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Abstract

Brownian motion with darning (BMD in abbreviation) is introduced and studied in [5] and [6,
Chapter 7]. Roughly speaking, BMD travels across the “darning area” at infinite speed, while it
behaves like a regular BM outside of this area. In this paper we show that starting from a single
point in its state space, BMD is the weak limit of a family of continuous-time simple random
walks on square lattices with diminishing mesh sizes. From any vertex in their state spaces,
the approximating random walks jump to its nearest neighbors with equal probability after an
exponential holding time.

1. Introduction

Brownian motion with darning has been introduced and discussed in [5] and [6, Chapter
7]. Its definition can be found in, e.g., [5, Definition 1.1]. In this paper, let K C R? be a
compact connected subset with Lipschitz-continuous boundary. At every x € 0K, K satisfies
the “cone condition” (see, e.g., [8, Proposition 1.22]), it is thus clear that every point on 9K is
regular for K in the sense that P*[ox = 0] = 1. This allows us to define BMD by identifying
K as a singleton a* and equipping E := (R?\K) U {a*} with the topology induced from R¢
(see, e.g., [5, §1.1]). In other words, the distribution of the process on RY\K is the same
as regular Brownian motion on R?, but the “darning area” K offers zero resistance to the
process. Diffusion processes with darning can be nicely characterized via Dirichlet forms
and have been studied with depth in recent literatures, for example, [5, 6, 7]. In particular,
we equip E with a measure /m which is the same as the Lebesgue measure on R?\ K, and does
not charge a*, Then the BMD on E described above can be characterized by the following
Dirichlet form on L*(E, m(dx)):

D) = {f i fe Wl’z(Rd\K), f is continuous on E}

(1.1) 1
£f.9) =3 fE Vf(x) - Vg(x)m(dx).

In the classic work [13], the authors studied Markov chain approximation to a wide
class of diffusions corresponding to divergence form operators. The approximating Markov
chains live on square lattices «Z? with mesh-size « tending to zero. However, in that article,
the distribution of the approximating Markov chains was only given in terms of the transi-
tion density functions of the limiting diffusion process. In other words, without knowing the
exact distribution of the limiting diffusion process, it is unclear what the explicit distribution
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of the approximating Markov chains is.

More recently, it was studied in [11, 12] how BMD can be approximated by continuous-
time random walks on square lattices. The method used in [11] was adapted from [3],
in which the authors showed that reflected Brownian motions in bounded domains can be
approximated by both continuous-time and discrete-time simple random walks, and the tran-
sition functions of the approximating random walks were given explicitly. The method in
[11, 3], however, only works for bounded domains, and the limiting continuous process has
to start with its invariant measure as the initial distribution. [12] adopted a different ap-
proach, which established the C-tightness of the approximating random walks by proving
some sort of “equi-continuity” for their transition density functions through heat kernel es-
timates. This method allows the discrete approximation to take place on an unbounded state
space, and it allows the limiting continuous process to start from an arbitrary single point.
However, the discussion in [11, 12] was only limited to a toy model of “Brownian motion
with varying dimension”. Roughly speaking, the state space of this “toy model” has to be
R?UR,, and the “darning point” results from identifying a disc on R?. This is a very special
case in the sense that (a) the dimension of the state space is low; (b) a disc is a symmetric
convex domain with C*-smooth boundary. This motivates us to ask whether we can estab-
lish such discrete approximations to Brownian motion with darning in the general case. In
this paper, using the method in [12], we describe how BMD on R? with a darning area K
satisfying Lipschitz boundary condition can be approximated by random walks on square
lattices. The results in this paper provide an intuition for the behavior of BMD upon hitting
the “darning point”, and how it is affected by the geometric properties (or intuitively, the
“shape”) of the boundary of the darning area.

Since in the state space E, K ¢ R? is identified with a singleton a* with zero diameter,
we equip E with the geodesic distance p. Namely, for x,y € E, p(x,y) is the shortest geo-
desic path distance (induced from the Euclidean space) in E between x and y. For notation
simplicity, we write |x|, for p(x, a*), which equals the shortest Euclidean distance between x
and K in RY. We use | - | to denote the usual Euclidean norm.

We now introduce the state spaces of the approximating random walks. For every j € N,
let K; := K N 27/Z%. We identify all the vertices of 27/Z¢ that are contained in the compact
set K as a singleton a’;. Let E/ = (2777 n (RY\K)) U {as).

Recall that in general, a graph G can be written as “G = {G,,G.}”, where G, is its col-
lection of vertices, and G, is its connection of edges. Given any two vertices in a,b € G, if
there is unoriented edge with endpoints a and b, we say a and b are adjacent to each other
in G, written “ a < b in G”. One can always assume that given two vertices a, b on a graph,
there is at most one such unoriented edge connecting these two points (otherwise edges with
same endpoints can be removed and replaced with one single edge). This unoriented edge
is denoted by e, or ep, (e, and ep, are viewed as the same elelment in G,). In this paper,
for notational convenience, we denote by G; := {27774, V;}, where V; is the collection of the
edges of 27774,

Next we introduce the graph structure on E/. Denote by G/ = {Gi, Gi } the graph where
G{ = E/ is the collection of vertices and GZ is the collection of unoriented edges over E/
defined as follows:
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Gli=ley, : Ax,y €272 NRNK), |x—y| =27, ey € V), €y N K = 0)
(12)  Ulew : x € 2727 N (RN\K), 3 at least one edge e, € V; such that e, N K # 0}.

Note that G/ = {G{, Gg} is a connected graph. We emphasize that given any x € G,{, X # aj,
there is at most one unoriented edge in Gi connecting x and a*]‘.. Denote by v;(x) = #e,, €

Gi}, i.e., the number of vertices in Gi adjacent to x.
In order to give definition to the approximating random walks for BMD, for every j > 1,
we equip E/ with the measure:
—jd )
(1.3) mj(x) = 7 vj(x), xekE.

Consider the following Dirichlet form on L*(E/, m Dk
D(EY) = LX(E',m))
—(d-2)j

4d

(1.4)

ENf. ) = D (0= f@)y,

ey evnjEG'é'

where ¢7, denotes an oriented edge from x to y. In other words, given any pair of adjacent
vertices X,y € G,{, the edge with endpoints x and y is represented twice in the sum: e, and
€,y One can verify that (&7, D(EY)) is a regular symmetric Dirichlet form on L>(E/,m s
therefore there is symmetric strong Markov process associated with it. We denote this pro-
cess by X/. In §2, we show that each X/ is a continuous-time random walk whose tragec-
tories of X/ stay at each vertex of E/ for an exponentially distributed holding time with
parameter 22/ before jumping to one of its neighbors with equal probability. The main
result of this paper is Theoerem 4.13, which states that starting from a single point, the
distributions of {X/, j > 1} converge weakly to the BMD characterized by (1.1).

The rest of this paper is organized as follows. In §2, we first describe the behavior of
X/ by showing their roadmaps. Then we give a brief review on isoperimetric inequalities
for weighted graphs, especially the isoperimetric inequalities for Z¢ equipped with equal
weights. Using these results, in Proposition 2.7 we prove an isoperimetric inequality for X/.
With the isoperimetric inequality obtained in §2, in §3 we derive a Nash-type inequality for
the family of random walks {X/, j > 1}, from which we establish heat kernel upper bounds,
first on-diagonal then off-diagonal, for the entire family of {X/, j > 1}. In §4, we use the
well-known criterion of tightness presented in [9, Chapter VI, Proposition 3.21] to prove the
tightness of {X/, j>1}. The tightness criterion is verified in Propositions 4.7-4.8, which
are proved using the heat kernel upper bounds obtained in §3. Finally, the main result of
convergence is given by Theorem 4.13.

In this paper we follow the convention that in the statements of the theorems or propo-
sitions, the capital letters Cy, Cy,--- or Ny, N, - -+ denote positive constants or positive in-
tegers, whereas in their proofs, the lower letters c,cy,--- or ny, ny, - - - denote positive con-
stants or positive integers whose exact value is unimportant and may change from line to
line.
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2. Preliminaries

2.1. Roadmap of the approximating random walks. Suppose E is a locally compact
separable metric space and {Q(x, dy)} is a probability kernel on (E, B(E)) with Q(x, {x}) =0
forevery x € E. Let A = A(x) > 0, x € E be a positive function, we can construct a pure jump
Markov process X as follows: Starting from xy € E, X remains at xy for an exponentially
distributed holding time 7y with parameter A(xy) (i.e., E[T|] = 1/A(xp)), then it jumps to
some x; € E according to distribution Q(xo, dy); it remains at x; for another exponentially
distributed holding time 7, also with parameter A(x;) before jumping to x, according to
distribution Q(x;,dy). T is independent of 7';. X then continues. The probability kernel
Q(x, dy) is called the roadmap, i.e., the one-step distribution of X, and the A(x) is its speed
function. If there is a o--finite measure mgy on E with supp[mg] = E such that

2.1 Q(x, dy)mo(dx) = Q(y, dx)mo(dy),

my is called a symmetrizing measure of the roadmap Q. The following theorem is a restate-
ment of [6, Theorem 2.2.2].

Theorem 2.1 ([6]). Given a speed function A > 0. Suppose (2.1) holds, then the reversible
pure jump process X described above can be characterized by the following Dirichlet form
(€, F) on L>(E, m(dx)) where the underlying reference measure is m(dx) = A(x)~'mo(dx)
and

¥ = L*(E, m(dx)),

1
C(f.9) =5 (f(x) = f))(g(x) — g(y))Q(x, dy)mo(dx).
2

ExE

(2.2)

With the theorem above, we present the following proposition which states that at every
vertex of E/, X/ holds for an exponential amount of time with mean 2%/ before jumping to
each of its nearest neighbors with equal probability.

Proposition 2.2. For every j > 1, X’ has constant speed function A; = 2% and a roadmap

Oixdp = ), a/(x0(dy),

z€E/
zex in G’

where q(x,y) = vj(x)_],for all x,y € EV.

Proof. Define a measure m(]).(x) = Ami(x) = 2-d=2jy i(x)/(2d). The conclusion follows
immediately from (1.4) and Theorem 2.1. m]

2.2. Isoperimetric inequalities for weighted graphs. In this section we summarize
some results on isoperimetric inequalities for weighted graphs in [1]. In general, let I be a
locally finite connected graph, and let the collection of vertices of I' be denoted by V. If two
vertices x, y € V are adjacent to each other, then the the unoriented edge connecting x and y
is assigned a unique weight u,, > 0. Set u,, = 0 if x and y are not adjacent in I'. Denote by
M = {ly, : x,y connected in I'} the assignment of the weights on all the unoriented edges.
(T, w) is called a locally finite connected weighted graph. A weighted graph (I', u) can be
equipped with the following intrinsic measure v on V:
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(2.3) V()= > pg, X€V.

yeViyoxinT
Given two sets of vertices A, B in V, we define

(2.4) pr(AB) = " 1y,

x€A yeB

The following definition of isoperimetric inequality is taken from [1, Definition 3.1].

Dermnition 2.3. For @ € [1,00), we say that a weighted graph (I',u) satisfies
a-isoperimetric inequality (/) if there exists Cy > 0 such that
ur(A, V\A)

W > Cp, for every finite non-empty A C V.
Y (o4

The following proposition follows from the combination of [1, Theorem 3.7, Lemma
3.9, Theorem 3.14] and the proofs therein. It gives the relationship between Nash-type
inequalities and isoperimetric inequalities for weighted graphs.

Proposition 2.4 ([1]). Let (I, u) be a locally finite connected weighted graph satisfying
a-isoperimetric inequality with constant Cy. Let v be the measure defined in (2.3). Then
(T, w) satisfies the following Nash-type inequality:

1 - i
52‘] VZ (F@) = F@)) py 2 4 PCIAT AL f e L' N L)
xeV yeV,yeox

The next proposition follows immediately from [1, Theorem 3.26]. As a notation in [1],
given a weighted graph (I', ) with collection of vertices V. We denote the counting measure
times 274 on 27777 by u j» which can be viewed as the measure “v” in (2.3) corresponding
to weighted 27/Z¢ with all edges weighing 27/¢/2d.

Proposition 2.5 ([1]). For j € N, let all edges of 27/Z¢ be assigned with a weight 2774 |2d.
There exists a constant C; > 0 independent of j such that for any finite subset A of 277,

2.5) Ho-r20(A, 27TZNA) 2 Cy - 27 (A) D

Before establishing the isoperimetric inequality for X;, we need the following proposition
which will be used throughout this article.

Proposition 2.6. There exist Cy > 0 and Ny € N only depending on the darning region K
such that for all j > Ny,

(2.6) vj(@}) < Cy - 277,

Proof. In the following we denote the d- and (d — 1)-dimensional Lebesgue measures by
m@ and m"Y, respectively. For any two distinct x,y € E’ both adjacent to a3, the two

Euclidean balls By (x, 2%) and By(y, 2%) are disjoint. Also, for any x & a, the Euclidean
ball By(x, 2%) must be contained in the set {x € R? : d}j(x, dK) < 2 - 27/}. Therefore,

(2.7) vj(a)- m@ (BI-I (x, %)) <m“ ({x eR?: dy(x,0K) <2 - 2_"'}).

Since K has Lipschitz-continuous boundary in R¢, 0K is (d — 1)-dimensional in the sense of
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both topological and Minkowski box dimension. This means that there exists j, € N and a
constant ¢ > 0 such that for all j > j;, K can be covered by c - 2/~D many boxes with
side lenght 27/, This further implies that set {x € R? : dj;(x,dK) < 2 - 27/} can be covered
by boxes with the same centers but side length 16 - 27/, which further implies that for some
c>0,

m® ({x eR?: dy(x,0K) <2 - 2_j}) <c 2D =27 j> .

The conclusion thus follows on account of (2.7) and the fact that m(d)(B|.|(x, 277/2)) = s(d -
1)-27U*Dd for all x € R, where s(d — 1) > 0 is a constant equal to the (d — 1)-dimensional
surface measure. |

Recall the graph structure on E/ defined in (1.2). In the next proposition we establish
an isoperimetric inequality for X/ on the weighted graph E/, where all the edges in G, are
equipped with an equal weight of 27/¢/(2d).

Proposition 2.7. For every j € N, let all edges of E' be equipped with an equal weight
277 [(2d), which is consistent with the definition of m; in the sense that
—jd
2d
For the Ny specified in Proposition 2.6, there exist an integer Ny > Ny and a constant Cy > 0
independent of j such that for all j > N,

mj(x) = -#{exyeGj}.

(2.8) pei(A, ENAY > 277Com (A) 4 for any finite set A C E/.

Proof. Let A be any finite subset of E/. Recall that in Section 1 we set K; := 27/Z¢ N K
and G; := (27774, V;}, where V; is the collection of the edges of 27774, Also recall that
we use “ey,” to denote an edge connecting x and y, including these two endpoints. In the
following we establish (2.8) by dividing our discussion into two cases depending on whether
a; is in A or not.

Case (i). a; ¢ A. Thus a; € E/\A and A c 277Z%. In view of the definition of the graph
structure G’ in (1.2),

2-Jd
2d
2/ 2~

= —Z#{ye(Ej\(AU{aj})):y<—>x}+g#{x€A:x<—>aj-}

wuei(A, EN\A)

Z#{yeEj\A:nyinGj}

xX€A

2-Jd By o
= WZ#{ye(z‘]Zd\A):nym2JZd,exymK:Q)}
x€A
2
+ ﬁ#{xeA:Elexyevjsuchthatexyml(;t(b}

2-id .
ST > #lye@7ZN\A): Fey € Vysuch that ey, N K =0}

=
xeA
27 i
- #lye27z': e, € V;suchthat e, NK # 0}

xX€eA
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2-id

>
4d?

D#lyerizha: yo xin2/zd),

x€A

where the first inequality above is due to the fact that for every x € A such that there is at
least one edge in V; with an endpoint x intersecting K, there are at most 2d many such egdes
with different other endpoint y. Now in view of (2.5) and the definition of u; and iz
earlier in this section, we have

(2.9) pEi(A, EN\A)
27
I

v

D #lye2VzN\A: y o xin27Z7)

XeA

> g H(4, 202 S 2 aye o = 2L
which the C; above is the same as in (2.5). This establishes the desired inequality for the
current case. Before continuing to the other case, we note that by the definition of Lipschitz-
continuity, ¢ ;(K;) is bounded from below by a positive constant for sufficiently large j. Thus

there exists an integer j; > Ny and a constant ¢; > 0 such that

2 (AYDI,

(2.10) 1i(K;j)>cy, forall j> j;.

Now in view of Proposition 2.6, there exists an integer j, > Ny such that
2 jd=1) . s
(2.11) wi(Kj)=cy = =7 € ) > mj(a;), forall j> jo.

Case (ii). a}f € A. In this case E/\A = 27779\ A. Recall that we let K;=Kn 27774, Thus for
all j > j, givenin (2.11),

(2.12) wpi(A, ENA)
2-/d , '
= 57 #{yGE’\A:nyinGJ}
2d
X€EA
27 ‘ L2 . :
= g;#{yEE!\A : y<—>x1nGJ}+ g#{yEEJ\A : y<—>aj}
x;&a;
2-id iy
> WZ#{ye(z TZNA): Fey € Vst ey NK = 0)
X€A
Xiaj
2-id iy
+ i Z #{y€(2 TZ\A) : Elexyevjs.t.exynl{;t@}
xe2-izd
2-id iy
2 —= Z #{ye(z IZN\A) : Jey € Vst exynKz(Z)}
reAV(a')
2-Jd ,d
o Y #lye@IZ0A): Tey € Vystoey NK % 0)
xeA\{a;‘.}
2-id iy
+ Tcpz#{ye(Z IZN\A) Elexyevj}

xeK;;
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2-Jd . .
> —— > #lye2izh\A: y o xin27/z)
xe(A\{aj:})UKj
1 . »
= 5t ((AMaj) UK, 277Z0\A)
c . d-v/d 211 C . d-1/d
25) = o ui(@\ah U K)) > mi(@@huK)T

where the first inequality is due to the fact that for every y € 27/Z%\A such that there is at
least one edge in V; with an endpoint y intersecting K, there are at most 2d many such edges
in V; with differenet other endpoint x. The proof is complete in view of (2.9) and (2.12).

O

3. Nash-type inequality and heat kernel upper bound for random walks on lattices
with darning

In this section, using the isoperimetric inequality obtained in Proposition 2.7, we establish
first a Nash-type inequality and then heat kernel upper bound for X;.

Proposition 3.1. For every j € N, let (P{)zzo be the transition semigroup of X/ with
respect to m;. There exists a constant C3 > 0 independent of j such that for all j > N;
specified in Proposition 2.7,

~ C
(3.1 1P/l < 5.Vt € (0 +e0].

Proof. It follows from (2.8) and Proposition 2.4 that for all f € L'(E/, m DN L*(E',m s
it holds
_2; a-2-2 2+4 -4
5 LSS (- 572G 2 Al I,
X€ET yeEl yox

In view of the definition of £/, this implies that

(32)  Ef )= CE AT AP A f e LNET, mj) 0 LA(E, m)).

L>(mj) L'(m;)’
The conclusion now follows from [4, Theorem 2.9]. O
Now for every j € N, we define a metric d(-, -) on E/ as follows:
3.3) di(x,y) = 27/ x smallest number of edges between x and y in G

With the above on-diagonal heat kernel estimate, using the standard Davies’s method, we
next derive an off-diagonal heat kernel upper bound estimate for X/. Since there is a Nash-
type inequality holds for each X/, the family of transition density function of (Pf)zzo with
respect to m; exists for every j € N. We denote this by {p;(t, x,y), t > 0, x,y € E’}.

Proposition 3.2. For every j > 1, fix a sequence of {@}};>1 satisfying a; < 2/-'. There
exists C4 > 0 zndependent of j, such that for all j > N, speczﬁed in Proposition 2.7,

(3.4) piltxy) < o5 exp( jdi(x,y) +4t0%), 0<t<oo, x,y€k
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Proof. We prove this result using [4, Corollary 3.28]. For each j, we set
Fl = {h+c: he D), hbounded, and ¢ € R}.

It is known that the regular symmetric Dirichlet form (£/, D(£7)) is associated with the
following energy measure I'/:

Elu,u) = f T/ (u, u)(dx), ueF.
Ei

Now we define 77, as a subset of Ve Fi satisfying the following conditions:
(i) Both e T/(e?,¢¥) and e¥T/(e ¥, e™¥) as measures are absolutely continuous with
respect to m; on EJ.
(i) Furthermore,

. -2 Ti(e¥ . oV 2 Tk~ o~y \/?
(3.5) ri(y) = ( de 7T D) e e e D ) <.
dm; o dm; o
For a fixed constant a; < 277!, we denote by
(3.6) Yin(x) = a;- (dj(x, a;‘.) A n).

In order to apply [4, Corollary 3.28], we need to verify that i, € FI for every n. Notice
that ;, is a constant outside of a bounded domain of E/, therefore it is in Fi. We first note
that

1

1
(3.7 1 —e'| <|2x|, for — 3 <x< 5

We now first verify conditions (i) and (ii) above for the function ¢;,. Viewing
e VinTi(e¥in, e¥in) as a measure on E/, given any subset A C E/, we have

e_Z(pj,n r‘j(el//j,n , el//j,n )(A)

2-(d-2)j ) 5
— =2 jn(x) YinW) _ Win(x)
= e 2 | o (e en)
x€E/NA yoxin EJ
2-(d-2)j @ 2
(ya YAn—d; (xa AR
e eI (B il
X€EINA yoxin EJ
2-(d-2)j (@ 2
_ (ya YAn—d; (xa AR
4 Z Z [( )) }
er’OA yoxin EJ
x#:a;
2-d-2)j o2
1, . . _ ajdiy.a;)An)
+ ad l{ajEA} Z* [(1 e J ) ]
yod;
2-(d-2)j ; ;
B < #{xeEnAx#al}-2d- 2 a; 2777
2-(d-2)j
+ 14 -laeA v](a) 2-a;- 277)?
. . 2—jd
< 22/ #{xeElnAx#dl ol + — Ligen) " v(@)) a2,



10 S. Lou

Recall that m j(x) = -vj(x). We conclude that for some ¢ > 0 independent of j, it holds

de_zlljj,n F/(e¢/n s el//j,n)

< \/Ea/j, forall j > 1.
dmj

[ee]

(3.8)

Similarly, it can be computed that

2¢j,1r‘j(e—l//j,n e Vin )(A)

2-(d=2)j Z Z [( aj(dj(xa)An-d;(y.a’ )/\n))z}

x€E'NA yoxin EJ

x#a
2-(-2)] a2
R . _ o ildjly.a)An)
+ 17 l{ajEA} y;a* [(1 e~ ildiya ) ]
2~(d-2)j . ) -
B = = #{xe EnAx#al}-2d)-2-a;-27)
2-(d=2)j i i
Sy Ligeay - vj(d@)) - (2-a;-27)
. . 2-jd
< 2.2/ -#{x eE'NAx+ a}‘-} : a? + v l{a?eA} -vj(a3) - a'?.

Similar to (3.8), this shows that
dezwj,n rj(ewj,n s e'J/j,n)

<V2aj, forall j>1,
a'mj

and thus (4.7) is verified. The desired conclusion follows immediately from [4, Theorem
3.25, Corollary 3.28]. O

Corollary 3.3. There exist Cs > 0 independent of j such that for all j > N specified in
Proposition 2.7, all x,y € EJ and all t > 0, it holds

C .

—/Sze_df("’”)z/(64t), when dj(x,y) < 16 -2't;
pj(t’ X, !/) < CS .
e eHUEDIA T ohen dj(x, y) > 16 - 2/t

In particular, given any T > 0, there exists Cs > 0 such that
C j . .
pi(t,x,y) < td_/sz (e_df(x’”)z/(("”) + e_zjdf(x’”)/ét) , forall (t,x,y) € (0,T] X E/ X E”.
Proof. To prove this, in Proposition 3.2, given any j > Nj, for any fixed 7y > 0 and any

pair of xo, yo € E/, we take

- d(xo, Yo)
T 321

Then Proposition 3.2 yields that for all # > 0 and x, y € E/,

c di(xo.y0) ., di(xo.y0) .\
(1 < — —|—=A27")d; + 4ty | —————= A2/ .
pj( O’x’y) — tg/z exp|: ( 32t0 j(xay) 0 16t0

A 2771

The desired result follows from first taking x = x¢ and y = yo, then simplying the right hand
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side above by dividing it into two cases: d;(xo, yo) > 32t - 2/~! and d;(xo, yo) < 32t - 277"
o

4. Tightness of the approximating random walks

The next proposition taken from [10] is a well-known criterion for tightness for cadlag
processes. As a standard notation, given a metric d(-, -), we denote by
wy(x, 6, T):= inf max sup d(x(s),x(?)),
{ti}]SiSnEH 1<i<n s,t€ltition]
where I1 is the collection of all possible partitions of the form 0 =7y <t} <--- <t,.1 < T <
t, with min;<;<,(t; — t;-;) > 6 and n > 1. Recall the definition of the metric p equipped on £
in the third paragraph of §1.

Proposition 4.1 (Chapter VI, Theorem 3.21 in [10]). Let {Yy,P};> be a a sequence of
cadlag processes on state space E. Given y € E, the laws of {Yy,PY}i>1 are tight in the
Skorokhod space D([0,T], E, p) if and only if

(1). Forany T >0, § > 0, there exist K; € N and M > 0 such that for all k > K;,

(4.1) Py[ sup |Yf| > M} <.
t€[0,T]

@i1). Forany T > 0, 81,0, > 0, there exist 63 > 0 and K, > 0 such that for all k > K>,
(4.2) P w, (Y5, 63. T) > 61| < 6.

In this section, we use the heat kernel upper bounds obtained in Corollary 3.3 to verify
the two conditions in Proposition 4.1. Since this section is long and technical, we briefly go
through the structure of the rest of this section: Condition (i) in Proposition 4.1 is established
via Lemmas 4.2 - 4.7. In Lemma 4.2, we break the left hand side of the inequality in
condition (i) into the sum of a few terms. Lemmas 4.3 - 4.6 are some delicate computations
as preparations for Lemma 4.7. Finally in Lemma 4.7, we consolidate all the computations
in Lemmas 4.3 - 4.6 and establish condition (i) using the inequality in Lemma 4.2. Condition
(ii) in Proposition 4.1 is verified in Proposition 4.8.

We begin with the following Lemma 4.2 that can be proved in the same manner as [12,
Lemma 4.2]. Indeed, this is a standard result due to the strong Markov property of X/. We
skip the proof to it.

Lemma 4.2. Given any T, M > 0, for any sufficiently large j € N such that 2~/ < T, it
holds for all x € E/ that

Px[ sup |X'tj|,, > M} < Px{ sup |th|p > M] +Px[
1€[0,T1] 1€[0,877]

4,2 5]
+P* [T —8 U<ty <T, ’X;’p < %]

+P* [S‘f <ty <T-87,

X;‘p < %]

where Ty ;= inf{t > 0 : IX,jlp > Mj}.
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The following lemma can be proved in the same manner as that in [12, Proposition 4.3].
Essentially it results from the fact that X/ makes jumps at a rate of 272/, for every j > 1. The
proof is also skipped here.

Lemma 4.3. Forany 6 > 0, any T > O, there exists My > 0 such that for all j > 1:

supP”[ sup p(Xé,th)ZMl <.

yeEi  Lie[0,87)

Before presenting the next few lemmas, given any » > 0, we denote the boundary of a
“cube” in R? centered at the origin with side length 2r by

4.3) S, = {(xl, . xg) € R max x| = r}.
1<i<d

For the remaining of this paper, we fix a starting point xo € N> E/ and a ko € N, such that
both K and x; are contained in the set

(4.4) {(xl,.. ,xg) €RY: : max |x,|<k0}

By elementary geometry, it can be told that for all r > 2kq, j > 1,
4.5) #(S, NE') < 2d) - 2r- 2"
When k > 2k, for all j > 1, the definitions of d; and p imply that

k .
(4.6) dj(x0,y) = p(x0,y) = 7 fory € Sy N EY.

Lemma 4.4. Fix xo € (5 E/and T > 0. For any 6 > 0, there exists M, > 0 such that
for all j > N specified in Proposition 2.7 such that 8/ < T':
sup P [d;(X/, x0) 2 My < 6.
8i<i<T
Proof. We use Proposition 3.3 to prove this. We first note that the sequence of metrics
{d;} ;=1 is non-increasing in j, in particular, given a fixed xo € N jzlEj ,{d j(a;,xo)} j=1 18 an
non-increasing sequence of numbers. Therefore, for the ky specified in (4.4), one can choose
M > 2k sufficiently large such that

(4.7) di(a;,x0) < M, forall j> 1.

For M satisfying (4.7), in view of the definition of m; and the heat kernel upper bound in
Corollary 3.3, there exists some ¢; > 0 independent of j such that for all j > Ny,

(4.8) P [dj(X/, x0) 2 M|
Ci B dj(xo,y)z _ 2jdj<XOvy)
< Z an e +e T T Imi(y).
d(y.x0)=M
Cl _ djlx- 2 id 2’d (xo y) —jd
< Z ant 2 Z d/z 2
d(y.x0)=M di(y,x0)=M

To give an upper bound for each of the two terms on the right hand side above, we first
record the following computation for a generic k > 0:
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b 1 d-()c ,1)2
(49) > X aprte ™

I=k2) yeEINSy 1n-s

e

4o Y L
1=k2) yeEINS, o) f
Y2 ) )
4.5) < L —jd . e‘% - (2d) - (4ko + 21 - 277yd1 . pJd=D

~

(2kg+127))2
T 256

e (dko +21- 271 e

~
<.

IN
asERNgERA Nk
[\
2™
S| o
~

. . (2k0+l-2_l)2 1 (2k0)2
< 2d - 27 - (4kg +21- 27 L e sr sup —e” S
1=k 2 0<t<T td
. Cid-1 _ @kg+i27)?
< e )27 Bk + 2027y e
I=k-2J
J _
oo 2(ut1)-1 By i kg2
< CZZ Z 270 (ko + 21 279y L oS
u=k [=2/u
(o]
d-l _ @kgtw?
< e Z(4k0 +2u+ 2)% e T
u=k
de 1  @kgri)? _ @kg+u?
= 0 Z(4k0 +2u+2) 10247 . @~ 10247
u=k
<

c ( sup (2x + 2)d_1e_%) Z e_Q'k(())TYT)2 < Z e_(zlkgTYT)z.
x22ko u=k u=k

We note that the last display of (4.9) can be made arbitrarily small by selecting sufficiently

large k. It now follows that for any ¢ > 0, there exists k; € N such that for all £k > ki, it holds

for the first display in (4.9) that

ad (v w)? s +u)?
(4.10) >y #2 d . G < CQZe_—Qlk(?W) <8/2.

1=k YeEINSy 1-j u=k

In order to handle the second term on the right hand side of (4.8), similarly, we also first
record the following computation for a generic k > 0:

ad 1 2id(xg.) .
@10 2, X g ¢

1=k yeENSy 15-j

had 1 ek _id
“4.6) < Z Z We 8 -2
1=k2) YeEINSy, s
1 2/(2k0+12 ) o ad-1 _id
45) < aRe Qd) - ((4ko +21-277) 27} - 27
—k-2J
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(&)

1 J (k4127
= D) e S 2d) - (Ao + 20279y 27
I=k-2
2J 2kg+1-2=7) 1 2ekg+27d)
= 2d Z 27 (kg +21- 27 e (We = )
[=k-2/
o , Jogr ) [ 1 ;
< 24 ) 27 (4ko + TR0 i et (We_%)
1=k-27
(t287) < 24 ) 274k + 21 . 2 iyl g (supgz" . %é)
I1=k-2 jz1
< ey Y 2k + 21
I=k-27
oo 2/(u+1)-1 1 2](2/(0”2 ;)
S ey > 2k +2- 27 e
u=k [=2J.u
J (2kg+u
< o Z(4k0 +2ut 2yl e
u=k
_— Z(4k0 B T
u=k
< 3 ( sup (2x + 2)41633) Z e’w <cy Z e*ZkgzM_
x>2kg =k =k

The last display of (4.11) can be made arbitrarily small by selecting sufficiently large k.
Therefore, for any 6 > 0, there exists k, € N such that for all k > k,,

[ee] : [se]
| TS _id _ 2kptu
(4.12) >y ape ¢ 2 <y e <52,
I=k-27 yEElﬂSZA i u=k

Finally, to claim that the right hand side of (4.8) can be made arbitrarily small by selecting
sufficiently large M, we note that for any j > 1, (EJ\ e U S;2-i. Therefore, given the

Xo, ko fixed in (4.4), as well as the &y, k, specified in (4.10) and (4.12), there exists M > 0
sufficiently large such that

(4.13) {yeE: dj(xo.y) = M) U (E/ N Sagars) forall j = 1.
I=(ky Vky)-20

With such chosen M, we can rewrite (4.8) as
P [dj(X/, x0) 2 M|

cr _ djxo)* iy cq _2djxpy) i
— o .7/ - T .7/
“8) < > gpe w2 3 e 2,

di(y.x0)2M d;i(y,x0)=M
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) a2
13 < > Y #rid Lo
I=ki-2 yeEINS, o
BN e
I=ky2 yeEINSy 5
0 o .
(4.10),(4.12) < 3 + 5= o, forall j> Ny.

O

The following lemma, roughly speaking, states that starting from a position y such that
p(y,a*) > M, for sufficiently large M, the probability that p(X/, a*) < M/2 is small, for all
before a fixed time 7.

Lemma 4.5. For any fixed T > 0, 6 > 0, there exist M3 > 0 and an integer Ny > N,
satisfying T > 2 - 82, such that for all j > N> and M > M, it holds that

. M , ,
P x|, < 3| <o soraitl, > M, re s T -8,

Proof. For a generic M > 0, given |y|, > M and t € 8=/, T —87/],

(4.14) P [IX,’I,JSE] = > pity.mx) + piity,apm(a)
p(x,a;)SM/Z
x:#aj.

We first handle the second term on the right hand side above. In view of Proposition 2.6 as
well as the definition of m; in (1.3), we have for some ¢; > 0 (depending on d) that

oo 2 =2,
In view of Corollary 3.3, since d;(y,a}) > p(y,a;) > M and t € [8/,T —871],

2-J
(4.15) mj(a}) <

127/ M2 2im
(4.16) pj(t’ Y, aj)mj(aj) < ;H'T (e_@ + e_T)
>8/ 1 —Igl—f 2_] _#
< (4] me [+8—jd/2e
& M-2]
— td_/12e 641 4 C](ZJ) 2 e

Now we claim that the right hand side above can be made arbitrarily small by selecting
sufficiently large M. Indeed, given any 6 > 0, there exists ¢, > 0 such that when M > ¢;,

[ 19)

4.17 Sup —se o < —.

&1 ower 2° " S 1
For the second term on the right hand side of (4.16), given any 6 > 0 and the ¢, > 0 chosen

in (4.17), there exist k; € N such that for all j > k; and all M > ¢,

(4.18) a3 e < ¢ (supﬁ—le—%) <9
x>27 4



16 S. Lou

Combining (4.17), (4.18) with (4.16), we have showed that given any ¢ > 0, there exist
¢y > 0 and k| € N such that for all M > ¢, and all j > k; that

* * 6
(4.19) pi(t.y,a;)m(a;) < 7

Now we take care of the first term on the right hand side of (4.14). First we note that
K c{(x1,...,x2) € R? : max<i<q |xi| < ko) per the choice of k( indicated in (4.4). Thus

, M
{x € E/ :p(x,a;) < —} C {(xl,...,xd) e RY: max |x;| < ko + 2M}.
2 1<i<d
This implies that there exists some c3 > 0 such that for M > 2k,
. " M d d jd
(4.20) #{x € E/ tp(x,ay) < 7} < #{(xl,...,xd) e R*: {naﬁlxil < SM} <c3- M2,
<i<

In view of the assumption that p(y, a*) > M, for x such that p(x, aj.) < M/2, triangle inequal-
ity implies

M
2

(4.21) di(x,y) 2 p(x,y) = —, allj>1.

Now by Corollary 3.3 as well as the fact that m;(x) < 2774 for x # a*,

1 djew? 1 2y
(4.22) Z pit,y, x)mj(x) < Cy4 We G+ me T |mj(x)
p(x,aj)SM/Z p(x,a;)SM/Z
x:ﬁa}i x#a;
1 2 1 j -
(421) < Z C4(d_/2€_% + We_yTM)Z_-’d
p(x,a;.)SM/Z !
X£d';
J
i 1 M2 1 sz .
t>=8"7) < 64((][—/26_m + S_jd/ze_T)T/d
p(x,a;l)SM/2 4
xX#a’
J
. 1 M2 . 2M .
(4.20) < ¢5-M?-2/ (We‘m + 81"/2(3—7) .7

2 . j
= cq- M (td%e_% + 8-’d/2e_2JTM)

A

4 - M L _ig d A3 _2m
(t<T, M>2ky) < c4M®e 577 | sup e +ce-M*-27¢ B
0<t<T td/

< C4Md€_% +cy- M. 2¥e_¥.
Now we want to claim that given any 6 > 0, the last display above can be made arbitrarily
small by selecting sufficient large M and j. Indeed, for the first term in the last display of
2
(4.22), there exists c5 > 2k such that for all M > cs, ¢4 - M¢ - eI < 0/4. For this chosen

cs, we first denote by ¢ := sups.. M4e=M/16_ Now for the second term on the right hand
side of (4.22), forall M > cs and all j > 1,

3jd  2Mm 3jd _2im
6

(4.23) M2 <y MU27 e

_u 3jd e
.elﬁSC4CG.22€ 16,
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From the last display above, one can tell that there exists k, € N such that for all j > k, and
all M > Cs,

3jd 2im 3jd 2es o

(4.24) Co-M? 277 <cgcg-27 e < yl

Combining (4.24) with the previous discussion regarding the choice of cs5, we have claimed
that given any ¢ > 0, there exist ¢cs > 0 and k, € N such that

o o0 0o
(4.25) § pit,y, mj(x) < — + — ==, forall M >cs, j > k.
* 474 2
px.a)<M/2
x;ﬁa;

Finally, combining (4.14), (4.19), and (4.25), it has been shown that for all M > max{c;, cs}
and all j > max{ky, k5 },

. M . :
P [|X,/|p < 3] <o, foralllyl,>M,te[87,T-87]

Recall the definition of 7, in Lemma 4.2.

Lemma 4.6. Fix xo € () EJ. Forevery T > 0 and every § > 0, for the N, and M5 given
in Lemma 4.5, it holds for all j > N, and all M > M5 that

pio [S‘f <1y <T -8,

Xj‘ <%]<6
Tl = 2 ’

Proof.
. s M
(4.26) p*o [S_J <ty <T-87, |X§| < 7]
p
-8 -
j ; M
= f E% PXX[XL < — ;TMEdS]
8- ! 2
T8
; M
< f E sup PY [IXtJIp < —] 1Ty €ds
8 ylylp>M 2
L re[8~7,T-871]
; M
< sup P [lX't’Ip < —]
lylp=M 2
1e[877,T—877]
The conclusion then follows from Lemma 4.5. O

Proposition 4.7. Given xy € N jzlEj, given any T > 0, 6 > 0, there exist My > 0 and an
integer N3 > N specified in Proposition 2.7, such that for all j > N3,

(4.27) P [ sup |X;'|p > M4] <6.
t€[0,T]

Proof. On account of Lemma 4.2, it suffices to show that given any 6 > 0, T > 0, there
exist ¢; > 0 and n; € N with 87" < T/2, such that for all M > ¢; and all j > ny, the
following hold:
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(i) B [sup,ero - X/l > M| < 6;
i) Po{|xp| > %] <.

P
(i) Po|T -8 <1y < T, |X§| < %] <6
L p

(iv) PO|8/ <1y < T -8,

J M
xi| < 7] <6,

maxj<;<3 V;, where the M;’s and the N;’s are given in Lemmas 4.3, 4.4 and 4.6. Actually
it is evident that (i) and (ii) hold on account of Lemma 4.3 and 4.4, respectively, together
with triangle inequality for distances. (iv) holds in view of Lemma 4.6. To justify (iii), by
the same argument as that for [12, (4.18)] we have

Thus (iii) follows from Lemma 4.5. m|

We claim that all (i)-(iv) are satisfied for all M > |xol, + 2 - maxi<j<4s M; and j >

(4.28) POIT -8 <ty <T,

|

‘ M o
X;’ < —] < sup Py[ sup p(X,],X{)) >
o Wo=M  lref0,8-]

As a standard notation, given a metric d(-, -), we denote by

wy(x, 6, T):= inf max sup d(x(s),x(?)),

{tih<icn€lN 1<i<n g 1e1. 1. 1]

where I1 is the collection of all possible partitions of the form 0 =#) <# <--- <t,_1 < T <
t, with min <<, (¢; —t,_1) = 6 and n > 1. It is clear from the definition that as 6 decreases, wy
is nonincreasing.

Proposition 4.8. Fix any xy € ﬂjzlEj. Forany T > 0, 61,0, > 0, there exist 03 > 0 and
an integer Ny > Ny such that for all j > Ny,

(4.29) P* |w, (X7, 85.T) > 61| < 6,
where

wy(x, 03, T) := infmax sup p(x(s), x(7)),
0 el
where {t;} ranges over all possible partitions of the form 0 =ty <t} < -+ - <t,.; < T <ty
with min <<, (t; — t;_1) = 63 and n > 1.

Proof. Using the same argument as that for [12, (4.52)-(4.54)], one can get for j € N and
any 01,03 > 0,

(4.30) P* |w, (X7,65.T) > 61 < 2( :

SO

+1 P”[ XJ, X! 2—].

)3‘!}3 Pl X)2 3
0<s5<03

For the right hand side of (4.30), we further have that for 65 > 0 and j € N satistying
877 < 03,

(4.31)
. . 51 . . 51 . X (51
su Py[ X X3 2_]5 su Py[ X;, X{ Z—]+ su P”[ X, X1 2—].
0<SSI:53 p( 0 S) 4 0<s§€*i p( 0 S) 4 8*./53263 p( 0 S) 4

We first handle the second term on the right hand side above. For any 63 > 0,7 >0, j € N
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such that 87/ < t < 63, for any y € E/, there exists some ¢; > 0 such that

(4.32) P [p(y,Xf)z %] < P [dj(%xzj)z %]

c d (ey)? B 2Jdjxy)
< Z ,We G +e T Imy(x)

xeE):d(x,y)> %‘
xia*.

Cl 275y

52
1 *
+ an (e %6 4 16 )mj(aj).

For the first term on the right hand side of (4.32), we first note that for a given y € E/ we
have

{er’ d(xy)> xia}‘-}cU{er’ d(xy)<—+k xia}
k=1

In view of the definition of k( in (4.4), the diameter of K under Euclidean distance is at most
2ko. Thus for all j > 1 and all x,y € E/, it holds

di(x,y) > p(x,y), p(x,y)+2ky>|x -yl
Therefore,
5 —irrd 61
{er’ d(xy)< + k, x#a} {er’Z :|x—y|§Z+k+2ko}.

It then follows that for any k € N,
(51 2d
(4.33) #{er’ d(xy)<z+k xia} (Z+k+2k0) 274,

Now for the first term on the right hand side of (4.32), noticing that m;(x) < 2774 for x # aj,
we have

c i) _2djy
(4.34) Z TRl e mi)

XeEld;(xy)= 2L
x;taj.

&) ) j
Cl _djxy) 2/dj(xy)
—_— 641 4

Z Z P e mj(x)

k=0 xeEi:d;(xy)< 2 +k

IA

x#a;
N €] [ _ew? e 2dn jdr-jd
433) < th—(e e )-(61+k+2k0) 27y~
- i c1(81 + k + 2ky)* - @207 N i c1(61 + k + 2ko)* e__z"<flf)+k>
= A arn :
=0 =0

Now, for the first term on the right hand side of (4.34), for any 87/ < t < §3 < T where 63 is

a generic constant,

ad 2d 12 52 .

Z c1(61 + k + 2ko) e—% < e 204i1§b3 ( sup _e 40961)2(61 +k+ 2k0)2de 43)9(2
1412 1€(0,T] 1412

k=0
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82

(4.35) < ex(8), T, ko)e ™5 |

For the second term on the right hand side of (4.34), noticing that ¢ > 87/,

o ¢1(81 + k + 2kg)> 2+ 1 s\ wo 6
(436) ) S . DN (We‘%)z:(al ot 2kgPle T
k=0 k=0

IA

2/s 1 +k

t>87) < ¢ ((2-")%—3—4‘)2(51 +k+ 2kp) e
k=0

IA

3 2
(@)¥e ) ex61.k0,
Before we plugging the computation above back into the right hand side of (4.32), we record

the following computation for the second term on the right hand side of (4.32). For any
87/ <t < 83 < T, noticing the upper bound for m j(a;f) given in (4.15), we have

IA

c 52 2Js
(4.37) td% (ezs'er + em‘)m,(af;)
I a2 2Js )
(4.15) < d—jz(e—— +e—1—6‘)2-f
A
_ S 1 Ny Y
87/ <t<d3) < cq-€ 7| sup 22¢ 7 +cq- (227 e
1e(0,7] t

52

— in3d_q _2sy
< ¢5(61,T)e %5 + ¢y - (27)2 e o,

From here, first we replace the two terms on the right hand side of (4.34) with (4.35) and
(4.36), then plug the resulting expression together with (4.37) back into the right hand side
of (4.32). Consolidating the common terms gives us that for any pair of 93 > 0, j € N such
that 87/ < 63,

&2

s . , J
(438) sup PY [P(%X;j) > Z]] < 501, T, ko) ™ +C7(51,k0)((2])%€_%)-
cE/
ze[yf;*/,ag]

From the above, given any pair of 61,9, > 0, we can first choose 63 > 0 sufficiently small
such that

0203
AT +283)°
With this 63 chosen above, then we choose n; € N satisfying 8 < 93 such that for all
J=ny,

52
(4.39) cs(51, T, ko)e ™5 <

0203
4T +263)°
Thus given any pair of 61,0, > 0, there exists 03 > 0 and n; € N with 8 < ¢3 such that for
all ] > ny,

181, ko) ((21‘)%—2%) <

0203

6
(4.40) su Py[ X/, x7) _] L
e CRIES 2T + 263

87/<1<d3
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The same argument as that for [12, (4.50)] yields that given any 6,0, > 0 and the 63 > 0
accordingly selected in (4.39), there exists n, € N sufficiently large such that for all j > n»,

i o\ _ 01 6203
(4.41) su P”[ Xixl) > | < 228
e (x5.%) > 3 2T + 263)
0<s<8~/

Finally, plugging both (4.40) and (4.41) into the right hand side of (4.30) yields that given
01,02 > 0, there exist 93 > 0 and ny, n; € N such that for all j > max{n;, n,},

T

Liiq). 0203 S2-T+263' 0203
(53 T + 253 (53 T + 253

P* |w, (X7, 65.T) > 6] < 2([ <26, O

Theorem 4.9. Fix xg € (51 E'. For every T > 0, the laws of {X/,P™, j > 1} are C-tight
in the Skorokhod space D([0, T], E, p) equipped with the Skorokhod topology.

Proof. This follows immediately from [10, Chapter VI, Proposition 3.21]. In view of
Propositions 4.7-4.8. O

ReMaARrk 4.10. By the same proof as that to Theorem 4.9, it can be shown that given
any T > 0, the laws of {X/ P, j = 1} are C-tight in the Skorokhod space D([0, T], E, p)
equipped with the Skorokhod topology.

Before proving the next lemma, we define the following class of functions:
(4.42) G:={f e C3R?, f = constant on K.}.
For f € G, we define

. . 1

(4.43) L7 f(x) = 2% Z (f(y) - f(x)) —, forx € EL.
yoxin EJ/ vj(x)

We also set

(4.44) §:={x€E: x#dj,vj(x) =2dinG'},

where G/ has been defined in §1.

Lemma 4.11. For every 6 > 0 and every f € G, there exists some nsy € N, such that for
all j > ngsy:

(i) m;(EN\S') < &;
(i1) As j — oo, L/ f converges uniformly to
(4.45) Lf(x):= %Af(x) +0(1)277 on S™7,
Also, there exists some constant C7 > 0 independent of j such that for all j > 1,
Ejf(x) <Cy, forallxe E’.

Proof. To claim (i), we notice that {E/\S/} c {x = a;or x « ). Thus by Proposition
2.6, there exists ¢; > 0 such that for all j > j, specified in Proposition 2.6,

mi(EN\S) < mj({x = @} or x & a}}) < mj(a) +vj(a}) - 27 < ¢y - 27,
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Using Taylor’s expansion we have for any f € G and any j > jo,

d d
r _A2j oife) 1 P f(x) N sl
ﬁ]f(X)—2’;C[; il xl>+2il:1 Gy i~ 20— %)+ O(Dly = of | s
Hence
(4.46) ﬁff(x):iAf(x)+0(1)2*f, for x € §/.

2d
Since {$7} j>1 1s an increasing sequence of sets in j, both (i) and (ii) have been justified. To
justify the last claim, we first note that by (4.46) and the fact that f € C g (RY), there exists
¢y > 0 independent of j such that

(4.47) LIf(x) <, forallxe| s/,

Jjz1
We denote by cx := flx. Givenany x <> @} in E, by the definition of G/ in (1.2), there must
exist a point a € K such that |x — a| < 27/. Since f € Cf(Rd) and is constant on K, the first
order derivatives of f vanish on K. By Taylor expansion, there exists some constant c3 > 0
only depending on f but not j such that

d

(4.48) (f(x) = cx) = f(x) = fla)l < Z

i=1

of
F (@)

1

x—al+cy-lx—al <es-27Y.

Thus by the definition of £/ and Proposition 2.6,

(4.49) LIy =27 3" (f0) = cx) -vi@) ! <27 0527 <y,

xeat
J

To bound £/ f(x) for x & a]*., we first note in this case,
(450) £1f(0) =27 ) (fly) = f) v < 2 max max |1(@) — f(0)].
yox .x<—>aj Yyerx

For each y in the second “max” in (4.50), notice that there exists a € K such that |y — a| <
2.27/. Thus by similar reasoning for (4.48), | f(y) — ck| < c3 - (2-27/). Since for all x in the
first “max ” in (4.50), | f(x) — cx| < ¢3 - 272/, by triangle inequality it follows that for some
c4 > 0 independent of j, for all j > 1, £/f(x) < ¢4 for all x such that x < aj. This together
with (4.49) shows

LIf(x)<e3Ves, forallxe| J(ENS).

Jjz1

This combined with (4.47) proves the last claim of this lemma. The proof is complete. O

The following lemma is used in the proof of the main result: Theorem 4.13.

Lemma 4.12. Fix T > 0. Given any 6 > 0, there exist Cg > 0 and an integer Ns > Nj,
such that for all j > Ns,

sup P¥ [th ¢ S-f] < Cgo,
1€[(2/6)2/4,T1
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Proof. Given any § > 0, choose j; € N large enough such that (2/6)2/¢ < T. For any

t € [(276)7%/4, T with j > js, by Corollary 3.3 and Proposition 2.6, there exists ¢, c; > 0

such that
; ; c
Pt es] < 3 Sm)
yeS’
] Cl *
) ; (s )+ £ @)
j
(Proposition 2.6) < ¢ - N0 oy 12 pmid o 2L ey 2D mid
(t> @67 < 2ci0;-6.
This proves the desired result by letting Ny be the selected js. |

Theorem 4.13. Given xy € N> E/, {X/,P%, j > 1} converges weakly to the BMD de-
scribed in (1.1) starting from xy.

Proof. Since the laws of {X/} ;> are C-tight in D([0, T'], E, p), any sequence has a weakly
convergent subsequence supported on the set of continuous paths. Denote by {X/' : [ > 1}
any such weakly convergent subsequence, and denote by Y its weak limit which is continu-
ous. By Skorokhod representation theorem (see, e.g., [9, Chapter 3, Theorem 1.8]), we may
assume that {X/,] > 1} as well as Y are defined on a common probability space (Q2, F, P),
so that {X/, [ > 1} converges almost surely to Y in the Skorokhod topology.

For every ¢ € [0.T], we set M,j’ = O'(Xﬁl, s <t)and M, := o(Y,, s < 1). It is obvious
that M, C O'{ij : j = 1}. By the same argument as that for [12, Theorem 5.3] with the
use of Lemma 5.2 in [12] being replaced with Lemma 4.12, it can be shown that (¥, P*) is
indeed a solution to the D([0, T'], E, p) martingale problem (L, G) with respect to the filtration
{Mihio.

Next we claim that the BMD associated with the Dirichlet form described by (1.1) is a
strong Feller process. To see this, we denote by {G*},~¢ the resolvent operators of X, and
denote by {Gf, . Ja>0 the resolvent operators of X*\'’), the part process of X killed hitting
a*, which has the same distribution as regular Brownian motion on R killed upon hitting K.
By strong Markov property, for x € E, for every bounded measurable function f : £ — R,

(4.51) G*) = Gy +Gf@)- [ e Ploi eds)

0
In the right hand side above, the map x — P*[o(,+} € ds] is continuous because every point
on the boundary of K c R? is regular for K. Therefore we concludee that X is a strong Feller
process because G*(bB(E)) c C(E). In view of [5, §1.5], the infinitesimal generator of X
can be described by (£, D(L)), where u € F is in D(L) if there exists f € L?(E) such that

1
(4.52) = f Vu(x)Vo(x)dm = f f(x) - v(x)dm, forallveF.
2 Jevay E\{a*)

It also holds that Lu = f = %Au for u € D(L). It then is clear that the bp-closure of the
graph of (£, D(L)) is contained in the bp-closure of the graph of (£, G). By [2, Lemema
3.4.18], any solution to the martingale problem (£, G) must be a solution to the martingale

problem (L, G). Since X is a strong Feller process, the martingale problem (£, D(L£)) must
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be well-posed with its unique solution being X. Therefore the martingale problem (L, G)
must be well-posed with its unique solution being X. This means that X is the sequencial
limit of any weakly convergent subsequence of {X/} 51, the proof is complete. O

RemMark 4.14. In view of Remark 4.10, the same argument can show that (X7, P“;‘, j=1}
converges weakly to the BMD given by (1.1) starting from a*.

References

[1] M.T. Barlow: Random Walks and Heat Kernels on Graphs, Cambridge University Press, Cambridge, 2017.
[2] A.Bovier: Markov Processes, available at https://wt.iam.uni-bonn.de/fileadmin/WT/Inhalt/people/Anton_
Bovier/markov-processes/200910_-WS/wt3-bonn.pdf.
[3] K.Burdzy and Z.-Q. Chen: Discrete approximations to reflected Brownian motion, Ann. Probab. 36 (2008),
698-727.
[4] E.A. Carlen, S. Kusuoka and D.W. Stroock: Upper bounds for symmetric Markov transition functions,
Ann. Inst. H. Poincaré Probab. Statist. 23 (1987), 245-287.
[5] Z.-Q. Chen: Brownian motion with darning, available at https://sites.math.washington.edu/"zchen/BMD._
lecture.pdf
[6] Z.-Q. Chen and M. Fukushima: Symmetric Markov Processes, Time Change, and Boundary Theory,
Princeton University Press, Princeton, 2011.
[7] Z.-Q. Chen and S. Lou: Brownian motion on some spaces with varying dimension, Ann. Probab. 47 (2019),
213-269.
[8] K.L. Chung and Z. Zhao: From Brownian motion to Schridinger’s equation, Springer-Verlag, Berlin, 2001.
[9] S.N. Ethier and T.G. Kurtz: Markov Processes, Characterization and Convergence, John Wiley & Sons,
Inc., New York, 1986.
[10] J. Jacod and A.N. Shiryaev: Limit Theorems for Stochastic Processes, Springer-Verlag, Berlin, 1987.
[11] S. Lou: Discrete approximate to Brownian motion with varying dimension in bounded domains, to appear
in Kyoto J. Math, available at https://arxiv.org/pdf/2007.01933.pdf.
[12] S.Lou: Discrete approximate to Brownian motion with varying dimension in unbounded domains, Electron.
J. Probab. 27 (2022), 1-33.
[13] D.W. Stroock and W. Zheng: Markov chain approximations to symmetric diffusions, Ann. Inst. H. Poincaré
Probab. Statist. 33 (1997), 619-649.

Department of Mathematics and Statistics, Loyola University Chicago
Chicago, IL 60660
USA

e-mail: sloul @luc.edu



