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Abstract
In this paper, we will show that if the sectional curvature of a Hadamard manifold M is pinched
by two negative constants, then M-valued jump-diffusion process {X; ;0 < r < e} satisfying
suitable conditions on the Lévy measure is irreducible, transient and conservative. In order to
show such properties of paths, we need the upper and lower estimates of the radial part of the
jump-diffusion process.

1. Introduction

It is a classical task to construct Markov processes in various spaces and to study their
long time behavior. In this paper, we study the jump-diffusion process whose infinitesimal
generator is similar to that of Lévy processes. There are previous studies about the con-
struction of such processes: Hunt [8] studied the Lévy process on Lie groups in terms of
the semigroup and its corresponding generator. Elles-Elworthy-Malliavin constructed the
Brownian motion on manifolds by projecting the solution of the certain stochastic differen-
tial equation in the orthonormal frame bundle onto the base space. Later, Applebaum [2], [3]
extended such method to the case of the jump-diffusion process on Riemannian manifolds.
Remark that an integral curve on a homogeneous space with a two-sided invariant metric is
a geodesic. Therefore, the exponential map as the Lie group coincides with that as the Rie-
mannian manifold. From this fact, the jump-diffusion process constructed by Applebaum
[2], [3] coincides with the one constructed by Hunt [8].

This paper deals with irreducibility, recurrence, transience, and conservativeness as the
long time behavior. Lévy processes, a kind of Markov processes on Euclidean space, are ir-
reducible and conservative. Previous works about long time behavior of the jump-diffusion
process are as follows: Recurrence and transience of the Lévy process on Euclidian space
are characterized by Chung-Fuchs [4] in terms of the characteristic functions. Applebaum
[1] studied some properties of the process on symmetric spaces through the Fourier trans-
forms. He found an analogy with the Chung-Fuchs result [4] on Lévy processes on Eu-
clidean space. On the other hand, Ichihara [9], [10] showed that recurrence, transience, and
conservativeness of the Brownian motion on general manifolds can be investigated by eval-
uating its radial part. Grigor’yan-Huang-Masamune [6] and Masamune-Uemura-Wang [15]
studied the long time behavior of symmetric jump-diffusion processes on Riemannian man-
ifolds via Dirichlet forms. These works reveal that the symmetric jump-diffusion process is
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conservative if the volume of the geodesic ball satisfies a certain growth rate. If the sectional
curvature is bounded from below by a negative constant, then the volume of the geodesic
ball satisfies the growth rate described in [15]. Therefore, our work is regarded as a kind
of criterion of the conservativeness of the jump-diffusion process that cannot guarantee a
symmetric Markov process. More details are presented at the end of this paper.

In this paper, the properties of paths are studied by evaluating the radial part of the jump-
diffusion process. Such method clearly shows how the curvature of the manifold affects
their paths, and that the jump-diffusion process on the simply connected Riemannian man-
ifold whose sectional curvature is pinched by negative constants is irreducible, transient,
and conservative. Since the sectional curvature of a homogenous space is pinched by two
constants, the results of this paper can be applied to the jump-diffusion process on homoge-
neous spaces as well. This is a kind of extension of Ichihara’s works [9], [10] on the global
properties of the Brownian motion on manifolds.

The organization of this paper is as follows: In Section 2, we will prepare for the dif-
ferential geometry and the probabilistic setting. See Sakai [14] for the differential geome-
try, and Kai-Takeuchi [11] and Hsu [7] for the probabilistic setting. We will construct the
jump-diffusion process by projecting the solution of the Marcus-type stochastic differential
equation. By Applebaum-Estrade [2], the rotational invariance of the Lévy measure enables
us to see that the jump-diffusion process is Markovian, and that the generator of the jump-
diffusion process on the manifold is well-defined. Irreducibility, recurrence, transience and
conservativeness are defined by the first hitting time, the last exit time and the explosion
time, respectively. In Section 3, we summarize the main results obtained in this paper. The
conditions under which the jump-diffusion process is irreducible, transient, and conserva-
tive are mentioned. In Section 4, we shall provide the proofs for each claims. First, we shall
prove the irreducibility of the jump-diffusion process. Our strategy to attack this problem is
a functional analysis approach. Next, we shall prove transience. The lower estimate of the
radial part is helpful since it indicates that the jump-diffusion process diverges to infinity at
the rate stronger than its randomness. Since our target manifold is non-compact, it is enough
to check that the radial part of the jump-diffusion process diverges to infinity. Finally, we
shall prove the conservativeness of the jump-diffusion process. To prove this, we shall study
the property of the explosion time, and prove that there exists the upper estimate of the radial
part of the jump-diffusion process which shows that it does not diverge rapidly to infinity.
The comparison theorem of the Hessian will play an important role to find the nice estimates
of the radial part of the jump-diffusion process.

The results of this paper are argued for both the pure-jump process and the jump-diffusion
process. Therefore, the discussion will be divided into the cases of each process.

2. Preliminaries

We first prepare the notions from the differential geometry that we will use throughout
this paper. The setting of this paper is based on Kai-Takeuchi [11]. Let (M, g) be a complete,
orientable, connected and smooth Riemannian manifold of dimension m (> 2), and V the
Levi-Civita connection. The one-point compactification of the manifold M by an infinite-
point dy, is written as M=MuU {0m}. Denote the bundle of orthonormal frames by O(M),
and let
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n:0M)—> M

be the canonical projection. For u € O(M), we write u = ((VD)zus---»>Um)ru), Where
{(v)nu; 1 < i < mj}isan orthonormal basis for 7, M. From now on, we will regard u € O(M)
as a linear operator from R™ to T, M through the following action

m
R"23z uz = ZZZ(UI')HM € TruM.
i=1

Denote by Hz(u) the horizontal lift of uz. Now, for given z € R™, the horizontal vector field
on O(M) is given by

OM) > uw Hz(u) € T,OM).
When {e;; 1 <i < m} is the standard orthonormal basis on R™, the family
{H,' =He,-; i = 1,...,m}

of the horizontal vector fields is called fundamental. For any z € R™, the horizontal vector
field Hz has the following property

Hz(f o m)(u) = (uz) f(mu),
where f € C*(M). Here C*(M) denotes the space of smooth functions on M. Write
RE = R™\{0}. For z € Rfj and u € O(M), let {E{(u); —co < 5 < oo} be the unique solution to
the ordinary differential equation on O(M) of the form:

d
a:ﬁ(u) = Hz(E{(w), Ej=u.

Remark that for given z € R{, the curve {nE{(u); —o0 < s < oo} is a geodesic. See
Kobayashi-Nomizu [12]. Denote the exponential map at x € M by exp,, and so we have

25 (1) = exp,,(suz), —oo < s < oo.

Let dist(-,-) : M X M — [0, o) be the distance function on M induced by the Riemannian
metric g. Denote the inner product and the norm on 7 M by (:,-)y = g.(-,-) and | - |, =
RODRER respectively. Notice that if u € O(M), then

(Z1,22)pu = <M_IZI s u_122>
holds for all Z,, Z, € T, M. Here (-, -) is the inner product on R”. Remark that
dist(x, exp,Z) = |Z],

holds for all Z € T, M within the cut-locus of x € M.
Let (Q, F,P) be a probability space, and let v be a Lévy measure over Rg’, that is, v(dz)
satisfies

(2> A D(dz) < .
Ry

Here, we shall summarize conditions for the measure v(dz) used throughout this paper.

AssumpTioN 1. The measure v(dz) is rotationally invariant.
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AssumptioN 2. The measure v(dz) is absolutely continuous with respect to the Lebesgue
measure on R{, and its Radon-Nikodym derivative

v(dz)
dz

h(z) =
is continuous and strictly positive.

AssumpTioN 3. The measure v(dz) satisfies that

f 121*v(dz) < oo.
2> 1

Assumption 3 is not necessary to construct a jump-diffusion process on M. This Assump-
tion is necessary to justify Lemma 4.

Remark 1. If the measure v(dz) satisfies Assumptions 1 and 2, then the function
v(dz)
dz

is also rotationally invariant. Thus, /4(z) depends only on |z|, which can be expressed by

h(|z)).

h(z) =

Let B ={B; = (Bll, ...,B™"); t > 0} be an m-dimensional Brownian motion on (€2, 7, P).
A Poisson random measure and its compensated Poisson random measure over R{j' X [0, c0)
with intensity measure 7i(dz, ds) = v(dz)ds are given by N(dz,ds) and ﬁ(dz, ds), respec-
tively.

Now, let us introduce the Marcus-type stochastic differential equation on O(M) of the
form:

(2.1) dU, = 0'2 H(U,-)odB,+n f (E5(U) - U-)N(dz, ds)

i=1 lzI<1
+ K f (Bi(U-) - U-)N(dz. ds),
lz]>1

where odB; (i = 1,...,m)is the Stratonovich stochastic integral, and o, 7 and « are constants
in {0, 1}. A stochastic process

{Us 0<t<e}

is called the solution to the stochastic differential equation (2.1), if for any F € C*(O(M))
with a compact support,

F(U)-F(Up) = H;F(U,_) o dB',
Ry =), [ mrwe
+7 f f (F o Zj(U,-) - F(U,-))N(dz. ds)
0 Jz7<1

+ K f f (F o E(U,-) - F(U,))N(dz. ds)
0 Jlz>1
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] f f (F o Ej(Us) = F(U-) = (HzF) U, (dz)ds
0 Jz<1

holds for all # > 0, where e is an explosion time. This stochastic differential equation has the
strong unique cadlag solution up to the explosion time. See Kunita [13, Theorem 7.1.1] for
details. Define

(2.2) (X, =nU;; 0<t<e},
and let us consider
X[ = aM
for all # > e. Denote the filtrations generated by {U;; 0 < 7 < e} and {X;; 0 < t < oo} by
FU ={FVU; 0 <t <oo}and F¥ = {F)X; 0 <t < oo} respectively.
In this paper, we consider the following five cases.
e (0,n,k) = (0, 1,0); the pure jump process without large jumps.
e (0,1n,k) = (0,1, 1); the pure jump process.
e (0,1,k) = (1,1, 0); the jump-diffusion process without large jumps.
o (0,1,k) = (1,1, 1); the jump-diffusion process.
e (0,1,k) = (1,0,0); the Brownian motion.
Let us denote the family of probability measures {P,[ - |; u € O(M)} by

Pul - 1=P[-| Uy = ul.

Denote the space of bounded measurable functions on O(M) by M, (O(M)). The semigroup
{S;; 0 <t < oo} on My(O(M)) is given by

SiF(u) = B [F(Up)1j<e]-
We shall define the linear operator { on C;°(O(M)) by

HF(u) = 0'% Zl H?F(u) + 1 f (F o Ei(w) - F(u) - (H2)F (u))v(dz)

lzI<1

+K f (F o Zu) - F(w))v(d2)
|z>1

for F' € C2(O(M)), where C°(O(M)) is the space of smooth functions on O(M) with a
compact support. Remark that if {U;; 0 <t < e} is a Feller process, then H is the expression
on C2(O(M)) of the infinitesimal generator of {U;; 0 <t < e}.

REMARK 2. Let
{U; 0<t<e}

be the stochastic process determined by (2.1). In general, the M-valued process {X;, =
nUy; 0 <t < e} is not always Markov process because the law of 7U, depends on the
choice of the frame of the initial point Xy = x € M. Suppose that the Lévy measure v(dz)
satisfies the condition of Assumption 1. Then, the law of 7U; is independent of the choice
of the frame of the initial point, and the stochastic process
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{X; =nU;; 0<t<e}

is Markov process. See Applebaum-Estrade [2] and Kai-Takeuchi [11] for details.

Moreover, {X;; 0 <t < e} has the strong Markov property with respect to the filtration
FX. This can be seen from the following discussion: Let 7 be a FX-stopping time. The
stopping time 7 is also FY-stopping time because FX < FV holds for all # > 0. Since
{U;; 0 <t < e} is the strong unique solution to the stochastic differential equation (2.1),
{U;; 0 <t < e} has the strong Markov property with respect to Y. For any nonnegative
f € M(M), the strong Markov property implies

E[f(Xis)IFX] = EI(f o 1)(Upo)[FF] = By, [(f 0 m)(U))] = By, [£(X)].

Since the law of X, is independent of the choice of the initial frame, it holds that

Ey, [(f o m)(Un] = Ex, [f(X)].

Thus, we see that

Elf(Xu)IFX] = Ex [F(X)],

which implies that {X,; 0 <t < e} is the strong Markov process.

Next, we shall study the generator of the stochastic process
{thﬂ'Ut; 0St<e}

on M under Assumption 1. Let {T;; 0 < ¢ < oo} be the family of the linear operators on
M, (M) given by

T f(x) = Ex[f(X)1ji<ey]-

If we define f(0),) = 0 and extend the domain of the function f on M to M, then we get

T, f(x) = Ex[f(X)].

From now on, any functions on M will be extended to M in such a way. Since {X;; 0 <
t < e} is Markovian under Assumption 1, the family of linear operators {7;; 0 < ¢ < oo}
is a semigroup. Since the orthonormal frame bundle O(M) has the orthogonal group as its
structural group, which is compact, we have f o 7 € C°(O(M)) for any f € C°(M). Thus,
for f € C°(M), we have

Si(f o m)(u) = Eu[(f o m)(Uy)]

and

1
H(f om)(u) = O'EAMf(ﬂ'M) + nf (f o exp,,uz — f(mu) — (Vf(nu), uz),m)v(dz)

lzI<1

+ Kf (f 0 exp,, Uz — f(mt))v(dz).
R!

m
0

Define the measure on T,,M as v o u~!, which is independent of the choice of the frame

u € n~'({x}) under Assumption 1. So, we can write v, = v o ™!, where u is any frame of
7~ '({x}). Moreover, we define the linear operator L on CX (M) by
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1
Lf(x) = O'EAMJC(X) + Tlf (f oexp,Z — f(x) - <Vf(x)’Z>x)1{|Z|XS1}Vx(dZ)

T. Mo
+ Kf (f °oexp,Z - f(x))1{|Z|x>l}Vx(dZ)
T:My

where T\ My = T, M\{0}. The jump-diffusion process related to the (infinitesimal) generator
L is studied in [2].

Now, let us introduce some properties of the paths of a Markov process on M. Let D
be the family of relatively compact and non-empty open domains on M. For given D € D,
define the first hitting time of {X;; 0 <t < e} to the set D by

Tp =inf{t > 0; X; € D}
and the last exit time o p by
op =sup{t > 0; X, € D}.
Dermnition 1. A cadlag Markov process {X;; 0 < ¢ < e} is irreducible, if for any D € D,
P.[Tp < o0] >0
holds for all x € M.
Dermnttion 2. The recurrence and transience of a cadlag Markov process
{X;; 0<t<e}

on M are defined as follows.

e The Markov process {X;; 0 < t < e} is recurrent, if for any D € D,
Pylop =] =1

holds for all x € M.
e The Markov process {X;; 0 < t < e} is transient, if for any D € D,

P.op <oo] =1
holds for all x € M.
Remark 3. If a cadlag Markov process
{X; 0<r<e}

is irreducible, then {X;; 0 < r < e} is recurrent or transient. Details can be seen in Tweedie
[16, Theorem 2.3].

Remark 4. If a cadlag Markov process
{X;; 0<t<e}
is irreducible and recurrent, then
Ple =00] =1

holds for all x € M. See Getoor [5, Lemma 3.4]. Therefore, by Remark 3, if there exists a
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point x such that P,[e < oo] > 0, then the M-valued process {X;; 0 < ¢ < e} is transient.

DeriniTioN 3. A cadlag Markov process {X;; 0 <t < e} is called conservative, if
Pe =] =1
holds for all x € M.

3. Main results

In this section, we shall introduce our main results in this paper. Those proofs will be
given in the next section. Recall that the M-valued process {X;; 0 < ¢ < e} is determined
by (2.1) and (2.2). Let K be the sectional curvature tensor of M. We shall add the following
conditions:

AssumptioN 4. Suppose that M is simply connected, and that there is a negative constant
B such that

K<p<O.

AssumptioN 5. Suppose that M is simply connected, and that there are negative constants
a, 3 such that

a<K<p<O.

Remark that when the manifold M is simply connected and K < 0, M is a diffeomorphic
to the Euclidean space (cf. Sakai [14, Chapter V, Theorem 4.1]). Thus, M is non-compact.
The Poincaré half-plane model is a typical example of a manifold satisfying Assumption 5.

AssumptioN 6. There exists the density function p(z, x, y) of the probability law of X, with
respect to the volume element Vol(dy).

AssumptioN 7. The density function p(, x, y) described in Assumption 6 is of C>-class
for x € M, and there exist functions

G :[0,00) X M — [0, 00)
and

G, : [0,00) X M — [0, 00)
such that

|V.dog p(t, x,y)|, < Gi(t.y),

V.V.log p(t. x.y)| < Ga(t.y),

f G (t,y)Vol(dy) < o
M

and
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f Ga(t, y)Vol(dy) < oo
M
hold for all x e M,y € M and ¢ € [0, o).

Lemma 1. Assuming that the conditions of Assumption 7 hold, then T,f is of C*-class
for any f € My(M).

Proof. Computing the logarithmic derivative of p(t, x,y), V.p(t, x,y) and V,V,p(t, x,y)
are calculated by

V.p(t, x,y) = p(t, x,y)V,log p(t, x, y)
and
V. V.p(t, x,y) = V.p(t, x,y) ® Vi log p(t, x,y) + p(t, x,y)V,V,log p(t, x,y)
= p(t, x, y)(Vxlog p(t, x,y) ® V,log p(t, x,y) + V,V.log p(t, x, y)),

where ® is the tensor product. Thus, we see that

(31) |pr(t’ X, y)|x < p(t’ X, y)Gl(t’ y)
and
(3.2) V.V.p(t, x,y)l, < pit, x,y)(0m* = m + DGt y) + Ga(t, y)

hold for all x e M, y € M and ¢ € [0, o). On the other hand, it follows that

T f(x) = f FW)p(, x, y)Vol(dy).
M
Since |V, p(t, x, y)|, and [V, V. p(t, x, y)|, are evaluated by (3.1) and (3.2) respectively, we see
by Fubini’s theorem that T f is of C2-class. O
Theorem 1. {X;; 0 <t < e} is irreducible under Assumptions 1 and 2.

Theorem 2. Suppose that Assumptions 1, 2, 4 and 6 are satisfied. (When k = 1, we
additionally assume Assumption 3.) Then,

{X;; 0<tr<e}
is transient.

Furthermore, if the manifold M satisfies Assumption 5, the conservativeness of {X;; 0 <
t < e} can be shown.

Theorem 3. Suppose that Assumptions 1, 2, 5, 6 and 7 are satisfied. (When k = 1, we
additionally assume Assumption 3.) Then,

{X;; 0<t<e}

is conservative.

Remark 5. Since M is diffeomorphic to the Euclidean space under Assumption 5, the
density function p(t, x,y) of the probability law of X, with respect to the volume element
Vol(dy) will be C?-class for both x € M and y € M under suitable condition. See Kunita
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[13] for details.

4. Proofs

4.1. Proof of Theorem 1. We shall give the proof of Theorem 1. Suppose that the Lévy
measure v(dz) satisfies Assumption 1 . Then, as pointed out before, the M-valued process
{X;; 0 <t < e}is Markovian.

Proof of Theorem 1. We will begin with the proof of Theorem 1 in case of (o, 1, k) =
(0,1,0). Let D € D and x € M. At the beginning, we shall show that

P.Tp <o0] >0
holds for any x € M with dist(x, D) < 1/2. It is clear that
P [Tp < o0] =1
holds for all x € D, since D is finely open and {X;; 0 <t < e} is cadlag. We shall show that

PiX,eD] . . PJ[X,eD]-1
(41) lim inf g = liminf [ ! ] D(X) > 0
N0 t N0 t
holds for any x € D¢ with dist(x, D) < 1/2. Remark that (4.1) implies that there exists ¢ > 0
such that

P,[X; € D]
—_>
t
which indicates P,[Tp < oo] > 0. Recall that {T}; 0 <t < oo} is the semigroup correspond-
ing to {X;; 0 <t < e}. Then, (4.1) is equivalent to

Oa

(4.2) liminf L1200 = 1000
’ ~NO t '

Let D € D be a set such that
I |
dist((D)", D) < 1
and {f D € CX(M); € > 0} the family of the cutoff functions satisfying fE,B(x) = 1 for all
x €D and J.5(x) = 0 forall x € M with dist(x, 5) > €. To show (4.2), we shall prove that

T1 T.f.5(x) = f.5(x)
liminf 2029 5 i Jim /€D Jes™) _
™NO t eN0 MN\0 t

f 1 5(exp, Z)v:(d2)
1Z].<1

holds.
If € < 1/4, then

J.5(x) < 1p(x)

holds for all x € M. Since the semigroup {7;; 0 <t < oo} is positive preserving, it holds that

thej)(x) < Ti1p(x)

for any € < 1/4, t € [0, 00) and x € M. Thus, we see that
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Tp() = o5 Tifop( — f.509
t - t
forany € < 1/4,t € [0,00) and x € M. If x € D°, then (4.3) is equivalent to

(4.3)

T,lD(X) T’fe D(X) f; D(x)
t t

Since f, 5 = 0 in the neighborhood of x € D when e is sufficiently small, it follows that

fepexp.2) = [ p(x0) =<Vf 5(x). Z)» = [, p(exp,2).

Thus, we get
T.f. 5 - f.5
. Jep™® ~ s ™) _ f (£.5(exp,2) = £.5(0) = (V. 5. 2 vald2)
0 ! Zl<t s © ’ ’
:\—: _ 15(exp, Z)v.(dZ).

Take a point x € D such that dist(x, D) < 1/2. Denote the unit geodesic ball centered at x €
M by B(x, 1). Since dist(x, D) < 1/2 and dist((D)¢, D) < 1/4, we see that DN B(x, 1) # 2.
From Assumption 2, we have

f 15(exp,Z)v.(dZ) > 0
1Z],<1

for any x € D¢ with dist(x, D) < 1/2. Define Dy = D and

1
D, = {x € M; dist(x,D,_1) < 5}

If we take a point x from D,, we get P,[Tp, < oo] > 0 by the same argument mentioned
above. Since P,[Tp, < oo] > O for any x € D, and P,[Tp < oo] > O for any x € D, the
strong Markov property of {X;; 0 <t < e} implies that

PATp < 0] 2 B[P, [Tp < eolliry, <ot | > 0
holds for all x € D,. Inductively, we get
P.Tp <o0] >0

for all x € M.
The proof in case of (o, n,«) = (0, 1, 1) is almost the same as that of (o, 7, «) = (0, 1, 0).
In fact, we have

P,[X; € D]

liminf —— > 1+ 2y, (dZ
iminr ~ fT 5, Z2)

for any x € D°.
Next, we shall give a proof in case of (o, 1,«) = (1,1,0). Forany x € D and € < 1/4, it
holds that
. . Px[Xt € D]
liminf ———
™NO t
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- Tif 50 = f.5(0)
> lim : :
™NO t

1
= 5 0uf, 50 + f (/. 5(exD(2) — £ 5(0) = (V. 5(). 20 )v:(d2).

1Z],<1

Take € sufficiently small so that f. p = 0 in a neighborhood of x. Then, we have Ay, fe p(x) =
0. Hence, we have

. . P.X; e D]
liminf ——
N0 1
. Tif.5(0 = f.p(x)
> lim
N0 t

1
= SAuf, 50 + fz | (fp(ex0.(2) = £.5(0 = (V1 500, 2 )ra(d2)

N la(expx(Z))vx(dZ) >0
eNO - Jiz1,.<1

for all x € D¢ with dist(x, D) < 1/2. By the same argument in the proof in case of (o, 1, k) =
(0, 1,0), we see that the M-valued process {X;; 0 <t < e} is irreducible. The case (o, 7, k) =
(1,1, 1) can also be proved in such a way.

The proof in case of (o, 71, «) = (1,0, 0) is described in Hsu [7, Proposition 4.4.4]. O

4.2. Proof of Theorem 2. First, we shall evaluate the radial part of the jump-diffusion
process on M. Fix the base point 0 € M. Define r(-) = dist(o, -) , and write £7(x) = exp,Z.
Remark that if M is a Hadamard manifold, there are no cut-locus. Therefore, the radial
function r is smooth on M\{o}. In order to find the nice lower estimate of the radial part of
the M-valued process {X;; 0 <t < e}, we have to evaluate Lr on M\{o}, which is computed
as follows:

1
Lr(y) = o5 Aur(y) +1 f (r o &2(y) = ry) = (Vr(y), Z2)y vy (d2)

zl,<1
+K le | 1(r 0 &2(y) — r(y))vy(d2), y € M\{o}.

Now, for any y € M, we represent Z € T,M by Z = p®, where p € [0,00) and ® € U,M =
{ZeT,M; |Z|, = 1}. Let us define Q = Q(p, O, y) by

(4.4) Qp) = Qp,B,y) = ro&e(y) = ry) = (Vry), ©),p.

Here, we summarize the properties of Q.

Lemma 2. For given y € M\{o} and ® € U,M with (Vr(y),®), < 0, let us define
po =p(®,y) by

d
po = supip > 0; %Q(P) < —~(Vr(y), 0),}.

Then, Q satisfies the following conditions under Assumption 4:
e forany y € M\{o} and ©® € U,M, the function

[0,00) 3 p = O(p) €R
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is convex, and Q(p) > 0 for all p > 0.
o If(Vr(y),®), <0, then the following inequality

0(p) = \/_ BI(L — (Vr(y), ©)2)p?

holds for all p < py.
o If(Vr(y),®), < 0and py < oo, then the following inequality

Q(p) =2 =(Vr(y), ©),(p - po)
holds for all p > 0.

Proof. Since the sectional curvature satisfies K < 0, the second variation formula enables
us to see that

See Sakai [14, Chapter III, Remark 2.6] for details. Thus, the function
p = 0p)

is convex. Furthermore, a simple calculation reveals

0(0) =
and
d
—0()| =0.
P =0
Therefore, we see that
Q@) =0

holds for all p > 0.
Next, we shall show that if (Vr(y), ®), < 0, then the following inequality

1
0(p) = 5VIBI(1 = (Vr(y). ©);)p’

holds for all p < py. By applying Taylor’s theorem to the function

p = Qp),

there exists 6 € (0, p) such that
1d
Qp) = Qp p—00) = 5 Q(,O) o
=0 2 dp =0
On the other hand, 4 i Q(p) is computed as follows:
d2

(4.5) Q(p) = 2770 &0) = Fri&o)(dexp,p0)(®). (dexp,p0)(©))

where V2 denotes the Hessian of M. For given Z € T,M, we define
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Zt =7 —(Vr(y), Z),Vr(y).
Applying the comparison theorem on the Hessian (cf. Sakai [14, Chapter IV, Lemma 2.9])
implies that

(4.6) Pre.0) > VOO VB0 - (V). 0%

tanh(yBIr(»)) tanh(y/Blr(y))

holds for any y € M\{o} and ® € U,M. From the Gauss lemma (cf. Sakai [14, Chapter II,
Proposition 2.3]), we have

4.7) |(dexp,pZ) Zlexp pz = |Zl,
forany p > 0,y € M and Z € T, M. Thus, we see by (4.5), (4.6) and (4.7) that
pe VIBI(1 = (Vr(exp,p®), (dexp,0®)©@))2 , o)
4.8) —500() 2 ”
Y tanh(ﬂr(expw@))

> IBI(1 = (Vr(exp,0®), (dexp,p®)(©))y, 0)
holds for all p > 0. Since the function
d
[0, 00) 5 p = =~ Q(p) € [0, 0]
o

is monotone increasing, we have

0< %Q(ﬁ) = (Vr(exp,p0), (dexp,p0)(®))exp 00 — (V7 (y), @)y < —(Vr(y), ©),
for all p < py. Clearly, this implies that
(Vr(y), ©), < (Vr(exp,p®), (dexp,p®)(®))exp po < 0.
Therefore, we see that if (Vr(y), ®), < 0, then

(4.9) [(Vr(exp,00), (dexp,p®)(©))exp 00| < [(Vr(y), O,
holds for all p < pg. Thus, if (Vr(y), ®), < 0, then we see by (4.8) and (4.9) that

dZ
720> VBI(1 = (Vr(y), ©)2)

holds for all p < py.
Finally, we shall show that if (Vr(y), ®), < 0 and py < oo, then the following inequality

Q(p) =z =(Vr(y), ©),(p — po)
holds for all p > 0. Since the function
p = Qp)

is convex and

d
%Q(p) = =(Vr(),0),,

P=L0
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we have

Q(p) = Q(po) = (Vr(y), ©)y(p = po) = =(Vr(y), ®),(p = po)
forall p > 0. O

Lemma 3. Let {U,;; 0 <t < e} be the O(M)-valued process determined by the stochastic
differential equation (2.1) and nU, = X,. Suppose that

Pe =] =1

holds for all x € M, and that Assumptions 1, 2, 4 and 6 are satisfied. (When « = 1,
we additionally assume Assumption 3.) Then, there exists a constant C > 0 such that the
following inequality

r(X,) > r(x) + Ct + o f (U;'Vr(X,.),dB,)
0

+ L fm(r o st_z(Xs—) - r(XS—))(nl{lzlsl} + Kl{‘z|>1})ﬁ(dz, a's)

holds for all t > 0.
Proof. Assumption 6 implies that
(4.10) P.[X; = 0| =0

holds for all x € M and ¢ > 0. Hence, we see by Fubini’s theorem that

E,| fo ) 1x,=)ds| = fo ) P,[X, = o]ds = 0,

which implies

Px[fom l(x,=o)ds = 0] = 1.

Thus, from the Itd formula and (4.10), the following equality holds under Assumptions 1, 4
and 6:

r(X,) = r(x) + o f (U'Vr(X,.),dB,) + o f %AMr(Xx)ds
0 0

* U{L [l l(r O‘fo_z(Xx—) - V(Xx_))ﬁ(dz, ds)

+ff (rofUYZ(XS_)—r(XS_)—(US__IVF(XS_),Z))V(dZ)ds}
0 lzI<1
" K{ f f (ro o, (X, ) — (X, ) N(dz, ds)
0 lzI>1
" f f (rofyjZ<Xs_>—r<xs_>)v(dz)ds}
0 |zI>1

! f
1
=r(x)+ a’f (Us__lVr(Xs_),de) + o-f EAMr(XX)ds
0 0
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+ L‘ fm(}" o ‘fUA._Z(Xs—) - r(XS—))(nl{IZISI} + K1{|Z|>1})ﬁ(dz, dS)
o f f (ro v, o(Xo) = r(X,0) = (U V(X ) 2))H(dz)ds
0 JlzI<1

e f f (r o €0, (X,) = rX,)V(d2)ds.
0 Jlzl>1

For any y € M\{o}, write

(4.11) Ti(y) = fz | 1(r 0 &2(y) — 1Y) — (Vr(y). 2), )v,(d2),
Ta(y) = fz | 1(r 0 &4(y) = r())vy(d2),

1
[3(y) = EAMF(.I/)~

Our strategy is to evaluate I';, [, and I'5. First, we shall prove that there exists a constant
C; > 0 satisfying

i) = f (r o &2p) = r(y) = (Vr(y), 23, v, (dZ) = Cy
\zl,<1
for all y € M\{o}. Recall that Q is defined by (4.4). By Lemma 2, we get

1
Liy) = f 0(0)h(p)dOdp
0 Jum

1
- [ [ cwmerpde
u,M Jo
0o A1 1
> [ ([T cwntore+ [ owiprap)ae
(Vr(y),®>y<0 0 PoAl

Porl |
> f { VB = V), @70 h(p)dp
(Vr(y),0),<0 JO

1
v [ .00 - potrdp)e.
o

oAl

where h(p) is the density introduced in Assumption 2 and Remark 1. Let us define Cy =
Co({Vr(y), ©)) by

l s 1
Cozoi!}il(i fo VIBI(L = (Vr(y), ©)2)p* h(p)dp + f —<Vr<y>,®>y<p—s>h<p>dp).

Since it holds that

1
f p*h(p)dp > 0,
0

we have
1-s

lim h(p + s)dp > 0.
fm | ph(p + s)dp
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Thus, if -1 < (Vr(y), ®), < 0, then Cy > 0. Therefore, we obtain
> [ Col(Vr(y), ©),)d0 > 0.
(Vr(y),0),<0
Now, we shall choose the constant C; as follows:
c- | Col(Vr(y), ©),)d0.
(Vr(y),0),<0
The rotational invariance of the Lebesgue measure on U, M enables us to see that

G =f Co((Vr(y),G))y)d@:f Co(z1)dz,
(Vr(y),0),<0 Sm=Infz; <0}

which implies that C, is independent of y € M\{o}.
Next, we shall show that

M) = f|z [rosw-re)@n =0

if the Lévy measure v(dz) satisfies Assumption 3. By Taylor’s theorem and the second
variation formula (cf. Sakai [14, Chapter III, Remark 2.6]), there exists 8 € (0, p) such that

1
ro &oy) = r(y) = (Vr(y). ©),p + 5V’ r(éao(y))(dexp,00)0, (dexp, 00)0)p"
> (Vi(y), O),p.

Since the Lévy measure v(dz) satisfies Assumption 3, we have

f |zlv(dz) < oo.
lzI>1

Hence, we can obtain
f (’”sz(y)—r(!/))vy(dz)=f f (o &oW) - r))(p)dOdp
1Zl,>1 1 u,M

> [ . epheaed
1 Jum

- [ wrw.ende)pheap
1 Ju,m

= f (Vr(y), Z),v,(dZ).
1z,>1

Moreover, the rotational invariance of v(dz) implies that

flz T2y = f| o = f o

for any unit vector v € R™. Then, we have
f (Vr(y), Z),v,(dZ) = 0.
1Zl,>1

By the comparison theorem on the Laplacian (cf. Sakai [14, Chapter V, Lemma 2.9]), it
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holds that

VIBI(m = 1) . VIBI(m = 1)

1
Ca(y) = —=A > >
3(y) > mr(y) = 2 tanh( \/Hr(y)) 3

Let us define a constant C by
C=nC + %a\/ﬁ(m - 1).
Then, we can see that
fo t Lr(X,_)ds = fo t(nrl(xs_) + kDo(X,-) + oT3(X,0))ds > Ct.

The proof of the theorem is complete. O

Now, we write

@) = [ [ (rogn 060 = rO) e + K1z ),

n
0

4.13) A= f |Z|2(771{IZIS1} + Kl{‘z|>1,)v(dz),

0

(4.14) W, = f (UVr(X,.),dBy).
0

Remark that if the Lévy measure v(dz) satisfies Assumption 3, then (4.12) is well-defined
and (4.13) is finite in case of k = 1. For the proof of Theorem 2, we need the following
lemma.

Lemma 4. Let {M;; 0 <t < oo} be the martingale defined by (4.12). Suppose that

Pe =] =1
holds for all x € M. Then, we have
M
(4.15) Px[lim Rl o] =1
t—oo f

for all x € M in case of (o,n,k) = (0,1,0),(1,1,0). Moreover, if the Lévy measure v(dz)
satisfies Assumption 3, then (4.15) holds in case of (o, n,k) = (0,1, 1), (1,1, 1).

Proof. First, we consider the case of x = 0. It is clear that |%| < |%| for any s < t. From

Doob’s inequality,

2
. ] < s_zEx[ sup |M,|2] < 4s‘2Ex[ML2,] <41s5%u

s<t<u

Ex[ sup

s<t<u

holds for all 0 < s < u < co and x € M. Choose s = 2" and u = 2"*! in the above inequality.
Then, we obtain

2
%‘ ] <273,
e

Ex[ sup

n<r<on+l
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Then, from Chebyshev’s inequality,

M,

(4.16) Px[ sup

n<p<on+l

> e] < E_Z]Ex[ sup

n<p<on+l

2
]z

holds for any € > 0, n € N and x € M. From the Borel-Cantelli lemma with (4.16), we have

M,
P,[lim — = 0] = 1.

t—oo

Next, we turn to consider the case of k = 1. If the Lévy measure v(dz) satisfies Assumption
3, then (4.13) is finite and hence the inequality (4.16) holds, via a similar argument stated
above. Thus, we also see that (4.15) holds for k = 1. m|

Lemma S. Let {W;; 0 <t < oo} be the martingale defined by (4.14). Suppose that
Pyle = oco] =1
holds for all x € M. Then, we have

m@mﬂizqzl

t—oo [

forall x e M.
Proof. Since |[Vr(x)| = 1 for all x € M\{o}, we have
EL[IWi[] = 1.

Hence, by the same argument in the proof of Lemma 4, we have

W,
P,[lim = = 0] = 1.

t—oo

O

Proof of Theorem 2. Assume that the Lévy measure v(dz) satisfies Assumptions 1 and
2. Then, we see from Theorem 1 that the M-valued process {X;; 0 < ¢ < e} is irreducible.
Let us consider the following cases:

(1) There exists x € M such that
P e < ] > 0.
(ii) For any x € M,
P,e =c0] =1
holds.

Remark 4 tells us that {X;; 0 < ¢ < e} is transient in the case (i). So, we only need to consider
the case (ii). From Lemmas 4 and 5, it is easy to verify that

r(x)+ oW+ M; + Ct as

t t—00

C >0,
which implies

r(xX) + oW, + M, + Ct — oo.

1—00
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Thus, by Lemma 3, we have
r(X) 2 r(x) + oW, + M, + Ct — .

The proof of Theorem 2 is complete. O

4.3. Proof of Theorem 3. In order to prove Theorem 3, let us discuss the properties of
the explosion time e defined by

e =inf{r > 0; X, = Oy}
Lemma 6. Define a function j on M by
J(x) = Pyle = oo].

Suppose that the Lévy measure v(dz) satisfies Assumptions 1, 2, 4, 6 and 7. (When « = 1,
we additionally assume Assumption 3.) Then, the function j satisfies one of the following:

e forallx e M, j(x)=1.
e forall x e M, j(x) =0.
e forallxe M, 0 < j(x) < 1.

Proof. Since the proof in case of x = 1 is similar to the case of x = 0, we shall only give
the proof for « = 0. From the Markov property, we see that

Pyle = 00] = E,[P,[e = oo]]
holds for any x € M and ¢ € [0, c0). Thus, we get
(4.17) J(x) =T j(x)

for all x € M. From (4.17), j is expressed by
Jx) = f Jy)p(t, x, y)Vol(dy).
M

From Lemma 1, we see that j is of C?>-class. Therefore, j belongs to the domain of L.
Moreover, we see by (4.17) that

1
18 Lj() = o3Aje + f (o expZ = jx) = (Vj(x). Z),)vs(dZ) = 0

1Zlx<1

holds for all x € M. Let xyp € M such that j(xo) = 1. Then, from Assumptions 1, 2 and
(4.18), we have

1 . .
(4.19) O'EAM](X()) + Ll 1(] oexp, Z — l)h(lleo)dZ =0.
XOS
Since xj is the maximizer of the function j, it holds that
Am j(xo) < 0.
Moreover, it is clear that

joexp, Z—-1<0
holds for any Z € T, M. Thus, we see by (4.19) that
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Ay j(xo) = 0

and
f (j o exp,,Z = 1)(|Zl,,)dZ = 0.
12l <1

Since the functions

Joexpy : TyM — [0,1]
and

h(l 1) : Ty yM — (0, 0)

are continuous, we have
(4.20) Jjoexp,Z =1
forall Z € T, ,M, with |Z|,, < 1. Furthermore, (4.20) implies that
4.21) jx) =1

holds for any x € B(xgp, 1) = {x € M; dist(xgp, x) < 1}. Applying the same argument to all
points in B(xg, 1), we have (4.21) for all x € B(xo, 2). Inductively, (4.21) holds for all x € M,
because M is connected.

On the other hand, by the same argument, we see that the existence of the point xo € M
such that j(xp) = 0 implies j(x) = O for all x € M.

Next, we shall prove Lemma 6 in case of (o,1,k) = (1,0,0). By the same discussion
stated above, we see that

1
Lj(x) = 5Auj(0) = 0

holds for any x € M. Therefore, the function j is a bounded harmonic function. The proof
in case of (o, 1, x) = (1,0, 0) is complete. ]

Next, we shall study the upper estimate of the radial part of the jump-diffusion process
which plays an important role in the proof of Theorem 3.

Lemma 7. Let 6 > 0 be a positive constant, and recall that Q is defined by (4.4). Then,
Q satisfies the following conditions under Assumption 5:

o Ifr(y) > 0, then the following inequality

Via| 2
422 <— 1T
(422 ow 2 tanh(\/la/lé)p

holds for all p € [0, r(y) — 6] and ® € U,M.
e The following inequality

(4.23) O(p) < (1 =(Vr(y), O)y)p
holds for all p > 0, y € M\{o} and ® € U,M.
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Proof. First, we shall show that if r(y) > ¢, then (4.22) holds for all p € [0, r(y) — ¢].
Applying Taylor’s theorem enables us to see that there exists 6 € (0, p) such that

1
Q(p) = 3V r(Enoly))(dexp(60)O, dexp(60)O)p

So, we see by the comparison theorem on the Hessian (cf. Sakai [14, Chapter IV, Lemma
2.9]) that

Viell®*[; ) | 2
< p- < P
2tanh(Vial(r o &ho(®)))  2tanh(Vial(r o &e(y)))
holds for any y € M\{o}, ® € U,M and p > 0. From the triangle inequality, it holds that

(4.24) Qp)

ro&pe(y) +p = r(y).
Thus, if r(y) > 6, then we have
(4.25) roépey) 26

for all p € [0, r(y) — 6] and ® € U,M. Therefore, for any y € M\{o} and ® € U,M, (4.24)
and (4.25) enable us to see that

|| 2

Op) < —————p
2 tanh( |a|5)

holds for all p € [0, r(y) — ¢].
Next, we shall show that (4.23) holds for all p > 0. From the triangle inequality, we have

roépey) —ry) <p,
which implies that
Q(p) = ro&pey) — ry) — (Vr(y), O),p < p = (Vr(y), O),p
holds for all p > 0. The proof is complete. |
Lemma 8. Let {U;; 0 <t < e} be the solution to the stochastic differential equation (2.1)
and X; = nU,. Fix a positive constant 6 > 0, and define the stopping time T = 1(0) by
7 =inf{t > 0; r(X;) < 26}.

Suppose that Assumptions 1, 2, 5 and 6 are satisfied. (When k = 1, we additionally assume
Assumption 3.) Then, there exists a positive constant V = V(0) < oo such that

Px[r(X,) <r(x)+ oW, + M, + Vt holds forall t < T A e] =1
holds for any x € M. Here, M; and W, are defined by (4.12) and (4.14).

Proof. Our strategy to prove the statement is similar to Lemma 3. First, we shall prove
that there exists V; = V1(0) < oo satisfying

lel 1(” 0&z(y) —r(y) — (Vr(y),Z>y)vy(dZ) <V,

for r(y) > 20. For any y € M\{o} with r(y) > ¢, the following equation
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1
@20 [ (ro&t - - D@2 = [ [ oneidpde
u,M Jo

|Z|yS1
(r(y)—0)A1
- f f 0(0)h(p)dpd®
UyM 0

1
+ f f 0(0)h(p)dpd®
UyM (r(y)—o)n1

holds under Assumptions 1 and 2. By (4.22), we can easily verify that

(r(y)—0)A1 \/m 5
4.27) f f 0(p)h(p)dpd® < — f 1Z2v,(dZ)
UM Jo Ztanh(\/mfi) 1Zl,<1

||

=————— | ldPndr) <
2 tanh(V[al9) fasl A <

holds for any y € M\{o} with r(y) > 6. On the other hand, if 7(y) > 28, then we see by (4.23)
that

1 1
@) [ [ opmepde< [ [ 1= (Trw.0)phepdo
UyM J(r(y)—0)A1 UM JSA1

_ f Z1,7,(d2)
GA)<IZ, <1

= f |zlv(dz) <
(GAD=ZI<1
holds. Now, let us define V| = V(9) by

@
= [ e [ v,
2tanh(\/|a/|6) lzI<1 (GAD<[I<1

Then, by (4.26), (4.27) and (4.28), we have
[l l(r o&z(y) —rly) - (Vr(y),Z)y)vy(dZ) <V
Zl,<

for all y € M with r(y) > 26. Thus, the following inequality

f f (o €u, (X,) = r(X) = (UL Vr(X,), 2))W(da)ds < Vit
0 Jz<1

holds forall t < T Ae.
If v(dz) satisfies Assumption 3, from the triangle inequality, we have

fm l(ron(U) - ”(y))vy(dZ) < fll 1Izlv(clz) < 0.

On the other hand, by the comparison theorem on the Laplacian (cf. Sakai [14, Chapter
III, Lemma 2.9]), we see that

rtgy < ln D)
~ tanh(vV]elr(y))
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holds for all y € M\{o}. Thus, we have

Vla|(m — 1)
Ayr(X,) < YA —
) < tanh(2y/]ald)

for all t < 7 A e. Define V = V(9) by

Vla|(m - 1)
V=nv dp) + oY= )
A L|>1 kvidz) + o3 tanh(2v/]ald)

Then, we see that

f Lr(X,_)ds = f (1 (X,-) + KTo(X,0) + 0T3(X,0))ds < Vi
0 0

holds for t < 7 A e, where I'j, I'; and I'; are defined by (4.11). The proof is complete. |

In order to prove Theorem 3, we need to study how the martingales {M;; 0 <t < e} and
{W;; 0 <t < e}will behave as t — e when the explosion time is finite. Such kind of problem
can be solved by the following lemma.

Lemma 9. Suppose that Assumptions 1 and 2 are satisfied. (If k = 1, then we additionally
assume Assumption 3.) Then,

Px[lim sup |M;| < oo, e < oo] = Px[e < oo]

t/"e

holds for all x € M.

Proof. Define the stopping time 7, by 7, = inf{tr > 0; r(X;) > 2"}. From Doob’s
inequality, we see that

Ed sup Mo, ] < 4EIMarins, ] <22

2n<p<2m+l

holds for all n € N, where A is defined by (4.13). From Chebyshev’s inequality, we have
B sup Mgl 22" <27E sup Mo,

2"Sl<2”+1 2’1Sr<27!+1

for all n € N. Thus, we can verify that

(4.29) Po| sup M| 22| <2772

2n<p<2ml

holds for all n € N. Applying the Borel-Cantelli lemma with (4.29) implies
Px[liminf{ sup  [Monpr | < 2"}] =1.

n—oo <t
So, we see that
Px[U m{ sup  [Mayipr, | < 2"}, e < 21] _Ple <2
N=1n=N 2n<pontl

holds for any / € N. From the definition of 7,, we have

Pr,<e]l=1
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and
Plimt,=¢] = 1.
n—oo

Therefore, we get

P.fe <2']= Px[lim inf{ sup |M.| <2, e< 2’]

N0 gngpeonl

ﬁ{ SUp | Minr,| < 2"}, e < 2]

n=N n<pn+l

U

N=1

U m{ sup |Mt/\‘l',l| < 2n}, o< 21]
N=[ n=N 2"'st<2m!

O ﬁ{ sup M. |< 2", e < 21]

N=I
U

n=N 2"St<2”+l

ﬁ{lM,ﬂl <2", e<?]

= Px[lim inf{|M, | <2}, e < 2’],
n—00
which implies that

Px[lir?/seup M| < 00, e < 2| =P[e < 2|

holds for all / € N. The proof is complete. O
We shall omit the proof of Lemma 10, because it is the same discussion as the one of
Lemma 9.
Lemma 10. The following equality holds for any x € M:

Px[lir?/seupIth <00, e< oo] = ]P’x[e < oo].

Now, we prove Theorem 3.

Proof of Theorem 3. Under Assumptions 1 and 2, we see from Remark 2 and Theorem
1 that the M-valued process {X;; 0 <t < e} is Markovian and irreducible. It is clear that the
following equality holds for any x € M:

(4.30) Pile <7< o0o] +Pyr < e =o0] + Py[r = e = ]

+Pe=7< 0] +Pe<t=00] +Pi[r<e<o0] =1,
where T = 7(0) is introduced in Lemma 8. We shall show that
Pile<t<oo]=Ple<t=00] =Pt <e<]=0.
It is clear that P,[e = T < oo] = 0. Since Py, [T < o] = 0, we see that
(4.31) Ple <7t <o0]=0
holds for all x € M. By Lemma 8, it holds that
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(4.32) Pyle<Tt=00]
= Px[r(X,) <r(x)+ocW,+M;+Vt holdsforallt<e AT, e<T= 00].
Let us show that the right hand side of (4.32) is 0. From the definition of e,
(4.33) Px[lti/n; HX,) = oo] =1
holds for any x € M. On the other hand, Lemmas 9 and 10 tell us that

(4.34) P, [lim sup(r(x) + oW, + M, + Vi) < 0, e < 00| = P,[e < o0
t/e

holds for any x € M. Hence, by (4.33) and (4.34), we obtain
(4.35) P[r(X,) < r(x) + oW, + M, + V¢ holds forall < e, e < oo = 0.
Applying (4.35) to (4.32) enables us to see that
(4.36) Pe<7=00]=0
holds for all x € M. Next, we shall show that

Pr<e< o] =0
holds for all x € M. From the Markov property, it holds that

Py[t < e < o] = B[Py, [e < 00l jrceces) |-

Hence, we see that
(4.37) E|(1 - Py, le < 00])jreecec | = 0
holds for any x € M, and that (4.37) implies
(4.38) Py[(1 = Px,le < 00])Lreeces) = 0] = 1.

If there exists x € M such that P,[t < e < oo] > 0, then, by (4.38), there exists xo € M such
that

Py,[e < o] =1.
From Lemma 6,
(4.39) Pe < o] =1
holds for all x € M. Therefore, (4.30), (4.31), (4.36) and (4.39) enable us to see that
Pr<e<oo] =1
holds for all x € M. Thus, we can verify that
(4.40) Pt <oo] =1

holds for any x € M. However, since (4.40) holds for all x € M, we see that the geodesic
ball B(o,20) is recurrent on the M-valued process {X;; 0 < t < e}. Moreover, since (4.39)
holds for all x € M, we see by Remark 4 that the M-valued process {X;; 0 < t < e} is
transient. These conclusions contradict our claim in Theorem 1 that the M-valued process
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{X;; 0 <t < e}isirreducible. So, it follows that

(4.41) Pyr<e<oo] =0

for all x € M. Thus, from (4.30), (4.31), (4.36), (4.39) and (4.41), we conclude that
P.e =] =1.

O

Finally, we shall discuss the relationship between Theorem 3 and Masamune-Uemura-
Wang [15] in the following remark.

Remark 6. If there exist suitable conditions on the Lévy measure v(dz) and the manifold
M such that M-valued Markov process {X;,, 0 < t < e} is symmetric with respect to the
Riemannian volume measure Vol(dy), then the condition

logVol(B(o,
(4.42) lim inf 2&YIB@. 1)
r—e0 rlog r

implies that {X;; 0 <t < e} is conservative. See [15, Theorem 1.1]. In fact, Assumption 5
implies (4.42). We shall prove this fact. The volume of the m — 1 dimensional unit sphere
on Euclidean space is denoted by Vol(S”~!(1)). If the condition of Assumption 5 holds, then
from the Bishop-Gromov inequality (cf. Sakai [14, Chapter IV, Corollary 3.2, and Chapter
IV, Theorem 3.3]), the function

Vol(B(o, r))
u(r)

is monotone decreasing, where u(r) is defined by
" /sinh 1)ym-1
u(r) = Vol(s"~' (1)) f (SnhCVlalyo-t
o' Vil

Since sinh(v]alf) < eV holds for any 7 > 0, we have
e(m—l)\/ﬂr

(m = Dlal"/?”

[0,00) 37—

u(r) < Vol(S™ (1))

Now, let us define
Vol(B(o, 1))
u()(m — Dlalm/?

I(0,a) = Vol(S™ (1)),

then we obtain
Vol(B(o, r)) < (o, a,)e(m—l)\/mr’
which implies

log Vol(B(o, r)) - log I(0, @) + (m — 1)V]alr
rlog r B rlog r r—eo

0.

Therefore, the symmetric Markov process {X;; 0 < t < e} is conservative. From this
discussion, Masamune-Uemura-Wang’s work [15] could be extended to the non-symmetric
case if it is confirmed that the sectional curvature is pinched by negative constants.
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