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Abstract

In this paper we prove the interior controllability of the Linear Beam Equation

g —2BAu; + A%u = 1 u(t,x), in (0,7)xXQ,
u=Au=0, on (0,7)x0Q,

where 8 > 1, Q is a sufficiently regular bounded domain in RV (N > 1), w is an open
nonempty subset of Q, 1, denotes the characteristic function of the set w and the
distributed control u € L*([0, 7]; L>(Q)). Specifically, we prove the following statement:
For all 7 > 0 the system is approximately controllable on [0,7]. Moreover, we exhibit
a sequence of controls steering the system from an initial state to a final state in a
prefixed time 7 > 0.
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1 Introduction

This paper has been motivated by the works in [1], [3], [4], [51.[7],[8] and [9] where a new
technique is used to prove the approximate controllability of some diffusion process.

Following [1] and [4], in this paper we study the interior approximate controllability of
the Linear Beam Equation

(1.1)

U —2BAu; + A*u = 1,u(t,x), in (0,7)xQ,
u=~Au=0, on (0,7)x0Q,

where 8 > 1, Q is a sufficiently regular bounded domain in RV (N > 1), w is an open
nonempty subset of Q, 1,, denotes the characteristic function of the set w and the distributed
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control u € L([0,7]; L*(Q)).
The approximate controllability of the following linear beam equation with the controls
acting in the whole set Q follows from [3]

(1.2)

u —2BAu; + A*u = u(t,x), in (0,7)xQ,
u=Au=0, on (0,7)x0Q.

In this paper,we are interested in the interior approximate controllability of the linear beam
equation, which is more interesting problem from the applications point of view since the
control is acting only in a subset or part of the plate 2. Roughly speaking, we prove the
following statement(see Theorem 3.4) : For all 7 > O the system is approximately control-
lable on [0,7]. Moreover, we can exhibit a sequence of controls steering the system from
an initial state to a final state in a prefixed time (see Theorem 3.4). Equation (1.1) arise in
the mathematical study of structural damped nonlinear vibrations of a string or a beam and
was considered in [11] and references therein.

2 Abstract Formulation of the Problem.

Let Z = L*(Q) and consider the linear unbounded operator
A : D(A) C Z — Z defined by Ap = —A¢, where

D(A) = Hy(Q) N H*(Q). 2.1

The operator A has the following very well known properties: the spectrum of A consists of
only eigenvalues
0</11 </12<--'</1n—>00,

each one with multiplicity y, equal to the dimension of the corresponding eigenspace.
a) There exists a complete orthonormal set {¢,} of eigenvectors of A.

b) For all z € D(A) we have
s Yn 0
Az = Z An Z <z, ¢n,k > ¢n,k = Z Enz, (2.2)
n=1 k=1 n=1

where < -,- > is the inner product in X and

Vn

Enz= )" <2uk> buk. (2.3)
k=1

So, {E,} is a family of complete orthogonal projections in z and
2= Exz, z€Z (2.4)
n=1

¢) —A generates an analytic semigroup {7'(¢)};>0 given by

(o)

T(hz= e Eyz. 2.5)

n=1
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d) The fractional powered spaces Z" are given by:
7' =D =(z€Z: Za?’nEszz <oo), 120,
j=1

with the norm

o 1/2
||z||r=||A’z||={ZA§’||E,-z||2} , z€7,
j=1

and

Az= XEj (2.6)
=1

Also, for r > 0 we define Z, = Z" X Z, which is a Hilbert Space with norm given by

I]

Hence, (1.1) can be written as an abstract system of ordinary differential equations in the
Hilbert space Z; = Z' x Z as follows:

u=v
{ V = —A2u—2BAv+1,u @27

2
2 2
= [lully + VI
z,

Finally, system (1.1) can be rewritten as a first order system of ordinary differential
equations in the Hilbert space Z; = Z! x Z as follows:

7 =Az+Bou, z€Z; t>0, (2.8)

where u € L2([0,7]; U), U = L*(Q),

(2.9)

Al o |

—A% -2BA
is an unbounded linear operator with domain

D(A) = {ue HY(Q) : u=Aw = 0} x D(A),

andB:U—>Zl,Bw:[ 0

1 } is a bounded linear operator.
w

Proposition 2.1. The adjoint of operators Bg and B, are given by
By=[0 Iz ], B,=[0 1, |

Now, we shall prove that the linear unbounded operator ‘A given by the linear beam
equation (2.9) generates a strongly continuous semigroup which decays exponentially to
zero. In fact, using Lemma 2.1 from [6] we can prove the following theorem.
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Theorem 2.2. The operator A, given by (2.9), is the infinitesimal generator of a strongly
continuous semigroup {1 ()}~ represented by

T(tz= ) eY'Pjz, z€Zy, t>0 (2.10)

o
J=1

where {P j}j>0 is a complete family of orthogonal projections in the Hilbert space Z, given
by B

_ Ej 0 - _
Pj—[ 0 E ], j=1,2,...,00, (2.11)
and
A;=B;P;, B;= 0 ! > 1 2.12
Y e J = _/13 Zﬁ/ll ’.]— . ( . )

Moreover, the eigenvalues o1(j), 02()), of the matrix B; are simple and given by:
o1() =—-4jp1, 02()) =—-4;p2,

where 0 < p| < pp are given by

pr=B—B*-1 and py=p+p*-1

and this semigroup decays exponentially to zero
IT@ll < Me™, 120, (2.13)

where
H=A1p1

The following gap condition plays an important role in this paper

/l.
MEALNNY ey (2.14)
A P

Proposition 2.3. The operator Pj:Z, — Z,, j>0, defined by

E; O

pj=| “i ],jzl, (2.15)
! [ 0 Ej

is a continuous(bounded) orthogonal projections in the Hilbert space Z,.

Proof First we shall show that P;(Z,) C Z,, which is equivalent to show that E;(Z") C Z". In

fact, let z be in Z" and consider E;z. Then

> RNEE P = BE ) < o0

n=1
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Therefore, Ejz€ Z",Vz€Z".
Now, we shall prove that this projection is bounded. In fact, from the continuous inclusion
Z" C Z, there exists a constant k > 0 such that

llzll < Kllzlly, YzeZ"

Then, for all z € Z" we have the following estimate

[se]

2 2 2 2
D ANEE P = BIE 2
n=1
2 2 2r1.211,112
Bl < Bl

2
IE jzll;

A

Hence ||E;z]| < /l;kllzll r» which implies the continuity of £ : Z" — Z'. So, P; is a continuous
projection on Z,.

0

3 Proof of the Main Theorem

In this section we shall prove the main result of this paper on the controllability of the linear
system (2.8). But, before we shall give the definition of approximate controllability for this
system. To this end, for all zo € Z; and u € L*(0,7; U) the the initial value problem

{ Z, = ﬂZ+Bwu(t),Z € Z19 (3 1)

2(0) = zo,

where the control function u belong to L*(0,7; U), admits only one mild solution given by

z2() =T(t)zo +f T(t—s)B,u(s)ds, t€][0,7]. 3.2)
0

Definition 3.1. (Approximate Controllability) The system (2.8) is said to be approxi-
mately controllable on [0, 7] if for every zg, z1 € Z;, € > 0 there exists u € L*(0,7;U) such
that the solution z(¢) of (3.2) corresponding to u verifies:

2(0) =zp and ||lz(v)—z1ll < e&.

Consider the following bounded linear operator:
T
G:L*0,1;2) > Z1, Gu= f T(7 - $)B,u(s)ds, (3.3)
0
whose adjoint operator G* : Z; —s L*(0,7;Z) is given by

(G*2)(s) =B, T (t—s)z, VYsel0,7], VYzeZ. (3.4)

Lemma 3.2. (see [4] and [5]) The equation (2.8) is approximately controllable on [0,1] if,
and only if, one of the following statements holds:
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a) Rang(G) = Z1.
b) Ker(G*) ={0}.
c) (GG*z,2)>0,z+0in Z,.
d) limy_o+ a(al + GG*) 'z =0.
e) sup,sollatal + GG*) | < 1.
f) B, T*()z=0, Vte[0,7], =2z=0.
g) Forall z € Z, we have Gu, = z— a(al + GG*) 'z, where
e =G (@l +GG") 'z, ae(0,1].
So, lim,_,0 Gu, = z and the error E,z of this approximation is given by

E,z=a(al +GG) 'z, a€(0,1].

For the proof of the main theorem of this paper we shall use the following version of
Lemma 3.14 from [2] and Lemma 4.4 from [1].

Lemma 3.3. Let {a1())}j>1, {81/} j>1 and {a2())} j>1,{B2)} j=1 be sequences of real numbers
such that a(j) < a1(j) and

a;(j+ 1D <as()), ai(G+1) <a()). (3.5)
fors=1,2;j=1,2,3,.... Then, for any T > 0 we have that

Z (e(ll(j)lﬁlj + ell2(j)l‘ﬁ2j) — O, vt e [O,T] (36)
j=1

if, and only if,
Bij=PBa=0.j>1. 3.7

Now, we are ready to formulate and prove the main theorem of this work.

Theorem 3.4. (Main Result) Under condition (2.14), for all nonempty open subset w of
and T > 0 the system (2.8) is approximately controllable on [0,7]. Moreover, a sequence of
controls steering the system (2.8) from initial state 7y to an € neighborhood of the final state
z1 at time T > 0 is given by

ua(t) = BLT(r—)(al +GG") (21 —T(1)z0), a€(0,1],
and the error of this approximation E, is given by

E, =a(al +GG) (21 -T(D)z0), a€(0,1].
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Proof . We shall apply part f) of lemma 3.2 to prove the controllability of system (2.8). To
this end, we observe that

[ee)
T*(z= Y ¢"i'Piz, z€Z, 120,
j=1

and, since the eigenvalues of the matrix A; are simple, there exists a family of complete
complementary projections {g(j),g2(j)} on R2 such that

eA;z_em(J)t *(])P +e‘TZ(J)t6]*(])P

Therefore,

B, T*(t)z= Z BLe"'Plz = Z zzl 7B P} iz,

j=1 j=1 s=1
where Py ; = q())P; = Pqs()).

Now, suppose that B} T*(1)z =0, V¢ € [0,7]. Then,

*e i P 7= ZZ T(J.)IBZ)P:JZ=O.

j=1 j=1 s=1

B, T*(H)z =

Mg

2
Z e (BLPL () =0, VYxeQ.

s=1

|
Mg

.
Il
—

The assumption (2.14) implies that the sequence {a(j) = —10,: s =1,2;j=1,2,...} satis-
fies the conditions on Lemma 3.3. In fact, we have trivially that
a2(j) < ai(j) and from (2.14) we obtain —1,1p1 < —4,p, Therefore,

as(j+ 1) <as()), ai(j+1)<a()).
Then, from Lemma 3.3 we obtain for all x € Q that

(BZ)P:’jz)(x)zo, VxeQ, s=1,2; j=1,2,3,....

Since
l] l]
ql(J)_[ lj [112 :|’l:172, j=1’293,4""7
dyp Ay

wegetVxeQ, i=1,2; j=1,2,3,4,... that
(B,,P; )0 = | 1,[d, Ejz1(0) +dLEjz2 (0] | =0
That is to say,
(BL,P, 0() = a Ejzi(x) + d}Ejza(x) | =0, Vxew.
Now, putting f(x) = a;jl Ejzi(x)+ a;sz jz2(x), Yx € Q, we obtain that

A+24;Df=0 in Q,
f(x)=0 Vxew.
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Then, from the classical Unique Continuation Principle for Elliptic Equations (see [10]), it
follows that f(x) =0, VxeQ.So,wegetfori=1,2; j=1,2,3,4,... that

(B,P; )(x) =| a Ejzi(x) +d}Ejza(x) | =0, VxeQ.
Hence )
BT (t)z = Z Bye'i'Piz = Z Z e V'BGP; 2 =0, Vi€[0,7].
j=1 j=1 s=1

Since system (1.2)(see [3]) is approximately controllable, then from part f) of lemma 3.2
we get that z =0.
So, putting z = z; — T(7)zp, using (3.2) and part g) of Lemma 3.2, we obtain the nice result:

71 = lirg {T(T)Z0+fT T(t—s)B,ug(s)ds}.
a—0t 0

Proof of Lemma 3.3. By analytic extension we obtain

D (@ DB+ V) =0, Ve [0,00).
=1

a (1)t

Now, dividing this expression by e we get

B + Ze(m(j)—m(l))tﬁlj 4 Ze(az(j)—al(l))zﬁzj =0, Vie[0,00).
=2 j=1

Since a;(j)—a1(1)) <O0for j>1and a»(j)—a((1) <0 for j> 1, then passing to the limit
when ¢t — oo we obtain that 5;; =0
Then, we have that

Z 1)t U+Zeaz<f>f/32j, Yt € [0,00).
Jj=2 J=1

as (1)t

Now, dividing this expression by e we get

Boi + Z ela1(D-ax(D)t 1+ Z e(az(j)—az(l))tﬂzj =0, Vre[0,00).
j=2 j=2

From (3.5) we have that a;(j) — @2(1)) < 0 and a»(j) — a»(1) < 0 for j > 2. Then passing to
the limit when ¢ — co we obtain that 8,; =0
Then, we have that

D e PB4+ Y ey =0, Vie[0,).
= =2

Repeating this procedure from here, we would obtain that 51, = 82> = 0, and continuing this
way we get 51, =02, =0,¥j> 1.
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