,f,ﬁ) | =7 1=k, 5 log (Hr> _kz}

=1 i=1

and v is equivariant with respect to the group action, so it induces an isomorphism
of the reduced spaces:

Voo (Xﬁ)kz)ﬂx o

m
t2k1,k2—"2—tr1log(t)'

COROLLARY 4.11. If we use the notation oy (ky,ka) = (t2ky, ko — ”2—J;1l0g(t)), we
have that

pi(ae(ki, ko)) =tp1, pa(ae(ky, k2)) = pa.

LEMMA 4.12. The correspondence (ki,k2) — (p1,p2) is a smooth bijection on
the subset formed by the points where XZ:;Z is well defined. This set corresponds to

an2,2
the set {(p1,p2) | € >t 1} in the (p1, p2) space

Proof. The subset formed by the points where XZI_,; is well defined is simply

{(k1,k2) | :’:1 enfih? > oy 1}, which corresponds under the map to the set in the
statement of the lemma. The map is also cleary bijective when restricted to this
domain and to this codomain, with a smooth inverse. O
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5. The boundary of the deformation space. In this section we analyze the
boundary points of the deformation space of XZ;;Z, as we vary k1 and ko (or equiva-
lently p1 and p2). To to that in a quantitative way, we have first define a normalized
Gromov-Hausdorfl distance which is well suited for our purposes. When reading the
definition, recall that our goal is to compare the manifolds X} , with large symplec-
tic structure limit points of symplectic manifolds and large complex structure limit
points of complex manifolds. A similar choice of normalization was made in [GW] to
study large complex structure limit points of K3 surfaces. We indicate with diam(X)
the diameter of the compact metric space X, that is maz{d(z,y) | z,y € X}.

DEFINITION 5.1. Let dgy denote the usual Gromov-Hausdorff distance between
metric spaces.
The normalized Gromov-Hausdorff distance dyg g between the compact metric spaces
M, N not both with zero diameter is

2dgu(M,N)
d M,N) =
neu (M, N) diam(M) + diam(N)

We also define dyau(pt,pt) = 0.

The intuitive idea is that NGH distance for manifolds with divergent diameter is
like ”looking at them from a distance”.

REMARK 5.2. Fort € R and M a metric space we indicate with tM the metric
space with the same underlying topological space, with a distance function wich is
obtained by multiplying the distance on M by t. Then for all metric spaces M, N we
have that dNGH(tM, tN) = dNGH(Ma N)

The following two theorems state that it is possible to approximate very pre-
cisely (in the NGH sense) a family of Calabi-Yau hypersurfaces approaching the large
Kébhler structure limit point (respectively the large complex structure limit point) in
their moduli space. They don’t say that it is possible to approximate precisely any
given Calabi-Yau manifold, however. In this sense, they say that we can approzimate
the families, although we do not attempt to formalize this last concept, as what we
mean should be clear from the statement of the theorems.

THEOREM 5.3. For any € > 0 there exist R such that for all po > R and for

2 2
827\' Pr3

small enough:
P1

72,2
1) The fibres of the map w1 have diameter bounded by a constant multiple of 62p1p2 .

2) The Riemannian manifold XZ:,; is at a (standard) Gromov-Hausdorff distance of

less than € from its image under the map .
3) The image under the map m of XZI_,; is at a NGH distance less than € from the

hypersurface []}"_, z; = 0 inside CPp,.

Proof. As we will not seek optimal constants for the approximation, we will prove
the statements for the space XZI_,; and the map 7 instead. This will clearly prove

also the analogous statements for XZ;;Z and 7.
1) From the definition of XZ:;Q, we see that it is formed by points (6,7, 7) which

satisfy the equations >, 72 = p?, [[, 7 = e 2™*2. It follows that for fixed r;, the
maximum value which [], 4, Ti can assume is obtained when all r;, i # j are equal to
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2 2
pi—r5 . . .
\/ === Therefore the smallest value which a single r; can assume is

— n n
e 2ﬂk2 >> n2 ne2 pl
an = o = > 2
( ”%T?) pre2mha - e2mp3

n

and hence the biggest value which rj_l can assume is n~ % e27 P2 pl_l. As the fibres of
the projection map m; are totally geodetic submanifolds of the torus T"*! (with a
flat invariant metric), and the component tori T! of of T"*! are of length (27r;)~!
for varying j, from the previous estimate we deduce that the diameter of the fibre is
bounded by wn*%ez”ngpl_l. This proves the first point, as the first part is clear by
inspection.

2) This is an immediate consequence of the first part. We omit the easy details.

3) We need to show that the set {[f,7] | [],r; =0} has normalized distance

converging to zero to 7 (XZ;;Q) For § € R, define US,U° C XZ;;Z as
vt ={o.1em (XL) I1Vitin>on}, U =JUs
J

2,2
It is clear that for po large enough and it

the set above, the set {[0,7] | [],7; = 0} and the set 7, (XZ;;Z) is included in the

small enough the diameter of both

e2W2p%
P1
small enough) U? converges NGH to 7 (XZ_; ) Moreover, if [0, 7] € U?, then from
1,R2 J

o = ko we deduce that

interval [Zt, 27p,]. Then clearly as § goes to zero (and for ps large enough and

<

2 _ _
: e Aks e 4ks 1

— < —
pt pilLisyri = pion (FR)T O gnetne

™

This shows that any point in U° us at a distance from a point in {[0,7] | [],r; = 0}
which can me bade to be an arbitrarily small fraction of the diameter by taking p»
large enough. Conversely, if [6,7] € {[[, 7 = 0}, then by rescaling the r; with ¢ # j
by a factor smaller thatn one and increasing r; accordingly to preserve the condition
>oi7? = p?, we can get to a point such that pio(7) = ko, which is then in 7 (XZ;;Q)
To obtain this we can resize by a factor which is a small fraction of p; (for ps large
enough), and therefore we proved that 7 (XZI_,;) converges in the NGH distance to

{[0,7] | TI;r: =0} for p, — oo when ks — oo and § — 0. This concludes the proof. O

PROPOSITION 5.4. The hypersurface [,z = 0 inside CPy, can be approzi-
mated arbitrarily well by a smooth Calabi-Yau hypersurface inside CP) ~ with respect
to the normalized distance induced by the metric associated to p? times the Fubini-
Study two-form (equivalently, with respect to the distance induced by the Fubini-Study
two-form,).

Proof. We will go quickly over this argument, as its main point is clear and
probably in some form or another it is already contained in the literature. The
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smooth hypersurface can be defined by homogeneous the equation

n

1
§ n+1
Zl = —F Z.
H 6471'2p§ e

1=0 =0

which back in non-homogeneous coordinates where . r? = p3 becomes the equation

fkl,kg (9_’ ,F) _ H ry— 67471-2p§—27ri Zj 0; Z T}l+162ﬂ'(n+l)i9¢ —0.
J J
For § € RT, define Vj5, Vo C CPp, as

V]_é _ {[é,f] E(C]P’gl |fk1,k2(é7f):07 Vi#jr; >(5p1}, V‘5:UUJ‘-S.
J

It is clear that for po large enough the diameter of both the set above and the sets
{107 | TI;ri =0}, {[0,7] € CP2, | fryk,(0,7) =0} is ~ py. Further, as py increases
and § goes to zero, the set V' is at a distance which is an arbitrarily small fraction
of p1 from the set {[f,7] | [[,7 =0}. Moreover it is clear by construction that
as po increases and 0 goes to zero the set VO converges in normalized distance to
{[0,7] € CPR | fra ko (0,7) = 0}. This argument shows that the normalized distance
of the two sets {[0,7] € CP?, | fi, r,(0,7) =0} and {[0,7] | [];7: = 0} goes to zero
as pg goes to infinity. O

THEOREM b5.5. For any € > 0 there exist R such that for all po > R and for p1p2
small enough:
1) The fibres of the map 7o have diameter at most e.
2) The Riemannian manifold XZ:,; is at a (standard) Gromov-Hausdorff distance of
less than € from its image under the map ms.
3) The image of XZI_,; under the map 7 is at a distance less than € from the hypersur-
face [Ti—y zi = 0 inside H™, with respect to the distance induced by the Fubini-Study
metric.
4) The image of XZ;,; under the map o is at a normalized distance less than € from
the hypersurface H?:o zi = 0 inside Hp, , with respect to the (degenerate) distance on
H™ induced by the projection map from (C*)"*1 and the metric on this space induced
by the map ¢,, p, as described in Lemma 4.4.

Proof. As in the previous theorem, we will not seek optimal constants for the
approximation, and we will content ourselves with proving the statements for the
space XZ:%Z and the map 7y instead. This will clearly prove also the analogous
statements for XZ;,; and .

1) This is clear as the diameter of the fibres of 72 is bounded by a constant
multiple of p;.

2) This follows immediately from the previous point.

3) Define for A\;,6 € RT and Ay > n + 1 the compact Riemannian manifolds

0p = {ma e (%) | vizin>d} U=y
J

V) ={[r.al € H" | r; =0, Vi#jr >0}, V=]V
J
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Notice that for a point in UJ‘-S you have

42,22 _
4= por; _1_§ e 4r? p27‘ >1—
i#]

edn? p252

and therefore for § small enough r; can be forced to be an arbitrarily small fraction
of one. Notice also that increasing p, only forces r; to be even smaller. This shows
that any point in U’ is at a distance from some point in V¢ which can be made
to be arbitrarily small by taking 6 to zero. Now pick any point [F,7] € Vj‘;. For ¢
small enough, we can find a point (7, ...,7n,7) such that #; = 0, Vi # j 7; > 6,
()% = (1 —6)? and for all i (7; — n)Q is a small fraction of one. This can be
done by putting r; to zero, and then rescaling the largest r; to adjust the value of the
radius. For ps large enough, we then have that

1 2 2/~ 1\2
2 ~\2 —47 T
< E (74)° — mlog 1- E e~ dm )T <,

i#] i#]
Finally, we conclude that there must be an s < § such that
- 1 _ 7
> i+ 8)? = log [ 1= Y e AT ) =g
i#] 1#]
and therefore the point

- - 1 . - - _
[Fo + 8.y Tj—1 + 8, —mlog 1 —2674772P§(Ti+s)2 it 8, s+ 5,77)]
i£]

lies in X~ /\ and has a distance less than 8(n 4 1)3§ from the original point [#, 7, 7] €
\%3

7.
The argument above shows that for § small enough, p1p2 small enough and ps large
enough the distance d(V?, XZI_,;) can be made as small as we want.
4) The metric is induced on the quotient by the metric

n
1671'4[)2[)27"2

> — e (dr)” +

i=0

47r2p§r2

o ().
Am2p3ps
Then it is clear that for p;ps small enough and py large enough, the ”vertical” direc-
tions (those expressed in terms of the T> become dominant, and therefore we can
apply the proof of the previous point, as the movements needed were all orthogonal
to these directions. O

REMARK 5.6. The complex structure on H"™ associated to the metric described
in point 4 of the theorem and p3 times the Fubini-Study two-form is J,, ,,, described
in Definition 4.8. This structure has a "large complex structure limit” for p1, p2 as
in the statement of the theorem.

PROPOSITION 5.7. The hypersurface [[, z = 0 inside H™ can be approzimated
arbitrarily well by a Calabi-Yau hypersurface inside Hy,, with respect to the Fubini-
Study metric (and also with respect to the metric descmbed in point 4 of the preceding
theorem,).
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The proof for the Fubini-Study metric is an easy variant of the proof of Proposition
5, while the proof for the second metric is an easy variant of the proof of point 4 of
the previous theorem. [

THEOREM 5.8. 1) For ™ rs (n 4+ 1)F the limiting manifolds are of the form
(T""1/Na,) x (T""/(Nay,)

with flat metrics. The flow oy induces a flow on the boudary component AP =
(n+1). Moreover, the metric and the form wp induce a Kdahler structure on the
limiting manifold.

2) For ps fized, and p; — +oo the limiting manifolds are torus fibrations over S™~*
with respect to normalized distance. Their diameter diverges, and the metric induced
on 8™ is different from (a constant multiple of ) the standard one.

3) For py fized, and p1 — 0T the limiting manifolds are flat tori T™.

Proof. 1) This follows from the fact that for ¢*™ #2 — (n 4 1)* the set of 7 which
satisfy both p;(7) = k1 and p2(7) = ke reduces to a single point. the statement on
the action of oy and on the Kahler structure are clear from the respective definitions.
2) The only observation to make is that for Ay >> 0, A—12 >> () the smooth manifold

{(To, ...,T‘n) (S (R+)n+1 | ZT? = A%, HAl = AQ}

is diffeomorphic to S®~!. One way to verify this is to observe that it retracts to

n A
{(TO;-..,Tn) S (R"l‘) +1 | ;T? — )\%7 sz — 71}

%

along the geodesics originating from \/%rl(l, .ery1). The rest is clear from the de-

scription of the action of a; on the parameters p1, ps.
3) This is clear from the description of the action of a; on the parameters p1, pa. O

REMARK 5.9. For pa — oo with p1 fized it seems that the objects that one obtains
are too wildly singular: notice that if a single rj — 0 the fibre w{ diverges to a large
T, and the other directions remain with limited diameter. If however two radi go
to zero, the fibre diverges to a large T2, and so on, with a diverging behaviour which
depends on the "relative speeds of approach” to zero of the various radii. There might
be a way to relate this boundary to moduli spaces of configurations of points (at least
in a NGH metric sense).

6. The general hypersurface case and conclusions. In the present paper
we tried to remain focused on the final aim of building a family of geometric objects
interpolating between a family of Calabi-Yau manifolds and its mirror. We obtained
a family which interpolates the large Kahler structure limit point in the Calabi-Yau
moduli space with some large complex structure limit point. It is not clear if this
limit point is the one expected on physical grounds (and described, for instance, in
[CDGP]). Even if the answer to this question is negative however, it may simply
be that we concentrated on the wrong part of the deformation space of the WSD
manifolds X"™. Indeed, the deformation space that we obtained, by varying p; and
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p2 (or equivalently k1, k2) is but a small part of a much larger deformation space.
We believe that the deformation space of X™ should at least contain a nondegenerate
WSD manifold of dimension 3m. One way to obtain some of these extra deformations
is to perform a transformation similar to oy, but this time varying by different para-
meters tg, ..., t, in the various directions associated to the decomposition of (C*)"*1.
Another source of deformations are the transformations 3, (described in [G2]), which
can be generalized in the same way as the a; to provide a n + 1-dimensional fam-
ily of parameters. A third source of deformations comes from a twisting of the T™
fibrations. We think that all these deformations are not independent, but generate
enough independent deformations to span the WSD manifold mentioned above. Ac-
tually it may be that the WSD manifold of deformation has also 2 extra degenerate
dimensions associated to the degenerate directions of X", which would bring its total
dimension to equal that of X™. It will be interesting to study the geometry of the
whole deformation space, and to see how it relates to the geometry of the deformation
spaces of the Calabi-Yau manifolds and their mirrors.

The construction of the manifold X} , ~can be generalized to include the case of
polytopes which have a property that we describe in the following. We use the same
notations A, A*, Fa, Fa«, fa, fax, Da, Da+ as in section 2. We indicate with n the
dimension of the span of A, and with d the number of its vertices.

DEFINITION 6.1. The polytope A has property SD if the following hold:
1) A is integral, and so is its dual polytope A*.
2) The number of vertices and the dimension of the spanned space for A and for A*
are the same.
3) The subgroup Ker (fafi.) = Ker (fa-fi) of T™ is finite.

Once the above property holds, the construction that we did to build the X" car-
ries over, and we obtain a 2(d —n) dimensional family of WSD manifolds of dimension
d—2(d—n)+2n=4n —d.

The following remarks are addressed to physicists. Mathematicians can safely
skip them. The first question which arises from a physicist’s perspective is how do we
recover the B-field from this approach. The manifolds X™ are probably associated to
vanishing B-field on the limiting manifolds. One possible way to obtain a nonzero B-
field should be to start the construction with a different section : not the flat one that
we used, but one which acquires monodromy as you go around the homology cycles
of the basis. At least this is the way in which the B-filed shows up when doing the
construction for elliptic curves (cf. [G2]). Therefore there should be n—1 deformation
directions associated with varying the B-field. One first attempt to verify this would
be to perform the computations in the case n = 1, where we have a reasonably clear
picture of the origin of the B-filed from [G2].

The second question which seems relevant to physics is wether the " numerology”
of dimensions has some meaning, or is just a coincidence: recall that in the (physically
most relevant) case of n = 4 we end up with an 11-dimensional Riemannian manifold.
One possible way to find some meaning in these number would be to build a gauge
theory from the bundle A*T*X3 of all exterior powers of the cotangent bundle of
X3, using the generalized lagrangian dynamics introduced in [G1] (and then try to
quantize this theory). That part of that paper was precisely aimed at building a
generalization of lagrangian (and hamiltonian) dynamics well suited to study PDE’s.
It may be a coincidence, but the object which was the outcome of the theory in the case
of PDE’s with two independent variables was ezactly (a piece of) a WSD structure.
Another intriguing fact is that this hypothetical theory would be the quantization of
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a 11 dimensional gauge theory which on the boundary of its deformation space would
give rise to the same theory which comes out of a o-model. It is very tempting to
conjecture that if it actually exists this theory is (strongly related to) what is usually
called M-theory. We plan to investigate these issues in a future paper.
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