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Abstract
We determine the first homology group with coefficients in H,(N; Z) for various mapping class
groups of a non—orientable surface N with punctures and/or boundary.

1. Introduction

Let Ny ; be a smooth, non-orientable, compact surface of genus g with s boundary com-
ponents and n punctures. If s and/or n is zero, then we omit it from the notation. If we do
not want to emphasise the numbers g, s, n, we simply write N for a surface Ny . Recall that
Ny is a connected sum of g projective planes and Ny ; is obtained from N, by removing s
open discs and specifying a set X = {zy, ..., z,} of n distinguished points in the interior of N.

Let Diff(N) be the group of all diffeomorphisms #: N — N such that 4 is the identity on
each boundary component and 4(X) = X. By M(N) we denote the quotient group of Diff(V)
by the subgroup consisting of maps isotopic to the identity, where we assume that isotopies
are the identity on each boundary component. M(N) is called the mapping class group of
N.

The mapping class group M(Sy ;) of an orientable surface is defined analogously, but we
consider only orientation preserving maps.

For any 0 < k < n, let PMX(N) be the subgroup of M(N) consisting of elements which
fix  pointwise and preserve a local orientation around the punctures {zy, ..., zx}. For k = 0,
we obtain so—called pure mapping class group PM(N), and for k = n we get the group
PM™(N) consisting of maps that preserve local orientation around all the punctures.

1.1. Background. Homological computations play a prominent role in the theory of
mapping class groups. In the orientable case, Mumford [14] observed that H;(M(S,)) is
a quotient of Zjo. Then Birman [1, 2] showed that if g > 3, then H;(M(S,)) is a quotient
of Z,, and Powell [17] showed that in fact H(M(S,)) is trivial if g > 3. As for higher
homology groups, Harer [4,5] computed H;(M(S,)) for i = 2,3 and Madsen and Weiss [10]
determined the rational cohomology ring of the stable mapping class group.

In the non—orientable case, Korkmaz [7, 8] computed H{(M(N,)) for a closed surface
N, (possibly with marked points). This computation was later [22] extended to the case of
a surface with boundary. As for higher homology groups, Wahl [27] identified the stable
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rational cohomology of M(N) and Randal-Williams [18] (among other results) extended
this identification to Z, coefficients.

As for twisted coefficients, Morita in a series of papers [11-13] obtained several funda-
mental results, in particual he proved that

Hi(M(Sy); Hi(Sy; Z2)) = Zog—, forg =2,

H'(M(S,); H'(S;;Z2)) =0, forg > 1,

H'(M(S)): H'(S}:Z) = Z, forg>2,
H'(M(S,1); N H\(S,;2) =Z @ Z, forg>3.

We showed in [23] that if N, is a non—orientable surface of genus g > 3 with s < 1
boundary components, then

Zo®Zy®Zy ifge(3,4,5,6},

1.1 H(M(N,,); H(N,  ; Z)) =
(1.1) 1(M(Ny.5); Hi(Ny.s5; Z)) {226922 ifgsT

There are also similar computations for the hyperelliptic mapping class groups M"(S,).
Tanaka [26] showed that Hl(Mh(Sg); H\(S,;Z)) = Z, for g > 2, and in the non—orientable
case we showed in [24] that

Hi(M"(N,); H(Nj; Z) = Zo @ Zy ®Zy, forg > 3.

There is also a lot of interesting results concerning the stable twisted (co)homology groups
of mapping class groups — see [6,9,19,20] and references there.

1.2. Main results. The purpose of this paper is to extendthe the formula (1.1) to the case
of surfaces with punctures and/or boundary. We prove the following theorems.

Theorem 1.1. If Ny ; is a non—orientable surface of genus g > 3 with s boundary com-
ponents and n punctures, then

Zg*” ifg=3and s =k =0,
zymk ifg=3,s=0and k> 0,
Z53skifg=3and s > 0,

»l) = ng_k ifg=4ands =0,
Z?””‘k ifg=4ands >0,
Zg*”‘k ifg=5o0rg=26,

3k ifg >

Hi(PM (N ): Hi (N

Theorem 1.2. If Ny ; is a non—orientable surface of genus g > 3 with s boundary com-
ponents and n > 2 punctures, then

Zg ifge{3,4}and s =0,
ZS‘HZ ifg=3ands >0,
H\(M(N, ); H(N, ;Z)) = {Z3*  ifg=4and s >0,

Zg ifg=50rg==6,

Z‘z‘ ifg=>1.
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Note that we obtained the formula (1.1) from the full presentation for the mapping class
group M(N, ), where g + s > 3 and s € {0, 1}, obtained by Paris and Szepietowski [15].
However, we do not have full presentations for the groups PM"(NZ,S) and M(Ny ), which
makes our computation less straightforward.

The starting point for this computation is a simplification of known generating sets for
the groups PMk(N;”S) and M(Ny ;) — see Theorems 4.4, 4.5 and 4.6 in Section 4. Then,
in Sections 6, 7 and 8 we perform a detailed analysis of possible relations between these
generators in order to obtain a minimal set of generators for the first homology group —
see Propositions 6.1, 6.2, 7.1, 7.2 and 8.1. The proofs that these sets of generators are
indeed linearly independent occupy Sections 9 and 10. One essential ingredient in these two
sections is our recent computation [16] of the homology group

H\{(PM*(N3); H(N3;2)) = Z5.

Section 3 is devoted to the technical details of the action of the mapping class group M(N)
on the first homology group H;(N;Z). This analysis is continued in Section 5, where we
set up a technical background for the computations of the twisted first homology group of
various mapping class groups — see Propositions 5.1, 5.2 and 5.3.

2. Preliminaries

2.1. Non-orientable surfaces. Represent the surface Ny ; as a sphere with g crosscaps
M1, ..., Mg, n marked points zy, ..., 2,, and s boundary components (Fig.1). Let

al"'"ag—lvﬁl"'"ﬁ[%zJ,B()""7ﬁ[#J’61,'"763‘981""5854—}1

be two-sided circles indicated in Fig.1, Fig.2, and Fig.3. Small arrows in these figures
indicate directions of Dehn twists

a],...,ag_l,bl,...,b[#rbo,...,b[#J,d],...,ds,€1,...,€s+n

associated with these circles. We also define: &y = a7 and ¢g = a;.

For any two consecutive crosscaps y;, ;-1 we define a crosscap transposition u; to be the
map which interchanges these two crosscaps (see Fig.4). Similarly, for any two consecutive
punctures z;, z;+; we define elementary braid s; (Fig.4).

Finally, let v;, for i = 1,...,n be the puncture slide of z; along the path v; indicated in
Fig.3.

21 o)
51 has @@H Osen

—
=

Fig.1. Surface Ny as a sphere with crosscaps.
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Fig.2. Circles By, 5., . .. ,ﬁ[ﬂJ andﬁo,Bl, . B[#J

2

Fig.3. Circles €1, &3, ..., &5y and paths vy, ..., v,.

Fig.4. Crosscap transposition u; and elementary braid s;.

2.2. Homology of groups. Let us briefly review how to compute the first homology of a
group with twisted coefficients — for more details see Section 5 of [24] and references there.

For a given group G and G-module M (that is ZG-module) we define C»(G) and C1(G) as
the free G-modules generated respectively by symbols [A;]h;] and [h,], where h; € G. We
define also Cy(G) as the free G-module generated by the empty bracket [-]. Then the first
homology group Hi(G; M) is the first homology group of the complex

0,®gid 01®gid

Ci(G)®c M

Cr(G)®c M Co(G)®c M,

where
02 ([h|h2]) = hilho] = [hiho] + [he],  O1([h]) = A[-] - [-].

For simplicity, we write ®; = ® and d ® id = d henceforth.
If the group G has a presentation G = (X | R), then we have an excat sequence

2.1 1 N(R) F(X) G 1,

where F(X) is the free group generated by elements of X (generators) and N(R) is the normal
closure in F(X) of the set of relations R. Sequence (2.1) gives the following excat seqence
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(see for example [3] and references there)

N(R)/IN(R), N(R)] ® M —"= H{(F(X); M) —> H{(G:M) — 0,
where N(R)/[N(R), N(R)] is the abelianization of N(R). Hence, we can identify
H(G; M) = H,(F(X); M)/Im(i).
Let us now describe how to use the above identification in practice. Let
X)=(xlem|xeX,meM)yC Ci(FX)®M,

then H{(G; M) is a quotient of Xyn kergl.

The kernel of this quotient corresponds to relations in G (that is elements of R). To be
more precise, if » € R has the form x; ---x; =y, -+ -y, and m € M, then i(r) € H|(F(X); M)
is equal to

k n
(2.2) rem: le e Xior[x] @m - Zyl ey [yl @ m.
i=1 i=1
Then
Hy(G; M) = (X) Nker d,/(R),
where

R={Fr@m|reR,me M).

3. Action of M(N;"s) on H, (N;”S; 7Z)

Let y1,...,%4,01,...,05, be circles indicated in Fig.1. Note that yi,...,y, are one—
sided, 01,...,04., are two—sided and the Z-module H; (N;’,S; Z) is generated by homology
classes [yil,..., [y, [01],...,[054n-1]. These generators are free provided s + n > 0. In
abuse of notation we will not distinguish between the curves yi,...,%4,01,...,054, and
their cycle classes.

The mapping class group M(Ny ;) acts on Hy (N ;; Z), hence we have a representation
W M(N(’]”S) — Aut(Hl(N‘Z,S;Z)).

It is straightforward to check that

[0 1

(3.1) lﬂ(aj) = Ij—l @ 1 2] eaIg—j—l ® Lin-1,
- 2 -1

'7b(aj1)zlj—le9 1 0]®Ig—j—l®1s+n—l’
l [0 1

W(M/) = lﬁ(uj ) = Ij—l @ 1 0 eaIg—j—l & Iyin1,
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-1 1 -1 1
-1 1 -1 1
(3.2) p=l+| 1 1 |®004|@ Lnar,
11 -1 1]
1 -1 1 -1]
_ I -1 1 -1
w(bll): Ig+ 1 _1 1 _1 6909—4 ®Is+n—l’
-1 1 -1
—’)/2—51—52+...—5j if-f:’)/] andj<s+n,
(33) l//(ej)(f): ’}/1+2’}/2+(51+52+...+(5j if§=y2andj<s+n,
& ifé#£y,E#yand j<s+n,
21+ +01+6+...+6; ifé=yand j<s+n,
%0(671)(5): _71_61—524'...—(5]' iff:')/zandj<s+n,
£ iféE#y,E#yrand j <s+n,

W(d)) = w(d;") = Iy @ Iypno,

_ 0 1 o
(3.4) ¢(sj) = lﬂ(Sj]) = Ig @Is+j—l D 1 0] @In_j_z, ifj<n-1,
_ —Qyir+...+2y, =01+ ...+ Ogin-1) I E=0gin-1,
W(siD@ = uis, p@ =4 ! o e
1f§¢5s+n—l,
_6s+j lff = 6s+j and ] <n,
(3.5) Y@ =Y;)E) =y, + 6., ifE=y,and j<n,
& ifé#y,and & # 6,5 and j <n,

W(v)(&) = W) = Yg— Qvi+ .. 42y, 461+ ...+ 1) I E=1,,
” ¢ if & # vy,

where [ is the identity matrix of rank k.

4. Generators for the groups PMEN ;’s) and M(N;’s)

The main goal of this section is to obtain simple generating sets for the groups PMk(N.’;,S)
and M(N ;”S) —see Theorems 4.4, 4.5 and 4.6 below. However, we first prove some technical

lemmas.

For the rest of this section, let aj,,-,’b\l,’l;l’,-, Zl: for j =1,2,3,4,i = 1,...,5 + n be Dehn

twists about circles a j,[,,/B\l,,’B\l,i, 0; shown in Fig.5.

Lemma 4.1. Let g > 3 and 1 < i < s+ n, then ay; and a,; are in the subgroup G <

M(Ny ;) generated by

{Ll], Up,dn, €1, ei} .
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1 -1 i i+l s

Zl Zn

Fig.5. Circles a/j’i,ﬁl ,E] i Oi.

Proof. It is straightforward to check that
@ = eiax(gi-1), @y = upuy ().
Hence,

a; = eiazei_laglei_l € G, ap; = uzulaz,iul_lugl eq. O

Lemma 4.2. Letg > 5 and 1 < i < s, then d; is in the subgroup G < M(Ny ;) generated
by

{ur, uz, u3,uy, a1, a2, a3, a4, €;-1,€;,b1}.
Proof. By Lemma 4.1, a;;, a>; € G. Moreover,
@z =5 us (@), = uy Uy (asy), B = w3 i (B, Bui = 614(12}(51)-
This proves that
Cl3,i,/l;1,/l-)\1,i eG.
Moreover, by Lemma 6.12 of [22], there is a lantern relation
diarazh,; = a3 a1 b,

This proves that d; € G. O

Lemma 4.3. Let g > 3 and s > 0, then d; is in the subgroup G < M(Ny ;) generated by
{M],...,Mg_],a],...,ag_],e],...,es+n_],d],...,ds_]}.
Proof. Let H < G be the subgroup of G generated by
{uly e Ug—1,dy, ..., 05-15,€15 .0 9es+n—l}

al’ld let d5+1 = dS+2 =...= ds+n = 1.
Note first that,

Egyn = A2A3 ... g1 Uz ... btguz(a’l),
and

-1 -1
“4.1) eon=(az...ag1Ug_1...u)a; (az...ag_1uy_y ... uz)" € H.
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We will prove by induction, that foreach k = 1,2,...,s +n,

—~\-1
(4-2) d1d2 N dk (dk) € H.
Since 671 = d,, the statement is true for k = 1.

It is straightforward to check that, for each k = 1,2, ..., s + n there is a lantern relation
4.3) alek+la;<dk+] = ekal,k+la;<+l-

Assume that
dy = hd\ds ... .dy

for some /& € H. Then, by the formulas (4.1), (4.3) and Lemma 4.1, we have

E{dkHZl\];:l = e} a; exar i1,

hd\d, ... dkdk+1;l\];+ll = e} a; exar i1,
didy ... dydgd;) = h'e;) a7 evars) € H.
This completes the inductive proof of (4.2). In particular,
didy...dy = didy ...dys, = hdyi,

for some h € H. Moreover, it is straightforward to check that

dysn = (uatty .. .ug)? € G,
hence

dy=d,...dy'd;"hd,,, € G.

O

Theorem 4.4. Let g > 3. Then the mapping class group PM+(N;”S) = PM"(Ny,) is

generated by
lar,...,ag-1,u1,e,... €51}
and additionally
{di,....ds1} ifg=3,

{bl’d17""ds—l} l:fg:4:
{b1} ifg > 5.

Proof. Let G be the subgroup of PM*(N;S) generated by elements specified in the state-
ment of the theorem. By Theorem 4.1 of [21], PM*(NZ’S) is generated by the crosscap slide

y = ayu; and 2g + n + 2s — 4 twists:

{a],...,ag_l,bl,...,b[ 2J,Eo,...,E[g_ng,el,...,€S+n_1,d1,...,ds}

y%

h b g2 — -1
(note that b{TJ b["—ﬂ
By Theorem 3.1 of [15],

if g is even). It is enough to show that all these generators are in G.
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bir1 = (b; iao; i i b')s(b- iar; ; ; )_6
i+1 = Dj—1a2iA2i+1A2i+202+3D; i—1A2iA2j+1A2i+2A2i+3)

)
fori = 1,...,{%J—landb0=ao.

Hence b; € G, fori=2,..., [EJ
By Lemma 3.8 of [15],

-1 -1 -1 .
Uisl = aiaiau; a;a; , fori=1,...,9-2,

hence uy, u3, ..., u,—1 € G. Now it is straightforward to check, that

— . g-—2
@it "+ Ag2ly-1Ug—1 -+ Uip3Uois2(Bi) = By, fori=0,..., {T .

This shows, that E,- is conjugate to b; by an element of G. Hence E,» eG,fori=0,..., [%J
This together with Lemma 4.3 complete the proof if g < 5.
Finally, if g > 5, then Lemma 4.2 implies that d; € G, fori = 1,...,s. O

Theorem 4.5. Let g > 3 and 0 < k < n. Then the mapping class group PMI‘(N;”S) is
generated by PM+(NZ,S) and (n — k) puncture slides

{Uk+1 IR Ul‘l}'

Proof. The statement follows from the short exact sequence

I —— PMI(NE,) —— PMA() —2 70k ——

and the fact that {p(vg1), - . ., p(v,)} generate Zg_k' -

Theorem 4.6. Let g > 3 and n > 2. Then the mapping class group M(N,, ,) is generated
by PM* (N} ) and
{Un’ sl""7sn_1}‘

Proof. By Theorem 4.5, the pure mapping class group PM(Ny ;) = PMO(N;’,S) is gener-
ated by PM+(N;"S) and {vy,...,v,}. Moreover, we have the short exact sequence

I —— PM®N!) ., MWL) —L— s, 1,

where S, is the symmetric group on n letters. Now the statement follows from the fact that
p(s1), ..., p(s,—1) generate S, and the relation

Vi-1 = S]_-_llijj_l, fori=2,...,n. O

For further reference, let us prove that
Proposition 4.7. Letg>3,n>2and 1 < j<n-—1. Then
3
Cs+j-1Cs+j+1Sj = €515 €54

Proof. It is straightforward to check that &y, ;.1 bounds in N a disk with three holes:
&s+j-1,0,0 1. This implies that there is a lantern relation of the form
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2 -1
€s+j+1€s+j—1djdj+1 = €548 (Sj€s+jsj ),
— 3 -1
Cotjt1€stj—1 = Cs+jS;CstjS; s

_ 3
Cs+j+1€s+j-15] = €518 ;€54

5. Computing (}) N ker 51
Let G = M(Ny ), M = H\(Ny ;;Z) and assume that s + n > 0. Let
Vi fori=1,...,9,
G = {6,-_9 fori=g+1,...,9+s+n-1.
If h € G, then
(R ®&) = (h—DI1®& = W)™ = )&,

where we identified Cy(G) ® M with M by the map [-] ® m +— m.
Let us denote

[a;1®&, [ujl®&, [b11®&;, [e;1®&, [di]®&, [sj]1®&, [v]®¢&
respectively by
Aji, Uji, bl,i, €jis dj,ia Sji> Ujis
wherei=1,...,g+s+n—1.
Using formulas (3.1)—(3.5), we obtain
Yi+vi  ifi= ],
(5.1 0i(aj;) ={~yj—vj ifi=j+1,
0 otherwise,
O1(uj)) =yj—vjm ifi=j+1,
0 otherwise,
Yi+ Y2+ Y3+ Y ifi=1,3,
0b1)==vi—v2—vys—vys ifi=24,

0 otherwise,

Yi+y2+ (01 +...+0)) ifi=1,
(5.2) Bi(ei)={—y1—y2— (1 +...+6;) ifi=2,
0 otherwise,
01(d;) =0,
—051j+O0gjy1 fi=g+s+],
if j <n—1,then d)(s;,) = Osij—Osijur ifi=g+s+j+1,

0 otherwise,
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_(271 +...t 27(]) - (61 +...+ (5s+n—l) - 6s+n—l
01(Sy-1,) = ifi=g+s+n-1,

0 otherwise,

Ossj ifi =g,

if j <n, then 8i(v;;) ={-26,,; ifi=g+s+ ],

0 otherwise,

{—(2y1 o+ 2y) =1+ +Og) ifi=g,

31 () =
i otherwise.

The above formulas show that all of the following elements are contained in ker )
(K1) ajiforj=1,...,g—-landi=1,...,j-1,j+2,...,9g+s+n—1,
(K2) ajj+ajjsl fOI'j= 1,...,g— 1,

(K3) yyjfori=3,....,.9g+s+n-1,

(K4) w1 + ui,

(K5) ejiforj=1,...,s+n—-landi=3,4,...,g+s+n-1,
(K6) eji +ejpforj=1,...,s+n—1,

(K7) djiforj=1,...,s—=1landi=1,...,g+s+n—1,
(K8) by;fori=5,...,9+s+n-1,

(K9) by;+ by fori=2,4,

(K10) b3 — b1 1,

(K11) by —ay; —asza.

Proposition 5.1. Letg > 3, s+n > 0and G = PMJ'(N;{S). Then (X) N kerd, is the
abelian group generated freely by Generators (K1)—(K6) and additionally

(K7) ifg=3,
(K7), (K&)—~(K11) ifg=4,
(K8)—(K11) ifg>5.

Proof. By Theorem 4.4, <Y> is generated freely by a;;, u;;, e;; and

dj,l' lfg = 3,
by, d;; ifg=4,
bl,i lfg > 5.

Suppose that & € (X) N kerd;. We will show that / can be uniquely expressed as a linear
combination of generators specified in the statement of the proposition.
We decompose £ as follows:
e = hy = hy + hyp, where h; is a combination of Generators (K1)—(K2) and &, does
not contain a;; with i # j;
e /1, = h3 + hy, where h3 is a combination of Generators (K3)—(K4) and A4 does not
contain u;; with i # 1;
e hy = hs + hg, where hs is a combination of Generators (K5)—(K6) and hg does not
contain e;; for i > 1.
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If g = 3 or g = 4, we decompose hg = h7 + hg, where hy is a combination of Generators (K7)
and hg does not contain d;;. If g > 5, we define h; = 0 and hg = hg.

If g > 4, we decompose hg = hy + hyg, where hg is a combination of Generators (K8)—
(K11) and £ does not contain b; ;. If g = 3 we define hg9 = 0 and hyo = hs.

Observe also that for each k = 0,...,8, hiy and hy, are uniquely determined by /.
Element /¢ has the form

s+n—1

g-1
h10:Zajaj,j+a/u1,1+ Zﬁjej,l
j=1 j=1

for some integers a, @, ..., @y-1,B1, ..., Bsn-1. Hence

0= d1(hio) = @1(y1 +¥2) + @2(y2 +¥3) + « oo+ Ayt (Ygo1 +Vy)
+a(=y1 +y2) +B1(y1 +y2 +61) + Bo(y1 + y2 + 61 + 02)
+oo ot B (Y1 +y2+ 01 02+ .+ Ogrnn1)

This implies that 8.,y = ... =, =1 =0,and thenay,| = ... =a; = a@; = @ = 0 and
thus A9 = 0. m]

By an analogous argument and Propositions 4.5, 4.6, we get

Proposition 5.2. Letg >3, s+n>0,0<k<nand G = PM"(NZ’S). Then (X) N ker 51
is the abelian group generated by generators specified in the statement of Proposition 5.1
and additionally

(K12) vjifork< j<nand1 <i<g+s+n-1,

where
Vi ifk<j<mandi¢{g,g+s+j},
Vigtesej-11—€sijl ifk<j<nandi=g,
Vji=1Vjgrstj—2€5j-11+2€51 )1 ifk<j<nandi=g+s+]j,
Upngtesin-t1+ari—up1+2arr+. .. +2a,-14-1 if j=n and g is odd,
Upngtesin-11+ai12az3+...+2a,_ 141 if j=n and g is even.

Proposition 5.3. Letg >3, n>2and G = M(Ng ). Then (X) N ker51 is the abelian
group generated by generators specified in the statement of Proposition 5.1, Generators
(K12) with j = n specified in the statement of Proposition 5.2, and additionally

(K13) sj;if j<n—landi¢{g+s+ jg+s+j+1},
(K14) Sjg+s+j T Sjg+s+j+l ifj<n-1,
(K15) $jgrsrj— €ssjm11 +2€51j1 —€srjrrn if j<n—1,

(K16) {Sn—l,g+s+n—l +2€s+n—1,1 —€s+n-2,11ta11— UL +2a2,2+. . .+2(,lg_],g_1 ifgis odd,

Sn—1,g+s+n—1 +26s+n—1,1 —€sip-2,11d11 +2a3,3 +.. -+2ag—l,g—] lfg is even.
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6. Bounding H{(PM*(N os)s Hi(N} 3 7)) from above

In this section we will use the formula (2.2) to rewrite some relations between generators
specified in Theorem 4.4 as relations between homology classes. Our goal is to reduce these
generating sets for homology groups to the ones specified in Propositions 6.1 and 6.2 below.

Let

.. n
1. Ng,1 i Ng,s

be an embedding of a non—orientable subsurface of genus g with one boundary component
such that N ; is disjoint from 6, .. ., 61, (the complement of N, ; in N, Z,S is a disk containing
O1,---»05:n). This embedding induces homomorphisms

M(N,) — ——  PMI@L)

g e
AU(H, (Ny,13Z)) —— Aut(H, (N2, Z)

This leads to the following homomorphism

H{(M(Ny,1)s Hi(Ng1:2) —— Hi(PM"(N2); Hy(N!; 2)).

Moreover, some of the generators specified in the statement of Proposition 5.1 are im-
ages under this homomorphism of generators used in Proposition 4.2 of [23] to compute
H{(M(Ny1); Hi(Ny1;Z)). This allows to transfer (via i,) some of the relations between
these generators obtained in Section 5 of [23]. In particular,

e Generators (K1): aj; for j =1,...,9-1,i=1,...j-1,j+2,...,g generate a
cyclic group of order at most 2. They are trivial if g > 7.
Generators (K2) generate a cyclic group of order at most 2. They are trivial if g > 4.
Generators (K3): u;; fori =1,...,g — 2 generate a cyclic group of order at most 2.
Generator (K4) is trivial.
Generators (K8): by ; fori =5, ..., g are superfluous (they can be expressed in terms
of generators (K1)).
e Generators (K9), (K10) are trivial.
e Generator (K11) has order at most 2.

The formula (2.2) and the relation

ajaja;=ajaaj, forj=1,...,9-2,
imply that fori > g
0 =([a;] + ajlaj] + ajajlaj] = [aj1] — ajila;] —ajnajlajg]) ® &
=it A, Taj;— i — A — Ay = A — g
Hence
(6.1) ajj=ay; forj=1,...,9-1,i>g.
If s + n > 2, then the relation

ajej=eja; forj=1,...,s+n-1
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gives
0= ([a1] +aile;] = [ej]l —ejla1]) ® &
= la]® U - y(e;" Né — el ® (I - yla;")é

(al,l + 01’2) tdaigel t...FA1gej— (Ej’1 + €j’2) ifi=1,2,
0 if i > 2.

=+

This relation implies that Generators (K6) are superfluous
(6.2) ej1+ejp=(ai+ap)+taige +...+aig.
The braid relation
aejar = ejaze; forj=1,...,s+n-1

gives

0 = ([az] + azle;] + azejlaz] — [ej] — ejlaz] — ejaz]e;]) ® &
[az] @ (I +y(e;'a)") —wie; D)y + [ejl @ W(ay) — T - y(ay' e )y

aj—ej; ifi ¢ {1,2,3},

a1 —e€j3targe1 + ...+ a4+ ifi=3

(*)+(a2’2 +(12,3)+(€j,1 +ej,2)+ej,g+l Tt €igt ifi =2
(*) ifi =1.

In the above formula () denotes some expression homologous to 0 by previously obtained
relations. As we progress further, we will often perform simplifications based on previously
obtained relations, from now on we will use symbol ‘=’ in such cases.

The first two cases of this relation and the formula (6.1) imply that Generators (K5)

aip ifi >4,
(63) ej’i = L
ax1 +diger +...t a1 gy ifi=3

are superfluous.
The third case together with formulas (6.2) and (6.3) imply that

2a1494j=0 forj=1,2,...,s+n-1,
or equivalently
2(eji+ejn)=0
The relation
ajdy =dra; forj=1,...,9-1,k=1,...,5-1
gives
0= (la;] + ajldi] = [di] = dila;D) ® & = [aj] ® (I = y(d; " )é — [di] @ (I = la;))é;

dk,j+dk,j+1 ifizj,j+ 1,
0 ifig{jj+1)

=+
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This implies that Generators (K7)
(6.4) dij=(D""dyy forj=2,...,9.k=1,...,s-1

are superfluous.
Similarly, the relation

urdy = dyuy
implies that
0=[d]®Wu;" )~ Dy,=dy1—dia=0, fork=1,...,s-1,
which together with the formula (6.4) implies that
2dy; =0 fork=1,...,s—1.
Relation
ejdy = dye;

implies that

499

0=[d]®W(e;")—Dy1 =dign +...+degej fork=1,....s,j=1,...,s+n-1

This implies that Generators (K7): d;; are trivial fori > g.
Suppose now that g = 3 and consider the relation

(6.5) (1€5n)° = dysn = (@102)°,

where c’i\ﬁn is defined as in Section 4. The right—hand side of this relation is a chain relation,
and the left-hand side is a square of a crosscap slide (see [25], Theorem 7.17, Relation (8)).

If i > 3, and

M=1+ w(aglafl) + tp(aglafl)z +...+ w(aglaII)S,

N =1+ e,
then Relation (6.5) gives

0= [u1] ® NE + [esan] ® Y1 INE — [a1] ® Mé&; — [a2] ® Y(a; YME;.
If we now assume that i > ¢, then we get
(6.6) 0=2[u]®& +2esn] ©& — 6[a1] @& — 6laz] ® & = 2uy,i + 2[en] ® &
As we observed in the formula (4.1),
Csinlalnd) = a3,

hence if i > 3, then
(6.7) 0 = ([egsn] + [a2] + [u2] + [a1] = [a2] = [u2]) ® &i = [e54n] © & + an
By combining formulas (6.6) and (6.7) we get

2u;; =0, fori>3.
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Note that at this point we proved
Proposition 6.1. Let s + n > 1. Then H; (PM+(N§”S); H\(N3 3 Z)) is generated by
lar +ai2,a13,a14, ...y Q1 205ns U135 UL 4y« oo s U1 24sins D115 - o5 ds—1 1)
and each of these generators has order at most 2.

For the rest of this section assume that g > 4.
The relation

ejaz =aze; forj=1,...,s+n-1,
gives
0=le]®U—yla;" Ny —las] @ U — (e, Ny1 = asy +asz +azgi + ...+ azge;.

Together with the formula (6.1) this implies that Generators (K1): a;; are trivial for i > g.
Observe that relations

Ujlhjr Uj = Ujp ) UjU LT, forj = 1,2,
easily imply that
Uz; = Up; = Uy, fori > g.
Hence, the relation
ejus =uzej, forj=1,...,s+n—1,
gives

0=le;]®U -y Ny — [uzs] ® (I - y(e; Ny

=uz +u3zp+ U3 g+1 + ...+ U3z g+j = U3 1 +uUzp + Uy g+1 + ...+ Ui g+j-

This implies that Generators (K3): u; ; are trivial for i > g.
Relation

eiby =biej, forj=1,...,s+n-1,
gives
0=[e1®U —y(by" N1 —y3) = [b1]® U — ¥le; N = ¥3)
= bl,l + b1,2 + bl,g+1 +...+ blygﬂ'.

This implies that Generators (K8): b, ; are trivial for i > g.
At this point we proved

Proposition 6.2. Let g > 3 and s+n > 1. Then H, (PMJ“(NZ,S); H, (N, ;;Z)) is generated

,S?

by
{611,3,M1,3,bl,1 —day — 613,3,d1,1, cee ,ds—l,l} ifg=4
{611,3,”1,3,51,1 —ap — 613,3} ifg=>5,6,
{13,011 —ai) —azz) ifg=17,

and each of these generators has order at most 2.
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7. Bounding Hy;(PM*(N" ); H\(N" ; 7)) from above

As in the previous section, we will use the formula (2.2) to reduce the generating set for
the group H; (PM*(N;S); H, (Ng’s; 7)) to the one specified in the statements of Propositions
7.1 and 7.2 below.

By Proposition 5.2, H; (PM"(N;”S); H,(Ny ;7)) is generated by generators of the group
H, (PMJ“(N;’,S); H, (NZ’S;Z)) and additionally Generators (K12) corresponding to puncture
slides vg41, . . . , U, (see Proposition 4.5). All the computations from the previous section hold
true, hence H 1(PM"(N;”S); H, (N;” s 2)) is generated by Generators (K12): v;; and elements
specified in the statements of Propositions 6.1 and 6.2.

Note that for any x € PM*(N; ) and k < j < n,

y= vj_.lxvj € PM* (N, ),

hence both x and y are products of generators of PM+(NZ’X) (that is these products do not
contain puncture slides). Therefore, the relation

)Cl)j = l)jy
gives

0=[x1®y +[l@y )y —[vl®y - [yl ®y©; )y

g+s+n—1 g+s+n—1
—1 —~ -~
= [Uj] ® (lﬁ(x ) — 1)71' + A;,i = E myvj, + Aj,i = § myv;, + Aii’
r=1 r=1

for some coeflicients m, and expressions A;f o A;f ; which contain neither v;, nor ;. More-
over, by Proposition 5.2,

g+s+n—1

~  _ xx
Z mpvjr = —Aj,;

r=1

is an element of the kernel ker 5], hence this element is a linear combination of generators
specified in the statements of Propositions 6.1 and 6.2.
Now we use the above general analysis to two special cases: x =a;,i =1,...,g—1and
x=e,i=1,...,s+n—1.
In the first case we get
0= [o]® W(a;") = Dy + A% =05 +0jier + AT,

This implies that generators v;5, ..., v,, are superfluous.
In the second case we get

-1 P _ —~ v r Adi
0= [Uj] ® (»,.//(ei )= 1Dy; +Aj',i =01+ 02+ Vg1 + ... FVjgsi +A(]l‘,i'

This implies that generators vj g1, . .., Ujg+s+n—1 are superfluous.
Relations ajv; = vja; and ujv; = vju; give

0 = [vl® Wla;") = Dyi — [a1] ® W(w;") = Iyyi = vj1 + ;a2
0=[v1® W) = Dy — ] ® W(;") = Dy = vy = v)0.

respectively. This implies that 2v;; = 2v;; = 0 and we proved
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Proposition 7.1. Let g > 3, s +n > 1 and 0 < k < n. Then the group Hl(PMk(N(’}’s);

H(Ny ;2)) is generated by
lais,uis, b1y —arg —ass,dig, ... ds1 1, Uke10s- -5 Unt} Ifg =4,
la1s,u13, 011 —ai) —as3, Ves11s -+ - Un1 } ifg=>5,6,
{13,011 —ain — a3z, Ugs1 1, -+ Unt ) ifg>1,

and each of these generators has order at most 2.

For the rest of this section assume that g = 3.

If j < n, then relations ajv; = vja; and ujv; = v;u; give
0 =[l®War") - Dys — [a] ® W;") = Dys = —a1 3454
0=[o]® W) - Dys — ] ® W;") = Dys = =134+

respectively. Hence, a;; = u;; =0ifi >3 + s + k.
Finally, if s + k > 0, then relations a;v, = v,a; and u v, = v,u; give

0= [0, ® (Wlay") = Dys — [ai] ® W(v, ") = Dy
=2aintaip)+2a13+a14+ ..+ A12esen = 14t oo+ A1 345k
0= [v]® ;") = Dys =[] ® W, ) = Dy
=2y +urp) 2wzt urat oot U 2esin = Uta F oo UL 3tk

respectively. Hence, a; 34541 and u; 3.4 are superfluous provided s + k£ > 0. This proves

Proposition 7.2. Let s +n > 1 and 0 < k < n. Then Hi(PM"(N} ); Hi(N}

> 7 G2) is
generated by

lai; +aiz,a13,u13, 061,05+ -, Un1 } ifs+k=0,
{al,l + A12, 13,145+« s AL 2p5+ks U135 UT 4y o o o s UL 24 5+k>
dits. ooy ds 1,1, Uks1,15 -+ Un1) ifs+k>0,

and each of these generators has order at most 2.

8. Bounding Hl(M(N;’S); H1(N;’s; 7)) from above

As in the previous two sections, we will use the formula (2.2) to reduce the generating set
for the group H, (M(N(’]’,S); H, (N;’ 7)) to the one specified in the statement of Proposition
8.1 below.

By Proposition 5.3, Hj(M(Ny ,); Hi(Ny ;7)) is generated by generators of the group
H I(PM+(N;‘,S); H(Ny 3 Z)), Generators (K12) corresponding to puncture slide v, and ad-
ditionally Generators (K13)—-(K16) corresponding to elementary braids: si,...,s,-1. All
computations from the previous two sections hold true, hence H, (M(Ny ()s Hi(Ny 3 Z)) 18
generated by generator (K12): v, 1, generators (K13)—(K16), and elements specified in the
statements of Propositions 6.1 and 6.2. Moreover if g = 3 and i > 3 + s, then a; ; and u; ; are
superfluous.

If i # 5 + j, then the relation

L8

e,-sj = sje,-



THE FirsT HomoLoGY GrROUP WITH TWISTED COEFFICIENTS 503
gives
0=[s;]®W(e") - Dy —[e]® (l//(S;I) —Dyr=sj1+Sj2+8jge1 + ...+ 800 = Aji
In particular, Generator (K14)
Sigrs+j T Sjgrstjrl = Ajsrjrt —Ajsrjo1 =0
is trivial and Generators (K13) of the form
Aji—Aji =0 ifi>1,
St = {A,-,] (it s ifi=1

are superfluous.
The relation

sja; = a;s; fori<g
gives
(8.1) 0=1[sj]® (lﬁ(a;l) -Dyi—lai]l® (lﬁ(sfl) =Dyi=s;i+Sjis1.
Relation s;sj.15; = $j415;8j+1 gives
0= ([s;] + sjlsjer] + sjs0108;] = [sje1] = 5010851 = sjr18i[5741]D) ® 71
=8t Sjri T Sji — Sjei — Sji T Sj+li = Sji — S+l

This together with the formula (8.1) implies that Generators (K13) generate a cyclic group.
Moreover, the relation

sjul = U Sj
implies that
0=[s1® W) =Dy = [w]1® W(s;") = Dyi = sj1 = 2,
which together with the formula (8.1) implies that the cyclic group generated by generators
(K13) has order at most two.
By Proposition 4.7,
Cs+j-1€5+j+15j = es+js§es+j,

and this relation gives

(8.2) 0 =([essj-1] + €5t j-1lesjrt] + €srjresrjs1[s;]) ® ¥
— ([es+j] + esj(1 + 55+ S?)[Sj] - €s+j33-[€x+j]) ® 71
=esijo11 + g1 ® (T = y(sT e 1 + [eg il @ ey}, )y
+ 571 ® (wiey) o wier! ;) = (I + (7 + usMer] ) v
If j < n—1 this gives
0= (Sjgrsrj = Csrj1,1 T 2€5j1 — €srjs1,1)

+ (es+j,1 + es+j,2) +(esijgrt T oot Cpjgrsijo1 t €spjgrstjrl)
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- (es+j+1,1 + es+j+1,2) - (es+j+1,g+l +...+ es+j+l,g+s+j—l) + (%).

This implies that Generator (K15) is superfluous. If j = n — 1, then the formula (8.2) yields
a more complicated expression, however it is also of the form

0= Sn—1,g+s+n—1 + (*)7

where (*) denotes some expression which does not contain s;;. This implies that Generator
(K16) is also superfluous, and we proved that

Proposition 8.1. Let g > 3 and n > 2. Then H{(M(Ny ,); H1(N,

.52 L)) is generated by

ary +aip, a3, U3, vnl, S1,1 ifg=3ands =0,
A + a2, 13,145+ Q12455 U135 UL 4y -+ 5 UL 2455

dl,l’---’ds—l,l,vn,l,sl,l ifg=3ands>0,
aiz, u13, b1 —a1 —azz,dig, .. ds1 1,000,811 ifg =4,
aiz,u13,b11 — a1 —az3, vu1, S1,1 ifg=5o0rg=6,
uiz, bip —ai —azz,vp, 51,1 ifg=T7,

and each of these generators has order at most 2.

9. Bounding Hy(PM*(N" ); Hy(N" ; Z)) from below

In this section we use various quotients of PM"(N;"S) in order to prove that all homology
classes specified in Propositions 7.1 and 7.2 are nontrivial. This will complete the proof of
Theorem 1.1.

If we glue a disk to each boundary components of Ny ; and forget about punctures, then
we get a closed non—orientable surface N, of genus g. If

am
it Ngy— Ny
is the corresponding inclusion map, then i induces homomorphisms

PMNE)  —— M)

v v
AUt(H (N" 3 Z)) —— Aut(H,(N,; )

L8

This leads to the following homomorphism

H(PMHNE); HY(N? 5 7)) —— H{(M(N,); Hi(Ny; 2)).

5
Moreover, by Theorem 1.1 of [23] (see the very last formula in the proof of that theorem),
we have
i(ayp +aip)#0 ifg=3,
i.(u3) #0 ifg >3,
i.(a13) #0 ifge{3,4,5,6},
i(big—aig—az3)#0 ifg=>4
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and all these classes are linearly independent.
In order to prove that homology classes corresponding to puncture slides are nontrivial,
fix k < j < n and consider the following homomorphisms

a: PM*(Ng,) — Zs,
B: Hi(Ny Z) = Zy.
The first homomorphism is defined as follows: a(f) = 1 if and only if f changes the local
orientation around the puncture z;. The second one is the composition

Hi(N!;Z) —— H\(N!3Zs) —— ().
of the reduction to Z, coeflicients and the projection:

Y15Y25 Vg F2 V1,
01,02, ...,055-1 + 0.
It is straightforward to check that for any m € H; (NZ’S;

B(f(m)) = B(m).

Hence, if we regard (y) as a trivial a(PMJr(N;”S)) module, then (a, ) induce homomor-
phism

Z)and f € PM*(NZ,)

(@, B)
H\(PM Ny )s Hi(Ny i 2) —— Hi(Z23Z5) = Zp.

Moreover, if x is one of the generators specified in the statements of Propositions 7.1 and
7.2, then

(@,P)x) #0 & x=v;.

This implies that v;; is nontrivial and independent from other generators.
If s > 2 and g < 4, then for any fixed 1 < j < s — 1 there is a homomorphism

Hi(PMI NI H (N2 Z)) —— Hy(M(Nys2); Hi (N2 2)

induced by the inclusion i: N;”s — Ny42, where Ny, is a closed non—orientable surface of
genus g + 2 obtained from Ny ., by forgetting the punctures, connecting boundary compo-
nents of numbers 1 < j < s — 1 and s by a cylinder, and gluing a disk to all the remaining
boundary components.

Moreover, ¢; becomes a two—sided nonseparating circle in N,,», hence we can choose
generators for M(N,,) so that

i(dj1) = a13 € HI(M(Nys2); Hi(Nyi2; 2)).

By Theorem 1.1 of [23], this homology class is nontrivial provided g+2 < 6. This completes
the proof of Theorem 1.1ifg >3 ors+k < 1.

Hence, assume that g = 3 and s + k > 2. Fix 1 < j < s + k— 1 and and glue a disk with
a puncture to each boundary component of N3 .. Then forget about all the punctures except
those with numbers j and s + k. As a result we obtain an inclusion

N n 2
i N3,‘Y — Nj,
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which leads to a homomorphism

H(PMANL); Hi(N2 Z)) —— Hi((M(N2); Hy(N% Z).

By Theorem 1.2 of [16],

L8

i.(a134+j) = ajs # 0,
L(uize) =upg # 0.

This implies that generators aj 4, ..., a1 2+5+ks Ul ds-- ., U1 2+5+k are nontrivial and linearly
independent. This concludes the proof of Theorem 1.1.

10. Bounding H{(M(N ;’,s); HI(N;”S; 7)) from below

In this section we will show that all generators specified in the statement of Proposition
8.1 are nontrivial and linearly independent. This will complete the proof of Theorem 1.2.
As in the previous section, we argue that homology classes

ap +ap ifg =3,
Al 4y .. Q1245 ifg=3and s > 1,
Uldy.. U 24s ifg=3and s > 1,
(10.1) a3 ifg <7,
ui3,
bigy—ay —azz ifg>4,
dji ifg<4andl1 < j<s-1

are nontrivial and independent. Hence, it is enough to show that if
0=A+vu,1 + s,

where A is a linear combination of generators (10.1), then v = u = 0. Let
B: Hi(N!3Z) — Zs

be defined as in the previous section and define

a: M(Ny,) = Z»

as follows: a(f) = 1 if and only if f changes the local orientation around an odd number of
punctures. Then there is an induced homomorphism

Hy(MN? ) Hy(N? 3 Z) 25 Hy(Z:20) = 25
and
0 = (@ B)A + vup1 +psi 1) = v.
Now define
@ M(NL) = Z,

to be the sign of the permutation
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(Zl, Cen ,Zn) = (f(Zl)t f(ZZ)’ e af(Zn)),

that is @’(f) = 1 if and only if the above permutation is odd. As before, there is an induced
homomorphism

(@, B)
H{(M(Ng ) Hi(Ny s 2)) —— Hi(Zy;Zs) = Zy

and
0= (a,B)(A +yv,1 +usi1) = .

This concludes the proof of Theorem 1.2.
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