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Abstract
The purpose of this paper is to construct, following Morse homology theory, integral chain
complexes of the canonical Morse-Smale functions on the Grassmannian Gr(m,n) of m-
dimensional subspaces and the Grassmannian Gr(m,n) of oriented m-dimensional subspaces
in the real space R"™*". As an application, the homology groups of those chain complexes are
computed straightforwardly, so as to recover the singular homology groups H.(Gr(m, n); Z) and
H*(G;(2, n); Z) for any positive integers m and n.

1. Introduction

The real Grassmannian Gr(m,n) is a space that parametrizes m-dimensional subspaces
in the (m + n)-dimensional vector space R™*”, and the oriented Grassmannian E}Vr(m, n)
parametrizes oriented m-dimensional subspaces. There exists a canonical two-sheeted cov-
ering map Gr(m,n) — Gr(m,n). The purpose of this paper is to construct, by means of
Morse theory, chain complexes whose homology groups are isomorphic to the singular ho-
mology groups with coefficients in Z of those Grassmannians.

A Morse function on a Riemannian manifold is said to satisfy Morse-Smale condition if
the unstable and stable manifolds of any critical points intersect transversally. In Morse the-
ory, a chain complex, called Morse complex, is defined as a module generated by the critical
points of a Morse-Smale function with boundary operator obtained by counting the number
of the gradient trajectories connecting two critical points differing in Morse index by one. If
the coefficients are in Z, the trajectories are counted with sign which is determined by fixing
orientations of the unstable manifolds of critical points. On the other hand, a Morse-Smale
function decomposes the manifold into the unstable manifolds of critical points, inducing a
CW decomposition, which also defines a chain complex. Those two chain complexes are
isomorphic. The computation of attaching maps in CW complexes is replaced by counting
the number of gradient trajectories of the Morse function. The idea of Morse complex was
renewed by Witten in [19], and took a new turn in infinite dimension after the works by
Floer, for example in [9] and [10]. For a survey on this progress, we refer an expository
paper by Guest [11], and comprehensive books by Audin and Damian [1] and by Banyaga
and Hurtubise [2].

The (co)homology group of the real Grassmannian with coefficients in Z/2Z is similar to
that of the complex Grassmannian with coefficients in Z, whose Poincaré polynomial equals
the g-binomial coefficient. Moreover, Schubert cells in the real Grassmannian generate in-
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dependent (co)homology cycles of Z/27Z coefficient, where the ring structure is expressed by
using the Stiefel-Whitney characteristic classes. Ehresmann initiated the study on Schubert
CW structure in [8], which was combined with the study of characteristic classes by Chern
in [7], Borel in [5], Takeuchi in [18], and many others. For recent works on (co)homological
structure of real Grassmannians, see [16] , [15] and references therein, and for more at-
tempts, see also [4], [6], and [12]. On the other hand, the homology groups of the oriented
Grassmannians are still unclear, even for coefficients in Z/27Z. Progresses on the theme are
found, for example, in [3], [14] and [13].

There exists a Morse-Smale function on the real Grassmannian, which gives the same
CW structure as the Schubert cell decomposition. As the main purpose of the paper, we
investigate the Morse data of this function, namely solve the gradient flow equation, and
compute the signs of the gradient trajectories between two critical points with successive
Morse indices (Propositions 5.2 and 5.3), where the computations of the signs will be done
along with general theory of Morse complex (Definition 2.1 and Definition 4.5). Proposition
5.2 gives immediately an explicit formula of the boundary operator of the Morse complex
on Gr(m,n) (Theorem 6.1). For oriented Grassmannians a(m, n), we use the covering map
a'(m, n) — Gr(m,n), and lift the function to a Morse-Smale function on a’(m, n), and the
gradient trajectories to those in Gr(m, n). By those liftings, we obtain an explicit formula of
boundary operators of the Morse complex on ar(m, n) (Theorem 6.3). Those theorems are
applied, in a straightforward manner, to compute the integral homology groups of Gr(m, n)
for all m and n in Section 7, and those of 6;”(2, n) for all n in Section 8. Since Grassmannians
play the role of classifying spaces, it is natural and significant to study cohomology rings
from the viewpoint of characteristic classes. Nevertheless, the paper insists on calculating
the homology groups of Morse complexes independently from the theory of characteristic
classes.

2. Brief review of Morse homology theory

Let M be a closed Riemannian manifold, and f : M — R be a Morse function. If
the stable manifolds W*(x) and unstable manifolds W*(y) intersect transversally for any
critical points x and y, the function f is called a Morse-Smale function. The Morse-Smale
transversality condition and the closedness of the manifold guarantee that there exist finitely
many gradient trajectories which connect two critical points with successive Morse indices.
In order to define an integral Morse complex of a Morse-Smale function, we suppose that
arbitrary orientations are fixed on the unstable manifolds of all critical points, which also fix
co-orientations of stable manifolds. According to the orientations of unstable manifolds we
define the sign of gradient trajectories connecting two critical points with successive Morse
indices.

Dermnition 2.1. Let y be a gradient trajectory between critical points x and y with Morse
index k + 1 and k respectively, and take a transverse slice S at the midpoint y(0) in the
unstable manifold W*(x). Let {v;,--- , v} be a basis of the tangent space T)S such that
{%(O), v1,- -+, U} 1s an oriented basis of T, W*(x). We define the sign sgn(y) = 1 or —1
according to whether the order of vectors {vy,- - - , v} agrees with the co-orientation of the
stable manifold W*(y) or not.
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Denote by crit;(f) the set of all critical points of f with Morse index k, and by C(f)
the Z-module formally generated over crit;(f). Let n(x,y) denote the number of gradient
trajectories y from x to y counted with sgn(y);

n(xy) = ) sen(y),
and define a homomorphism di,; : C(f)rr1 — C(f)i by

d )= Y. nxy) ).
yecrity(f)

Theorem 2.2. Let M be a closed Riemannian manifold, and f : M — R be a Morse-
Smale function. Then the complex C(f) = (C(f)., 0.) defined above is a chain complex, and
the homology group is independent of the choice of Morse-Smale functions nor orientations
of unstable manifolds, which is isomorphic to the singular homology H.(M;Z).

For a proof, see [2, Chapter 7] for instance. The chain complex C(f) is called the Morse
complex of a Morse-Smale function f : M — R.

3. Standard Embedding of Grassmannians

Let Gr(m,n) denote the Grassmannian of m-dimensional subspaces in the (m + n)-
dimensional real vector space R”*". 1In the exterior product space A" R™", a non-zero
decomposable element v; A --- A v, corresponds to a linear subspace of R”*" spanned by
vy, - ,Um, and hence a bijective correspondence between Gr(m, n) and the set of all decom-
posable elements in the projective space P (/\" R™*") is obtained;

m

Gr(m,n) — P(/\ R’"*”) sspan{vy, -, v} [Ur A Aol

We adopt this identification, called the Pliicker embedding, throughout the paper.

3.1. The standard embedding. Let Sym(m + n; R) be the linear space of real symmetric
matrices of size m + n, which is regarded as a Euclidean space equipped with inner product
(X,Y) = trace(XY). For each linear subspace V c R™*", there exists a unique real symmetric
matrix Yy that has two eigenvalues +1 and the eigenspace V of eigenvalue 1. The embedding
@ : Gr(m,n) — Sym(m+n;R) defined by V — ®(V) = Yy is called the standard embedding.
The image ®(Gr(m, n)) is characterized by two equations, namely Y2 = I (the unit matrix)
and trace Y = m — n;

® : Gr(m,n) — {Y? = I,trace Y = m — n} C Sym(m + n; R).
The Riemannian structure on Gr(m, n) induced by @ will be fixed.
3.2. A Morse function and the gradient flow. Let A be a diagonal matrix
3.1 A = diag(dy, -+, dpsn) € Sym(m + n; R)

satisfying Ay < - -+ < A4p, and let i : Sym(m + n;R) — R be a linear function defined by
ha(X) = 2(X,A) = 2trace(XA). We will show, in Section 4.3, that the composition of the
standard embedding ® with £, is a Morse-Smale function;
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3.2) Grm, n) -2 Sym(m + n,R) 2% R.

We denote by M the image of the standard embedding of Gr(m,n). The tangent space
TyM equals {A € Sym(m+n,R); 0 = AY+YA}, and the orthogonal projection from Sym(m+
n, R) to the tangent space Ty M is given by A — (A — YAY)/2. Thus the gradient vector field
of hn : M —» Ris V,, (Y) = —A + YAY, and the gradient trajectories of hy are the solutions
of the ordinary differential equation

Y
(3.3) C;—t =V, (Y) = —=A + YAY.

3.3. The gradient trajectory. Let A € Sym(m + n,R) be a diagonal matrix as above.
Given a matrix Yy € M, define a curve t — Y(f) = —X(£)Z(t)~! by setting

(3.4) { X(t) = (exp(tA)(I — Yo) — exp(—tA)I + Yp))/2,

Z(1) = (exp(tA)I — Yy) + exp(—tA)I + Yy))/2.

Lemma 3.1. The curve Y defined above is the gradient trajectory of ha with initial value
Y(0) = Y,.

Proof. Since X(0) = —Y, and Z(0) = I, we have Y(0) = Y,. The derivatives of X and Z by
tequal X’ = AZ and Z' = AX respectively, and (Z7') = =Z"'AXZ~!. Thus we have

Y =-AZZ' + XZ7'AXZT' = A+ YAY = V), (Y).

We have the following geometric description of gradient trajectories:

Proposition 3.2. If Y () is a gradient trajectory in M = ®(Gr(m,n)), and if v is an eigen-
vector of Y(0) with eigenvalue 1, then for any t € R, exp(—tA)v remains in the eigenspace
of Y(t) of eigenvalue 1. In other words, the gradient flow brings an element V € Gr(m,n) to
exp(—tA)V.

Proof. Let X and Z be as above, and let v be an eigenvector of Y, with eigenvalue 1. Then
it holds that Zv = exp(—tA)v. The equality

(XZ'+ DZ =X +Z = exp(tA)I - Yp)
implies that (I — Y(¢))Z = exp(tA)(I — Yy). Therefore, (I — Yo)v = 0 implies
0=U-Y(®)Zv=(-Y())exp(—tA)v.

This completes the proof. O

4. Local charts and orientations of unstable manifolds

We will compute the signs of gradient trajectories in the next section. In preparation
for this, we introduce local charts at critical points V(u), and fix orientations of unstable
manifolds in the real Grassmannian Gr(m, n).
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4.1. Combinatorial view of the Morse complex. We abbreviate as [k] the set of posi-
tive integers {1, --- , k}. For positive integers m and n, denote by S(m, n) the set of strictly
increasing functions u : [m] — [m + n], which indexes coordinate m-dimensional planes
V(w) € Gr(m,n);

V) = [euay A=+ A eyamls
where {e;, -, e,4,} is the standard basis of R™*",

Lemma 4.1. Let hy : Gr(m,n) — R be the function defined in (3.2). Then the set crit(hy)
of all critical points of hp equals {V(w) ; u € S(m, n)};

crit(ha) = {V(u) 5 pu € S(m, n)}.

Proof. By Equation (3.3), V € Gr(m, n) is a critical point of &y, if and only if Yy = ®(V)
commutes with A, in which case, since A is a diagonal matrix with distinct entries, V is a
coordinate m-plane. m|

The Morse complex C(/,) is a free Z module generated by the critical point set crit(/4 ).
The boundary operator of the Morse complex concerns certain pairs of critical points, which
we describe below.

The set S(m, n) has the following partial order » : x> v if and only if u(a) > v(a) for all
a € [m]. The relation » makes the set S(m, n) a partially ordered set (poset). We say u covers
v if g > v and there is no ¢ € S(m,n) \ {, v} such that u> &> v. If u covers v, there exists a
unique @ € [m] such that
ua) -1, ifa=a,

“4.1) vV =y, Where puy(a)= ]
u(a), otherwise.

We denote by cov(u) the set of @ € [m] such that u, : [m] — [m + n] is strictly increasing;
cov(u) = {a € [m]; u, € S(m, n)}.

We define a rank function p : S(m,n) — Z by

(4.2) p) = ) (u(a) - a),
a=1

which makes S(m, n) a ranked poset. For each u € S(m, n), the Morse index Ind(V(u)) of the
critical point V(u) of the function A equals p(w);

Ind(V(u)) = p(p).

Every gradient trajectory tends to a critical point as its parameter ¢ tends to +co. Therefore
Lemma 4.1 implies that, for each gradient trajectory y(¢), there exist u and v € S(m, n) such
that

(4.3) lim y() = V(v), lim y(5) = V(w),

where u and v € S(m, n) are determined by the pivot positions of matrix representations of
v(0); for u, use a basis of y(0) in echelon form with zeroes in the upper-right corner, and for
v, with zeroes in the lower-left corner, respectively.
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Lemma 4.2. Iflim,, y(t) = V(v) and lim,_,_o, y(t) = V(u), then u>v.

Proof. For each i € [m + n], let F; ¢ R™" be the subspace spanned by {ej, - ,¢;}, and
F- be the orthogonal complement. Since the multiplication by the diagonal matrix exp(—zA)
does not move F;, the dimension dim(y(f) N F;) does not change as ¢ varies. And also, since
V(u) and V(v) are determined by the echelon matrices formed by properly chosen bases of
y(1), it holds that lim,_,_,, dim(y(¢) N F;) = dim(V(u) N F;), and lim,_,, dim(y(t) N F;*) =
dim(V(v)NF;%). If u(a) < v(a) for some index a, it holds that dim(y(1) N F ) = dim(V(u)N
Fu@) = a and dim(y() N F*) = dim(V(v) N Fy@™) = m — (a — 1). This contradicts the
fact dim y(r) = m. O

4.2. Local charts in neighborhoods of critical points. For each u € S(m, n), we use the
following index sets:
[m +nl, = [m+n]\ u(ml), E, = [m] X [m+nl,, E; ={(a,b)€E,;b<ua),
and furthermore for each a € [m],
[m+nl,, ={b € [m+nl,; b<pua)}

The cardinalities |E,| and |E)| of &, and &), are equal to mn and 2o (u(a) —a) = p(u),
respectively. We will use the lexicographic order < on the index sets E, and Z/, namely,
(a,b) < (a’,b') eitherif a < a’, orif a = a’ and b < b’. By this ordering, the vector space
RE4. for instance, is regarded as oriented.

Given u € S(m, n), the map ¢, defined by

(4.4) W { A {eﬂ(a) + > xa,be,,]

a=1 be[m+n],

(g (xu,b) e R™

is a local chart of Gr(m, n) on a neighborhood €, of V(u).

4.3. Morse-Smale transversality. By using Lemma 4.2, we verify the Morse-Smale
transversality of the function sy : Gr(m,n) — R.
Given a critical point V(u), let €, be the local chart with coordinate functions {x, ; (a, b)

—

€ E,} defined in (4.4). For another critical point V(v) with v <y, let A be the index set
consisting of (a,b) € E, satisfying either v(a) < b < u(a) or b = v(a’) for some a’ <
a with v(a) < u(a’). Then Proposition 3.2 implies that the variables x,, with (a,b) €
A parameterize the intersection W*(V(v)) N W*(V(w)) in a neighborhood € of a point in
WE(V(v)) N W*(V(u)). The cardinality of A equals p(u) — p(v). We obtain a division of E,

into three subsets, namely
By =E\NAUAUE E).

In the neighborhood €, the set of coordinate functions x,; with (a, b) € E, corresponds to
W*(V(u)), and that with (a,b) € AU (E, \ E) corresponds to the stable manifold W*(V(v)),
which implies that W*(V(u)) transversely intersects with W*(V(v)). Therefore we have
proved the following:

Corollary 4.3. The function hy : Gr(m,n) — R defined in (3.2) satisfies the Morse-Smale
transversality condition.
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4.4. Orientations of unstable manifolds. In view of Proposition 3.2, we find that the
local chart ¢, in (4.4) fits the gradient flow equation. Note that the gradient trajectories
starting at a critical point V(u) form the unstable manifold of V(u), and that those ending at
V(u) form the stable manifold.

RemARK 4.4. Let {x,;} be the local coordinate functions defined in (4.4). Then the set of
equations {x,, = 0} with (a,b) ¢ B, defines the stable manifold W*(V(w)), and a subset of
functions {x,,} with (a, b) € EZ serves as a local coordinate system of the unstable manifold
WH*(V(u)). We denote by :,l/Z the local chart on W*(V(u)) with this set of coordinate functions.

DeriniTiON 4.5. Via the local chart s the unstable manifold W*(V(u)) inherits orien-
tation from R with the lexicographic ordering of E;. The stable manifold W*(V(w)) is

regarded as co-oriented by the ordering of Z; which indexes the set of defining equations
{xap = 0} of W(V(w)).

5. The signs of the gradient trajectories

Let 4 and v = u, with a@ € cov(u) be fixed (see (4.1)). Proposition 3.2 and Lemma 4.2
together with the local charts ¢, and v, imply the following :

Lemma 5.1. Between V(u) and V(u,), there exist two gradient trajectories vy ,, which
are parametrized as follows:

Vo) = [01(0) A -+ A vy (D]

fort € R, where

l)a(l) ==+ exp(—t/lv((,))ev(a) + exp(—t/lﬂ(a))eﬂ(a),
and v,(t) = ey for a # a.

We still use notation x, for the coordinate functions of the local chart ¢ introduced in
Remark 4.4, and on the other hand write y, instead of x,; of the local chart zpﬁ. We define
a transverse slice S* of y;;, at the midpoint y;; ,(0) by the equation y, ) = 1. The local
chart ¢, restricts to a local chart y7i|s- of the slice S*. More precisely, the local coordinate
system y/4|s: : S* — R¥-1 is given by

Yuls=([vr A=+ Avm]) = (Yap)

((a,b) € EZ \ {(a, v(@))}), where the vectors v, are

Cua + Z Ya,bChs ifa # a,
b

€[m+n]jq
Vg =

£ €ya) T €u) T Z Yapep, 1ifa=a.
be[m+nlj o\ V(@)

The sign sgn(y}; ,) concerns the following three terms:

(s1) permutation of E, which moves (a, v(@)) to the first position,

dya,v(a) ()’i,,, (t))
(s2) el
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(s3) det(%), where (a,b) runs through the index set EJ, and (a’,)’) through E \
(@, v(@))).
The sign of the first term (s1) is common to y;;, and y,,,, and determined by the parity of
-1+ X9, (u(a) — a). The second (s2) is positive for y;,a and negative for Yoo
For the third (s3), note that the index sets EZ and =Y differ as follow:

(5.1 ENE ={au@);a>a), ENE ={av();azal
We compute the sign of (s3) for y,; , and y,, ,, separately.
5.1. The sign of y; ,.
Proposition 5.2. The sign of the gradient trajectory vy, , is given by
sgn(y;ﬂ) — _(_1)M+ﬂ(a)+2§,’;f(ﬂ(a)—a)'

Proof. Since exterior product A is multilinear and alternative, we have, for (a, b) € =,

~Yav(a)s ifa+1<aandbd = u(a),
Xabp = Yab — Ya.bYav(a)s ifa+1<aandb < V(a/) - la
Yabs for the remaining (a, b) € Z¥.

With respect to lexicographic ordering of the index sets =Y and B, \ {a, v(a)}, the Jacobi

a(xa,b)

2 /b')) at v, ,(0) is diagonal, and the number of —1 on the diagonal equals m — a.

O

matrix (

5.2. Thesignof v, ,.
Proposition 5.3. The sign of the gradient trajectory vy, , is given by

sgN(Y,,) = —(=1) ol (w@-a)

Proof. At the midpoint y, ,(0), we have, for (a, b) € E,

—Ya.bs ifa=aand b < v(a) -1,

Yap + YapYar)» fa+1<aandb <v(a)-1,
I e ifa+1<aandb = p(),

Yabs for the remaining (a, b) € Z!.

The number of —1 on the diagonal of the Jacobi matrix at y~(0) is equal to (u(a) — 1) — 1 —
(a—-1)=pl@)—a-1. O

6. Boundary operators of the Morse complexes

For the real Grassmannians, the coefficients of the boundary operator of the Morse com-
plex of hp : Gr(m,n) — R are obtained immediately from Propositions 5.2 and 5.3. The
Morse complex for the oriented Grassmannians a(m, n) is constructed via the canonical
double covering map Gr(m,n) — Gr(m,n). The signs of gradient trajectories in Gr(m,n)
are determined by lifting orientations of unstable manifolds in Gr(m, n) to unstable mani-
folds in Gr(m, n).
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6.1. Real Grassmannians. We continue to use notations in Section 4.1. Denote by
S(m,n; k) the set of u € S(m,n) with p(u) = k. The k-dimensional chain group C(h)x
of the Morse complex C(hy) is generated by (V(u)) with u € S(m, n; k);

Cha= P Zvwy).
peS(m,n;k)

Theorem 6.1. The boundary operator 0, of the Morse complex C(hy) on the real Grass-
mannian Gr(m,n) is given by

F(V)y == D (=1EEEOD (] g (~1)"HO) (Vi(y,))
aecov(u)
Proof. For a pair of critical points V(u) and V(u,), there exist two gradient trajectories y;; ,

between them (see Lemma 5.1). Their signs sgn(y;,a) and sgn(ylj,a) are given in Propositions
5.2 and 5.3. The sum sgn(y;’a) + sgn(y;’a) is the coefficient of (V(u,)) in 0y (V(u)). m|

6.2. Oriented Grassmannians. Let R, be the set of positive real numbers. The oriented
Grassmannian a'(m, n) is identified with the set of decomposable elements [v] A - -+ A vy, ]
in the sphere (A" R™"\ {0}) /R,. Letx : a;(m, n) — Gr(m,n) be the canonical two-
sheeted covering. Consider the Riemannian structure on Gr(m,n) induced by m from
Gr(m,n). Since h, is a Morse-Smale function, so is A}ZA =hporm: a"(m, n) - R.

For each u € S(m, n), let V(u)* be the oriented subspace of R”*" defined by an ordered
set of vectors {e,(1), " , €um-1)> T€u(m}. Then the critical point set of ZA 18

crit(ha) = ' (crit(hy)) = (VW) ; u € S(m, n), € € {+,—}}.

The unstable manifold of a critical point V(u)* is homeomorphically mapped through x
to that of the critical point V(u) = n(V(u)*). We adopt the orientations of the unstable
manifolds of V(u)* so that the map n restricted to the unstable manifolds is orientation
preserving. The Morse complex of hy is denoted by C (hp).

6.2.1. Lifts of the gradient trajectories. For each u € S(m,n) and a € cov(u), we have
the following four gradient trajectories 72’,‘(5, in Gr(m,n) with g, 6 € {+, -}

(6.1) Voo = [01(0) A=+ Avou(D)],

where
Ua(t) = ECXp(—Z‘/ly(a)_l)eﬂ(a)_l + 66Xp(—l‘/lﬂ(a))€ﬂ(a),

and v,(1) = e, for a # a. It holds that n(’iﬁjﬂ) = yﬁ‘i, (see Lemma 5.1). The relation
between the signs of 372‘(5, and yﬁfa is as follows (cf. Figure 1):

Lemma 6.2. sgn()“/ﬁj‘s) = sgn(yﬁfsa) forany € and § € {+, —}.

Proof. The projection x restricts to a homeomorphism between neighborhoods of 378#:‘; and
yﬁfa which preserves the (co)orientations of the stable and unstable manifolds of their end
points. Hence we have the equality sgn(fﬁ’f,) = sgn(y;j‘il). |

6.2.2. The Boundary operator. The proof of the following theorem is immediate from
Propositions 5.2, 5.3 and Lemma 6.2.
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Vi V)™ Vi)™ A V(pa)
Fig.1. Projections of gradient trajectories.

Theorem 6.3. The boundary operator 9, of the Morse complex C(hp)s on the oriented
Grassmannian Gr(m,n) is given by

T VY == D (=1)Ze O (1Y (Vi1 )®) + (V(pa) ™).

aecov(u)

7. Homology groups of the real Grassmannians Gr(m, n)

We apply Theorem 6.1 to prove that the homology group H.(Gr(m,n);Z) has torsions
only in Z/27Z, and thus is a direct sum of (Z/2Z)’s and Z’s; H,(Gr(m, n); Z) = (Z/2Z)"® &
7ZP® (see Proposition 7.3). The generating functions A(q) = Y, a(k)q* and B(q) = 3, b(k)g~
will be given explicitly in Propositions 7.4 and 7.6, respectively.

7.1. g-binomial coefficient. Since u € S(m, n) is strictly increasing, the sequence {u(m) —
m,--- ,u(1) — 1} is non-increasing and gives a partition of p(u). The set S(m, n) is in one-
to-one correspondence with the set of partitions of numbers with largest part at most n and
with at most m parts.

The subsets S(m, n; k) = p~' (k) € S(m, n) are enumerated via the g-binomial coefficients
m+n ] el g

q

m - k=0 l_qm—k >

mn

Lemma7.l. > |S(m,n;k)lg" =
k=0

m+n

For a proof, see Stanley [17].

7.2. Torsions in H,(Gr(m,n);Z). The following was shown by Ehresmann in [8]. We
will give a more precise description of the torsion group of Hy(Gr(m,n);Z) in Proposition
7.3:

Proposition 7.2. The torsion coefficients of H,(Gr(m,n);Z) equal 2.

We draw the Hasse diagram of the poset S(im, n) in the Euclidean space R™ as follows: let
A(m, n) be the subset of the integral point set Z” C R” defined by

A(man):{(/ll""’ﬂm)ezm;lsﬂl <<“msm+n}

Through the canonical identification between S(m, n) and A(m, n), the arrow running from
u € S(m,n) to u, is a segment which is of length 1, and parallel to the a-th coordinate axis
of R™,
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By Theorem 6.1, the coefficient n(u, @) = (—1)Z=1 4@~ (1 + (=1y"*H@) of (V(u,)) in
the boundary 9(V(w)) is equal to 0, or +2. The vanishing of n(u, @) is equivalent to the
condition that there exists an integer j such that

1
ﬂa(a/)+m<2j+§</.1(a)+m.

The inequalities are equivalent to

(_ 1 )m
2

For each u € A(m, n), denote by X(u) the set of pairs (a, j) € [m] X Z satisfying the inequal-

ities

fa(@) < 2L§J + < (@)

(1" "

</1(a)<2j+(_

ula—-1)<2(j-1)+ < u(a+1).
Define the collection H,, of affine hyperplanes in R by
—1ym
(7.1) {(xla'--,xm)eR’";xFZﬂ( 2) }

for i € [m], j € Z, so that the arrow from u to u, in A(m, n) crosses a hyperplane in H,,, if
and only if u(a) and m have opposite parities, namely if and only if n(u, @) = 0 (see Theorem
6.1).

We obtain sub-diagrams A; (i € I) of A(m, n) by removing the arrows that cross a hyper-
plane in H,,; U;e; Ai = A(m,n). Since each A; is surrounded by hyperplanes in H,,, any
two vertices p and y’ € A; have the same index set X(u) = X(u’). Thus a set X; C [m] is
determined by

X; ={a; (a, j) € X(u) for some jand u € A;}.

The sub-diagram A; can be identified with the Hasse diagram of the Boolean poset defined
over the set X;, and has a unique element g, such that p(u . ) > p(u) for any u € A;.

Each sub-diagram A; corresponds to a sub-poset S; of S(m, n). The decomposition of the
poset S(m, n) into S;’s induces a direct sum decomposition of the chain complex C(hy) =
@i C;, and a decomposition of the homology group H.(C(hp);Z) = @i H.(C;;Z).

Proposition 7.3. If X; = 0, then H,(C;; Z) = Z. If X; # 0, then H.(C;; Z) equals

( _\X,'\*l )
Hi(Ci; Z) = (Z]2Z) a1

for k with p(,uinax) —-1Xi| <k < p(,ufnax) — 1, and Hy(C;; Z) = {0} for k not in this range. Thus
we have

(7.2) H(Gr(m,n);Z) = (Z/2Z)*© @ 7!®
Proof. If X; = 0, then S; = {u! .}, and hence H.(C;;Z) = Z.
If |X;| = 1, the complex C; is, up to a shift of dimension, isomorphic to

0 —z- 72 (0,

and the proposition holds.
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Suppose that [X;| > 2. Let @ = max X;. Define the sub-posets S by

S; =8N ik € ;5 (@) = (@),

S; = Sin (i€ Sis p@) = tpag(@) = 1),
and restrict the boundary operators d to them to obtain chain complexes C(SF,d). Let
fe 1 C(SF,0) — C(S;,0) be the chain map defined by fi(x) = 2e(—1)*x. Then for a suit-
able choice of € = +1 depending on cov(u! ) the (homological) mapping cone of f, is
isomorphic to C(S;, ). In other words, we have a commutative diagram

C(S;,0) : . c O e Gy e

\\\

C(S7,9) : - Crpi

3k+1

where C(S},0) and C(S;, ) are isomorphic up to a shift of degree 1, and C(f.)x = C(S}, 01
® C(S;,0) = C(S;, 0)r. We have an exact sequence

-+ = ker(fi—1) = Hi(C(f.)) — coker(fi) — --- .

Since f} are homotheties, we have ker( f;) = {0}, and the coefficients of 9 are +2, coker(f,) =
C(S;,0) ® (Z/2Z) has trivial boundary operators. This completes the proof. |

7.3. Rank of H;(Gr(m,n);Z). By Proposition 7.3, we have a decomposition of the inte-
gral homology group Hy(Gr(m,n);Z) = (Z/2Z)*® @ Z"® with some nonnegative integers
a(k) and b(k) for k = 0,--- ,mn. The generating function B(q) = ;" b(k)q is the Z-
Poincaré polynomial of Gr(m, n).

Proposition 7.4. The Z-Poincaré polynomial B(q) of Gr(m,n) is given by

[ LGm +n)/2] ]
Lm/2] .

if mn is even,

B(q) =
(m+n)/2-1

m+n—1
(I+gq )[ (m—1)/2

] , Ifmnis odd,
q4

Proof. In view of Proposition 7.3, it suffices to find all the sub-poset S; with X; = 0,
namely those S; with a single vertex ui, and no arrows. Such u = g is characterized
according to the parities of m and n as follows:

(1) if mis even, then u(2i — 1) + 1 = u(2i), and p(2i) is even for eachi = 1,--- , 3,

(2) if mis odd, and n is even, then u(1) = 1, and w(2i) + 1 = w(2i + 1), and /1(21 +1)1is

odd foreachi=1,---, 21,
(3) if m and n are odd, there are two cases:
(1) (1) =1,and u2i)+1 = p(2i+ 1), and u(2i+ 1) is odd foreachi =1, - - -, 2 ,

. om=1
’ 2 ’

Let an element u € S(m, n) be depicted by an m X (m + n)-grid with bullets in the entries
(a, u(a)) for all a € [m]. In order to count the number of u of the above types, we reduce the
grid size by treating 2 X 2-blocks as a unit square, and apply Lemma 7.1.

(1) u(m) = m+n,and u(2i—1)+1 = u(2i), and u(2i) is odd foreachi = 1, -
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Figure 2 shows an example of u € S44 of type (1) in the above list, where a 4 x (4 +4)-grid
is used and bullets are in entries (a, u(a)) = (1, 1), (2, 2), (3, 5), (4, 6), from the upper left to
the lower right. In this example, since m is even, vertical heavy lines, which correspond
to the hyperplane correction H,, defined in (7.1), are drawn on the right of even-numbered
columns, so that a 2 x 2-block that contains a pair of successive bullets at (2i — 1, u(2i — 1))
and (21, u(2i)) lies between heavy lines, and reduces to a unit of the 2 x 4 grid in the right of
Figure 2. Lemma 7.1 is applied to the reduced grid to count the number of S;’s with X; = 0.
The term ¢* appeared along with this reduction. |

[ ] . :> O -

Fig.2. Reduction of grid size.

7.4. Integral homology group. In order to calculate a(k)’s in (7.2), we mention the fol-
lowing:

Proposition 7.5. For each integer k, let c(k) be the Z/2Z-dimension of the homology
group Hi(Gr(m,n);Z/2Z). Then the generating function C(q) = X", c(k)qk, namely the
Z]2Z-Poincaré polynomial of Gr(m,n) is given by the q-binomial coefficient;

m+n

cao=|""

q

Proof. By Theorem 6.1, the coefficients of the boundary operators of the Morse complex
are +2 or 0. Hence the Morse complex C(S(m, n), d) ® (Z/27Z) with coefficients in Z/27Z has
trivial boundary operators. The degree of each chain (V(u)) with u € S(m, n) equals the rank
p(u). Therefore the Z/27Z-Poincaré polynomial of Gr(m,n) coincides with the g-binomial
coefficient. O

Proposition 7.6. The generating function A(q) of the ranks a(k) of the torsion subgroups
of H.(Gr(m,n);Z) is given by

L( m+n _[ Lom +m)/2] ] ] if mn is even
I+q m Lm/21 |,
Ag) =
ﬁ ( m’;: " - (1 + g™ (nz’;: i){)z/; ! ] ], if mn is odd
q q*

Proof. Let {b(k)} and {c(k)} be the sequences given in Propositions 7.4 and 7.5. Since
the homology group H.(Gr(m, n); Z) satisfies (7.2), the universal coefficient theorem asserts
that

c(k) = alk — 1) + a(k) + b(k)

holds for each k. In other words, the generating functions A(g) = };7, a(k)q*, B(g) =
Yo bk, Clg) = Tt c(k)g" satisty



160 T. Ozawa

C(g) = (1 + 9A(q) + B(q).

The formulas in Propositions 7.4 and 7.5 are combined to complete the proof. |

8. The homology group of the oriented 2-plane Grassmannian

We compute the homology group H. (Gr(2,n);Z) via the Morse complex C (ZA) obtained
in Theorem 6.3.
For each u € S(2,n) andf e {+, -}, we write V(u(1),u(2))? in place of V(u)®*. The
k-dimensional chain group C(h, )y is generated by (V(i, j)?) with € = + and
(Lk+2),- (5] +L[51+2) if k < n,
@ )) =
(k—n+1n+2), 51+ 1,151+2) ifn<k
Theorem 6.3 asserts that the boundary of a chain (V(i, j)?) is
(8.1) AV, )y == (=D (VGE— 1, )y = (Vi — 1, )™)
+(=D"V@, j = D7)+ (=D(VGE = D7),
where the terms with i — 1 = 0 or i = j — 1 should be omitted.
We first compute the homology group H,(Gr(2,n);Z) of middle dimension in the cases
n is even or odd, separately, and then compare H,(Gr(2,n + 1);Z) with H,(Gr(2,n);Z) as

an inductive step. Finally Poincaré duality is applied to obtain the ranks of H(Gr(2,n);Z)
with n < k < 2n.

8.1. H,(Gr(2,n); Z) with n = 2k even. Applying Formula (8.1) to compute the boundary
of a chain
k+1

=) (VG 2k +3 =)+ 5 (V(i, 2k +3 - i)))

i=1
in C (ﬁ,\)gk, we get a list of independent equations of kergzk ;

(8.2) 0=—x;+ (=Dyi + (D%t —yis1 (=1, k).
Leté: C (ZA)Zk — 72 bea homomorphism defined by

k+1

Z ('xi <V(l’ 2k + 3 - l)+> + Yi <V(l’ 2k + 3 - l)7>) = (yh s Yk xk+1,l/k+l)-
i=1

Then the restriction of £ to ker d is bijective.
On the other hand, it holds that

OV(i+1,2k+3 =)y = =(=1)0(V(i + 1,2k +3 = i)").
Let c; € C(hpa)o (i = 1,--- ,k + 2) be chains defined by
(8.3) c=dVi+1,2%k+3-0)", (=1, .k
a1 = (1,=1,=1,1--) € Clhp)y = 222,
2 = (1,=1,0,- -+ ,0) € C(hp)y = 222,
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From Equation (8.2), it follows that ¢, ; and ¢, are independent cycles, and that the images
&(c;) € ZF? of those cycles ¢; with i = 1,---  k + 2 form a unimodular matrix. Thus the
homology group Hy(Gr(2,2k); Z) is generated by the cycles ¢.; and ¢j42, and isomorphic
to Z2.

8.2. Hn((N};(Z, n); Z) with n = 2k+1 odd. Now we consider the case n = 2k + 1. By using
(8.1), we compute the boundary of a chain

k+1

= (Vi 2k +4 =)+ 5 (VG 2k +4—i))),
i=1

and get a list of equations of the kernel ker52k+1 cC (EA)Z/M =~ 7%+2 that is,
(8.4) O=xi+(-Diy;, G=1,--,k+1).

Let &€ : Clhp)os1 — ZF! be a homomorphism defined by &(c) = (y1,--- ,y+1). The
restriction of & to Ele kernel ker 0y is an isomorphism. By a simple computation, we find
that the images £ (9.2 ((V(i, 2k + 5 = i)*))) in Z**! with i = 1,-+- ,k+ 1 form a unimodular

matrix, which implies that Hyy41 (6;7(2, 2k + 1); Z) = {0}.
8.3. Inductive step. Let C.(n) denote the Morse complexes of hp 2 Gr(2,n) —> R. By

comparing the Hasse diagrams of the posets S(2,n) and S(2,n + 1), it is clear that the chain
complexes C,(n) and Cy(n + 1) in dimension g < n are isomorphic;

B,(n
Cn+1) e, (1)

1%
1%

gq(”)
Cq(n)

Cy-1(n)

(g = 1,--- ,n), and hence that the homology groups Hq(a;(Z, n)) and Hq(gr(Z,n + 1)) are
isomorphic forg =0,--- ,n— 1.

In the case n is odd, we have shown that Hn(gr(2, n);Z) = {0}. Since C,y1(n+ 1) D
C,.1(n), it holds that

MO, (n+ 1) D Imd,(n + 1) = kerd,(n + 1) = ker 0,1 (n + 1),

where C,(n + 1) and C,(n) are naturally identified. This implies that Hn(a;(2, n+1);7Z) also
vanishes.

If n is even, the homology group H(Gr(2,n);Z) = 72 is generated by two cycles ¢, and
cr+2 of C,(n) as described in (8.3). In the chain complex C,(n+1), the boundary 5(Cn+1(n+ 1))
is the same as 5(Cn(n + 1)) except the images 5,,+1 (V(1,n + 2)*), which equals —cy;,. This
implies that H”(a;"(2, n+ 1);Z) = Z. We complete the induction step.

We obtain the following:

Proposition 8.1. Let n be a positive integer, and let q be nonnegative and less than or
equal to 2n = dim Gr(2, n). Then it holds that
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Z, if q is even and q *+ n,
(8.5) Hq(FG\;(Z, n),Z) =4 72, if nis even and q = n,
{0}, otherwise.

Proof. In the case n = 1, the formula is trivial, since 5;(2, 1) = S2. In the case n > 1,
we have shown the formula holds for ¢ < n by induction. We complete the proof by the
Poincaré duality. |
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