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Abstract
In this note we prove the anisotropic version of the Shannon inequality. This can be conve-
niently realised in the setting of Folland and Stein’s homogeneous groups. We give two proofs:
one giving the best constant, and another one using the Kubo-Ogawa-Suguro inequality.
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1. Introduction

In this paper we derive the logarithmic versions of several well-known functional inequal-
ities. Some inequalities are obtained with best constants, or with semi-explicit constants, the
information that is useful for some further applications. Our techniques allow us to derive
these inequalities in rather general settings, so we will be working in the settings of general
Lie groups, as well as on several classes of nilpotent Lie groups, namely, graded and ho-
mogeneous Lie groups. Since on stratified Lie groups we also have the horizontal gradient
at our disposal, we will also formulate versions of some of the inequalities in the setting of
stratified groups, using the horizontal gradient instead of a power of a sub-Laplacian.

In the Euclidean space, in one of the Sobolev’s pioneering works, Sobolev obtained the
following inequality, which at this moment is bearing his name:

(1.1) lleell Lo gy < ClIVullzreny,

where 1 < p < n, p* = % and C = C(n, p) > 0 is a positive constant. The best constant
of this inequality was obtained by Talenti in [26]. The Sobolev inequality is one of the
most important tools in studying PDE and variational problems. Folland and Stein extended

2020 Mathematics Subject Classification. Primary 22E30; Secondary 43A80.

The authors are supported by the FWO Odysseus 1 grant G.0H94.18N: Analysis and Partial Differential
Equations and by the Methusalem programme of the Ghent University Special Research Fund (BOF) (Grant
number 01M01021). Marianna Chatzakou is a postdoctoral fellow of the Research Foundation - Flanders (FWO)
under the postdoctoral grant No 12B1223N. Michael Ruzhansky and Aidyn Kassymov are also supported by
EPSRC grant EP/R003025/2 and the MESRK grant AP19676031, respectively.



80 M. Cuarzakou, A. Kassymov AND M. RuzHANSKY

Sobolev’s inequality to general stratified groups (see e.g. [12]): if G is a stratified group and
Q c G is an open set, then there exists a constant C > 0 such that we have

o
Q-p’
for all u € C7(€2). Here Vy is the horizontal gradient and Q is the homogeneous dimension
of G. Inequality (1.2) is called the Sobolev or Sobolev-Folland-Stein inequality. Further-
more, in relation to groups, we can mention Sobolev inequalities and embeddings on general
unimodular Lie groups [27], on general locally compact unimodular groups [3], on general
noncompact Lie groups [4, 5], as well as Hardy-Sobolev inequalities on general Lie groups
[24]. The Sobolev inequality on graded groups using Rockland operators was proved in [10]
and the best constant for it was obtained in [23].

On the other hand, the logarithmic Sobolev inequality was shown to hold on R” in the
following form:

P P n IVl
(1.3) l 1%(|| ]xﬁ—b%-——i&
R» ||u||Lp(Rn ||u||Lp(Rn P ||u||Lp(Rn

We can refer to [28] for the case p = 2, but to e.g. [6] for some history review of cases
1 < p < o0, including the discussion of best constants.

In [20], the author obtained a logarithmic Gagliardo-Nirenberg inequality. In [8] and [15]
the authors proved the logarithmic Sobolev inequality and the fractional logarithmic Sobolev
inequality on the Heisenberg group and on homogeneous groups, respectively. A fractional
weighted version of (1.3) on homogeneous groups was proved in [16]. In this paper, we
prove logarithmic Sobolev inequalities on graded groups and weighted logarithmic Sobolev
inequalities on general Lie groups. As applications of these inequalities we show Nash and
weighted Nash inequalities on graded and general Lie groups, respectively. The log-Sobolev
type inequalities with weights are also sometimes called the log-Hardy inequalities [7].

In this paper we establish Shannon’s inequality on general homogeneous groups, and we
can refer to its links to Shannon’s entropy [2, 13, 14] and information theory [25, 17, 19].

After Shannon’s seminal paper [25] in 1948, several versions of Shannon’s inequality
have appeared either in discrete, cf. [17, 1, 28, 2], or in integral form, cf. [13, 14, 18], on
certain metric spaces. The underlying motivation is the study of inequalities concerning the
entropy function, and, as such, can be regarded as the mathematical foundation of infor-
mation theory; we refer to [19, 21] for an overview of the topic. Characterisations of the
entropy appear, in the integral form, as the gain of information with functional inequalities.
The latter, in the case of a homogeneous Lie group G, with homogeneous dimension Q,
where | - | is an arbitrary homogeneous quasi-norm, and « € (1, o), reads as follows: For all
u # 0 we have

(1.4) f I |M(x)| ( |u(x)| )_l i < %log(QEAQ,Oé Il - IU[M”L](G))’

[oal[ 1 @) [[oal] 1 (@) 0 ||M||L'(G)
with an explicit value for Ap, (see (3.2)) that is best possible. Shannon’s inequality gives
sufficient conditions under which the generalised entropy function, particularly in our case
the left-hand side of (1.4), converges. Shannon’s inequality can be viewed, in some sense,
as the counter part of the log-Sobolev inequality as it arises as the limiting case of (1.3) for

1
P §
(1.2) llullr @) < C(f IVHMI”dX) 1<p<Q, p =
Q
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p = 1, where, however, instead of the regularity of u it is assumed that | - |« is in L'(G).

2. Preliminaries

In this section, we briefly recall definitions and main properties of the homogeneous
groups. The comprehensive analysis on such groups has been initiated in the works of
Folland and Stein [11], but in our exposition below we follow a more recent presentation in
the open access book [9].

DerintTion 2.1 ([11, 9], HomoGENEOUS GRouP). A Lie group (on RY) G with the dilation
Dy(x) = (A xp, ..., xN), Viseoyvy >0, Dy RY 5 RV,
which is an automorphism of the group G for each A4 > 0, is called a homogeneous (Lie)
group.
For simplicity, in this paper we use the notation Ax for the dilation D,(x). We denote
2.1 O:=vi+...+vy,

the homogeneous dimension of a homogeneous group G. Let dx denote the Haar measure
on G and let |S| denote the corresponding volume of a measurable set S C G. Then we have

(2.2) ID(S)| = 29S| and f FfAx)dx = 172 f f(x)dx.
G G

We also note that from [9, Proposition 1.6.6], the standard Lebesgue measure dx on R" is
the Haar measure on G. Then we have the following widely used property in this paper, see
e.g. [22, p. 19]: Let G be a homogeneous Lie group with homogeneous dimension Q, r > 0,
and let dx be a Haar measure. Then, we have

d(rx) = rdx.

DermntTion 2.2 ([9, Definition 3.1.33] or [22, Definition 1.2.1]). For any homogeneous
group G there exist homogeneous quasi-norms, which are continuous non-negative functions

(2.3) G x> |x] €]0,00),

with the properties
a) |x| = |x7 ! for all x € G,
b) |Ax] = Ax| forall x e Gand A > O,
¢) |x| = 0if and only if x = 0.

Moreover, the following polarisation formula on homogeneous Lie groups will be used
in our proofs, as established by Folland and Stein [11].

Proposition 2.3 (e.g. [9, Proposition 3.1.42]). Let G be a homogeneous Lie group and
S :={x € G: |x| = 1}, be the unit sphere with respect to the homogeneous quasi-norm | - |.
Then there is a unique Radon measure o on S such that for all f € L'(G), we have

(2.4) f f(x)dx = f B f Fyretdo(y)dr.
G 0 S
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3. Shannon inequality on homogeneous groups

In this section we show the Shannon inequality on homogeneous Lie groups. Let us
introduce the weighted Lebesgue space

P*G):={u:uell

loc

(@), (x)"u e LP(G)},
where @ > 0 and
(x):= (1 + ¥z, for xeG,
with | - | a homogeneous quasi-norm on G. Firstly, let us show Shannon inequality.

Theorem 3.1 (Shannon inequality). Let G be a homogeneous Lie group with homoge-
neous dimension Q and let |- | be a homogeneous quasi-norm on G. Suppose that a € (0, 0o)
and u € LY*(G) \ {0}. Then we have

-1
Aoalll - 12
3.1) f 6 ( ju()| ) dx < Qlog(ae oul |ullu<@>)’
”u”LI(G) llullz @) @ 0  |ulpe
where
¢ _ler(d)
(3.2) 4 ()

with || the Q — 1 dimensional surface measure of the unit quasi-sphere with respect to
| - |. Moreover, Ag, is the best possible constant. This constant is attained with E,(x) =

exp(=Ag,qlx|").

Proof. Without loss of generality, it is enough to prove inequality (3.1) for [|u||;q) = 1,
which means, it is enough to prove

Ao
(3.3) f lu(x)| log (lu(x))) " dx < glog(ae Q. |||-I“u|Iu(G))-
G a 0

Let us denote du = |u(x)|dx. Then we have J(;% du = 1 is a probability measure. First, let us
compute the following integral using the change r* = z:

Q 1
(3.4) Apo = f e dx
' G
(2i4)f fe_’arQ_]dO'(y)dr
0 Je
=|6|f e reldr
BE f <

|e|r )

a

By using Jensen’s inequality with polarisation and changing variables Ag,r* = z, with
Ey(x) = exp(=Agp,|x|*), we compute
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(3.5) exp f |u(x)|1og(|”(x)| )_ldx = exp f 10g(|u(x)| )_1 d,u)
G Ea(x) G Ea(x)
™
d
SfG(Ea(x)) K
= f e~ Aol gy
G

00
= |€>|f e Aoar p 071 gy
0

Q
SlA™e [ _, o_
:| I erZ” le
0

a

_ler(g)a

[07
=1,

then, we obtain

(3.6) f@ |u(x)| log (lu(x))) " dx < f@ lu(x)| log (Eo(x)) ™ dx = Aga fG || |ue(x)ldx.

83

For A > 0, let us denote by u; € L'(G) the function u;(x) = A%u(Ax). Putting u, in (3.6)

instead of u, we have

(3.7) fGIua(X)IIOg(Iua(X)I)_ldxSAQ,QLIXI(’Iw(X)Idx,

and multiplying both sides by % we have

@ -1 alAQs‘Y a

(3.8) — | lua(0)llog (u(x))™ dx < —=— | |x|*lua(x)ldx.
0 Js 0 Js

Then let us compute the left hand side of (3.8),

(3.9) gf|W(JC)|log(lbu(x)l)_ldx= gf/1Q|M(/1x)|log(/lQlu(/lx)l)_ldx
0 Je 0 Je

(2iz) g

)

_a f (o) log(u(x)) ™ dx — log A°,
0 Js

f ()| Tog(Alu(o)) dx
G

and the right hand side of (3.8),

Ao Ao
(3.10) “QQ’ f |1t ()ldx = “QQ’ f Ix% A2 1)\ dx
G G
A /la’
_ & QQ"’ E|x|f%?|u(/1x)|dx
G
Ape (1
_¢ QQ’ F|Ax|%Q|u(ax)|dx
G

22) @AQ A" "
= QT“ f I u(x)ldx.
G
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Putting the last two facts in (3.8), we get

3.11) d f u() log(u(0)) ~'dx < log A* + =1 Aga f x| |u(0)ldx.
0 Jo o G

A Q.

Then by taking A* = [G |x|*|u(x)|dx in the last fact, we have

éaAQﬂ f | |(l| ( )l )
X|[U(X dx .
Q G

Let us prove the best possible constant in (3.1). It is enough to show that the function
E,(x) gives the equality in (3.6), which means that we have

(3.12) gf|M(X)|log(lbt(x)l)_ldxS10:%(
0 Je

(3.13) %qu(x)log(Ea(x))_]dxz gj‘E(,(x)log(exp(AQ,,Y)I)cl")dx
G
Aoa f Il E, (x)dx.

By taking E,_1(x) = A2 40" with 2> = [, 1X”Eq(x)dx in (3.13), and repeating same
calculation as (3.9) and (3.10), we get the equahty in (3.3). O

(YAQQ

Let us now show another proof of the Shannon inequality. Firstly, we show the Kubo-
Ogawa-Suguro inequality and as an application, we derive the Shannon inequality.

Theorem 3.2 (Kubo-Ogawa-Suguro inequality). Let G be a homogeneous Lie group with
homogeneous dimension Q and a homogeneous quasi-norm | - | on G. Let a € (1,0) and
u € LY(G) \ {0}. Then we have

(3.14) f (o) log P ge < 0 f (0] log (Coa(l + x{") dx,
||M||L1(G) G

where

3.15
G4 al’ (Q)

Coa = {w)é ’

is the best constant with é + al = 1 and |G| is the Q — 1 dimensional surface measure of the
unit quasi-sphere with respect to | - |.

Proof. Without loss of generality, assume that |[ul[; = 1. Then, by denoting du

|u(x)|dx, we have de,u = 1. Let us denote by ¢(x) = cgq(l + 1x|%)~2, where Coa =
ol'(Q)
er(2)r(:%)

change of variables (1 + r*)~¢ = 12, we compute

(3.16) f (1 + |x*)%dx = f f (1 + r 2 Ydrdo(y)
G 0 S

= |e|f (1+r")%r% ar

|6|f(1—r)"1 “lar

and let us prove that ||¢l|.1g) = 1. By using the polar decomposition with the
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ENERY
_ler(@)r(®)
(@

where B(, ) is the Beta function. Then ||¢|| 1) = 1. By using this last fact with Jensen’s
inequality, we get

(3.17) flu(x)llog( )) lg( 0 ) log(fgo(x)dx):o
X)| |u(x)] G

It means that we have

(3.18) —flu(x)llog Iu(x)ldxs—flu(x)lloggo(x)dx
G G
- f lu(x)|1og cp.o(1 + [x|") Ldx
G
- 0 [ ltogegh (1 +
G

= Qf lu(x)|log Cpo(1 + |x[")dx.
G
Also, in the last inequality, the equality holds, if and only if
(3.19) u(x) = coo(l +x*)79.

By using Jensen’s inequality, we get

(3.20) f lu(x)| log(1 + |x|")dx < log (f(l + |x|")du)
G G

= log (f lu(x)|(1 + |x|“)dx)
G
< Clog (f(x)“lu(x)ldx).
G

(3.21) —flu(x)lloglu(x)ldxﬁ Qflu(x)llog Co.o(1 + |x[")dx
G G

By using (3.20), we have that

= Qf lu(x)| log(1 + |x|")dx + Qf lu(x)|log Cp,odx
G G

(320) Clog (f(x)"lu(x)ldx) + Qf [u(x)|log Cp .dx
G G
< 00

2

also implying (3.14). |

Let us show that Kubo-Ogawa-Suguro inequality also implies Shannon’s inequality.

Corollary 3.3 (Shannon inequality). Let G be a homogeneous Lie group with homo-
geneous dimension Q and a homogeneous quasi-norm | - | on G. Let @ € (1,00) and
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u € LY(G) \ {0}. Then we have

-1
B
(3.22) f () log( '“(x)') dxsglog( = |||-|”u||y<@>),
G ||M||L1(G) ||M||L1(G) @ ||M||L1(G)
where
2r(e)r ()
(3.23) Bpo =a“(a- )" | —22 22
© ol (Q)

with é + ai = 1 and |3| the Q — 1 dimensional surface measure of the unit quasi-sphere with
respect to | - |.

Proof. Similarly to the previous theorem, without loss generality, we can assume that
lullz1@) = 1 foru € L'(G). Let us denote du = |u(x)|dx. Then we have [Gd,u =1lisa
probability measure. By combining (3.14) and Jensen’s inequality, we get

(3.24) - f ultog gy < 0 f u(x)|Tog (Co.o(1 + [x{")) dx
G llell 1) G
= 0 [ 10 (Cou(1 + 14 du
< Qlog ( f Coo(l + IXI"‘)du)
G

= Qlog (f@ Co.alu()|(1 + IXI”)dX),

ol(Q)
For A > 0, let us denote by u,; € L'(G) the function u;(x) = 1%u(Ax). Then we have

1
er(2)r(L)\ ¢
where Cgp o = (—l I )) .

—~ f@ |t (x)] log |ua(x)ldx = — fG A2u(Ax)| log(A2|u(Ax))dx
=— f@ A9u(Ax)| log 19%dx — fG A2)u(Ax)| log |u(Ax)|dx
= —log 1? L A2\u(Ax)|dx — f@ A9u(Ax)| log |u(Ax)|dx
= —log 19 fG |u(Ax)|d(Ax) - fG |u(Ax)| log [u(Ax)|d(Ax)

:—Qlog/l—flu(x)lloglu(x)|dX,
G

and

0log (CQ,Q f 1+ |x|“>|uﬂ<x>|dx) _ Qlog (CQ,Q f 2001 + |x|“>|u<ﬂx>|dx)
G G
= QlogCp. + Qlog( f 2901 + |x|")|u(/lx)|dx)
G

A(Y
= QlogCp, + Qlog (f /IQ(I + A—alxl(’)lu(/lx)ldx)
G
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= QlogCp, + Qlog (f(l + /l“’l/lxl“)lu(/lx)ld(/lx))
G

= QlogCp, + Qlog (f(l + /l‘alxl")lu(x)ldx)
G
= Qlog Cgq + Qlog (1+ 7l I"ully ).

Using these two facts in (3.24), we get

(325 - f u(x)| log [u(x)|dx < Qlog Cgo + Qlog (A + "Il ["ullie))-
G

1

By choosing A = (@ — 1)a]|| - |“M||51(G),

we get
_ 1 1 l-a 1
Qlog (X+ 2177l Fuly ) = Qlog (@ = DI+ Pl o, + (@ = DF - ul )
_ 1 v
= tog(ate ~ ¥l Fully o)
= Q log (Qa(a/ - |au||L1(G))~
(04

Finally, we get

(3.26) - f U0l log lu(x)ldx < = log (€% ,a(a = 1)'Il - I"ull1 (o)
G

RIQ RO

10g (Bo.lll - I"ullie)) -

implying (3.22). |
Remark 3.4. For large Q > 1, we have that the constant By, in (3.22) coincides with

the best constant (’A% in (3.1), that is,

aeA
Bpa = &3
o

Proof. From Stirling approximation formula

0> 1.

[(Q) =~ (2m)2e 20272, 01,

we get,
ar(g) 8
@eAp. 32.323) 1 - -1
327 = S o =D e oy
627 P ETCIE)
Q)
r 0
— Q—l(a/)l—ae (Q)
r(2)
-00-4 2
o -l 1- it Zall
=0 (@) e _0 [0\ 3
()

2



88 M. Cuarzakou, A. Kassymov AND M. RuzHANSKY

= (a')_%

0.
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