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Abstract

In this paper, we extend Zakeri’s result in [27] on boundaries of bounded type Siegel disks of
some entire functions to some transcendental meromorphic functions as follows: We consider
a one parameter family of some transcendental meromorphic functions with one pole, two
critical points, one finite asymptotic value zero, and bounded type fixed Siegel disks centered at
the origin. We show that if two critical values coincide, then the boundary of the Siegel disk is a
quasicircle containing exactly one critical point, and the set | of all parameters for which two
critical values coincide is countably infinite. We also show that there exist uncountable sets Q,
and Q3 such that the boundary of the Siegel disk is a quasicircle containing exactly one critical
point for any parameter in , and the boundary of the Siegel disk is a quasicircle containing
exactly two critical points for any parameter in €3. Furthermore, we can construct Q, so that
for uncountably many parameters in €,, the critical values which are the images of the critical
points outside the boundaries of the Siegel disks are in the Siegel disks, on the boundaries of
the Siegel disks, and outside the closures of the Siegel disks.

1. Introduction

Let f:C — C be a transcendental meromorphic function. The nth iteration f"(z) is
defined for all points in C except for the countable set consisting of the preimages of co by
f,f2,... ,

A point zg € C is called an irrationally indifferent p-periodic point if there exists a mini-
mum integer p such that f?(zo0) = zo and A := (f?) (z0) = e (9 € R\ Q). The A is called
the multiplier of zo. In addition, the point z is called a fixed point if p = 1. The point zg
is called a Siegel point if there exist a maximal f”-invariant domain D C C and an analytic
homeomorphism ¢ : D — D such that ¢(f”(¢'(z))) = Az and ¢(z9) = 0. Otherwise, z is
called a Cremer point. In the former case, the domain D is simply connected and we call D
the Siegel disk of period p centered at zy. In addition, D is called fixed if p = 1. If 0 satisfies

the following condition:
Z loggnet _ o,
qn

n

where p,,/q, is the nth convergent of 8 obtained from the continued fraction expansion, then
70 1s a Siegel point (see [8] and [22] or [21, p.132, Theorem 11.10]). An irrational number is
called a Brjuno number if it satisfies the condition above. The set B of all Brjuno numbers
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is uncountable and dense in R. An irrational number is called of bounded type if {ai};
is bounded, where [ag; a;,as, ..., ay,...] s its continued fraction. An irrational number of
bounded type is always a Brjuno number. Hence if 6 is of bounded type, then z, is a Siegel
point. In this case, we call z (or the Siegel disk D centered at z9) bounded type.

Points ¢ € C and f(c) are called a critical point and a critical value respectively if f'(c) =
0. A pointa € Cis called an asymptotic value if there exists a continuous curve y(¢) (0 < t <
1) with lim,_,; y(¢) = co and lim,_,; f(y(¥)) = a. We call critical values, asymptotic values,
and their accumulation points singular values.

Let S be the set of all transcendental entire functions of the form

P(z) exp (0(2)),

where P and Q are polynomials. The set S is a proper subset of the Speiser class consisting
of all entire functions with finitely many singular values. Functions in S are also called
structurally finite in the sense of [25]. Zakeri studied boundaries of bounded type fixed
Siegel disks centered at the origin for functions in S. His result is as follows:

Theorem ([27]). Let f € S. If f has a bounded type fixed Siegel disk centered at the
origin, then the boundary of the Siegel disk is a quasicircle containing at least one critical
)
point.

Let S be the set of all transcendental meromorphic functions of the form

R(z) exp (Q(2)),

where R(z) and Q(z) are a rational map which has at least one pole and a polynomial respec-
tively. Functions in S and functions in § share many important properties. For example, they
have finitely many critical points, two asymptotic values 0 and co, and finitely many zeros.”
Thus we can expect the result for functions in S similar to that for functions in S. We ask the
following question:

QuesTioN 1. Let f € S. Suppose that f has a bounded type fixed Siegel disk centered at
the origin. Is the fixed Siegel disk bounded by a quasicircle containing at least one critical
point?

We consider the easiest case as follows: Henceforth fix any irrational number 6 of bounded
type. Suppose that f € S, the degrees of R and Q are 1, and f has a bounded type Siegel
fixed point at the origin with multiplier 1 = e?*. The function f is conformally conjugate
to

2o % az

_ atl
1 (07

go(2) = e

DZakeri’s original statement includes Shishikura’s result which says that all bounded type Siegel disks of
polynomials of degree d > 2 are bounded by quasicircles containing critical points. On the other hand, since
the space S is not invariant under affine conjugations moving the origin, Theorem does not say anything about
bounded type fixed Siegel disks centered at points other than the origin. Zakeri mentioned this technical problem
in his paper [27]. In [18], for an arbitrary positive integer ¢, Kisaka and Naba construct some functions in S with
q bounded type fixed Siegel disks centered at points other than the origin, whose boundaries are quasicircles
containing critical points.

2)Meromorphic functions with finitely many critical points and asymptotic values share important dynamical
properties (see [4], [5], [6], [11], and [23]).
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for some @ € C\ {0, -1} (see Proposition 3.1). The one parameter family {g,}qaec\(0,-1) has
the following properties:

(1) g, has two critical points 1 and
-1
T uET

two asymptotic values 0 and oo, and one pole

a

ty =

a+1
(see Proposition 3.1).
(2) go # go is conformally conjugate to g, if and only if @’ = 1/(@ + 1) — 1 (see
Proposition 3.2).

Main Theorem. Let A, be the bounded type fixed Siegel disk of g, centered at the origin.
Then:

(i) If two critical values g,(1) and g.(c,) coincide, then A, is bounded by a quasicircle
containing exactly one critical point. Moreover, the set Q1 := {a | go(1) = go(ca)}
is countably infinite.

(ii) There exists an uncountable set Qy such that if @ € Q,, then A, is bounded by a
quasicircle containing exactly one critical point. Moreover, the quasicircle constant
can be taken so that it is independent of @ € €.

(i) There exists an uncountable set Qs such that if @ € 3, then A, is bounded by a
quasicircle containing exactly two critical points. Moreover, the quasicircle con-
stant can be taken so that it is independent of @ € Q.

(iv) We can construct Q, so that it is connected and it consists of three uncountable sets
Qz’l, Qz’z, and 92’3 such that:

@ Ifa€Qy;(j=1,2,3), then v(a) € Ay, V(@) € DA, and v(a) ¢ A respectively,
where v(a) is the critical value of g, for @ € Q, which is the image of the
critical point outside the boundary 0A,,.

(b)
Qz,z C GQQ’I N 692,3, Q3 C 8Q2’3.

Remark 1.1. We give two constructions of €, in Section 5 and Section 7. The second
construction of €, will show Main Theorem (iv) (see Section 7).

Keen and Zhang studied the one parameter family

{0(2) := (€27 + az?)e ) acc\(0)»

where 6 is of bounded type (see [17]). Like g,, g, has two critical points, two asymptotic
values 0 and oo, and a bounded type fixed Siegel disk A, centered at the origin. They showed
that for every @ € C\{0}, A, is bounded by a quasicircle containing critical points and that for
a in some uncountable set, the boundary dA,, contains exactly two critical points. However,
they did not provide the information on the position of the critical values of g, as in Main
Theorem (iv). It is natural to expect that Keen and Zhang’s proof is applicable to our case
and we obtain the result on the Siegel disk A, of g, as in [17]. Unfortunately, since g, has
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one pole 7,, we cannot use their method as in [17] (and cannot use the method as in [27]). In
particular, we have the difficulty of making the number of critical points in the boundaries
04, exactly one or two. Hence in order to show Main Theorem, we have to modify Keen
and Zhang’s argument. We use the result of [9] in order to prove Main Theorem (i). The
proofs of Main Theorem (ii), (iii), and (iv) are inspired by quasiconformal surgery methods
of [9], [17], and [26]. We modify some meromorphic functions f3 (defined in Section 5) into
g. with the bounded type fixed Siegel disks A, bounded by quasicircles containing critical
points. The advantage of our surgery technique is that we obtain such g, for uncountably
many parameters « and that we control the number of critical points in the boundaries dA,
and the position of critical values as in Main Theorem (iv). This is done by choosing fz
carefully.

This paper is organized as follows: In Section 2, we introduce basic definitions and facts.
We characterize the family {g,}acc\j0.-1) in Section 3. In Section 4, Section 5 and Section
6, we prove Main Theorem (i), (ii), and (iii) respectively. In Section 7, we give another
construction of Q; and show Main Theorem (iv). We devote Section 8 to some concluding
remarks.

2. Preliminaries

We introduce preliminary definitions and results.

DermiTion 2.1 (QUASIREGULAR MAPPINGS). Let U be an open subset of C. A continuous
mapping ¢ : U — C is a K-quasiregular mapping if ¢ is locally K-quasiconformal except
at a discrete set of points in U for some K > 1. The constant K is called a quasiregular
constant.”

Note that quasiconformal mappings or quasiregular mappings between Riemann surfaces
are defined by their local coordinates.

DermtTion 2.2 (QuUASICIRCLES). A Jordan curve y C C is called a K-quasicircle if there
exists a K-quasiconformal mapping ¢ : C — Csuch thaty = ¢(S'), where S' := {z | |z| = 1}.
This K is called a quasicircle constant of y. We call y a quasicircle if it is a K-quasicircle
for some K > 1.

We can tell whether a Jordan curve is a quasicircle or not by the following lemma:

Lemma 2.3 ([1], [12, p.23, Theorem 2.2.5]). Let y C C be a Jordan curve and let
Diam(X) be the Euclidean diameter of a set X C C. Then vy is a K-quasicircle for some
K > 1 if and only if there exists a constant A > 1 such that for every pair of two distinct
points 71,22 € y \ {0},

m}r% Diam(y;) < Alz) — zal,
J=1

where y| and y, are the components of y \ {21, 22}. Moreover, K and A depend only on each
other.

3This is one of the equivalent definitions of quasiregular mappings. See [7] for alternative definitions. For
basic properties of quasiconformal mappings, see also [2] or [20].
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We prepare the following lemma:

Lemma 2.4 ([27, p.488, Lemma 2.2]). Lety C Cbea K-quasicircle, let U be a com-
ponent of C\ vy, and let g : D — U be a conformal mapping. Then g extends to a K*-
quasiconformal mapping of C.

3. Characterization of the family {g,}oec\(0,-1

In this section, we characterize the one parameter family {g,}qec\(0,-1) defined in the in-
troduction by the following propositions:

Proposition 3.1. Let f € § have the following properties:

(a) f can be written by

_a+b
f@= cz+d ¢
where ad — be, ¢, and t are non-zero;

(b) f has a bounded type Siegel fixed point at the origin with multiplier 1 = ™.
Then f is conformally conjugate to

il 2 a.
i 1 a+l e™

T o

ga(z) =e
for some a € C\ {0, —1}. Moreover, g, has two critical points 1 and ¢, = —1/(a + 1), two
asymptotic values 0 and oo, and one pole t, = a/(a + 1).

Proof. Since f has a fixed point at the origin, we have b = 0, and hence ad # 0. In
addition, it follows from the assumption (b) that f'(0) = a/d = > Set

s:=—c/d # 0.
Then we can write
2mig % [74
7) = e ——e".
f@) =
An easy calculation shows that
—st2? +1z+ 1

’ _ 27if+tz
fl@=e 1527

Hence f has two non-zero critical points « and v which are roots of —stz> + tz + 1 = 0. Let
L(z) := uz.
It follows that L™! o f o L has two critical points 1 and v/u. Moreover, we obtain

F@)=L"0 foLz)=e™—_cF,
1 -5z

where § = su # 0 and 7 = tu # 0. Since f(1) = 0, we have
—5-12+7-1+1=0,

and hence § = (7 + 1)/f. It follows from this, § # 0, and 7 # 0 that 7 € C \ {0, —1}, and hence
f (2) = ga(z), where a = 7. By the construction, g, has two critical points 1 and ¢,, and one
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pole #,. Since the map z — e** has two asymptotic values 0 and oo, and

. z .
eZm€ 1 N _62m€ (Z N 00)’
1 - %Z a+1
g has two asymptotic values 0 and co. O

Proposition 3.2. Let a and o' be two distinct points in C\ {0, —1}. Then g, and g, are
conformally conjugate if and only if ' = 1/(a + 1) — 1.

Proof. Suppose that@’ = 1/(e¢+ 1) — 1 and
l(z) = —(a+ 1)z

An easy calculation shows that [7! 0 g, o [ = g,.

Suppose that there exists a conformal map I : C — C such that I"! o g, o I = g,. Since
both g, and g, have an essential singularity at co and only two asymptotic values 0 and
oo, [ fixes 0 and co. It follows that I(z) = kz for some k # 0. Moreover, since I(1) = k

is a critical point of g,, we have k = 1 or k = —-1/(@’ + 1). Since g, # ¢,, we have
k # 1, and hence k = —1/(a’ + 1) and @’ # —2. Since g, has another critical point
I(-1/(a+ 1) =1/{(a’ + D(@+ 1)} =1, we obtain o’ = 1/(e + 1) — 1. O

4. Proof of Main Theorem (i)
We use the following result of [9] to prove Main Theorem (i):

Lemma 4.1 ([9, p.2140, Theorem 1.5.]). Let U C Cbean open set and let a meromorphic
function f : U — C have the following properties:

(a) The set of all singular values of f is contained in {a, b, c} for some a,b, c € @;

(b) a € U and a is a bounded type Siegel fixed point;

(c) ce C\Uor f(c) =c.
Moreover, let v’ be an injective path which goes from a to b while avoiding {a, b, c} in
between and let 'y be the lift of v’ by f which has an endpoint a. (Note that f(y) C y'.) Then
one and only one of the following three cases occurs:

(1) 7y ends on a non-critical point in U. In addition, U = Cand f is a Mobius transfor-
mation.

(2) v ends on a critical point. (We call the critical point the main critical point.) In
addition, the Siegel disk A centered at a is bounded by a quasicircle which contains
the main critical point and does not contain other critical points.

(3) vy leaves every compact subset of U. In addition, A is not compactly contained in U.

Proof of Main Theorem (i). By the assumption, g, has exactly one critical value g,(1) =
go(cy) and two asymptotic value 0 and co. Hence we can apply Lemma 4.1 to g, by putting
U=C, f=¢gq,a=0,b=g,),and c = 0. Since g, is transcendental, either of the cases
(2) and (3) holds. Since b = g,(1) is not an asymptotic value, the case (3) does not occur.
Therefore, the case (2) occurs.

Next, we show the existence of Q;. Put g,(1) = g.(c,). Then it follows that
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1
F - —af(e+l) _ o _ 0.
@ = ariy ¢
F(a) has an essential singularity at @ = —1 and does not have an asymptotic value O at
a = —1. By Picard’s theorem and Iversen’s theorem, the set Q) := {a | go(1) = ga(co)} is
countably infinite (see [16] or [10, p.8, Theorem 1.6] for Iversen’s theorem). O

Remark 4.2. Two critical points 1 and ¢, = —1/(a+ 1) of g, coincide only when @ = 2.
By Main Theorem (i), A_; is bounded by a quasicircle containing the critical point 1 of g_,.

5. Proof of Main Theorem (ii)

For g € C\ {0}, we define

& (B e C\{0,—1}),
B =-1).

Note that if 5 — —1, then fz — f_; locally uniformly. By the argument in Section 3, when
B € C\{0, -1}, f3 has two critical points 1 and cg = —1/(8 + 1), two asymptotic values 0 and
oo, and one pole 7g = B/(B + 1). We have cg, 13 — oo as f — —1. For any r > 0, we define

[ —
— 1-(B+1)z/B
<) =
o= { T

B, =(-1,-1+r].

Henceforth we restrict 8 to B, (or B, = B, U {—1}). We prove Main Theorem (ii) by going
through the following three steps:

Step 1. By choosing a small enough r > 0 and using f3, we construct an M-quasiregular
mapping Fz : C — C for every 8 € B, with the following properties:

(1) Fg(0) =0, Fg(D) = (D), and Fglg: is a critical circle map;

(2) Fgand

Ro(2) := ™7

are quasiconformally conjugate on D;
(3) Fpdepends continuously on S € B,;
(4) The constant M is independent of 3 € B,.

Step 2. We show that there exists an M;-quasiconformal mapping ¢z : C — C which fixes
0, 1, and oo, and has the following properties:

(1) For some a € C\ {0, —1},
z oz
as1 ¢ = G

1 -

[

Gp(2) = gg o Fgo gy (2) = &

where g, is as in the introduction.

(2) go(= Gpg) has the Siegel disk A, centered at the origin whose boundary 94, is an
M -quasicircle containing exactly one critical point 1;

(3) The constant M| is independent of 8 € B,.

Step 3. From Step 2, we define the surgery map
S:B, - C\{0,-1}, Bra,
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where Gg = g,. We show that the surgery map S is continuous and S(8) — -l as § — —1.
Since the set S(B,) is uncountable, and dA, is an M;-quasicircle containing exactly one
critical point 1 for any @ € S(B,), we obtain Main Theorem (ii) by taking

Q, := S(B)).
We prepare the following lemmas for the steps above:

Lemma 5.1. Let 3 € B,, let

Dp = {z | lzl < 1f(DI},

and let Ug be the connected component of fﬁ_l(Dﬁ) which contains the origin. (Note that
J50) = 0.) If r > 0 is small enough, then fgly, : Ug — Dpg is univalent and Ug is simply
connected. Moreover, Ug has the following properties:

(1) 0Upg is a piecewise smooth Jordan curve containing exactly one critical point 1:
(2) Ug cD.

Proof. Suppose that 8 € B,. f3 has two critical values f3(1) and fz(cg). We have

1) =B fiep) =~ e P,

Since fz(1) — e ! and fplcg) = o0 as B — —1, we have fg(cg) ¢ Dp for r > 0 small enough.
By [9, p.2155, Lemma 5.3], fgly, : Ug — Dg is univalent and Uy is simply connected.
Obviously, dDg does not contain the asymptotic values 0 and oo of f3. It follows from this
that dUp is a Jordan curve (see [9, p.2155, Lemma 5.4]). Since Uy is a preimage of dDg by
fp, 0Ug is piecewise smooth. By the construction, we have f3([0,1)) € R, flg(z) # 0 for any
z € [0,1), fg(1) > 0, and f3(0) = 0. It follows that f[;(z) > 0 for any z € [0, 1), and hence
[0,1) C Ug. This implies that Uy contains the critical point 1. An easy calculation shows
that |fz(z)| > fp(1) for any z € S'\ {1}, and hence Up C D. By the construction, another
critical point cg is not in dUg for r > 0 small enough.

Similarly, we can show the case § = —1. We omit the details. O

Lemma 5.2. Ifr > 0 is small enough, then there exists a constant K > 1 such that 0Ug is
a K-quasicircle for all B € B,.

Proof. The proof is similar to that of [17, p.142, Lemma 2.4]. We have to pay attention
to the existence of the pole 13 of fg for § € B, and modify the argument.

Suppose that » > 0 is small enough so that the statement of Lemma 5.1 holds. We take
two distinct points x and y in dUjp so that they divide dUpg into two Jordan arcs I and I’. (We
mean that /U I’ = 0Ug and I N I’ = {x, y}.) For any piecewise smooth arc segment J, let | /]|
be the Euclidean length of J. We can assume that | fz(/)| < |fz(I")| without loss of generality.
Let Diam(X) be as in Lemma 2.3. By Lemma 2.3, we have only to show that there exists a
constant A > 0 independent of 8 € B,, x, and y such that

5.1) 0B, x. y) = 22D
lx =yl

Since fz(I) C 0Dg and 0Dg = {z | |z| = f3(1)} is a circle, we have

<
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(5.2) Ifs(DI < (/21 fp(x) = fa@).

Henceforth let L be the closed straight line segment joining x and y. It follows from (5.2)
and | fp(x) = fa()l < |fp(L)| that

(5.3) [fa(DI < (7/2)| fp(L).

By Lemma 5.1, we have L ¢ D. In addition, recall that Jp has the pole 73 with 15 — oo as
B — —1. Thus if r > 0 is small enough, then 73 ¢ D, and hence tg ¢ L. Therefore, there
exists a ¢ € L such that | fé(q)l = maXyey | fﬁi(z)l > 0. It follows that

(5.4) (DI < 1f5(@IILI.

By the definition of a diameter, there exist points by, b, € I such that |b; — by| = Diam(/).
Moreover, there also exists a j = 1 or 2 such that:

1 ¢{z|lz—b;| <Diam(/)/5}.
Let I be the connected component of

{z|lz—b,| < Diam()/10} N 1
which contains b;. By definition, it follows that:

(5.5) 7| > Diam(7)/10;

(5.6) |z — 1| > Diam(1)/10 for any z € I.

Since I does not contain critical points 1 and cg of f3, there exists a p € [ such that | ]%(p)l =
min,; | fé(z)l > 0. It follows that

(5.7) DI = | f5(p)II.
From (5.4), (5.5), (5.7), the definition of Q(8, x, y), and I c I, we see that

Vi@l I 1Ol Wl Diamd) 1 1BDI
I L DI 1Dl Diam(@) L T 10 1f(D)

It follows from (5.3) that

(5.8)

lfs(DI 7«
(5.9 oD < 3
The inequalities (5.8) and (5.9) yield
(5.10) 0B, x,y) <5r lfﬁ,(q)l.
TR

An easy calculation shows that

2 G- De+1/B+1) 4

S T S Yoy sl

Thus we have
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sl _p=p/B+DE lg=1 lg+ 1B+ op,
5@ lg=B/B+ DR Ip—11 Ip+1/@+ 1) '

Since L c Dand I c I c D, we have |pl < 1 and |g| < 1. Thus we obtain for every S5 € B,,

(5.12) |PaP)| < 2047,

(5.11)

Moreover, when r > 0 is small enough, it follows that for every g € B,,

p=BIB+DP _,
=Bl B+ DP

lg+1/(B+ 1)

lp+1/(B+ 1)

(This is because the left-hand sides of (5.13) and (5.14) converge to 1 as § — —1.) From the
triangle inequality, g € L, and the definition of a diameter, we see that

(5.13)

’

(5.14)

(5.15) lg— 1 <lg—pl+Ip—1]
<lg—x+lx—-pl+lp-1|
<le—yl+lx—pl+ip-1|
< 2Diam(I) + |p — 1].

The inequalities (5.6) and (5.15) show that

— 1|  2Diam(/ — 1] 2Diam(/ 2Diam(/
lq ls iam(7) + [p — 1] _ lam()+1§ : iam(/) 120l
lp—1i lp -1 lp -1 Diam(1)/10

It follows from (5.10)—(5.16) that if » > 0 is small enough, then for any 8 € B, and any pair
of x and y in Ug,

(5.16)

OB, x,y) < 420re* =: A,

as required. m|

Henceforth we suppose that r > 0 is small enough so that the statements of Lemma 5.1 and
Lemma 5.2 hold.

Lemma 5.3. Let {B,},enn C B, be a sequence with B, — B € B, asn — oo. Then
0Ug, — 0Ug_, as n — oo with respect to the Hausdorff metric.

Proof. Suppose that there exist a subsequence {5),},eny € {Bn}nery and a & > 0 such that
the Hausdorff metric between dUp and dUg, is greater than ¢ for any n > 1. By the
Riemann mapping theorem and Carathéodory’s theorem, we can take a homeomorphism
g, : D — ﬁﬁn which is conformal in D, and fixes O and 1. By Lemma 2.4, we can extend
@g, into a K>-quasiconformal mapping wp, of C fixing 0 and 1, where K is as in Lemma
5.2. From the construction, every limit function of {wg, |@\{0’1}}n€N cannot be the constant 0
or 1. Therefore, there exists a subsequence {8}, },en C {6, }nenv such that wgr — w locally

uniformly on C, where w is a K?-quasiconformal mapping of C fixing 0 and 1. Let

Y= w(SH cC.
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By the construction, y is a K*>-quasicircle with dUg — ¥ (as n — oo) with respect to the
Hausdorff metric. By Lemma 5.1, we have Ug' C D for any n > 1, and hence y ¢ D. In
addition, from the fact that fz — f;_ uniformly on D and the definition of D, it follows
that

Jp:@Ugy) = f5.(v),  0Dg; — ODg,

with respect to the Hausdorff metric. Since dDgr = f3/(0Upy), we obtain fz_(y) = 0Dg_. By
Hurwitz’s theorem, f3_, is univalent on the bounded component of C\y, and hence y = dUy_.
It follows that dUgy — dUp,, with respect to the Hausdorfl metric. This contradicts the fact

that {8 }nen C {B) bnen- O

Next, we introduce the following version of the Herman-Swiatek theorem:

Lemma 5.4 ([9, p.2147, Theorem 3.8], [14], [15], and [24]). Let F be a family of holo-
morphic maps defined in a neighborhood of S' with the following properties:

(a) There exists an open annulus A containing S' such that every f € F is defined in A;

(b) f(SY = S' and fls1 is a critical circle map;

(c) There exists an R > 0 such that for every f € F, the rotation number of fls1 has all
its entries of the continued fraction less than or equal to R;

(d) F is precompact on A for the Euclidean metric.

Then there exists a k > 1 such that for every f € F, fls is k-quasisymmetrically conjugate

to rotation.”

Proof of Main Theorem (ii). Our proof is divided into the three steps which we mentioned
at the beginning of this section. Recall that we restricted 8 to B, (or B,) and r > 0 is small
enough for the statements of Lemma 5.1 and Lemma 5.2 to hold.

Step 1: By the Riemann mapping theorem and Carathéodory’s theorem, for 8 € B,, we can
take a homeomorphism pg : C \D — c \ Up which is conformal in c \ D, and satisfies
pp(00) = oo and pg(1) = 1. By Lemma 2.4, we can extend pg into a K?-quasiconformal
mapping pg of c fixing 1 and oo, where K is as in Lemma 5.2.

For any sequence {8,},eny C B, with 8, — B € B, as n — oo, it follows from the
construction that every limit function of {pg, |E\{1,w}}neN cannot be the constant 1 or co. Thus
there exists a subsequence {8}, C {Bu}nen such that pg — o locally uniformly on C,
where o is a K?-quasiconformal mapping of C fixing 1 and oco. It follows from Lemma
5.3 that oz, = pg.., and hence pg |\, = pg, — pp. locally uniformly on C\ D. This
implies that the set of all limit functions of {pg, },en contains only pg_, and hence pg, — pg.,
locally uniformly on C \ D. Therefore, pg depends continuously on S € B,. The map
fp o pglst - st - 0Dg is a homeomorphism, where Dg is as in Lemma 5.1. From the
standard theory about the rotation number, there exists a unique 6 € [0, 1) such that for

the rotation number of Lg o f3 0 pglst : S! — S! is the @ which was fixed at the beginning

“For the definition of quasisymmetric mappings from S! to itself, see [13] or [9, p.2144, Definition 3.2]. The
rotation is the map z +— e*"z, where @ is the rotation number of f|s:.
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(see [7, p.103, Theorem 3.20]). By the construction, Lg depends continuously on 3 € B..
For B e B,, we define

FB(Z) :=Lgo fgopp(z) (z€C\D).

The Schwarz reflection principle shows that if » > 0 is small enough, then there exists an
[ > 1 such that for any 3, F’ 8 1s extended to a holomorphic map F pin {z | |z] > 1/1}. Hence-
forward, we fix a small enough r > 0 so that such extension goes well and the statements of
Lemma 5.1 and Lemma 5.2 hold. Set

Ar={z| 1/l < |z < 1}.

By the construction, F, sla, depends continuously on 8 € B,, and hence the family (F Bla,}geB,
satisfies the assumption of Lemma 5.4. By Lemma 5.4, there exists a k-quasisymmetric
mapping sg : S' — S! for 8 € B, such that

sg o ﬁﬁ|§l o s'gl =Ry, sp(l)=1,

where k > 1 is independent of 8 and Ry(z) = e**z. By the theory of Ahlfors-Beurling, we
can extend sg as a homeomorphism §p : D — D which is an M-quasiconformal mapping
in D with sg(0) = 0, where M depends only on k, and hence M is independent of 3 (see [9,
p.2148, Lemma 3.10]). Since F Blst = F slst depends continuously on 3, one can show that
sg depends continuously on 8 € B,. Then it follows from the way of its extension that g
also depends continuously on S. For 5 € B,, we define Fj as follows:

‘_ F[g(Z) (Z € C \ D),
Fﬁ(z) T { _%1 oRyo §ﬁ(Z) (z e D).

Since Fgls = Fglsi = s5' o Ry o sp, Fp is continuous. In addition, F : C — C is locally
M-quasiconformal except at the two preimages of the two critical points of fz by pg. Thus
Fpg is an M-quasiregular mapping. By the construction, Fj satisfies the following properties:
(1) Fp(0) =0, Fg(D) = (D), and Fglg: is a critical circle map;
(2) Fpand Ry are quasiconformally conjugate on D;
(3) Fpdepends continuously on 8 € B,;
(4) The constant M is independent of 8 € B,.
Thus, we achieve the goal of Step 1.

Step 2: We construct an Fg-invariant almost complex structure on C with Beltrami coeffi-
cient ug satistying ||ugllo < &’ for some k” < 1 independent of g as follows: Let y, be the
Beltrami coefficient of §g in D. If z € Fg"(D) for some integer n > 0, then we define ug(z)
as the pullback of p, (F g(z)) by F g Otherwise, set pg(z) := 0. Since the almost complex
structure on D with Beltrami coefficient y;, is Fjg-invariant, the almost complex structure on
C with coefficient Mg is well-defined and Fg-invariant. We have [|ug|l, < k" for some kK < 1,
since Fg is holomorphic on C \ D and F ﬂ(ﬁ) = (D). Moreover, we can take k' < 1 indepen-
dent of B, since the quasiregular constant M of Fg is independent of 5. By the integrability
theorem (see [7, p.40, Theorem 1.28]), there exists a quasiconformal mapping ¢g : C-C
which solves the Beltrami equation with coefficient ug and fixes 0, 1, and co. Therefore,
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Gp ::thOFﬁOQD/;l :C—C
is meromorphic. By the construction, Gg has the only one zero 0 and the only one pole.
Thus there exist an entire function A(z) and non-zero constants b and p such that

Ga(2) = b——e"®,
i=p

We can show that A(z) is a polynomial of degree 1 as follows: When |z] is large enough,
we have

(*) #1 0 Gp(z) = fg o ha(2),

where
¢ = Lﬁlowgl, ) 2=.0ﬁ°90[§1-

Obviously, ¢; and ¢ are quasiconformal mappings. Since ¢ and ¢; !"are Holder continuous
at oo, there exist positive constants K’ > 1, Cy, and C; such that

161(2)] = CilzlE,  1¢a(2)l < Calzl®" for |2] large enough.
From this and |f3(z)| < ek’ (Iz] = ©0), there exist positive constants A and N such that

rlr}ax O < M forR >0 large enough.
z|I=R

Thus h(z) is a polynomial. In addition, the relation (x) implies that both of fz and Gg have
only one positive (or negative) sector in a punctured neighborhood of o in the sense of [27,
p-495]. Therefore, we deduce that /(z) is a polynomial of degree 1.

By the construction, we have GE(O) = ¥ and G;;( 1) = 0. Hence as in the proof of
Proposition 3.1, we obtain for some a € C \ {0, -1},
2mif z az

a+l
1 (04

Gp(2) = go(2) = e

It follows from the construction that g,(= Gg) has the Siegel disk A, = ¢g(DD) centered at
the origin. Since ||ugllo < k" for K’ < 1 independent of S, there exists a constant M; > 1
independent of 8 such that ¢z is M;-quasiconformal. Thus the boundary dA, = @g(S') is an
M -quasicircle containing exactly one critical point 1 of g,. Therefore, the argument above
completes Step 2.

Step 3: From Step 2, we can define the surgery map
S:B, - C\{0,-1}, B+ «q,

where Gg = ¢g,. In order to show that S is continuous, we claim the following assertion,
whose proof is similar to the argument in [17, p.157, Section 5] or [26, p.218, Section 11]:

Assertion. Let {8,},eny C B, be any sequence with 8, — B € B, as n — oo. Then there
exists a subsequence {8, },exi C {Bntnen such that S(B,) — S(B) as n — oo.

Proof of the assertion. By Step 2, there exist a subsequence {5, },en C {B,}seny and an
M;-quasiconformal mapping ¢ : C — C such that g — ¢ locally uniformly on C (as
n — o0). We define
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ci=goFg 0@, Gii=ggoFg o, Gei=gs 0Fs ogp.

If ¢ = ¢, then S(B],) = S(B«). The proof is completed in the case. Henceforth we suppose
that ¢ # ¢eo.

We can show that if ¢ # ¢, then ug — g with respect to the spherical measure as
follows: For a measurable set E C C, let Area(E) be the Lebesgue area of E in the spherical
metric. In addition, we define

0, = {z2€C|ug (2) — up. (2| > &},

for e > 0 and n > 1. It suffices to show that for any € > 0 and any C > 0, if n is large
enough, then Area(Q5) < C. By the definitions of ug and ug_, we obtain

(5.17) 0 C U FzAD) U U F3*(D).
k>0 k>0

Obviously, ¢ and ¢, are quasiconformally conjugate. It follows from ¢ # ¢w, §» — ¢
locally uniformly, and the argument similar to that in [26, p.201] or [17, p.157, p.158] that
for n large enough, there exist quasiconformal mappings &, : C — C such that:

(i) &, fixes 0, 1, and oo;
(ii) &, satisfies

En 06 =Gno&u;
(iii) The complex dilatations y,, of &, are uniformly bounded, and
IWnlle = 0 (n — ).
Hence we have
1,0 Fg, = Fg o1y,
where 7, 1= 90[;;’1 0 &, o . It follows from the construction that for every n > 1,
7,0) =D, 7C\D)=C\D, 7,(0)=0, T7,(e0) =00,

and the complex dilatations of quasiconformal mappings 7, are uniformly bounded. Thus
from this, the fact that the area of the Riemann sphere is finite, and the area distortion
theorem (see [3, p.37, Theorem 1.1]), we deduce that for any ¢ > 0, there exists an integer
N > 1 such that:

(5.18) Area UF;Z;(D)\ U F*D)|<s,

k>0 0<k<N

and for n large enough,

(5.19) Area

UFIZ‘(D)\ U FAD)| <6,

k>0 0<k<N

Note that every connected component of Fﬁ‘,k (D) is the image of some connected component
of F[;j(ID)) by 7,. It follows from the properties (i) and (iii) of &, that & — Idz locally
uniformly, and hence 7, — Idz locally uniformly. We have for n large enough,
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U o | Fio

0<k<N 0<k<N

(5.20) Area < 0.

From the construction, §g o F [’g‘: — 85 0oF 'g’w locally uniformly on | Jo<x<y Flge’: (D) as n — 0.
In addition, when z € Jp<i<y F[;o’:(D) and n is large enough, the complex dilatation of
S, o Fjy atzand that of $5_ o F/ at z are ug(2) and pg_ (2) respectively. It follows from this
and the construction that for n large enough,

(5.21) Area

o:n F,;j(D)]<5.

0<k<N
From (5.17)—(5.21), we obtain

Area(Q;) < 46.

Since 6 > 0 is arbitrary, we can take 46 = C. This implies that ug — g with respect to the
spherical measure.

From the argument above and [19, p.29, Theorem 4.6], we have g — g, locally uni-
formly. It follows that ¢ = ¢w. On the other hand, we assumed that ¢ # ¢w. This is a
contradiction, and hence we obtain ¢ = ¢, and S(B;,) = S(B) as n — oo. This completes
the proof of the assertion. |

The assertion implies that if 8, — B € B,, then the set {S(8,)},av is bounded and has
only one accumulation point S(8.,). It follows that S(8,) = S(B«) as n — oo, and hence S
is continuous.

Finally, we show that S(8) — -1 as § — —1. Recall that ¢z : C - Cisan M-
quasiconformal mapping fixing 0, 1, and co, where M, is independent of 3, and pg can be
extended to a K2-quasiconformal mapping of C fixing 1 and co, where K is as in Lemma
5.2. Thus

{Wp = ¢p Opgl}ﬁeg,

is uniformly Holder continuous at oo in the sense of [20, p.70] (see [20, p.70, Theorem 4.3]).
In addition, since gs) has a critical point csg) = —1/(S(B) + 1) = Y(=1/(B + 1)), it follows
from —1/(8 + 1) — oo as 8 — —1 that

-1 -1
S@)+ 1 _‘”ﬂ(ﬁ+ 1)_) *
as § — —1. This shows that S(8) — —1 as § — —1, and hence S(B,) is uncountable.

Moreover, by the construction, A, is an M;-quasicircle containing exactly one critical point
1 when a € S(B,) (see Step 2). Thus we can take

Q, := S(B,).
Therefore, we have the desired result of Main Theorem (ii). m]

ReMARK 5.5. From this construction of , and Proposition 3.2, there exists an uncount-
able set Q, such that if & € Q,, then dA, is a quasicircle containing exactly one critical point
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co. Moreover, it follows from the construction that g,(c,) & A, for a € Q;.

6. Proof of Main Theorem (iii)

In this section, we show Main Theorem (iii) by the quasiconformal surgery in Section 5.
Let f3 be as in Section 5. For 0 < r < &, we restrict S to the set

C,ri={z=-1+e%|0en-rn)U(n,n+r].
Lemma 6.1. Let B € C,, let

Dy =z |1l < 1fs(D)),

and let Ug be the connected component of fﬁ‘l(Dﬁ) which contains the origin. (Note that
Jp(0) = 0.) If r > 0 is small enough, then fsly, : Ug — Dg is univalent and Ug is simply
connected. Moreover, Ug has the following properties:

(1) dUg is a piecewise smooth Jordan curve containing exactly two critical points 1 and
cg = €m0,

(2) There exists a large enough R > 1 independent of B such that
Us CE,
where E :={z | |z < R} \{z ||z — 13l < 1/R}.
Proof. We show that dUg contains 1 and cg as follows: An easy calculation shows that
forO<x<1,
2x%(1 — cos 6)

- — . — e—2x+2xcos6) = M(x)
(x — (1 —cosB))* +sin“ 6

If3(0” = |fp(xe™ ™M) =

In addition, we have

4x(1 — cos 0)*(1 — x)(x* + (2cos 6 — Dx + 2)6
((x = (1 = cos §))? + sin® 6)2

Therefore, we have M’(x) > 0 for any 0 < x < 1. Thus Up contains

—2x+2xcos 6

M (x) =

(x]0<x< 1JU{xe™0<x<1},

and hence dUjg contains 1 and cg. From the argument in the proof of Lemma 5.1, it follows
that fly, : Ug — Dpg is univalent and dUp is a piecewise smooth Jordan curve. This shows
(1.

Since

Js z -

T a-@enup Bel G
and dDg = {z | |z| = |fs(1)|} is bounded away from O and co, which are asymptotic values
of z — €%, there exists some compact set E’ such that F,g C E’ for any 8 € C,. Moreover,
since the pole 73 — 2 and fz — f_, uniformly in a neighborhood of 7_, = 2 with respect to
the spherical metric as § — —1 + ¢ = =2, we can choose a large enough R > 0 such that
the property (2) holds if r > 0 is small enough. O
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Lemma 6.2. If r > 0 is small enough, then there exists a constant K > 1 independent of
B such that 0Upg is a K-quasicircle for any g € C,.

Proof. The proof is similar to that of Lemma 5.2. However, we have to modify the
treatment of the pole 7 and pay attention to the two critical points 1 and cg in Ug. Suppose
that » > 0 is small enough so that the statement of Lemma 6.1 holds. We need to show that
there exists a constant A > 0 independent of § € C, and two distinct points x and y in dUp
such that

Diam(/)
(6.1) 0B, x,y) = I <A,
where I and I’ are two Jordan arcs with Ug = IUI", INI" = {x,y}, and | fz(I)| < |fp(I")|, and
L is the closed straight line segment joining x and y. Let d be the Euclidean distance from
15 to the straight line segment L. Suppose that d < 1/(2R). Then the property (2) in Lemma

6.1 assures that |[L| > 1/R. Since Diam(/) < 2R, we have

-
) R _
|L]| 1/R

Henceforth, we consider the case d > 1/(2R). There exist two points b; and b, in I such
that |b; — b,| = Diam(/). In addition, there exists a connected component I of

(6.2) OB, x,y) =

{z | 3Diam(/)/10 < |z — by| < 2Diam(/)/5} N 1
with |7] > Diam(7)/10. If
{I,cgt N {z ||z = bj| < Diam(1)/5} # 0
for j = 1,2, then we define I := I. Otherwise, there exists a j = 1 or 2 such that:
{L,cg} N {z ||z = bj| < Diam(J)/5} = 0.
In this case, let  be the connected component of
{z|lz=bj| < Diam(1)/10} N 1

which contains b;. By definition, we have

(6.3) 1| > Diam(/)/10;

(6.4) |z = ¢gl > Diam(1)/10, |z — 1| > Diam(/)/10 for any z € .

As in the proof of Lemma 5.2, we can show that there exist points g € L and p € I such that
@)l

(6.5) OB, x,y) < Sm———.
TR

From the argument similar to the proof of Lemma 5.2, the property (2) in Lemma 6.1, (6.3),
(6.4), and the assumption d > 1/(2R), there exists a constant A’ > 0 independent of 3, x, and
y such that

75
7P

’

(6.6)

<
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From (6.2), (6.5), and (6.6), we can take A := max{57A’, 2R?}. |

Remark 6.3. In Lemma 6.2, we suppose that r > 0 is small enough. However, by using
the compactness of C, U {—2} and modifying the proofs in Lemma 6.1 and Lemma 6.2, one
can remove the assumption. Let

C:={z=-1+€"10€(0,n) U (x2m)},

and let Dg and Ug be as in Lemma 6.1 for 8 € C. It follows from the proof of Lemma 6.1 that
|/8(1)] = |fs(cp)l and Up contains exactly two critical points of fz for any 8 € C. However,
since f3 is not defined forg =0 = -1 + e and |/8(1)| = |fs(cp)l — 0 and the pole t3 — 0
as 8 — 0, we do not know whether there exists a constant K > 1 independent of 5 such that
0Ug is a K-quasicircle for any 8 € C or not.

Proof of Main Theorem (iii). From Lemma 6.1 and Lemma 6.2, we can apply the quasi-
conformal surgery technique in Section 5 to f3 for 8 € C,. Hence there exists a continuous

mapping
S:C,—->C\{0,-1}
such that 0A () is a quasicircle containing exactly two critical points. Note that the construc-

tion assures that we can choose the quasicircle constant of dA g independent of g € C,.
Moreover, there exist quasiconformal mappings i for 8 € C, of C fixing 1 and oo such that:

(1) {¥s)gec, is uniformly Holder continuous at 1 in the sense of [20, p.70];
(2) gsp) has two critical points 1 and

-1 -1
SO = 56) + 1 _‘”ﬁ(/ﬂ 1)‘
Since —1/(B+ 1) — 1 as 8 — —2, we have
-1

= 51 )
CS(p) 5(/3)+1_> B - -2),

and hence
SPB)— -2 B—--2).
Thus S(C,) is uncountable. We can take

Q= S(C)). O

7. Proof of Main Theorem (iv)

In this section, we give another construction of Q, and prove Main Theorem (iv). We
extend the surgery map S : C, — C\ {0, —1} in the proof of Main Theorem (iii) into the map
S : 0, = C\{0,-1}, where Q, O C, is defined as follows: For any 0 < r <, let

I, ={z=k(r)+iy | -l(r) <y < Ur)},

where k(r) and I(r) are the real part and the imaginary part of —1 + ¢ ™" € C, respectively,
and let Q, be the bounded closed domain whose boundary is
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{-2}uC,UI,.

Note that k(r) — -2 and I(r) — O as r — 0. Let Dg and Ug be as in Lemma 6.1 for
B € Q). As in the proofs of Lemma 5.1, Lemma 6.1, and Lemma 6.2, we can easily show
the following lemma:

Lemma 7.1. Let
B, := (=2,k(r)].

If r > 0 is small enough and B € B,, then Ifs(DI > |fp(cp)l holds, fgly, : Usg — Dg is
univalent, and dUpg is a piecewise smooth Jordan curve which contains exactly one critical
point 1 of fz. Moreover, there exists a constant K > 1 independent of B such that Upg is a
K-quasicircle for any B € B,.

Henceforth let O, be the interior of Q,.

Lemma 7.2. If r > 0 is small enough and B € Q,, then Jslu, = Ug — Dg is univalent and
0Ug is a piecewise smooth Jordan curve which contains exactly one critical point 1 of f.
Moreover, there exists a constant K > 1 independent of B such that Uy is a K-quasicircle

forany B € Q,.
Proof. First of all, we show that dUp contains the critical point 1 of fz as follows: Let
M(x) = | f(0),
where = 2+ X+iY € 0, forO < X <k(r)+2<2and —I(r) <Y < I(r),and 0 < x < 1.
An easy calculation shows that

M'(x) = L(x) - P(x),

where
2x(2 = X)((2 = X)? + Y2)(1 — x)eX-2+X
L(x) := ’
(2+ X+ =X)x)?+ Y31 - x)?)?

PX):=((1-XP2+Y) -+ X -DX-3)x+2-X+Y*/2-X).
Obviously, we obtain L(x) > 0. Since 0 < X < 2, we have
P(H)=X+Y*/2-X)>0.

It follows from this that if » > 0 is small enough, then P(x) > 0 for 0 < x < 1. This implies
that Ug contains (0, 1), and hence 60Uy contains the critical point 1 of f3.

Next, we show that fz : Ug — Dg is univalent and c¢g ¢ 9dUp as follows: Let § =
2+X+iYeQ,for0< X <k(r)+2<2and—I(r) <Y < I(r). Note that

(/B =1€Pl,  Ifs(cp)/Bl = e P EV /(B + 1),
Let

1 F(X,Y)

HX’Y::eﬁ— —B/(B+1) +12: -2+X L ’
( ) | | Ie /(ﬁ )| ¢ (—1+X)2+YZe

where
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Q-1+ X)-Y?
P == X

One can check that
OH(X,Y) _ 2Y
Y (-1 +X)*+Y2)3

"G Y),
where

GX,Y):=|X 12+1/2 1
O 2 4

For any fixed 0 < X < k(r) + 2, define Y(X) > 0 and 7(X) > 0 by
GX,£Y(X) =0, -2+X=xiT(X)eC,.
We have Y (X) < T(X), and hence

% <0 (-TX)<Y<-YX), 0<Y<Y(X),
OH(X,Y) _ B

7 - 0 (Y=0, £Y(X)),

0H(X,Y)

57 >0 (-YX)<Y<0, YX) <Y <TX)).

Since H(X,0) > 0 from Lemma 7.1 and H(X, =T (X)) = 0, there exists a constant W(X) €
(0, Y(X)) such that:

(7.1) HXY)>0 (-WX)<Y<0,0<Y<WX)),
(7.2) HX,Y)=0 (Y ==x=W(X)),
(7.3) HX, Y)<0 (-T(X)<Y<-WX), WX) <Y <T(X)).

By Lemma 7.1, we have ¢z ¢ 7[; and |fz(1)| > |fg(cp)| for any S € B,. Obviously, the
mappings

Br=cg B lfs(D B 1fpcp)l
are continuous. Therefore, there exist the positive values:

S*(X) := sup{L > 0| cg ¢ Ug for any 8 € I'*(L)},

S7(X):=sup{L>0]cg ¢ Fﬁ for any g € I" (L)},
where

I'(L) ={=-2+X+iYeQ,|0<Y <L)},

I'(L):={8=-2+X+iYeQ,|-L<Y <0}

Suppose that S*(X) < T(X). Then, as in the proofs of Lemma 5.1, Lemma 6.1, and Lemma
6.2, fz : Ug — Dgis univalent, and there exists a constant K’ > 1 independent of 5 such that
0Up is a K’-quasicircle for any 8 € I7(S*(X)). Let

BX) = =2 + X +iS*(X).
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It follows from the argument in the proof of Lemma 5.3 that Uy, is a (K’)*-quasicircle
and fax) : Upx) — Dpx) is univalent. Therefore, we have cgxy ¢ Upx). Since H(X,Y) <0
for W(X) <Y < T(X) from (7.3), we obtain S*(X) < W(X). Let pg € Fﬁ be the preimage of
fp(cp) by f3 for B € I'(ST(X)) U {B(X)}. Note that pg # c and pg € Ug for § € I"(S*(X)).
From the construction, we see that S*(X) = W(X) and pg — ppx) € 0Upx) as f — B(X).
Moreover, since the multiplicity of c¢g is unchanged for all 5 € Q,, it follows that PBx) #
cpx)- This implies that cg ¢ 7,3 for all 8 € I (S* (X)) U{B(X)}. This contradicts the definition
of $*(X), and hence S*(X) > T(X). Similarly, we can show that S~(X) > T(X). Since
0 < X < k(r) + 2 is arbitrary, fsly, : Ug — Dpg is univalent and dUy is a piecewise smooth
Jordan curve containing exactly one critical point of fz for any § € Q,. As in the proof
of Lemma 6.2, for some constant K > 1 independent of S, Uy is a K-quasicircle for any

BeO,. O

Remark 7.3. Let W(X) be as in the proof of Lemma 7.2. Obviously, the map
W:0,k(r)+2] =R, X WX)

is continuous. Note that W(X) — 0 as X — 0. In addition, it follows from the proof of
Lemma 7.2 that dDg contains f3(cg) and dUp does not contain cg for = =2 + X + iW(X).

It follows from Lemma 6.1, Lemma 6.2, Lemma 7.2, and the quasiconformal surgery tech-
nique in Section 5 that:

Lemma 7.4. There exists a continuous mapping
S0, —> C\{0,-1}

such that:

(1) If @ € S(C,), then 01, contains exactly two critical points;
2) Ifae S (O, U L), then d1, contains exactly one critical point 1;
3) S(-2) = -2.

ReMARK 7.5. From the construction, the three sets S(C,), S(Q, U I,), and {—2} are mutu-
ally disjoint.

Moreover, it follows from Remark 7.3, Lemma 7.4, and (7.1), (7.2), and (7.3) in the proof
of Lemma 7.2 that:

Lemma 7.6. Let S be as in Lemma 7.4. Then there exist uncountable sets 2 1, €5, and
Q, 3 in S(Q,) such that:
(1) S(0r) = Unr UQys;
2) If @ € Qy 1, then go(cy) € Ny
3) If @ € Qp, then go(cy) € 0Ay;
(4) IfCU € QZ,3! then ga(ca) ¢ A_a;
S) Qs C 692,1 N 892’3, Q3 :=S(C,) C (99.2,3.

RemMARk 7.7. Obviously, the three sets € 1, Q5, and Q; 3 are mutually disjoint. The set
S(Q,) may contain some open set.
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Proof of Main Theorem (iv). By Lemma 7.4 and Lemma 7.6, we can also take
Q= S(Qr)

Furthermore, this construction of Q, := S(Q,) shows the claim. O

8. Concluding remarks

In this paper, we deal with the one parameter family {g,}oecc\0,-1}- By Main Theorem, g,
has the Siegel disk A, (centered at the origin) bounded by a quasicircle containing critical
points for uncountably many a. However, there are many parameters « left. We ask the
following questions:

QuesTioN 2. Are A, bounded by quasicircles containing at least one critical point of g,
forall @ € C\ {0,-1}?
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