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Abstract
We prove the equivalence of the local property for an irreducible regular Dirichlet form and
the Markov property for the Gaussian field associated with the Dirichlet form. Moreover we
introduce a strong Markov property for Gaussian fields and present some sufficient conditions
for this to hold.

1. Introduction

The Markov property is an important property for stochastic processes. Intuitively, it is
the property that the future state of the process is independent of the past state given the
present state. The Markov property has also been introduced for various other stochastic
models. In studies of random fields, for example, these include Lévy’s n-parameter Brow-
nian motion [22], Gaussian processes with a multidimensional parameter [25], and random
fields associated with reproducing kernel Hilbert spaces [20].

Markov properties for Gaussian free field (GFF, in abbreviation) has been used in litera-
tures. Nelson ([23]) proved the (massive) GFF enjoys the Markov property. For a domain
D c R?, the GFF on D is the complete linear space of Gaussian random variables indexed
by Hé (D) whose means are zero and covariances are given by the Dirichlet inner products,
where H(l) (D) is the completion of the space of all continuous functions with compact sup-
port in D by the Dirichlet inner product. A massive GFF is what is obtained when the
covariance is given by the sum of the Dirichlet inner product and the constant multiple of
L?-inner product. GFFs can be considered on many other spaces and play an important role
in the theory of random surfaces, quantum field theory, statistical physics, and amongst other
areas. See [4] and [29] for details. The Markov property for GFFs is applied in these areas,
for example, to establish a reflection positivity also known as Osterwalder-Schrader positiv-
ity in physics ([24]), to establish a sewing operation for manifolds ([7]), and to construct a
coupling between GFFs and occupation times of random interlacements on graphs ([30]).
Another property that is often considered is the domain Markov property ([10],[18],[27],
etc.). This property is different from the Markov property treated in this paper, and we will
note the relation between them in Remark 2.4.

As noted above, the covariance of the GFF is given by the Dirichlet inner product, which
is a regular Dirichlet form. The definition of a GFF may be generalized to Gaussian fields
whose covariances are Dirichlet forms. Before we consider these Gaussian fields, we give
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definitions and introduce some properties of Dirichlet forms.

Let E be a locally compact separable metric space and m be a positive Radon measure
satisfying supp(m) = E. Throughout this paper, for a given Borel set A, C.(A) denotes the
family of all continuous functions with compact support contained in A. Moreover, a A b
means min{a, b} and a V b means max{a, b}.

DeriniTion 1.1. Let F be a dense linear subspace of L?>(E;m) and £ : F X F — Rbea
non-negative definite symmetric bilinear form. The pair (£, F) is called a Dirichlet form on
L?(E; m) if the following conditions hold.

(1) The space F is complete with respect to the norm V& (-, -), where &) is the sum of € and
the L2(E; m) inner product.

(2) For any f € F,itholdsthat OV fAle Fand EOV f A 1,0V fAL)<E,[).
Moreover, (&€, F) is regular if C.(E) N F is £;-dense in F and uniformly dense in C.(E).

Let (£, F) be a regular Dirichlet form on L?>(E;m). Then there exists an m-symmetric
Markov process ({Z;};>0, {Py}xeg) on E associated with (£, F). We say (&, F) is transient
if (F,, £) is a real Hilbert space, and recurrent if 1 € F, and £(1,1) = 0. Moreover, we
say (&€, F) is irreducible if, for any Borel set A satisfying the condition that 1, f € F and
Ef, f) = EAof, 14 f) + EA g f, 1ac f) for f € F, either m(A) = 0 or m(A°) = 0 holds. See
[6, Section 2.1] or [17, Section 1.5], for details.

DerNiTION 1.2. A Dirichlet form (€, F) on L*(E; m) is local if E(u,v) = 0 forall u,v € F
having disjoint compact support.

It is known that a regular Dirichlet form is said to be local if and only if its associated
Markov process has continuous paths, namely the process is a diffusion (see [6, Section 2.4]
or [17, Section 4.5], for details).

We now define Gaussian fields associated with Dirichlet forms, which are the main ob-
jects in this paper. For a regular Dirichlet form (€, ) on L*>(E; m), there exists a Gaussian
field G(E) := {Xy}ser, defined on a probability space (L, .#,P) satisfying E(Xy) = 0 and
E(XrX,) = E(f,g) for f,g € F,, see [16] and [8]. Here, F, is the extended Dirichlet space of
F, more precisely, F, is defined as the family of functions f : E — R having an £-Cauchy
sequence {f,} C F such that f,, — f m-a.e. Moreover we define E(f, f) := lim,—c E(f3s )
for f € F, and an approximating sequence {f,} of f. This limit exists and independent of the
choice of an approximating sequence {f,} of f, see [6, Theorem 1.1.5] for details. We call
G(&) the Gaussian field on (Q, .#, P) associated with the Dirichlet form (€, F) on L*>(E; m).

Throughout this paper, we may assume that .# is complete and .4~ denotes the collection
of all P-null sets. For G(£), we define the o-fields that will correspond to the filtrations of
the standard Markov property for stochastic processes, and the Markov property as follows.

Dermition 1.3. For f € F,, we define the spectrum s(f) of f as the complement of the
largest open set U satisfying £(f,g) = 0 for all g € C.(E) N F with supp(g) C U.

For A C E, we set 0(A) C .# to be the o-field generated by {X; : f € F,, s(f) C A} and
N
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Dermnition 1.4. For a set A C E, G(&) has the Markov property with respect to A if a(A°)
is conditionally independent of o(A) given 0(0A), which means that P(I' N Z|o(0A)) =
P(I'o(0A))P(Z|o(0A)) for T' € 0(A) and X € o (A€).

The following theorem is the first main theorem of this paper concerning the Markov
property.

Theorem 1.5. Let (£, F) be an irreducible regular Dirichlet form on L*(E; m). Then the
following are equivalent:
(1) The Dirichlet form (€, F) is local;
(2) The Gaussian field G(E) has the Markov property with respect to any relatively compact
open set;
(3) The Gaussian field G(E) has the Markov property with respect to any open set;
(4) The Gaussian field G(E) has the Markov property with respect to any subset of E.

This equivalence was proved by Dynkin [11] when (&, F) is transient under an absolutely

continuous condition (AC), which is the condition that there exists a Borel properly excep-
tional set N C E such that the transition semigroup P,(x,-) is absolutely continuous with
respect to m for each ¢+ > 0 and x € N°. Moreover it was proved by Rockner [26] when
(&,F) is transient without the assumption (AC). When (&, F) is recurrent, under the as-
sumption (AC), Fukushima and Oshima [15] proved the equivalence between (1), (2) and
(3). Moreover, in [16], it is proved that (3) implies (1) when (&€, F) is recurrent without the
assumption (AC) (in fact, it holds that (2) implies (1) by using their proof).
So, in order to complete the proof of Theorem 1.5, it is enough to show that (1) implies (3)
and (1) is equivalent to (4) when (&, F) is recurrent without the assumption (AC). To prove
this, at first, we show that (1) implies (2) by dividing E into U and U¢ for some open set
U with m(U¢) > 0, applying the equivalence for transient case proved by Roéckner [26] to
the restriction of (£, F) to U, and using locality to the outside of U. Similarly, we prove (1)
implies (3). To prove (3) implies (4), we show that (3) is equivalent to the different type of
the Markov property (Theorem 2.5) by using the orthogonal decomposition of (£, F), and
apply this to A and A€ for any subset A of E. We will prove these in Section 2.

There are Gaussian fields having the same type of correlation kernels; for example, the
massive Gaussian free field on R? and the Gaussian field G(&;) on R, where (€, F) on L*(R)
is the Dirichlet form associating with the Cauchy process (1-stable process), have loga-
rithmic correlations (see [21, Section 3.2] for details). These Gaussian fields have similar
property in a view of correlations, but, by [26], the former satisfies the Markov property and
the latter does not. So, by using Theorem 1.5, we can distinguish characters of Gaussian
fields which we could not obtain only by observing their correlations.

We remark that, in general, diffusions on infinite-dimensional spaces do not satisty (AC).
For example, (AC) fails for an infinite-dimensional Wiener process [5, p.xii].

We next consider the strong Markov property. The strong Markov property for stochastic
processes has been discussed extensively in the literatures. Moreover strong Markov prop-
erties for set-indexed processes where stopping times are replaced by “stopping sets” are
studied in [3, 12, 13, 14, 19]. Here, a set-indexed process is the Gaussian field {X}aci)
where IC(E) is the totality of all compact sets of E. For some special cases of the Gaussian
fields associated with Dirichlet forms (&€, F), G(£) can be viewed as random functions on
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E not only random distributions, and can be treated as set-indexed processes. For example,
G(&) can be viewed as a set-indexed process if the Hunt process associated with (£, F) has a
bounded green function, which corresponds to the covariance kernel of G(£). Hence we can
apply the strong Markov property of the set-indexed process to G(£) in this case. Indeed,
Sznitman [30] uses the strong Markov property for GFFs on graphs in order to construct
a coupling between GFFs and the occupation times of random interlacements on graphs.
However, in general cases, such as in the case of GFFs on sets of R for d > 2, we can not
define G(&) as a random function. Hence we can not apply the strong Markov property for
the set-indexed process to G(&) in general. So we will introduce the strong Markov property
for G(€) on (Q, . ,P) and state some sufficient conditions for the strong Markov property
to hold.

Recall that G(€) has the Markov property if o(A) is conditionally independent of o (A°)
given o (0A). We will generalize these conditions to random sets.

Let F(E) be the collection of all closed sets in £. We consider a o-field on F(E) given
by c({A € F(E) : A c U} : U c Eisopen). Next we introduce a random set @ : Q —
F(E), which is measurable. We call a a stopping set if « is a random set that satisfies
{a C A} € o(A) for any closed set A. We define filtrations of stopping sets and the strong
Markov property as follows.

DeriniTioN 1.6. For random sets a, 3 satisfying 8 C a, if @ and ¢ are stopping sets, we
define o-fields as follows.

o(@):=c(l e A ; I Nn{a C A} € o(A) for any closed set A}),
G'(F) =o({Te# ;TN {E C A} € 0(A) for any closed set A}),

o(a HE) =o(@)N O'(E).

Remark 1.7. The above definition is a generalization of the deterministic case. Suppose
that @ = A for a deterministic closed set A. For any I' € o(a), we have I' = I' N {a =
A C A} € 0(A), and so we obtain (@) C o(A). Conversely, for I' € o(A), if A ¢ C for a
closed set C, I' N {@ c C} is equal to I'. Otherwise it is the empty set, and so it holds that
I'n{a c C} € o(C) for any closed set C. Hence we have o(a) = o(A). If F = Bfora
deterministic closed set B, o(8°) = o(B) follows by the same argument. Moreover we have
a(a N ) =o(a) No(B) =o(A) No(B) = o(ANB).

DeriniTioN 1.8. Let @ and 8 be random sets satisfying 8 C @ such that a and 3¢ are stop-
ping sets. G(&) has the strong Markov property with respect to «, 8 if o (@) is conditionally
independent of o(5¢) given o (a N ).

In Theorem 2.5, we prove the Markov property is equivalent to the conditional indepen-
dence of o-(A) and o(B°) given o (A N B) for open or closed sets A, B satisfying B C A.
Hence the above definition is a generalization of the Markov property to random sets.

The following theorem is the second main theorem of this paper and concerns the strong
Markov property.
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Theorem 1.9. For closed random sets «, 8 satisfying B C «, suppose that {@ C A, 5 C
B} € o(A N B) for all closed sets A, B. Then G(E) has the strong Markov property with
respect to a, 5.

The proof of Theorem 1.9 is given in Section 3.

As far as we are concerned, this is the first work that discusses the strong Markov property
for G(£). Note that the strong Markov property for GFFs that appeared in [2, 28] is a strong
version of the domain Markov property (also called the spatial Markov property), and is
different from the strong Markov property treated in this paper.

2. The Markov property

In this section, we prove Theorem 1.5. We first give some preliminaries. Let (£, F) be an
irreducible regular Dirichlet form on L*(E;m). For an open set U, set FU := {f e F : f =
0 g.e.on U} and FeU ={feF,.: f = 0 g.e. on U}, where fis a quasi-continuous version
of f. For a Borel set A, we define the hitting time of A as 74 := inf{t > 0 : Z, € A} and
the hitting distribution of A as Hy f(x) := E(f(Z;,)) for a Borel measurable function f and
x € E, where Z is the Hunt process associated with (&€, F) on L2(E; m).

By [6, Theorem 3.4.8.], for any f € F, and for any Borel set A, Hy|f]| is finite q.e. and
H, f is a quasi continuous function in 7, satisfying £(H, f, g) = 0 for any g € F4°. By [17,
Theorem 2.3.3], for a closed set F and f € F,, s(f) C F is equivalent to £(f, g) = 0 for any
g € C.(F°) N F. Therefore we have s(Hrg) C F for a closed set F and g € F,.

Lemma 2.1 ([16, Lemma 2.1]). Forany A C E and f € F,, it holds that
(2.1) E(Xflor(A)) = Xy

Lemma 2.2 ((2.16) in [16]). G(E) has the Markov property with respect to A if and only
if the following holds:

(2.2) Xy, s(f) C A°) C o (DA).

Lemma 2.3 (Special case of [25, Lemma 2.1]). Let A; C Fo and o := o(Xy : f € A\;) for
i =1,2,3. Suppose that o3 C 0. Then the conditional independence of o7 and o, given o3
is equivalent to the condition that

(2.3) oc(EXyloy) - f €Ny Cos.

ReMARK 2.4. For any irreducible regular Dirichlet form, o-(A) is conditionally indepen-
dent of o(A°) given o"(Xy_; : s(f) C A°) by (2.1) and (2.3). Indeed, (2.1) yields

T(EXflor(A) = 5(f) € A°) = o (X7 : 8(f) € A%)

and, by Lemma 2.3, we have the desired conditional independence.

This conditional independence is called a pseudo Markov property in [16]. A pseudo
Markov property can be regarded as a domain Markov property and it is used in many
literatures, for example [10],[18],[27], etc.

To prove the Markov property with respect to A, it is enough to show that (2.2). By the
definition of Hy, intuitively, we consider only before Z hits A, and the restriction of (£, F)
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to A is transient if m(A“) > 0. So, in order to prove Theorem 1.5 when (&£, F) is recurrent,
we use the equivalence of the transient case proved by Réckner [26].

Proof of the equivalence between (1), (2), (3) of Theorem 1.5. When the Dirichlet form
(&, F) is transient, the equivalence was proved by Rockner [26], so we assume that (£, F) is
recurrent. (3) implies (2) clearly, and (2) implies (1) by [16].

We show that (1) implies (2). Suppose that (&€, F) is local. For a relatively compact open
set A C E, by Lemma 2.2, it is enough to show that s(H; f) C 0A for f € F, with s(f) C Ac.
Fix f € F, with s(f) c A°.

If (A) is the empty set, it holds that Hyf = f a.e. and C.((0A)) N F = C.(A)NF, so
there is nothing to prove.

If (A)° is not the empty set, we take an open set U satisfying A ¢ U and m(U¢) >
0. Indeed, since E is a metric space, there exist non-empty open sets U and V such that
UNV=0and A c U. Since m is full-support, we have m(V) > 0 and m(U¢) > 0.

Since s(f) c A€, we have E(f — Hy<f, g1) = 0 for g; € C.(A) N FY. Since (&, FY) on
L>(U;m|y) is an irreducible transient regular local Dirichlet form, the equivalence of local
properties and Markov properties for transient cases and Lemma 2.2 yield

24) EMY(f - Hyef).9) =0

for g € C.((0A)°) N FY, where H%]f(x) = E(f(Ze); m7 < Tue)-
For g € C.((0A))NTFY, HU(»HZ_/g vanishes on U°¢, so we have

(2.5) EMIHy f,g) = EMyf,H g) = EMy. f,Hy-HIg) = 0.
The equalities (2.4) and (2.5) yield, for g € C.((0A)) N FY,
(2.6) EMHT f,9) =0.

Take i € C.((A)*)NF. Let K be the compact set defined by supp(h)NA. By [17, Exercise
1.4.1], since C.(E) N F is a special standard core, there exists a non-negative function ¢ €
C.(E) N F such that ¥ = 1 on K and ¢ = 0 on A°. Moreover it holds that iy € C.(E) N F,
hy =0 on U° and supp(hy) C supp(h) C (0A)°.

By setting g := hy in (2.6), we have

2.7) EMIf, hp) = 0.

Now we have Hzf - HVf € F, and Hzf - HYf = 0 on A, so this is in FA' . By [6,

Theorem 3.4.9], there exists an £-Cauchy sequence {f,,} C FZC such that f, convergent to
Hzf - H%’f a.e. Since f, - hy = 0, we have E(f,, ) = 0 by the locality of (£, F), and
EMHSf - H%J f»hy) = 0. By combining this with (2.7), we obtain

(2.8) EMLf, hy) = 0.
Sinceh=0o0nA\ K and 1 —¢ = 0 on K, we have A(1 — ) = 0 on A, and we obtain
(2.9) EMLf,h(1 —y)) =0.
Thus, by (2.8) and (2.9), we have
EMHZf,h) =0
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This means s(Hy f) C 0A.

Next, we prove that (1) implies (3). Suppose that (£, F) is local. Let B be an open set. It is
enough to show that s(Hzf) C 9B for f € F, with s(f) c B. We fix f € F, with s(f) c B-.
Take h € C.((0B)°) N F and set K := supp(h) N B, which is compact. Since E is locally
compact separable, there is a relatively compact open set A satisfying K ¢ A ¢ A c B. Since
C.(E)NF is a special standard core, there exists a non-negative function ¢ € C.(E)NF such
that g = lon K, o = 0on A and 0 < ¢ < 1. As s(f) C B¢ C A<, by the Markov property
with respect to relatively compact open set A, we have

(2.10) EMf,g) =0

for g € C.((8A)) N F. Since hp € C.(E) N F and hg = 0 on A° = A, we have hy €
C.((0A)°) N F. By (2.10), it holds that

(2.11) EMHzf, he) = 0.

Since Hzf — Hzf = 0 on A, by the local property of (£, F) and (2.11), we have

(2.12) EMHzf, he) = EMHzf, he) = 0.

Since h(1 — ¢) € FE | it holds that

(2.13) EMHzf, h(1 - ¢)) =0.

By (2.12) and (2.13), we have £(Hzf, h) = 0. Thus (3) is proved. m]
In order to prove the equivalence of (1) and (4) in Theorem 1.5, we prove the following

theorem.

Theorem 2.5. (1), (2), (3) of Theorem 1.5 are equivalent to the following:
(3*) o (A) is conditionally independent of o(B°) given (A N BY) for any open or closed set
A and any open or closed set B satisfying B C A.

ReMARK 2.6. Sometimes the above type of the Markov property is adopted as the defini-
tion of the Markov property for set-indexed processes. See [19] and [13] for examples.

In order to prove Theorem 2.5, we use the following lemma.
Lemma 2.7. For any sets A and B satisfying B C A, it holds that
O'(F) \% O'(Z N ﬁ) = o-(ﬁ).
Proof. A¢ ¢ B and A N B¢ C B¢ yield that U'(A__“) V o (A N BY) c o(B°). We will show the
opposite inclusion. Fix f € F, satisfying s(f) C B¢.

For any g € C.((A N B°)°), there exist g1, g € F NC.(E) such that g = g; +g», supp(gi) C
A€ and supp(g2) C (B°)° by the similar way as the proof of Theorem 1.5. In fact, for a

relatively compact open set U satisfying K := supp(g) N B c U c U C A, there exists
¢ € FNCAE) with ¢lg = 1,¢lz. = 0and 0 < ¢ < 1, and we set g; := g(1 — ¢) and
g2 := gy. Then we have

E(f-Hgf.9) = E(f-Hgf,g1)+E(f —Hgf, 92)
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E(f —Hgf 91 + E(f,92) — EM S, 92)
= 0.

In the last equality, we used the local property of (€, F), s(f) € B¢ and H g, = 0. Therefore
we have s(f — Hif) € AN B

For any i € F, it holds that E((Xf - Xf_HFf - XHFf)Xh) = 0, so we have Xf - XHAT e =
Xp-nf and (Xf)‘l(l) € (J'(Xf_HF ’XHFf) for a Borel set I ¢ R. Since s(H4f) C Ac
and s(f — Hy-f) € AN B, it holds that (X;)"'(I) € o(A°) V o/(A N B¢). Thus we have
o (B°) C 0(A°) V o(A N BY). O

Proof of the Theorem 2.5. The equivalence of (1),(2) and (3) is already proved. (3%)
cleary implies (3) by setting A = B. We now show that (3) implies (3*). For open or closed
sets A and B with B C A, it is enough to show that

(2.14) P(To(A)) = P(T|o(A N B°))

forany I' € o-(ﬁ). By Lemma 2.7, we may assume that I € o-(ﬁ) orl' e O'(Z N ﬁ).

For I' € o(A¢), since A or A° is an open set, by the Markov property with respect to
an open set, we have P(Io(A)) = P(T|o(dA)), and (2.14) follows from the fact o(A) C
(AN B°) C a(A).

For I € o(A N B), we have I' € o/(A), and P(T'|o"(A)) = T = P(I'lo"(A N B¢)). Thus the
proof is completed. O

Proof of the equivalence between (3) and (4) of Theorem 1.5. It is clear that (4) implies
to (3). Suppose that (3) holds. Then (3*) holds by Theorem 2.5. For any subset A C E, since
A€ D A° D (A, we have A c A. By (3%), o(A) is conditionally independent of o (A°)
given 0 (0A). Thus the proof is completed. |

3. The Strong Markov property

In this section, we prove Theorem 1.9. Throughout this section, we assume that (£, F)
is an irreducible regular local Dirichlet form on L?(E;m). By Theorem 1.5, G(€) has the
Markov property.

In Section 1, we defined the filtrations for stopping sets and the strong Markov property.
These can be viewed as analogues to those for a Markov process. Indeed, for a Markov
process Z = {Z}0, let {F;}i>0 be a filtration to which Z is adapted, and 7 be a stopping
time. Z has the strong Markov property if {Z.,}s>0 is conditionally independent of .7,
given 0/(Z;), where .%; := o({I'; I N {r < 1t} € .Z, for all t}). By letting o(a®) correspond
to the o-field generated by {Z;,,},>0, we can regard the definitions of filtrations for stopping
sets as the correspondences to those for a process.

RemaARrk 3.1. For set-indexed processes, there are other definitions of o-fields for random
sets. For example, Evstigneev [12, 13] and Kinateder [19] defined the correspondence to
o(a N B°) as that includes the o-field generated by « and S.

Remark 3.2. In Definition 1.6, we consider the o-fields of random sets if these are stop-
ping sets. Under the assumption of Theorem 1.9, @ and ¢ are stopping random sets. Indeed,
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for any closed sets A and B, we have

{a cA)={a CA, £ CE}ec(ANE)=oc(A),
{8 c B} = {a C E, B Cc B} € 0(E N B) = o(B).

Hence we can define o(e), o(8) and (@ N 5¢), and consider the strong Markov property
for a and ¢.

To prove Theorem 1.9, we approximate o-fields of random sets by those of discrete ran-
dom sets. We need some properties for these approximating o-fields O'(CL’"),O'(ﬁ_Cn) such
as the monotonicity for n and the conditional independence of o(a") and O'(Fn) given
o@ N Fn). This is because the strong Markov property follows from the strong Markov
properties for approximating sequences by taking the limit as n goes to infinity. So we first
define discrete random sets a”, En to approximate , 3¢, respectively.

Since E is a separable metric space, there exists a countable open basis {U;}:2,. For a
closed set F', we set F" := ﬂieA; Ui“ where AL := {1 <i<n; F c U}. Then it holds that
F'> F*land F = N, F".

Lemma 3.3. Under the assumption of Theorem 1.9, it holds that {" C A, Fﬂ C B} €
o (A N B) for all closed sets A, Band n > 1.

Proof. If A or B is not the form of (5 U forany A C {1,--- ,n}, then {a" = A,Eﬂ = B}
is the empty set and so is in 0(A N B). If A = (N;ep U and 8¢ = Nyes U; for some A, X C
{1,---,n}, by the definition of ", we have {@" = A} = {@ C A} N (jgala € AN UJC.}.
Combining this with elementary computations, we have
(" = A, B = B)
=lecA FcBn(JaeAnUin(|F ¢ B U
JEA ez
={ecA B cBin((leca FFcBinfacAnUs)
JEA
nﬂ({acA, B cBIn{pcBNUSY)
JEX
={aCA, £ cB)

\ U{acAmU;,EcB}uU{acA,EcBnU;} .
JjEA €z
Hence {a" = A,Fﬂ = B} belongs to c(ANB) V' \/ jgp (AN U]C. NB)V Vs o(ANBN U;) C
o(A N B). Moreover, for any closed sets A, B, we have {a" C A, ﬁnc B} = Ujca, pepla” =
A, B"= B} € 0(ANB). Note that the last union is indeed countable because {o" = A, 5 = B}
is the empty set except for finite many A, B. O
By this lemma and Remark 3.2, the following holds.

Corollary 3.4. Under the assumption of Theorem 1.9, o and ¢ are stopping sets.

RemMaArk 3.5. The assumption of Theorem 1.9 is not needed for " to be a stopping set.
By the similar proof as that of Lemma 3.3, we know it is sufficient to assume that « is a
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stopping set. The same statement holds for B¢ "

Next, we obtain the following lemma about the monotonicity.
Lemma 3.6. If « is a stopping set, then o(") is decreasing to o ().

Corollary 3.7. Under the assumption of Theorem 1.9, o(a") is decreasing to o(«), and
O'(Fn) is decreasing to o(j3°).

Proof of Lemma 3.6. Forany nand I € o-(a"*!), since o"*! C o and o” is a stopping set,
we have ' N {@" c A} = (T N {@"' c A}) N {a" c A} € o(A). So we have o(a**!) C o(a?).
By the same way, we have o(a) C o(a”) for any n, and we have o(@) C (), o(a").
Conversely, for I € (", o(a"), any closed set A and any n, since {a C A} C {a"" C A"}, we
have

I'n{iacA}=Tn{a"cA"}n{ac A} € c(A") V o(A) C o(A").

By the similar proof of [26, Theorem 5.6.] with u* replaced by Hy f for f € F,, it holds that
o(A) = (,~,; 0(A") and we have I' N {a C A} € o(A). ]

In the following lemmas, we show that other types of definitions about o-fields are the
same as what we defined.

Lemma 3.8. If « is a discrete stopping set, then it holds that

(@ = o ; I'n{a=A}eoc(A)for any closed set A)

- v o N{a=A}; T e a(A).
A: closed

Proof. Seta = X7, 1r,A; for I'; € .4 which are pairwise disjoint, and closed sets A; C E.
We show the first equality. For I' € o(@) and any closed set A, we have

Fnfe=A)=@CnlecAP\ | JTniecA) e
A;CA
Conversely, take I satisfying I' N {& = A} € 0(A) for any closed set A. For any closed set A,
we have
I'NniacA)= U(rn{a:A,-}) € o (A).
A;CA

So the first equality holds.
Next we show the second equality. For I" € o(@), we have

= (Tn{a=A}D)n{a=A;}),

0
i=1

and so we have

(@) C \/ o N{a=A}; T ea(A)).
A: closed

Conversely, fix any closed set A and I' € 0(A). If A = A; = B for some i, I' N {a =
A} N{a = B}isequal toI' N {a = B} € o(B). Otherwise it is the empty set. Hence we have
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(@) D V4. dosed ™I N{a = A} ; T € 0(A)). Thus the second equality holds. O

To state the following corollary, we define
(") = v (TN {a" = A): T € o(A)),
A: closed
B =\ o0 =A}; Tea(d).
A: closed

Corollary 3.9. Under the assumption of Theorem 1.9, it holds that (o) = &(a") and

aB") = ().

Remark 3.10. For the case of set-indexed processes, Evstigneev, Ovseevic [14] and Balan
[3] used the definitions of the forms (") and &(ﬂcn)

In Lemmas 3.6 and 3.8, it is only assumed that & and 8¢ are stopping sets. As in Remark
3.5, if @ and B¢ are simply stopping sets, " and Eﬂ are also stopping sets, so Corollaries
3.7 and 3.9 also hold. On the other hand, the assumption {& C A, 8¢ C B} € 0(A N B) in
Theorem 1.9 is needed to prove the following lemma.

Lemma 3.11. Under the assumption of Theorem 1.9, it holds that
7@ NB") co@ N,
where
Fa"npy = \/ o(Cnie"=AF"=B};Tea@AnB)).
A,B:closed

Proof. For any closed sets A, B and I' € (A N B), by Lemma 3.3, we have I' N {a" =
A, =By € (AN B). If A = A for some closed set A, we have

Ini{d" =AB =Bin{a"=A}=Tn{a" =A,B =B} e o(A).

Otherwise it is the empty set. Hence we have 6(a" N Fn) C o(a"), and by the same way as
above, it hods that 5(a" N Fn) - O'(En). |

Remark 3.12. In the set-indexed processes, Evstlgneev [12, 13] and Kinateder [19] do
not assume the correspondence to {a" C A, ,8‘ C B} € 0(A N B). However, as in Remark
3.1, they defined the correspondence to o-(a N f¢) to include the o-field generated by o and
B. Because of this definition, the correspondence to 6(a" N En) is decreasing for n under
the only assumption that o and ¢ are stopping sets. So, by taking limit, the strong Markov
property follows from the strong Markov properties for approximating sequences.

Proposition 3.13. Under the assumption of Theorem 1.9, o-(a") is conditionally indepen-
dent ofo'(ﬁn) given o(a@" N En).

Proof. Seta" = 32, 11, A; andﬁn = 2;11 13 B forI';,X; € ./ and closed sets {A;}, {B;}
satisfying A; # A;, B; # B fori # j.
ForI" € o(B;), we have

(3.1) PN {B" = Bi}|o("))
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=32 BN (B =B |o(A)V{a" =A ) gioay
=32 PO NB = B} | 0(A)) janzayy
- Zl ] 1 P(r ﬂ {ﬂc Bk | O-(A ))1 an_AiaFn:Bj}

Since {a" = Ai,E = Bj} € 0(A; N Bj) C 0(A), The equality (3.1) is equal to
D BTN B = B cAD g 57—
i=1

On {a" = Ai,En = By}, we have B, = (Fn)c C FC CcB caca =A; Hence o(A;)
is conditionally independent of o"(B;“) = o(By) given o(A; N By) by the Markov property.
Since TN {B" = By} € o(By), it holds that

PICN{BT = Bi} o (@)
=22 PO (B = Bl (A 0 B o_y 5
=2 PN {ﬂc =B} o(A;N Bk))l{an:Aiﬁ—c”:Bkﬁ—z”:Bj]

=2 BTN B = By} | o(4; N Bl
=P(CN{B”" = B} | 5(a" NB7)).

{a"=A;B""=B;)

where

F N = \/ o N{a" =A,B" = B}; T € c(AN B)).
A,B:closed

By Lemma 3.11 and the tower property, we have
PN (B = Bi) |o(@") = BN (B = By} | (@ N BT)).
By combining this with Corollary 3.9, the proof is completed. O

Proof of Theorem 1.9. Take I' € o(a). For any n, by Proposition 3.13 and I' € o(a) C
o(a"), we have P(T|o (")) = P(To(a" N B )). By Lemma 3.7 and [9, Theorem 5.6.3.], it
holds that o(«) is conditionally independent of o(58¢) given o-(a N 5°). O

4. Examples

In this section, we give some examples.

ExampLE 4.1. Let us consider the closed ball E := {x € R? ; |x] < 1} and the Lebesgue
measure m on E. We define the irreducible regular Dirichlet form (€, F) on L*(E;m) as

F = H\(E) := {f € LX(Ezm) ; Vf(x) € LXE:m)],
1
E(f,g) = 3 LVf(x) - Vg(x)dm(x) for f,g € F,

and G(&) be the Gaussian field associated with (£, F). We may treat F as the family of
quasi-continuous versions of the functions belonging to H'(E). We can identify 0E with
[0, 27) by considering x = (cos(6),sin(f)) € OE. Let 7 be the uniform measure on 0F
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and set Hf := Hyg f for f € F. We define the irreducible regular Dirichlet form (£, F) on
L*(OE; m) as

F := Floe 0 LX(OE; i),
{é(f, g9) := EHf,Hg) for f,g € F.
Then, by [6, Section 5.3], it holds that
7 =o€ LOE: ) ; &g, ¢) < oo,

x I O G G 7 CO ™ () P y
E(p,p) = 5 fo fo‘ 2(1 = cos(x — y))dm(x)dm(y) forp e F.

Remark that (&€, F) associates with the reflecting Brownian motion on E and (é , 73) asso-
ciates with the time-changed process of the reflecting Brownian motion by 77, which is the
symmetric 1-stable process on JE. We set G(é‘) = {Xuy € G(&); f € F}and () be the
o-field replaced (£, F) by (é‘v , f‘) in the definition of o (+).

Let A := {x = (x;,x2) € E; x, > 0}. Since (&,F) is local, o(A) is conditionally
independent of o (A°) given 0(0A) by Theorem 1.5. However, 5(A N dE) = 5([0, ]) is not
conditionally independent of F(A° N IE) = &([r, 2n)) given ({0, }) by checking that (2.2)
fails. It can be checked by computing a spectrum of a function such as the function f =
W5z 1(r37/2), where H is the hitting distribution for (&, 7). Since (&€, ) is not local, this
result is consistent to Theorem 1.5. In this case, it holds that (A N AE) C o(A) and F(A N
AE) C o(A°), but 5({0, xr}) is too small amount of information to make them conditionally
independent.

We remark that G(€) enjoys the strong Markov property with respect to the stopping sets
satisfying the assumption in Theorem 1.9.

ExampLE 4.2. Let M be a continuous semimartingale on a filtered probability space (€2,
M {F )0, P), which is the sum of a continuous local martingale and a cadlag adapted
process with locally bounded variation. Assume that the quadratic variation (M). of M is
deterministic and absolutely continuous with respect to the Lebesgue measure. We write
d{M)s = h(s)ds for some positive function 4. We set

Fo={f:R—R; E fo FRA(MY,) < o),

E(f.9) = E(fo f(9)g(s)d(M);) = fo F()g()h(s)ds for f,g € F,

and Xy denotes fooo f(s)dM;. Then (&€, F) is an irreducible local regular Dirichlet form on
L*([0, 0)). Fix t > 0, then it holds that o({t}) = {Q, ¢} V o(4#). Indeed, for f satisfying
s(f) = {t}, we have E(fooo f($)g(s)d{M)s) = 0 for g € C.({t}°). By the fundamental lemma
of calculus of variations, we have f(s)h(s) = O for almost every s. Since £ is positive, we
have f(s) = 0.

By Theorem 1.5, o([0, #]) is conditionally independent of o ([¢, 00)) given o ({t}) = {Q, ¢}V
o(A). Since {Q, ¢} vV (/) is independent of any set, this conditional independence is
independence. Combining this with the fact that M, = f 110,9(8)dM; € o([0,¢]) foru < ¢
and M,,, — M, = f 11 11(8)dM; € o([t, 00)) for r > 0, M has independent increments.
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Next we consider the strong Markov property. Let 7 be a [0, c0)-valued random variable
satisfying {s < 7 < t} € o([s,¢]) for any s,¢. Then s(1j0,) = [0, 7] holds. For closed sets
A, B C E, we have

{s(Ljor) C A, s € B} ={[0,7] C A, [1,00) C B}

Let [0,ap] € A be the connected component of 0 and [b,0) C B be the connected
component of oo if it exists. If it does not exist, let by, := oo and [bs, ) := (. Then
{[0,7] C A, [1,00) C B} = {bos < T < ap} € 0([be,a0]) C 0(A N B). By Theorem 1.9,
o (s(1jo)) is independent of o-(s(1jo1)) given o (ds(10.17)).

ExamprLE 4.3. In this example, we show that the Markov property for Gaussian fields
yields that for some processes induced by the field and Dirac measures. Let E be the half
line (0, o), m be the positive Radon measure with supp(m) = E. Let (£, F) be an irreducible
transient local regular Dirichlet form on L?(E;m) and G(&) be a Gaussian field associated
with (€, F). Let Z be the Hunt process associated with (£, F) on L?>(E;m) and suppose Z
admits no killing inside. For any ¢ > 0, we write ¢, for the Dirac measure at £. Assume that,
for almost all > 0, ¢, is a measure of finite energy integral, that is there exists C > 0 such
that fE lg(x)|do(x) < C/E(g, g) for any g € F N C.(E). By [6, p.87], there exists Ud; € F,
such that

4.1 EWUb,g) = fE g(x)d6,(x)

for any g € F, and its quasi-continuous version §. We have s(UJ,) = {t} because £(UJ;, g) =
g(®).

Noting that (&€, F) is local, we see that o7((0, #]) is conditionally independent of o ([¢, 00))
given o({t}) by Theorem 1.5. Since s(U¢;) = {t}, Xys, is o7((0, ])-measurable for 0 < s < ¢
and Xys,,, 1s o([t, 00))-measurable for r > 0.

Proposition 4.4. It holds that o({t}) = c(Xys,) V o (N).

Proof. Recall that, by the definition, o({f}) contains .#". By (4.1), we have o({t}) D
O_(XUE,) vV o(AN).

We next prove o({t}) € 0(Xys,) V o(4") by using the method of one-point extensions
in [6, section 7]. Let E° := E \ {t}, Z° be the part process of Z on E® and (£°, F°) be
a Dirichlet form on L*(E?; m) associated with Z°. Then Z° admits no killing inside and
@(x) := PUY < oo, Z?O_ = 1) is positive for any x € E°, where PV is a distribution of Z°
starting at x and £° is a lifetime of Z°. By [6, Theorem 7.5.4], F, is spanned by 7 and ¢.

Take f € F, with s(f) = {t}. For g € F,, there exist ¢° € 7 and a constant ¢ such that
g =g + P, and we have

E(f,g) = Ef, ")+ Ef.p) = E(f.p)
_ 8(f7 90) 0 — £(f9 ‘10)
= o0 c (1) 20) g(1).

Hence we have f = cU¢; q.e. for ¢ := E(f, p)/¢(t), and o({t}) € oc({X,cus,}cer) holds. For
c € Rand u,v € F,, we have E((X., — cX,)X,)) = 0 and so X, = cX, a.s. Thus it holds that
o({Xcvs, Jeer) = 0(Xys,) and o ({t}) € o(Xys,) V o (A). O
Thus Xy, is conditionally independent of Xy, given o(Xys,) for 0 < s < tand r > 0.
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This is the Markov property for {Xys,}~0 as a stochastic process.

Next we consider the strong Markov property. Let 7 be a random variable satisfying
{t =t} € 0(Xys,) for all t > 0. By Proposition 4.4, we have {s < 7 <t} € 0(Xys,; 5§ < u <
1) = o([s,t]) for s, > 0. By the same way as Example 4.2, for closed sets A, B, we have
{[0,7] C A, [1,00) C B} € 0(AN B). By Theorem 1.9, o((0, 7]) is conditionally independent
of o([t, o)) given o (Xys,).

RemARrk 4.5. Consider the following special case in Example 4.3;

F: H(E)_{feL]OC(R) —feLz(R)f 0 g.e. onR\E}

dx

By [29, Proposition 2.13], G(€) is the Gaussian free field on E = (0,00) C R. By some
standard computation, we have E(Ud,/2, Ud,/2) = t A s and there exists a modification W of
{Xus,, }i>0 having continuous paths, which has the same law as that of Brownian motion.

E(f, )——fRd—f x)— (x)dxforfgeF

RemMaRrk 4.6. We can consider the multidimensional version of the state space of Example
4.3. Let E ¢ R? be a domain, m be a positive Radon measure with supp(m) = E, (£, F)
be an irreducible regular transient local Dirichlet form on L?(E;m), Z be the Hunt process
associated with (£, F), and G(E) be a Gaussian field associated with (£, F). Fix z € E and
a continuous decreasing function r : (0, 00) — (0, ). u, denotes a uniform measure on the
circle of radius r(¢) around z, and assume that y, is a measure of finite energy integral for all
t >ty := r~'(dist(z, AE)). For fixed t, by Theorem 1.5, o(A) is conditionally independent of
o (A°) given 0-(0A) where A is the closed ball of radius r(¢) around z. It is easy to check that
Xyy, 18 o (A°)-measurable and Xuy,,, 18 0(A)-measurable for 1y < s < 7 and r > 0. However,
o(0A) is not equal to o(Xy,,) because it holds that o-(0A) 2 o(Xy,) for u, a non-uniform
measure on the circle of radius r(¢) around z. Therefore we can not obtain the Markov
property for {Xy,, };>, directly from that of G(&) in the multidimensional case by this way.
However there is a case that {Xy,, }/~;, has the Markov property. For example, for GFF on a
domain of R? and r(¢) = exp (—1), the continuous modification of {Xy,, };>4, has the same law
as Brownian motion ([4, Theorem 1.35]).
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