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Abstract

In this paper, we analyze the existence and uniqueness of generalized weighted
pseudo-almost automorphic solutions of abstract Volterra integro-differential inclu-
sions in Banach spaces. The main results are devoted to the study of various types of
weighted pseudo-almost periodic (automorphic) properties of convolution products.
We illustrate our abstract results with some examples and possible applications.
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1 Introduction and Preliminaries

The class of weighted pseudo-almost periodic functions with values in Banach spaces was
introduced by T. Diagana in [15] (2006), while the class of weighted pseudo-almost auto-
morphic functions with values in Banach spaces was introduced by J. Blot, G. M. Mophou,
G. M. N’Guérékata and D. Pennequin in [8] (2009). In this paper, we analyze the existence
and uniqueness of generalized weighted pseudo-almost periodic solutions and generalized
weighted pseudo-almost automorphic solutions of abstract Volterra integro-differential in-
clusions in Banach spaces.

Concerning already made applications to abstract Volterra integro-differential equa-
tions, we will mention here only one illustrative. In [14, Chapter 10], T. Diagana has
examined the existence and uniqueness of weighted pseudo almost-periodic solutions of
the autonomous abstract differential equation

dit[u"(t) + f(t. Bu(®)] = w(DAu(t) + g(t.Cu(t)), 1€R, (1.1)
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where A is a sectorial operator on X, B and C are closed linear operators acting on X, and
f RXxX —> X, g:RxX — X are pseudo almost-periodic functions in ¢ € R uniformly in
x € X. Motivated by his ideas, a great number of authors has considered the qualitative
properties of solutions for various types of the Sobolev-type differential equations (see e.g.
[2], [10]-[11], [17], [45] and references cited therein).

Fractional calculus and fractional differential equations have received much attention
recently due to its wide range of applications in various fields of science, such as math-
ematical physics, engineering, aerodynamics, biology, chemistry, economics etc (see e.g.
[4], [22], [29]-[30] and [41]-[42]). In this paper, we essentially use only the Weyl-Liouville
fractional derivatives (for more details, we refer the reader to the paper [39] by J. Mu, Y.
Zhoa and L. Peng). The Weyl-Liouville fractional derivative DZ Lu(?) of order y € (0,1) is
defined for those continuous functions # : R — X such that 7 — f_t o 81-y(t=su(s)ds, teRis
a well-defined continuously differentiable mapping, by DZ Lu@) = % f_t W81y —s)u(s)ds,
t € R; here and hereafter, g/(7) := “=VT(), t > 0, where T'(-) denotes the Gamma function
Z>0).

The organization of paper can be simply described as follows. At the end of introduc-
tory part, we give a brief overview of definitions and results about multivalued linear op-
erators in Banach spaces. The main aim of Section 2 is to analyze various generalizations
of almost periodic functions and almost automorphic functions; besides some new notions
introduced, like Besicovitch pseudo-almost automorphy, the only original contribution here
is Proposition 2.2, which states that the class of Weyl-p-vanishing functions (extended by
zero outside [0,0); see [36] for the notion) is contained in the Weyl ergodic type space
W,PAA)(R : X), introduced by S. Abbas in [1]; we paid special attention to generalized
two-parameter almost automorphic functions. In Section 3, we remind ourselves of the
basic facts about weighted pseudo-almost periodic functions, weighted pseudo-almost au-
tomorphic functions, their generalizations and composition principles for these classes (see
especially Subsection 3.1). We introduce the notions of a weighted Weyl p-pseudo almost
automorphic function and a weighted Besicovitch p-pseudo almost automorphic function,
investigating also the convolution invariance of space B' WPAA((R,X,p1,p2) and transla-
tion invariance of space PAPy(R, X,p1,p02). Our main results are stated in Section 4, where
we investigate the generalized weighted pseudo-almost periodic (automorphic) properties
of convolution products; in this paper, we are primarily concerned with the infinite convo-
lution product f_ wRC=5)f(s)ds, where (R(?))>0 1s a strongly continuous operator family.
Weighted pseudo-almost automorphic solutions of semilinear (fractional) Cauchy inclu-
sions are analyzed in Section 5, where we also provide some applications in the analysis of
the following abstract Cauchy inclusion of first order

u'(f) € Au®) + f(1), tER,
and its fractional relaxation analogue
D] u(t) € Au(r) + f(1), t€R,

where DZ . denotes the Riemann-Liouville fractional derivative of order y € (0,1), and f :
R — X satisfies certain properties, as well as their semilinear analogues

u'(t) € Au(t) + f(t,u(?)), t €R, (1.2)
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and
Dz+u(t) € Au(t) + f(t,u(r)), teR, (1.3)

where f : RxX X — X satisfies certain applications and ‘A is a multivalued linear operator
in X. It should be emphasized that our results seem to be new even for a class of almost
sectorial operators [40].

Let X and Y be two Banach spaces over the field of complex numbers. A multivalued
map A : X — P(Y) is said to be a multivalued linear operator (MLO) iff D(A) :={x € X :
Ax # 0} is a linear submanifold of X, Ax+ Ay C A(x+y), x, y € D(A) and AAx € A(Ax),
1eC, x e D(A). If X =Y, then we say that A is an MLO in X. We know that the equality
AAx+nAy = A(Ax+ny) holds for every x, y € D(A) and for every 4, n € C with |A|+n| # 0.
Set R(A) := {Ax : x € D(A)}. Then the set N(A) := A0 = {x € D(A) : 0 € Ax} is called
the kernel space of A. The inverse A~! of an MLO is defined through D(A~") := R(A) and
Ay = {x € D(A) : y € Ax}. It can be easily verified that A~! is an MLO in X, as well as
that N(A™') = A0 and (A1)~ = A. If N(A) = {0}, i.e., if A~ is single-valued, then A
is said to be injective. Assuming A, B: X — P(Y) are two MLOs, then we define its sum
A+ B by DA+ B) := D(A)ND(B) and (A+ B)x := Ax+ Bx, x € D(A+ B). It is clear
that A+ B is an MLO. Products and integer powers are well-known operations for MLOs
([24D.

Suppose now that A is an MLO in X. The resolvent set of (A, p(A) for short, is defined
as the union of those complex numbers A € C for which X = R(A— A)and (1—A)~ is a
single-valued linear continuous operator on X. The operator A — (1 —A)~! is called the
resolvent of A (A € p(A)). For further information about multivalued linear operators and
abstract degenerate integro-differential equations, we refer the reader to the monographs
[9]1, [13], [24], [34], [38] and [43].

2 Various Generalizations of Almost Periodic Functions and Al-
most Automorphic Functions

The concept of almost periodicity was introduced by Danish mathematician H. Bohr around
1924-1926 and later generalized by many other authors (cf. [14], [25], [33] and [47] for
more details on the subject). Let I =R or / = [0,0), and let f : I — X be continuous. Given
€ >0, we call 7> 0 an e-period for f(-) iff ||f(t+71)— f(?)|| < €, t € I. The set constituted
of all e-periods for f(-) is denoted by ¥(f, €). It is said that f(-) is almost periodic, a.p. for
short, iff for each € > 0 the set ¥(f, €) is relatively dense in /, which means that there exists
[ > 0 such that any subinterval of I of length / meets ¥(f, €).

Let f : R — X be continuous. Then we say that f(-) is almost automorphic, a.a. for short,
iff for every real sequence (b,) there exist a subsequence (a,) of (b,) andamap g: R — X
such that

lim f(r+a,)=g(0) and lim g(1—a,) = £(1), @.1)

pointwise for ¢ € R. The vector space consisting of all almost automorphic functions is
denoted by AA(R : X); see [14] and [33] for more details about the subject.
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A continuous function f: R — X is said to be asymptotically almost automorphic, a.a.a.
for short, iff there are a function & € Cy([0,00) : X) and an almost automorphic function
q : R — X such that f(¢) = h(z) + q(¢), t > 0. Using Bochner’s criterion again, we can easily
show that any (asymptotically) almost periodic function [0,c0) = X is (asymptotically)
almost automorphic. The spaces of almost periodic, almost automorphic and asymptotically
almost automorphic functions are closed subspaces of Cp(R : X) when equipped with the
sup-norm.

Suppose now that 1 < p < oo, [>0and f, g€ L’ (I:X), where I =R or I = [0,00).

loc

We say that a function f € L? (I : X) is Stepanov p-bounded, S”-bounded shortly, iff

loc
Ifllsr := Suptel(j;t+1 Lf(HIIP ds)!/P < co. The above norm turns the space L§ (I : X) consist-
ing of all S”-bounded functions into a Banach space. It is said that a function f € Lg (I:X)
is Stepanov p-almost periodic, S”-almost periodic or S”-a.p. shortly, iff the function
f 1 — LP([0,1] : X), defined by f(£)(s) := f(t+5), t € I, s € [0,1] is almost periodic. It
is said that f € Lg’([O, o) : X) is asymptotically Stepanov p-almost periodic, asymptotically
SP-a.p. shortly, iff £ : [0, 00) — LP([0,1] : X) is asymptotically almost periodic.

The following notion of a Stepanov p-almost automorphic function has been intro-
duced by G. M. N’Guérékata and A. Pankov in [27]: A function f € L‘Z) AR :X) is called
Stepanov p-almost automorphic, S”-almost automorphic or S”-a.a. shortly, iff for every
real sequence (a,), there exists a subsequence (a,,) and a function g € L‘Z) (R X) such that

t+1 t+1

flan, +5) —g(s)”l7 ds=0and klirn
—o )y

lim g(s—ank)—f(s)des:O

k—eo J
for each r € R; a function f € L‘Z ,([0,00) : X) is said to be asymptotically Stepanov p-almost
automorphic, asymptotically S”-almost automorphic or asymptotically S”-a.a. shortly, iff
there exists an S”-almost automorphic function g(-) and a function g € Lg([O, 00) : X) such
that f(¢) = g(#)+q(t), t > 0 and g € Co([0,00) : LP([0,1] : X)); the vector space consisting of
such functions ¢(-) will be denoted by S g ([0,00) : X). It is well known that any S ”-almost
automorphic function f(-) has to be S”-bounded (1 < p < o0). The vector space consist-
ing of all S”-almost automorphic functions, resp., asymptotically S7”-almost automorphic
functions, will be denoted by AASP(R : X), resp., AAAS P ([0, 0) : X).

We refer the reader to [36] for the notions of an (equi-)Weyl-p-almost periodic func-
tion and an (equi-)Weyl-p-vanishing function (1 < p < o0); see also [3] for scalar-valued
case. Denote by W(’)’ ([0,00) : X) and e — W{)’ ([0,00) : X) the sets consisting of all Weyl-p-
vanishing functions and equi-Weyl-p-vanishing functions, respectively. Then we know that
e—Wr([0,00) : X) € W/([0,00) : X).

The concepts of Weyl almost automorphy and Weyl pseudo-almost automorphy, more
general than those of Stepanov almost automorphy and Stepanov pseudo-almost automor-
phy, were introduced by S. Abbas [1] in 2012. The vector space consisted of all Weyl
p-almost automorphic functions will be denoted by WPAA(R : X). This space contains the
space of Weyl-p-almost periodic functions; see [1] and [33] for more details.

The class of Stepanov pseudo-almost automorphic functions has been introduced by T.
Diaganain [18] (cf. also the paper [23], where Z. Fan, J. Liang and T.-J. Xiao have analyzed
composition theorems for the corresponding class):
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Definition 2.1. Let 1 < p < co. A Stepanov p-bounded function f(-) is said to be Stepanov
p-pseudo almost periodic (automorphic) iff it admits a decomposition f(¢) = g(¥) + g(¢),
t € R, where g(-) is S P-almost periodic (automorphic) and g(-) € L‘Z) R X) satisfies

1 T1r e+l 1/p
. » _
Tger 5T _T[I llg(l ds} dr=0. 2.2)
Denote by SPPAP(R : X) (S? PAA(R : X)) the collection of such functions, and by S? PAAy(R :
X) the collection of locally p-integrable X-valued functions ¢(-) such that (2.2) holds.

It is well known that S” PAA(R, X, p1,02), endowed with the Stepanov norm, is a Banach
space which contains all pseudo-almost automorphic functions. A similar statement holds
for the space S PAP(R, X, p1,p2). By W,PAA(R : X) we denote the set consisted of all Weyl
p-pseudo almost automorphic functions (see [1] for the notion); by W,PAAo(R : X) we de-
note the space consisting of all functions g € LZC(R : X) satisfying limy_, 1 % f_TT [lim;_ 40 % fxxj llg(OIIP dt]
0.
It can be simply proved that the class of Weyl-p-vanishing functions (extended by zero
outside [0, 00)) is contained in W,PAA((R : X). More precisely, we have the following result
(see [33] for a proof):

Proposition 2.2. Let 1 < p < oo, and let g € Li ([0,00) : X) be a Weyl-p-vanishing function.
Let g, € L‘Z)C(R : X) be given by q.(1) := q(1),t >0 and q.(t) := 0,1 <0. Then q, € W,PAA)(R :
X).

For Besicovitch and Besicovitch-Doss generalizations of almost periodic functions in
Banach spaces, we refer the reader to [37]; see also [6]. The reader may consult the paper
[5] by E. Bedouhene, N. Challali, O. Mellah, P. Raynaud de Fitte and M. Smaali for further
information concerning the class BPAA(R : X) consisted of all Besicovitch almost automor-
phic functions. This class extends the class of Weyl p-almost automorphic functions. It
can be easily proved that the set BPAA(R : X), equipped with the usual operations, forms
a vector space. In the present situation, the author does not know whether a Besicovitch
p-almost periodic function is necessarily Besicovitch p-almost automorphic.

Definition 2.3. Let p > 1. Then we say that a function f € Lfo (R : X) is Besicovitch p-
pseudo almost automorphic iff f(-) = g(-) + ¢g(-), where g(-) is Besicovitch p-almost auto-
morphic and g € L‘l"o (R X) satisfies

1 T 1 [ /p
o M vl e
i 7 [ Jimsw [ eorea] " as=o.

The set of all such functions are denoted by B, PAA(R : X).

A very simple analysis shows that B, PAA(R : X) is a vector space, as well as that
W,PAAR : X) C B,PAAR : X).

In order to shorten our study, we will skip here all details concerning two-parameter
almost periodic functions and their generalizations; see T. Diagana [14] and M. Kosti¢
[33] for further information in this direction. Regarding generalized two-parameter almost
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automorphic functions, the following facts should be recalled: Let (Y|l -|ly) be another
pivot space over the field of complex numbers. Then we say that a continuous function
F :RxY — X is almost automorphic iff for every sequence of real numbers (s),) there exists
a subsequence (s,) such that G(¢,y) := lim,_,« F(t+ s,,Y) is well defined for each r € R and
yeY, and lim,_,,, G(t—s,,y) = F(t,y) for each t € R and y € Y. The vector space consisting
of such functions will be denoted by AA(RX Y : X).

The notion of a pseudo almost-automorphic function was introduced by T.-J. Xiao,
J. Liang and J. Zhang [46] in 2008. Let us recall that the space of pseudo-almost auto-
morphic functions, denoted shortly by PAA(R : X), is defined as the direct sum of spaces
AAR: X) and PAPy(R : X), where PAPy(R : X) denotes the space consisting of all bounded
continuous functions @ : R — X such that lim,_, ZLr f_r . |D(s)||ds = 0. Equipped with the
sup-norm, the space PAA(R : X) becomes one of Banach’s. A bounded continuous function
f:RXxY — X is said to be pseudo-almost automorphic iff F = G + @, where G € AA(RX Y :
X) and ® € PAPy(Rx Y : X); here, PAPy(R X Y : X) denotes the space consisting of all
continuous functions @ : R X Y — X such that {®(z,y) : t € R} is bounded for all y € ¥, and
limy o0 5= [ ’r |®(s,y)|lds = 0, uniformly in y € ¥. The collection of such functions will be
denoted henceforth by PAA(RX Y : X).

The notion of a Stepanov p-almost automorphic function f : R x Y — X will be taken in
the sense of [16], while the notion of a Stepanov p-pseudo almost automorphic function f :
R XY — X will be taken in the sense of [18]. Denote by S” PAAR X Y, X, p1,02) the collec-
tion of such functions, and by S”PAAo(R X Y, X, p1,p2) the collection of functions satisfying
that for each y € Y one has that g € L‘Z}C(R : X) and lim7_, 4o % f_TT[ftHl llg(s, MIIP ds1Vr dr =
0. If p = p1 = p2, then we write SPPAAR X Y, X,p1,02) = SPPAARX Y, X, p).

We refer the reader to [35] for various composition principles for almost automorphic
functions, pseudo-almost automorphic functions and Stepanov almost automorphic func-
tions. The reader may consult S. Abbas [1] for the notion of a Weyl pseudo-almost auto-
morphic function as well as for the formulation of a composition principle for Weyl pseudo-
almost automorphic functions.

3 Weighted Pseudo-Almost Periodic Functions, Weighted Pseudo-
Almost Automorphic Functions and Their Generalizations

Set U:={p e L' (R) cp()>0ae. teR}, Uy :={p €U :infyrp(x) < 0o and v(T,p) :=

loc
lim7 400 f_TTp(t)dt = oo} and Uy := L”(R) NU. Then it is clear that U, C U, C U. We say
that weights p;(-) and p>(-) are equivalent, p; ~ p, for short, iff p; /p» € Up. By Ur we denote
the space consisting of all weights p € U, which are equivalent with all its translations.
Next, we introduce the spaces consisting of so-called ergodic components, depending
on one or two variables. Assume that p;, p; € Us. We define the space PAPy(R, X, p1,02) as

the space consisted of all functions f € C,(R : X) such that limy_, m f TT ILf (Ollo2(t) dt =
| -p1()dt ¥
0 and the space PAPo(Rx Y, X,p1,p2) as the space consisted of all functiTons feCp(RXY: X)
. | T _ .
such that limy_, ;o oo f—TT od f_ T £ Wlo2(f)dt = 0, uniformly on bounded subsets of Y.
The class of weighted pseudo-almost periodic functions was introduced by T. Dia-

gana in [15] (2006); we will slightly generalize the notion from this paper by examining
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two weight functions, leading to the concept of so-called double-weighted pseudo almost-
periodic functions, as it has been done by T. Diagana in [19]-[20].

Definition 3.1. (i) A function f € C»(R : X) is said to be weighted pseudo-almost peri-
odic iff it admits a decomposition f(¢) = g(¥)+q(?), t € R, where g(-) is almost periodic
and ¢(-) € PAPy(R, X, p1,p2).

(i1) A function f(-,-) € Cp(RX Y : X) is said to be weighted pseudo-almost periodic iff it
admits a decomposition f(¢,y) = g(t,y) +q(t,y), t € R, where g(-,-) is almost periodic
and g(-,-) € PAPy(RX Y, X,p1,p2).

Denote by WPAP(R, X,p1,02) (respectively, WPAP(R x Y, X,p1,p2)) the vector spaces
of such functions. If p = p; = p,, then we write WPAPR, X,p1,02) = WPAP(R, X, p) and
WPAPR X Y,X,p1,02) = WPAPR X Y, X, p).

The class of weighted pseudo-almost automorphic functions has been introduced by J.
Blot, G. M. Mophou, G. M. N’Guérékata and D. Pennequin in [8]. The following slight
generalization is introduced by T. Diagana [19]-[20] (see also T. Diagana, K. Ezzinbi, M.
Miraoui [21] and S. Abbas, V. Kavitha, R. Murugesu [2]):

Definition 3.2. (i) A function f € Cp(R : X) is said to be weighted pseudo-almost au-
tomorphic iff it admits a decomposition f(¢) = g(¢) + q(t), t € R, where g(-) is almost
automorphic and g(-) € PAPy(R, X, p1,02).

(i) A function f(-,-) € Cp(RX Y : X) is said to be weighted pseudo-almost automorphic
iff it admits a decomposition f(t,y) = g(t,y) + q(t,y), t € R, where g(-,-) is almost
automorphic and ¢(-,-) € PAPy(R X Y, X,p1,02).

Denote by WPAAR, X, p1,p2) (respectively, WPAA(R X Y, X, p1,p2)) the vector spaces
of such functions. If p = p; = p;, then we write WPAA(R, X, p1,02) = WPAAR, X,p) and
WPAARX Y, X,p1,02) = WPAAR XY, X, p).

It is well-known that, for every p;, p» € Ur, we have that WPAPR, X,p1,p2) and
WPAA(R, X,p1,p2) are Banach spaces with the sup-norm. For the Stepanov class, we will
use the following definition from [2] (see also Z. Xia, M. Fan [45] for the case that p; = p7):

Definition 3.3. Let 1 < p < co.

(i) A Stepanov p-bounded function f(-) is said to be weighted Stepanov p-pseudo almost
periodic (automorphic) iff it admits a decomposition f(¢) = g(¢) + q(¢), t € R, where
g(+) is SP-almost periodic (automorphic) and ¢g(-) € Lfo R X) satisfies

1 T r+1 1/p
Tlim T—f [f ||q(s)||pds] 2 dt = 0. (3.1
ot [pi@de -l

Denote by SPWPAP(R,X,p1,02) (SPWPAA(R, X,p1,02)) the vector space of such
functions, and by SPWPAAy(R, X, p1,p2) the vector space of locally p-integrable X-
valued functions ¢(-) such that (3.1) holds.
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(i) A function f:RXY — X is said to be weighted S ”-pseudo almost periodic (automor-
phic) iff for each y € Y we have that f(-,y) € Li] AR :X)and f(-,-) admits a decompo-
sition f(z,y) = g(t,y) +4q(t,y), t € R, where g(:,-) is S ”-almost periodic (automorphic)

and

1 T +1 1/p

im ———— [ | [T as| poa=o. 62
T—+oc0 2f_TPI(t)dt -T ¢

uniformly on bounded subsets of Y.

Denote by SPWPAP(R X Y, X,p1,02) (SPWPAAR X Y, X,p1,p02)) the vector space of such
functions, and by SPWPAA)(R XY, X, p1,p2) the vector space of functions satisfying that for
each y € Y one has that ¢(-) is a locally p-integrable X-valued function and (3.2) holds. If
p =p1 = p2, then we write SPWPAPR XY, X, p1,02) =SPWPAP(R XY, X,p) (SPWPAA(R x
Y. X,p1,p2) = SPWPAAR X Y, X, p)).

Several illustrative examples of weighted S ”-pseudo almost automorphic functions can
be found in [2].
Denote by V, the collection of all weighted p;, p> € Uy such that

palt+7) [0y
limsup < oo forany 7 € R, and limsup —— <

To+oo  P2(1 T—+00 f_sz(l)dl‘

[co

Then, owing to [2, Theorem 2.1], we have that S WPAA(R X Y, X, p1,p02) is a Banach space
endowed with the Stepanov norm || - |[s», for any p € [1,00). A similar statement holds for
the space SPWPAP(R X Y, X,p1,02).

We introduce the notions of a weighted Weyl p-pseudo almost periodic (automorphic)
function and a weighted Besicovitch p-pseudo almost periodic (automorphic) function as
follows:

Definition 3.4. Let 1 < p < co.
(i) A function f € L? (R : X) is said to be weighted Weyl p-pseudo almost periodic

loc

(automorphic) iff it admits a decomposition f(¢) = g(¢) + q(¢), t € R, where g(-) is
WP-almost periodic (automorphic) and ¢(-) € L’ (R : X) satisfies

loc

1 T 1 1+1 1/p
lim T—f [lim —f ||q(s)||pds] 2(Hdt =0. 3.3)
T—+oo 2LTp1(t)dt _T|l>+e0 21 —1

Denote by WWPAA(R, X, p1,02) (WPWPAAR, X, p1,02)) the collection of such func-
tions, and by WWPAAy(R, X, p1,p2) the collection of locally p-integrable X-valued
functions ¢g(-) such that (3.3) holds.

(ii) A function f € Li) (R : X) is said to be weighted Besicovitch p-pseudo almost periodic
(automorphic) iff it admits a decomposition f(r) = g(¢) +q(t), t € R, where g(-) is BP-
almost periodic (automorphic) and g(-) € Li (R X) satisfies

1 T 1 (! l/p
lim — f [lim sup — llg(sIIP ds] p2(0)dt = 0. 3.4)
T—+o00 2f_T,01(t) dt I-Tl 15+ 21 —1
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Denote by BPWPAPR, X, p1,p2) (BPWPAAR, X, p1,p2)) the collection of such func-
tions, and by BPWPAAy(R, X, p1,p2) the collection of locally p-integrable X-valued
functions ¢(-) such that (3.4) holds.

We will not introduce here the notions of two-parameter weighted Weyl p-pseudo al-
most periodic (automorphic) functions and two-parameter weighted Besicovitch p-pseudo
almost periodic (automorphic) functions since these notions can be very difficultly applied
in the analysis of abstract semilinear Cauchy inclusions. It is easily seen that BPWPAA(R, X, p1,02)
is a vector space, as well as that WWPAA(R, X,p1,02) € BPWPAA(R, X, p1,02). Similar
statements hold in the case of consideration of weighted pseudo-almost periodicity.

Concerning the convolution invariance of the space B’ WPAA((R, X, p1,02), we have the
following result with p = 1:

Proposition 3.5. Let g(-)€ L, (R:X) be S'-bounded, let g € L'(R), and let g € B'WPAA((R, X, p1,p2).
Then g*q € BBWPAA)R, X, p1,02).

Proof. First of all, let us recall the well-known fact that

1 t+1 1 t+l—-r
limsup 2 f llg($)]lds = limsup o f llg(s)llds, reR. (3.5)
t—1 t

[>+00 [—+4c0 —l-r

Put fi,(r) := B ::r lg(s)llds, [ > 1, t, r € R. By the S '-boundedness of ¢(-), we get the
existence of a function Gy(-) € L'(R) such that J1.:(r) < G(r) for a.e. r € R. Hence, we can

apply the reverse Fatou’s lemma in order to see that

t+l-r
5 f ||q<s)||ds]|g<r)|dr

<1
lim sup f
[>+00 J-00

—l-r
00 1 t+l—r

Sf lim sup —f llg(s)llds|lg(r)|dr. (3.6)
—00 [—>+00 21 t—I-r

Then the final conclusion follows by using (3.5)-(3.6), the validity of (3.4) for ¢(-), and the
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following integral computation with Fubini theorem:

f ) g(s—r)q(r)dr dS}pz(t) dt

1 fT[ 1+l
BT — 11msup—
ZLZpl(t)dt [—>+c0 21
1 Tr 1 1+ 00
S—F f limsupif f Ig(r)lllq(s—r)||drds}p2(t)dt
2 [p1(t)ydt J-TL 1o il Jeo
1 Tr
= f hmsupf 21f |g(r)|||q(s—r)||dsdr}p2(t)dt
2f_Tp1(t)dz I—>+00

1 Tr t+1-r
=T—f hmsupf 2lf ||Q(S)||dSlg(r)ldr],Dz(t)dl‘
2fT/f)l(t)Olt I—>+00

t+l-r
ffhmsup[ f ||q(s)||ds}|g(r)|drdt
zf p1(t)dt 0o [—+o0 —r
1+1
ffhmsup[ f ||61(S)||dS]|g(r)|drdt
zf p1(0)dt 0o [—+oo

lg(rldr 1
= L”T—f [hmsupz—l ||CI(S)||dS]PZ([)dt-
2f_T,01(f)df [Zeo

The convolution and translation invariance of (double-)weighted pseudo almost-periodic
functions and some other problems for this class have been investigated by T. Diagana [19]-
[20], D. Ji, Ch. Zhang [28] and A. Coronel, M. Pinto and D. Sepilveda [12]. The translation
invariance of PAP(R, X, p) is ensured e.g. by the validity of condition sup,. sup;cq, | £ %)s )
oo, s € R; cf. [12, Theorem 3.7 (b)]. In the following proposition, we provide a slightly dif-
ferent condition ensuring the translation invariance of the space PAPy(R, X, p1,02) (see [33]

for a proof):

Proposition 3.6. Let py, pr € Us. Then the space PAPy(R, X, p1,02) is translation invariant
|5 o20dil+] [~ pa(oyd
[re1war
that pr(t—s) < g(8)p2(8), t, seR.

iflimy_ o0 =0, s € R and there exists a function g : R — (0, 00) such

In order to analyze generalized weighted pseudo-almost automorphic solutions of semi-
linear (fractional) Cauchy inclusions, we need to repeat some known facts about com-
position principles for the classes of weighted pseudo-almost automorphic functions and
Stepanov weighted pseudo-almost automorphic functions (weighted pseudo-almost peri-
odic solutions can be analyzed in a similar fashion; see e.g. [20, Theorem 5.9] and [48,
Theorem 3.1, Theorem 3.5].

3.1 Composition Principles for Weighted Pseudo-Almost Automorphic Solu-
tions

In [20, Theorem 5.8], T. Diagana has proved a composition principle for the class WPAA(R X
Y, X,p1,02). Arguing as in the proof of [45, Theorem 3.6, Theorem 3.7], we can prove the
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following composition principles, stated here with two generally different pivot spaces (see
also [2, Theorem 2.2, Theorem 2.3, Theorem 2.4]).

Theorem 3.7. Assume that p1, p2 € Us, | < p < oo, f:RXY — X is weighted S P-pseudo
almost automorphic, f(t,y) = g(t,y)+q(t,y), t € R, where g(-,-) is SP-almost automorphic
and q(-,-) satisfies (3.2), uniformly on bounded subsets of Y. Let h : R — Y be weighted S?-
pseudo almost automorphic, f(t) = g(t) +q(t), t € R, where g(-) is S?-almost automorphic
with relatively compact range in Y, and q(-) € LZ (R X) satisfies (3.1). Assume that there
exist two finite constants Ly > 0 and Lg > 0 such that

lf(2,y) = f(#, 2l < L¢lly — zlly and ||g(z,y) — g(#,2)I| < Lglly —zlly (3.7
forallteR, y, z€Y. Then f(-,h(-)) e SPWPAAR X Y, X,p1,02).

Theorem 3.8. Assume that py, p2 € U, 1 < p < oo, f:RXY — X is weighted SP-pseudo
almost automorphic, f(t,y) = g(t,y)+q(t,y), t € R, where g(-,-) is SP-almost automorphic
and q(-,-) satisfies (3.2), uniformly on bounded subsets of Y. Let h : R — Y be weighted S?-
pseudo almost automorphic, f(t) = g(t) +q(t), t € R, where g(-) is S?-almost automorphic
with relatively compact range in Y, and q(-) € L‘Z)C(R : X) satisfies (3.1). Assume that r >

max(p, p/p—1) and there exist two Stepanov r-almost automorphic scalar-valued functions
L¢(+) and Lgy(-) such that

f(@,y) = f(@,DN < LeDlly —zlly and l1g(,y) — g(t,2)Il < Lg(Dlly - zlly, (3.8)

forallteR, y, z€Y. Set q:=pr/p+r. Then g €[1,p) and f(-,h(-)) € SIWPAAR X
Y.X.p1.p2).

4 Generalized Weighted Almost Periodic (Automorphic) Prop-
erties of Convolution Products

We start this section by stating the following result:

Proposition 4.1. Suppose that 1 < p <oo, 1/p+1/qg =1 and (R(t));~0 € L(X) is a strongly
continuous operator family satisfying that M := 3> o ||[RC)||zafx i+ 17 < 00. If the space PAPy(R, X, p1,p2)
is translation invariant (see Proposition 3.6) and f : R — X is weighted S P-almost periodic,

resp. weighted S?-almost automorphic, then the function F(-), given by

!
F@) ::f R(t—s5)f(s)ds, teR, “4.1)
is well-defined and belongs to the class AP(R,X,p1,02) + SPWPAA)R, X, p1,02), resp.,
AAR, X, p1,02) + SPWPAA)R, X, p1,02).

Proof. We will prove the theorem only for weighted S 7-almost automorphy. Let f(-) =
g(-)+¢q(-), where g(-) and ¢(-) satisfy conditions from Definition 3.3(i). By [35, Proposition
5], and S 7-almost automorphy of g(-), we have that the function G(-) obtained by replacing
f() in (4.2) by g(-), is almost automorphic. Define Q(?) := j];kﬂ R(s)q(t—s)ds,teR (k e
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N). Arguing as in the proof of afore-mentioned proposition, we can prove that Q(-) is
bounded and continuous on R for all k£ € N, as well as that Qx(-) converges uniformly to
o@) = f_ R = $)q(s)ds. Therefore, all we need to prove is that, for any integer k € N
given in advance, (3.1) holds with the function g(-) replaced therein by Q(-). By the Holder
inequality and an elementary change of variables in double integral, we have the existence
of a positive finite constant ¢, > 0 such that:

| Tr pt+l 1/p
S S f [ f ||Qk<s)||f’ds] p2(1)dt
2 [ pi(0)de J-TLJe
R(. T[ pr+l ket p
< RONwateksn f f f ||q(s—v)||”dvds] pa(r)dt
2 [ pyde Sl Jr
R(- T1r pt+l ps—(k+1) 1/p
= IROlspekeny f f f ||q<v>||Pdvds] pa(t)dt
2 [ pi@de J-rldr sk

R r(kt1) p
< ROl f f f llg(r)Il” dsdr} pa(t)di
2f_T,01(t)df (k1)

R alk k+ o v
ROk f [ f [ ||q(r)||”dsdr] p(o)dr
2 [T oy oo

R —k I/p
<”<>“Lw f [ f |r+k+1—IIIIQ(V)||pdr] pa(d

2 [ or(rydr e
R T[ -k i
o ROttty f [ f |t+1—r+k|||61(”)||pd5d”] pa(t)dt
2 [ prtyde J-rliien
R(. Tr ,t—k /p
< M f [ f ||q(r)||pdr] pa()dt
2f_TP1(l)dt - t—(k+1)
R(- T t—k l/p
+ M f [ f ||q(r)||pdsdr] pa(t)dt
2 [ odr =Tl
R0 Tr 1/p
:MJ‘ [f ||q(r—(k+1))||pdl’} p2(r)dt
2[pwar Sl
R(- T t+1 1/p
+M[ [f ||q(r—(k—1))llpdsdr] pa(nydt, T >0.
2 [ pide Sl

Now the final conclusion follows from the fact that (3.1) holds with the function g(-) re-
placed therein by Qy(-) and the translation invariance of PAPy(R, X,p1,02).

Results for weighted Besicovitch almost automorphic functions are rather restrictive
(cf. [33] for more details).

In the sequel, we will use the following notions. Set U, := {p € LIUL([O 00)) : p(t) >
Oae. >0}, Uy, :={p € L7([0,00)) : p(t) > 0 a.e. t > 0} and Uoop {peU:wT,p) :=
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lim7 40 fOTp(t)dt = oo}. Then Uy, € Uwp € Up,. If py1, p2 € U p, then we define the
space PAPy([0,00),X,01,02) as the set of all functions f € Cp([0,0) : X) satisfying that

lim7 400 ﬁ j(;T [l (Ollo2(t) dt = 0 and the space PAPy([0,0) X Y, X,p1,p02) as the set of

) pi(oar
all functions f € C»([0,00) X Y : X) satisfying that limz_, e W fOT L& Wloa(t) dt = 0,
) pi)at

uniformly on bounded subsets of Y; see also [7] and [21]. Concerning the invariance of
space PAPy([0,00),X,p1,02) under the action of finite convolution product, we have the
following result:

Proposition 4.2. Assume that there exists a non-negative measurable function g : [0,00) —
[0, 00) such that py(t) < g(s)pa(t—s) for 0 < s <t < co. Assume that (R(t));~0 € L(X) is a
strongly continuous operator family satisfying fooo(l +g())IR(s)||ds < o0. Let f € PAPy([0,),X,p1,02).

Define F(t) .= f()tR(t— $)f(s)ds, t > 0. Then we have F € PAPy(]0,0),X,p1,02).

Proof. 1t can be easily seen that F' € Cp([0, c0) : X). The claimed statement follows from
the prescribed assumptions and the next computation:

1 T 1 T !
——— [ IFoldr s ———— [ [ | ||R<s>||||f(t—s>||ds]pz<r>dr
Iy pi@drJo Jy pryatJo LJo

mf f IR (2= $)llp2() dtds
p P1)at

1 T T
= fT—()d fo g(S)IIR(S)II[f IIf(t—S)IIpz(t—S)dt]ds
p1(t)dt s
' 1 T T—s
=T f g(S)IIR(S)II[ f ||f(r)||p2(r)dr] ds
Jy pr(tydt Jo 0

f g(S)IIR(S)IIdSH f IIf(r)IIpz(r)dr] T >0.
0 Jy pr(@ar Jo

Remark 4.3. Assume, in place of condition fom(l +g())IR()||ds < oo, that 1 < p< oo, 1/p+
1/g=1, M = 37 IRCllzapki+17 < o and g(-) additionally satisfies that it is S”-bounded.
Then we can easily shiown that F € PAPy([0, o), X, p1,02).

<

Combining Proposition 4.1, Proposition 4.2-Remark 4.3 and the argumentation con-
tained in the proof of [31, Proposition 2.13], we can clarify the following proposition
(weighted S P-almost periodic case can be considered similarly):

Proposition 4.4. Assume that 1 < p <oo,1/p+1/q=1, and there exists a S P -bounded func-
tion g : [0,00) — [0, 00) such that pr(t) < g(s)p2(t—s) for 0 < s <t < oo, Assume, further, that
(R(1))s>0 € L(X) is a strongly continuous operator family satisfying that for each s > 0 we
have M := Z,‘:’:O IR Lars+k,s+k+1] < 00, as well as that the space PAAo(R, X, p1,p2) is trans-
lation invariant and g : R — X is weighted S P-almost automorphic. If g € PAPy([0, o), X, p1,02),
then the function F(-), given by

F(r) .= foo R(t—s)[g(s)+q(s)]ds, t>0, “4.2)
0
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is well-defined and belongs to the class

AA(0.00)(R, X, p1,p2) + SPWPAAD (R, X, p1,02)
+88(10,00) : X) + PAP([0,0), X, p1,02).

Here, AAjo,)(R,X,p1,p02) and S PWPAA[OO’OO)(R, X,p1,p2) denote the spaces consisting of
restrictions of functions belonging to AARR, X, p1,p02) and
SPWPAAo(R, X, p1,p2) to the non-negative real axis, respectively.

S Weighted Pseudo-Almost Automorphic Solutions of Semilin-
ear (Fractional) Cauchy Inclusions

In this section, we will clarify a few results concerning the existence and uniqueness of
weighted automorphic solutions of semilinear (fractional) Cauchy inclusions; the existence
and uniqueness of weighted automorphic solutions can be analyzed similarly. Because of
some obvious complications appearing in the study of existence and uniqueness of weighted
pseudo-almost periodic (automorphic) solutions defined only for non-negative values of
time ¢ (see Proposition 4.4), henceforth we will restrict ourselves to the study of abstract
Cauchy inclusions (1.2)-(1.3), only. The organization of section is very similar to that of
[35, Section 5]; the proofs of structural results are omitted since they can be deduced by
using composition principles from Subsection 3.1 and the argumentation contained in [33].

We deal with the class of multivalued linear operators (A satisfying the condition [24,
(P), p. 47] introduced by A. Favini and A. Yagi:

(P) There exist finite constants ¢, M > 0 and S € (0, 1] such that
={1eC: RA2 —c(ITA+ 1)} S p(A) and [R(A: A)| < ML+ P, eV,
We define the fractional power (=A)? for 6 > B —1 as usually. Set Y := [D((—ﬂ)(’)] and

I-1ly ==l lljp(—ayy> then Y is a Banach space that is continuously embedded in X. Define,
further,

1 _
T,(t)x:= 3 f(—/l)"e’”(/l—ﬂ) lxdl, xeX t>0(w>0),
L Jr

where I denotes the upwards oriented curve A = —c(|n| + 1) +in (7 € R). Then there exists a
finite constant M > (O such that:
(A) Tyl < Me™F1 1> 0, v>0.

Assume that L¢(+) is a locally bounded non-negative function, and M denotes the constant
from (A), with v = 6. Set, for every n € N,

supf f f —el=x)(p— i )B 6-1
teR

X ]_2[ e (x, — xp PO ]_1[ Li(x)dxidxy---dx,.  (5.1)
= =
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Define
T, ,(t)x = twfo "Dy (5)To(st”)xds, t>0,xeX, v>-p,

S,(1) :=T,o(t) and P, (1) :=yT,1(1)/1", >0,
where @, () denotes the famous Wright function, defined by

(o8]

. (=2)"
y(2) = ;—n,r(l_y_yn), zeC.

Set also
Ry(1) :="'Py(1), t >0 and RY(1) 1=y~ f 5@, (s)To(st")xds, t >0, x € X.
0

Consider the first inequality in (3.8) with L¢(-) being a measurable non-negative func-
tion. Set, for every n € N,

! Xn X2
B, i=sup f f f IR - x|
>0 J—00 J—-0 —00
n n
X l_[”Rg,(xi —x,-_l)“ l_[Lf(xi)dxl dx;--- dx,.
i=2 i=1

If (Z,]]-1lz) is a complex Banach space that is continuously embedded in X, then we use
the following notion of a mild solution of (1.2), resp., (1.3):

Definition 5.1. Assume that f: I XZ — X. By a mild solution of (1.2), we mean any Z-
continuous function u(-) such that u(¢) = (Au)(¢), t € R, where

!

t— (Au)@) = f T(t—s)f(s,u(s))ds, teR.
Definition 5.2. Assume that f: I XZ — X. By a mild solution of (1.3), we mean any Z-
continuous function u(-) such that u(f) = (A,u)(?), t € R, where

!
t= (Ayu)(t) := f (t— s)"_le(t— $)f(s,u(s))ds, teR.

Suppose that M > 0 denotes the constant from (A), and the sequence (M,,) is defined
through (5.1). We will first state the following analogues of [33, Theorem 2.10.3-Theorem
2.10.4] and [33, Theorem 2.10.9-Theorem 2.10.10], which can be also clarified for weighted
pseudo-almost periodicity.

Theorem 5.3. Let p1, pp € Uy and 1 < p < oo. Suppose that (P) holds, B> 6> 1— and the
following conditions hold:

(i) f:RXY — X is weighted S?”-pseudo almost automorphic, f(t,y) = g(t,y)+q(t,y),
t € R, where g(-,-) is SP-almost automorphic and q(-,-) satisfies (3.2), uniformly on
bounded subsets of Y.
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(ii) Assume that r > max(p,p/p—1), r > p/p—1 and there exist two Stepanov r-almost
automorphic scalar-valued functions Ly(-) and Lg(-) such that (3.8) holds. Set q :=

_pr /. pr
oty and q' = P

If ¢ (B—0-1)>—1and M,, < 1 for some n € N, then there exists an weighted pseudo-almost
automorphic mild solution of inclusion (1.2). The uniqueness of mild solutions holds in the
case that A is single-valued.

Theorem 5.4. Let py, p» € Ur and and 1 < p < co. Suppose that (P) holds, 5> 6 >1-
and the following conditions hold:

(i) f:RXY — X is weighted SP-pseudo almost automorphic, f(t,y) = g(t,y)+q(t,y),
t € R, where g(-,-) is SP-almost automorphic and q(-,-) satisfies (3.2), uniformly on
bounded subsets of Y.

(ii) There exist two finite constants Ly > 0 and Ly > 0 such that (3.7) holds.

If I%(ﬁ— 60—1)> -1 and M, < 1 for some n € N, then there exists a weighted pseudo-
almost automorphic mild solution of inclusion (1.2). The uniqueness of mild solutions holds

provided that A is single-valued, additionally.

Theorem 5.5. Let p1, pp € Ur and 1 < p < 0. Suppose that (P) holds, 8> 0 > 1— and the
following conditions hold:

(i) f:RXY — X is weighted SP-pseudo almost automorphic, f(t,y) = g(t,y)+q(t,y),
t € R, where g(-,-) is SP-almost automorphic and q(-,-) satisfies (3.2), uniformly on
bounded subsets of Y.

(ii) Assume that r > max(p,p/p—1), r > p/p—1 and there exist two Stepanov r-almost
automorphic scalar-valued functions Ly(-) and Lg(-) such that (3.8) holds. Set q :=

_pr /e pr
oty and q’ = P

If ¢ (y(B—6)—1)> —1 and B, < 1 for some n € N, then there exists an weighted pseudo-
almost automorphic mild solution of inclusion (1.2). The uniqueness of mild solutions holds
in the case that A is single-valued.

Theorem 5.6. Let py, p» € Uy and and 1 < p < co. Suppose that (P) holds, > 6 >1-
and the following conditions hold:

(i) f:RXY — X is weighted S?-pseudo almost automorphic, f(t,y) = g(t,y)+q(t,y),
t € R, where g(-,-) is SP-almost automorphic and q(-,-) satisfies (3.2), uniformly on
bounded subsets of Y.

(ii) There exist two finite constants Ly > 0 and Ly > 0 such that (3.7) holds.

If 1%(7(ﬁ —60)—1)> -1 and B, < 1 for some n € N, then there exists a weighted pseudo-
almost automorphic mild solution of inclusion (1.2). The uniqueness of mild solutions holds
provided that A is single-valued, additionally.

The following theorem is an analogue of [33, Theorem 2.12.5]:
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Theorem 5.7. Assume that p1, p2 € Ur, 1 < p < 0o, and the following conditions hold:
(i) fe PAARXX,X,p1,02) is weighted pseudo-almost automorphic.
(ii) The first inequality in (3.7) holds with some bounded non-negative function Ly(-).
(iii) Y2 M, < co.
Then there exists a unique weighted pseudo-almost automorphic solution of inclusion (1.2).

And, at the end of paper, a few words about situations in which we can apply our ab-
stract results. As already mentioned in our previous researches, we can apply our results in
the analysis of existence and uniqueness of weighted (asymptotically) almost automorphic
solutions of the fractional semilinear Poisson heat equation

DZ+ [m(x)v(t, x)] = (A =b)v(t, x) + f(t,m(x)v(t, x)), t eR, x € Q;
v(t,x)=0, (t,x) €[0,00)x0Q.

in the space X := L”(Q), where Q is a bounded domain in R”, b > 0, m(x) >0 a.e. x €
Q, me L*(Q), ye(0,1) and 1 < p < co. Furthermore, we can analyze the existence and
uniqueness of asymptotically S”-almost automorphic solutions of the following fractional
damped Poisson-wave type equation in the spaces X := H~'(Q) or X := LP(Q) :

t20,x€Q ; u=D'=0, (x,1)€QX[0,00),

D! (m(x)D)u) + 2wm(x) — A)D)u+ (A(x; D) — wA + w?m(x))u(x, ) = f(x,1),
{ u(0, x) = up(x), m(x)[D)u(x,0) + wug] = m(x)u;(x), x€Q,

where Q C R” is a bounded open domain with smooth boundary, 1 < p < oo, m(x) € L*(Q),
m(x) >0 a.e. x € Q, A is the Dirichlet Laplacian in LX(Q), acting with domain H(])(Q) N
H?(Q), and A(x; D) is a second order linear differential operator on Q with coefficients
continuous on Q and the Caputo fractional derivative D/ is taken in a slightly weakened
sense [32]; see [24, Example 6.1] and [35, Example 6.2] for more details.

As already mentioned in the introductory part, our results can be applied to almost sec-
torial operators so that we can examine the existence and uniqueness of weighted pseudo-
almost automorphic solutions for certain classes of higher order (semilinear) elliptic differ-
ential equations in Holder spaces (see e.g. W. von Wahl [44]). The main results of [2] can
be also fomulated for inclusions.

In [26], G. M. N’Guérékata and M. Kosti¢ have recently studied various classes of gen-
eralized almost periodic and generalized almost automorphic solutions of abstract multi-
term fractional differential inclusions in Banach spaces. We close the paper with the obser-
vation that Proposition 4.4 can be applied in the qualitative analysis of solutions of certain
classes of the abstract multi-term Cauchy inclusions.
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