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Abstract
We give some properties of the dynamical number of base-points of birational self-maps of
the complex projective plane.
In particular we give a formula to determine the dynamical number of base-points of non
base-wandering Jonquieres twists.

1. Introduction

The plane Cremona group Bir(Pé) is the group of birational maps of the complex pro-
jective plane Pé. It is isomorphic to the group of C-algebra automorphisms of C(X, Y), the
function field of Pé. Using a system of homogeneous coordinates (x : y : z) a birational map
f € Bir(P%) can be written as

(x Yy Z) e (PO(X7 y’Z) : Pl(x7 U’Z) : PZ(X’ %Z)),

where Py, P, and P, are homogeneous polynomials of the same degree without common
factor. This degree does not depend on the system of homogeneous coordinates. We call
it the degree of f and denote it by deg(f). Geometrically it is the degree of the pull-back
by f of a general projective line. Birational maps of degree 1 are homographies and form
the group Aut(Pé) = PGL(3, C) of automorphisms of the projective plane.

o Four types of elements.
The elements f € Bir(Pé) can be classified into exactly one of the four following
types according to the growth of the sequence (deg(f*))renr (see [8, 4]):

(1) The sequence (deg( e is bounded, f is either of finite order or conjugate
to an automorphism of P2; we say that f is an elliptic element.

(2) The sequence (deg(f*))ren grows linearly, f preserves a unique pencil of ratio-
nal curves and f is not conjugate to an automorphism of any rational projective
surface; we call f a Jonquiéres twist.

(3) The sequence (deg(f*))ren grows quadratically, f is conjugate to an automor-
phism of a rational projective surface preserving a unique elliptic fibration; we
call f a Halphen twist.

(4) The sequence (deg(f*))ren grows exponentially and we say that f is hyperbolic.

o The Jonquieres group.
Let us fix an affine chart of Pé with coordinates (x, y). The Jonquiéres group J is
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the subgroup of the Cremona group of all maps of the form

. (A(y)x+B(y) ay+b)
O S+ Doy ey +a)’

where ( Z Z ) € PGL(2,C) and ( 2 ll; ) € PGL(2,C(y)). The group J is the

group of all birational maps of Pé ><IP’%j permuting the fibers of the projection onto the
second factor; it is isomorphic to the semi-direct product PGL(2, C(y)) < PGL(2, C).

We can check with (1.1) that if f belongs to J, then (deg(f*))ren grows at most
linearly; elements of J are either elliptic or Jonquieres twists. Let us denote by J
the set of Jonquicres twist:

J = {f € Bir(P%)| f Jonquieres twist }.

A Jonquieres twist is called a base-wandering Jonquiéres twist if its action on the
basis of the rational fibration has infinite order. Let us denote by J, the normal
subgroup of J that preserves fiberwise the rational fibration, that is the subgroup of
those maps of the form

(. g) (A(y)x + B(y) y)
’ Cy)x+Dy)"")

The group Jy is isomorphic to PGL(2, C(y)). The group Jy has three maximal (for
the inclusion) uncountable abelian subgroups

Jo ={(x+ay),y)la € Cy)}, In ={bW)x, y)1b € Cy)'},

and
F
Ir = {(x, Y, (70(?1 z(y)(”),y) lce C[y]},

where F denotes an element of C[y] that is not a square ([7]).

A B

: — (AWx+By) ; —

Let us associate to f = (C(y)x+D(y),y) € Jo the matrix My = ( c D ) The
. . _(monp)’ . .

Baum Bott index of f is BB(f) = IO (by analogy with the Baum Bott index

of a foliation) which is well defined in PGL and is invariant by conjugation. This
invariant BB indicates the degree growth:

Proposition 1.1 ([5]). Let f be a Jonquiéres twist that preserves fiberwise the
rational fibration. The rational function BB(f) is constant if and only if f is an
elliptic element.

A direct consequence is the following:

Corollary 1.2. Let f be a non-base wandering Jonquieres twist; the rational
function BB(f) is constant if and only if f is an elliptic element.

Every f € Bir(P%) admits a resolution
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where m;, m, are sequences of blow-ups. The resolution is minimal if and only if
no (—1)-curve of § are contracted by both 7y and 7;. Assume that the resolution is
minimal; the base-points of f are the points blown-up by m;, which can be points
of S or infinitely near points. If f belongs to J, then f has one base-point py of
multiplicity d—1 and 2d —2 base-points p, pa, . . ., p24—2 of multiplicity 1. Similarly
the map f~' has one base-point g, of multiplicity d — 1 and 2d — 2 base-points g, g2,
. -» Q24— of multiplicity 1. Let us denote by f; the action of f on the Picard-Manin
space of P2, by e,, € NS(S) the Néron-Severi class of the total transform of m under
nj (for 1 < j < 2), and by ¢ the class of a line in ]P’é. The action of f on ¢ and the
classes (e, )o<j<2q4-2 1s given by:

2d-2

A0 =dt—(d-1)eg,— > e,
= 2d-2

filep) = (d =1~ (d-Deg — e,
i=1
file,) =C—e,—e, V1<i<2d-2.

i

Dynamical degree.

Given a birational self-map f: S --» § of a complex projective surface, its dy-
namical degree A(f) is a positive real number that measures the complexity of the
dynamics of f. Indeed log(A(f)) provides an upper bound for the topological en-
tropy of f and is equal to it under natural assumptions (see [3, 9]). The dynamical
degree is invariant under conjugacy; as shown in [2] precise knowledge on A(f) pro-
vides useful information on the conjugacy class of f. By definition a Pisot number
is an algebraic integer A €]1, +oo[ whose other Galois conjugates lie in the open unit
disk; Pisot numbers include integers d > 2 as well as reciprocal quadratic integers
A > 1. A Salem number is an algebraic integer 4 €]1, +oo[ whose other Galois
conjugates are in the closed unit disk, with at least one on the boundary. Diller and
Favre proved the following statement:

Theorem 1.3 ([8]). Let f be a birational self-map of a complex projective sur-
face.
If A(f) is different from 1, then A(f) is a Pisot number or a Salem number.

One of the goal of [2] is the study of the structure of the set of all dynamical
degrees A(f) where f runs over the group of birational maps Bir(S) and S over the
collection of all projective surfaces. In particular they get:

Theorem 1.4 ([2]). Let A be the set of all dynamical degrees of birational maps
of complex projective surfaces. Then

o A is a well ordered subset of R,;

o if Ais an element of A, there is a real number € > 0 such that 11, A + €] does
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not intersect A\;

o there is a non-empty interval |Ag, A + €], with € > 0, on the right of the
golden mean that contains infinitely many Pisot and Salem numbers, but does
not contain any dynamical degree.

o Dynamical number of base-points ([4]).

If S is a projective smooth surface, every f € Bir(S) admits a resolution

Z
v\
___?___>S

where my, m, are sequences of blow-ups. The resolution is minimal if and only if
no (—1)-curve of Z are contracted by both 7y and m,. Assume that the resolution is
minimal; the base-points of f are the points blown-up by 7, which can be points
of S or infinitely near points. We denote by b(f) the number of such points, which
is also equal to the difference of the ranks of the Picard group Pic(Z) of Z and the
Picard group Pic(S) of S, and thus equal to b(f~").
Let us define the dynamical number of base-points of f by
b
) = im

Since b(f o ¢) < b(f) + b(p) for any f, ¢ € Bir(S) we see that u(f) is a non-negative
real number. Moreover, b(f~!) and b(f) being equal we get pu( £ = |ku(f)| for
any k € Z. Furthermore, the dynamical number of base-points is an invariant of
conjugation: if ¥ : S --> Z is a birational map between smooth projective surfaces
and if f belongs to Bir(S), then u(f) = u(y o f oy~ "). In particular if f is conjugate
to an automorphism of a smooth projective surface, then u(f) = 0. The converse
holds, i.e. f € Bir(S) is conjugate to an automorphism of a smooth projective surface
if and only if u(f) = 0 ([4, Proposition 3.5]). This follows from the geometric
interpretation of u we will recall now. If f € Bir(S) is a birational map, a (possibly
infinitely near) base-point p of f is a persistent base-point of f if there exists an
integer N such that p is a base-point of f* for any k > N but is not a base-point of
f* for any k > N. We put an equivalence relation on the set of points that belongs
to S or are infinitely near: take a minimal resolution of f

z
§S—==5--28

where 1, 7, are sequences of blow-ups; the point p is equivalent to g if there exists
an integer k such that (m; o ﬂ;l)k(p) = ¢g. Denote by v the number of equivalence
classes of persistent base-points of f; then the set

(b(f* = vklk=0}cZ

is bounded. In particular, u(f) is an integer, equal to v (see [4, Proposition 3.4]).
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This gives a bound for u(f); indeed, if f € Bir(Pé) is a map whose base-points have
multiplicities my > my > ... > m, then (see for instance [1, §2.5] and [1, Corollary
2.6.7])

D mi=3(deg(f) - 1),
i=1

D mi = deg(f ~ 1.
i=1
my + my +m3 > deg(f) + 1,

in particular, r < 2deg(f) — 1 sov < 2deg(f) — 1 and u(f) < 2deg(f) — 1.
Iffe Bir(Pé) is a Jonquicres twist, then there exists an integer a € N such that

. deg(fY) _ L p(h).

A T
moreover, a is the degree of the curves of the unique pencil of rational curves invari-
ant by f (see [4, Proposition 4.5]). In particular, a = 1 if and only if f preserves a

pencil of lines. On the one hand {u(f)| f € Bir(Pé)} C N and on the other hand if f
belongs to J, then u(f) > 0; as a result

uH1feTJ}SN\{O}

ax+y

Let us recall that if f, 5 = (—x i
prove that /24 = (U2 gny) with

ﬁy) then u(f.p) = 1. Indeed, by induction one can

aB — \Qu(xy)
Py(x,y) = Z aiix'y’, On(x,y) = Z bijx'y’,
0<i+j<n+1 0<i+j<n

and a;; > 0, b;; > 0 for any n > 0, so that deg fj';g = n+1 forany n > 0; we conclude

deg(f%)
k

using the fact that u(f) = 2 kErPoo . Furthermore, u( f(’;ﬂ) = |ku(fop)l = |k| for

any k € Z. Hence
N1 fedt=N\{0},

and

(u(f)| f € Bir(B2)} = .

d k
eglif ). Can we express

As we have seen if f belongs to J, then u(f) = ZkEr-Poo
u(f) in a simpliest way ? We will see that if f is a non base-wandering Jonquieres
twist, the answer is yes.
Results.

The dynamical number of base-points of birational self maps of the complex
projective plane satisfies the following properties:

Theorem A. 1. If f is a birational self-map from Pé into itself, then its dynamical
number of base-points is bounded: if f € Bir(Pé), then u(f) < 2deg(f) — 1.
2. We can precise the set of all dynamical numbers of base-points of birational
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maps of Pé (resp. of Jonquiéres maps of Pé) :
{u(N)1f € Bir(PY)} =N and )1 feT=Nx\{0}

3. There exist sequences (f,), of birational self-maps of ]P’(zC such that
o u(fy) >0 foranyn e N;
o u( lim f,)=0.
n—-+oo
4. There exist sequences (f,), of birational self-maps of ]Pé such that
o u(fy) =0 forany n € N;
o u( lim f,) > 0.
n—+oo
Let us now give a formula to determine the dynamical number of base-points of
Jonquieres twists that preserves fiberwise the fibration.

Theorem B. Let f = (égg;ﬁ:gg; , y) be a Jonquiéres twist that preserves fiberwise
the fibration, and let My be its associated matrix. Denote by Tr(My) the trace My,
by x r the characteristic polynomial of My, and by Ay the discriminant of x . Then
exactly one of the following holds:

Tr(M§)+6; )

1. If x r has two distinct roots in Clyl, then f is conjugate to g = (Tr(Mf)_ 5, O Y

where 6?, = Ay, and
u(f) = p(g) = 2(deg(g) — 1).

2. If x has no root in Cly], set

Tr(My) (Tr(M)\®
Q; = ged | M (TN iy |,
2 2
and let us define Py and Sy as
Tr(M Tr(My)\’
(2 f) = Pfo, (%) - det(Mf) = Sfo.

2.a. If ged(Qy, Sy) = 1, then
o ifdeg(Sy) < deg(Qy) +2deg(Py), then u(f) = deg(Qy) + 2 deg(Py);
o otherwise u(f) = deg(Sy).
2b. If Sy = Q?Tf with p > 1 and ged(T 7, Q) = 1, then
o ifdeg(Sy) < deg(Q2y) + 2deg(Py), then u(f) = 2deg(Py);
o otherwise u(f) = deg(Sy) — deg(L2y).
2. IfQf = S?.Tf with p > 1 and gcd(Ty,Sy) = 1, then u(f) = 2deg(Py) +
deg(Qy) — deg(Sy).

As a consequence we are able to determine the dynamical number of base-points
of non base-wandering Jonquieres twists:

Corollary C. Let f = (f1, f») be a non base-wandering Jonquiéres twist.
l
If € is the order of f, then u(f) = % where u(f*) is given by Theorem B.

Combining the inequalities obtained in Theorem A and Theorem B we get the
following statement (we use the notations introduced in Theorem B):
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Corollary D. Let f be a Jonquiéres twist that preserves fiberwise the fibration.
Assume that x r has two distinct roots in Cly].

Then there exists a conjugate g of f such that g belongs to J,, and deg(g) <
Tl‘(Mf)ﬁ-(Sf
Tr(M)—o; XY

deg(f). For instance g = ( ) suits.

2. Dynamical number of base-points of Jonquiéres twists

In this section we will prove Theorem B.

Let f be an element of Jy; write f as (QEZ;)’:Z((Z)), y) with A, B, C, D € Cly]. The charac-

B
teristic polynomial of M, = ( c D ) is y p(X) = X2 -Tr(M )X +det(My). There are three
possibilities:

(1) x s has one root of multiplicity 2 in C[y];
(2) xr has two distinct roots in C[y];

(3) xr has no root in C[y].
Let us consider these three possibilities.

(1) If s has one root of multiplicity 2 in C[y], then f is conjugate to the elliptic bira-
tional map (x + a(y), y) of J,. In particular f does not belong to J.
(2) Assume that y s has two distinct roots. The discriminant of y s is

Ay = (Tr(My))* - 4 det(M)) = 67,

and the roots of y are

Tr(M¢) + 0 Te(M) = S+
TeMy) + 6y and M) — op
2 2
Tr(Mf)+6f O
Furthermore, M is conjugate to (2) ToMp)-s, |- I-€- f is conjugate to g =
Tr(Mf)+<$f 2

(a(y)x,y) € J,, with a(y) = DT Let us first express u(g) thanks to deg(g). Re-
mark that g* = (a(y)*x, y). Write a(y)’ as 222 where P}, Q; € Clyl, ged(P;, Q)) = 1,

Qjy)
then deg(g’) = max(deg(P;),deg(Q;)) + 1. But deg(P;) = jdeg(P) and deg(Q;) =
Jjdeg(Q) so
deg(gk) = max(k deg(Py), k deg(Q1)) + 1 = kmax(deg(Py), deg(Q1)) +1.

deg(g)-1

o . _ . deg(gk)
As a consequence deg(g”) = kdeg(g) — k + 1. According to u(g) = Zkhm —_—
—400

we get

. 1
ulg) =2 lim (deg(g) — 1+ ) = 2deg(g) - ).

Let us now express u(f) thanks to f. Since f and g are conjugate u(f) = u(g),

hence u(f) = 2(deg(g) — 1). But g = (g%ﬁ ;igi X, y); in particular

deg(g) < 1 + max (deg(Tr(My) + 65), deg(Tr(My) — 6¢)),
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and u(f) < 2max (deg(Tr(My) + 65), deg(Tr(My) — 6¢)).
(3) Suppose that y ¢ has no root in C[y]. This means that (Tr(M f))2 —4det(My) isnota
square in C[y] (hence BC # 0). Note that

P T S e P

0 c pJlo 1 Tr<Mf>

In other words f is conjugate to

M) o (—Tr(Mf ))2 —det(My)
2 2
g= TeM,) ,Y| € JTr(lzwp .
2

X+

I I 2 . . .
Set P(y) = T(Mf) € Cly] and F(y) = (%) —det(My) € Clyl, i.e. f is conjugate

tog = (%ﬁ;w, y) with P, F' € Cly]. Denote by dp (resp. dr) the degree of P (resp.

F). Remark that deg(g) = max(dp + 1,dF,2).

P F
Let us now express deg(g*). Consider M, = ( . P ) and set

VF -VF P+VF 0
0= and D = .
11 0 P-VF
Then Mk OD*Q!, hence
F PrVE) +(P-VF)
MK = \/_(P+\/_ F)f—(P-VF) F
g 1 VF BV +(P-VF)
(P+VFY —~(P-VF)
Let us set

\/—(P+\/_)k+(P VF)t
(P+VFy — (P~ VF)*
and let us denote by Dy (resp. Ny) the denominator (resp. numerator) of Y.
Lemma 2.1. Let Q; = gcd(P, F) and write P (resp. F) as QP (resp. QSy).
Assume gcd(Sy, Qf) = 1. Then
¢ ifds, < dq, + 2dp,, then pu(g) = do, + 2dp,;
© otherwise u(g) = ds,.

Ty =

Proof. (a) Assume k even, write k as 2. A straightforward computation yields to

Z (24’) QLI pDs)
2j

j=0
-1

fl Jp2(—1-j) oj
P P S
fz(2j+1)

J=

Ty =

Recall that ged(€2f, S¢) = 1 by assumption and gcd(€2y, Py) = 1 by construction.
On the one hand
{(do, +2dp,) ifds, < do, +2dp,,

deg(Nye) = { tds, otherwise.
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On the other hand

dp, + (€ — 1) (da, +2dp,) ifds, <dq, +2dp,,
dp, + (¢ —1)ds, otherwise.

deg(Dy) = {
Finally

max (£(dg, +2dp,)+1, ds,+do, +(2L=1)dp,. ((~1) do, +(2L-1)dp,+2)
deg(g*)= if ds, <dq,+2dp,,
max ({ds, +1,do,+dp, +Cds, dp,+((1)ds,+2) otherwise.

(b) Suppose k odd, write k as 2¢ + 1. A straightforward computation yields to

4
Jj=0 J

f .
2(2“ 1) QP
= 2j+1

Torr1 = PrQy

Let us recall that ged(€Q2r,Sy) = 1 by assumption and gcd(Qr, Pr) = 1 by
construction.

On the one hand

Udo, +2dp,) +dqo, +dp, ifds, <dq, +2dp,,

lds, +dp, + dqo, otherwise.

On the other hand

deg(Naps1) = {

f(de + Zde) if dS»,« < de + 2dpf,

d D +1) — t
eg( 20+1 ) { tdsf (6] hC] WiSC.
I 3inally

max (((+1)da, +Q20+1)dp,+1, ((+1)dg, +2Ldp, +ds,. ((dg, +2dp,)+2)
deg(g*" )= if d, <do,+2dp,,
max (Cds, +dp, +dg, +1,((+1)ds, +daq,, (ds,+2)  otherwise.

deg(g")
.

We conclude with the equality u(g) = 2 klim
—+00

Lemma 2.2. Let Q; = gcd(P, F) and write P (resp. F) as QP (resp. QSy).
Suppose that Sy = QF Tf with p > 1 and ged(Ty,Qr) = 1. Then

o ifds, <dg, + 2dpf, then u(g) = 2dp,;

o otherwise u(g) = ds, — dq,.

Proof. (a) Assume k even, write k as 2£. We get

L (2t £ (2e
t=j p2(t=j) oj (p=1)j p2(t=j)pJj
Z(zj)g PYs) QfZ(zj)Qf PYIT]

-1 -1 ’
2t Q- 1-ip2t-1-pgj QWP=Di p2t=1=ppj
P ]P Jsj P pP— ]P JTJ
fjo(2]+1) rot ! sz_ol 2j+1 Qp TFy !
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Recall that ged(€Q2f, Ty) = 1 and that ds, = pda, + dr,, i.e. dr, = ds, — pdq,. On
the one hand

20dp, +dg, ifds, <dg, +2dp,,
deo(N-y) = i s 7 7 i
ceVae) { tds, + (1 - O)do, otherwise.
On the other hand
Q26— )dp, ifds, < do, +2dp,,
deo(D-y) = 1 1 % 1
ce(D20) { (€= 1)(ds, —do,) +dp, otherwise,
Finally

max (2¢dp, +dq,+1,(20~1)dp, +do, +ds,, 20~ )dp,+1) if ds,<do,+2dp,,
max (ds,—(€~)dq, +1, bds, +Q2—0do, +dp, . (€~ 1)(ds, ~dg, )+dp, +1)
otherwise.

deg(g*)=

(b) Suppose k odd, write k as 2¢ + 1. We get

20+ 1 20+ 1

Pfo § ( )Qf Jpz(f J)SJ P Qf E ( )Q(P l)JPZ([ J)TJ
J=0 2j Jj=0 2j

Yoo = =

4 l
20+ 1 fj 2(0-)) of 20+ 1 (p-1)j 2(l—j) i
Y QU0 p2e=i
jz:(zj+1) A f ]Z:(; 2j+1)77 f f

On the one hand

Q€+ 1)dp, +do, ifds, < do, +2dp,,

deg(V- =
eg(Noes+1) { ‘ de — (- 1)de + de otherwise.
On the other hand

2dp, ifds, < do, +2dp,,

D =
deg(Dar+1) {{fds, — tdg, otherwise.

Finally

max ((20+1)dp,+dq,+1,2ldp, +do, +ds,, 2ldp +1) if ds, <dg, +2dp,.,
deg(¢**")=1 max (¢ds,~((~1)dq, +dp,+1,(C+1)ds,~((~1)dq,. bds,~lda,+1)
otherwise.

d k
We conclude with the equality u(g) = 2 klim %. O
— 400

Lemma 2.3. Let Q; = gcd(P, F) and write P (resp. F) as Q7P (resp. Q;Sy).
Suppose that Qf = S?Tf with p > 1 and gcd(Ty,S¢) = 1. Then

u(g) = 2de + de - ds,u
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Proof. (a) Assume k even, write k as 2£. We obtain

£ ¢
20\ L emjp20t-i) i J(p=1) p2ji
Z (2J)Q Pr 5 S Z(; SSr BTy
T = = .
p gzi € l—jPZ(K—l—j)S] P 2¢ Sj(p—l)PZjTj
f] 2je1ftr T f] 2j+1)0 I

Recall that gcd(Sy, Tr) = 1; one has
deg(Ny) = (pl — €+ 1)ds, + 2tdp, + {dr,,
and
deg(Dar) = (€ = 1)(p = 1)ds, + (2 = Ddp, + (€ = Ddr,.
Finally
deg(g*) = max ((pl - £ + l)ds, + 2Ldp, + ldr, + 1,
(l(p—1)+2)ds, + (20 - )dp, + tdr,,
(t=1)(p—Dds, + 2 = dp, + (€ = D)dr, + 2).
(b) Suppose k odd, write k as 2¢ + 1. We get

¢ 14
Z (25+ 1)P2£+1 2 i SprPfZ( 20+ 1 )Sj(p 1)T]P2]

- Zi\ace- )

2+1 = 7, = ’
D 20+ 1) poe-2j 3 20+ 1) cjp-1yps p2i
Zi\2j+ 1 2i\ o Jr it

On the one hand
deg(Nar:1) = (p + €p = D)ds, + (€ + 1)dr, + €+ 1)dp,,
and on the other hand
deg(Dy¢y1) = 2tdp, + tdr, + t(p — 1)ds,.
Finally

deg(g**!) = max ((p +€(p— D)ds, + (L + Ddr, + 20+ D)dp, + 1,
(p+1+€p—1)ds, +2dp, + (£ + Ddy,,
20dp, + tdr, + {(p - 1)ds, +2).

deg(g")
-

We conclude with the equality u(g) = 2 klim
—+00

3. Examples

In this section we will give examples that illustrate Theorem B; more precisely §3.1 (resp.
§3.2) illustrates Theorem B.1. (resp. Theorem B.2.)
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3.1. Examples that illustrate Theorem B.1.

3.1.1. First example. Consider the birational map of J given in the affine chart x = 1 by
f = (y,(1 = y)yz). The matrix associated to f is

1—yy O
Mf:(( Oy)y 1),

2
and the Baum Bott index BB(f) of f is %; in particular f belongs to J (Proposition

1.1). The characteristic polynomial of M is

XrX) =X =1 -yy)X - 1.

According to Theorem B.1. one has u(f) = 4 < 2 max (deg(2), deg(2(1 — y)y) = 4.
We can see it another way: [5] asserts that deg(f*) = kdeg(f)—k+1 = 3k—k+1 = 2k+1.
deg(f*) 5 XL,

k k—+0co
A third way to see this is to look at the configuration of the exceptional divisors. For any

k > 1 one has f* = (x**! : x>y : (x — y)*y*z). The configuration of the exceptional divisors
of f*is

Consequently u(f) =2 klim
—+00

Eoi-1 | 25)
Eox E; E;
F3 F Fy Foy Frio
F> Fr-1 | Forei For_y

where
o two curves are related by an edge if their intersection is positive;
o the self-intersections correspond to the shape of the vertices;
o the point means self-intersection —1, the rectangle means self-intersection —2k.

In particular the number of base-points of f* is 2k + 2k + 1 = 4k + 1 and

#0(fY) _
=
3.1.2. Second example. Consider the birational map of J given in the affine chart z = 1

by f = (x, xy + x(x — 1)). The matrix associated to f is

4.

= Jim

x x(x=1)
M= ;
! ( 0 1 )
according to Proposition 1.1 the map f is a Jonquieres twist (indeed BB(f) = @ €

C(x) \ C). The characteristic polynomial of M is ys(X) = (X — x)(X — 1). And f is
conjugate to g = (x, xy). According to Theorem B.1 one has

u(f) = u(g) = 2(deg(g) — 1) = 2 < 2 max (deg(2), deg(2(1 - y)y) = 2.

We can see it another way: for any k > 1 one has f* = (x,xy + x**! — x) and thus
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d k
deg(f*) = k + 1. As aresult u(f) = 2klim Lglgf ) =2x1=2
— 400

3.2. Examples that illustrate Theorem B.2.

3.2.1. First example. Consider the map of J given in the affine chart y = 1 by
fe (x, x(1 - xz))'
Z

The matrix associated to f is
2
w=(75)
the Baum Bott index BB(f) of f is —x> and f belongs to J (Proposition 1.1).

Theorem B.2.a asserts that u(f) = 3. We can see it another way: a computation gives
deg(/*) = 3k +1 and deg(/**!) = 3(k+1) for any k > 0. Since u(f) = 2 lim deglif 9 one
gets u(f) = 3.

3.2.2. Second example. Consider the map f of J associated to the matrix
y 2y )

y 1)

o

The Baum Bott index BB(f) of f is ygtgg) and f belongs to J (Proposition 1.1). Theorem

B.2.a asserts that u(f) = 9. We can see it another way: a computation gives deg(f?*) = 9k+1

d k
and deg(f**!) = 9k + 8 for any k > 0. Since 2 lim eg]if ) — 1(f) one gets u(f) = 9.
— 400
3.2.3. Third example. Let us consider the Jonquieres map of Pé given in the affine chart

z=1by

B (y(y+2)X+y5
T\ x4y +2) ,y).

The matrix associated to f is

(yw+2 Oy
Mf_( 1 y(y+2))’

and the Baum Bott index BB(f) of f is (;g;z_);. In particular f is a Jonquieres twist (Propo-
sition 1.1).

According to Theorem B.2.b one has u(f) = 3. An other way to see that is to compute
deg f* for any k: for any £ > 1 one has

deg(f*) =3(¢ + 1), deg(f2+1) = 30+ 5.

deg(f*) _
L -

Then we find again u(f) =2 klim 3.
—+00
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3.2.4. Fourth example. Consider the map f of J associated to the matrix
_(vy+2p
1 yly +2)°

The Baum Bott index BB(f) of f is (:iyz;zé)_l; and f belongs to J (Proposition 1.1). Accord-

ing to Theorem B.2.b one has u(f) = 16. An other way to see that is to compute deg f* for
deg(f*) _
k

My

any k: for any k > 1 one has deg f* = 8k + 2. Then we find again u(f) = 2klim
—+00
2x8=16.

3.2.5. Fifth example. Let us consider the Jonquieres map of Pé given in the affine chart
z=1by

f:( Yy + Dy +2x+y° y)
Y+2)x+yly+Dy+2)")

The matrix associated to f is

y =(y(y+1)(y+2) y? )
! y+2 yy+ Dy +2) )

4y+1D y+2) .

and the Baum-Bott index BB(f) of f is IR

(Proposition 1.1).
Theorem B.2.c asserts that u(f) = 3. An other way to see that is to compute deg f* for
any k: forany k£ > 1

in particular f is a Jonquieres twist

deg(f*) =3k + 2, deg(F2*1) = 3k + 4,

deg(f%)

so 2 lim

. = 3 and we find again u(f) = 3.
— 400
3.3. Families.

3.3.1. First family. Let us consider the family (f;), of elements of J given by f; =
(x +1ty Fxl) A straightforward computation yields to

X X+t x+m- 1Dt )

n— + nt,
! (x Y T x+i+1 x+m-Dt+1

The birational map f; belongs to J if some multiple of ¢ is equal to 1, and to J\ [J otherwise.
Furthermore,

. . . _ deg ff
o if no multiple of 7 is equal to 1, then u(f;) = 2 (because khm — = 1);

—+00 k
o otherwise u(f;) = 0.

3.3.2. Second family, illustration of Theorem A.3. Let us recall a result of [6]: let f be
any element of PGL3(C), or any elliptic element of Bir(Pé) of infinite order; then f is a limit
of pairwise conjugate loxodromic elements (resp. Jonquieres twists) in the Cremona group.
Hence there exist families (f,), of birational self-maps of the complex projective plane such
that

o u(fy) > 0forany n € N;
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o u( lim f,)=0.
n—+oo

3.3.3. Third family, illustration of Theorem A.4. Let us recall a construction given in
[6]. Consider a pencil of cubic curves with nine distinct base points p; in Pé. Given a point m
in Pé, draw the line (p;m) and denote by m’ the third intersection point of this line with the
cubic of our pencil that contains m: the map m +— o (m) = m’ is a birational involution.
Replacing p; by p,, we get a second involution and, for a very general pencil, oy o 0 is a
Halphen twist that preserves our cubic pencil. At the opposite range, consider the degenerate
cubic pencil, the members of which are the union of a line through the origin and the circle
C={x>+y>=2%. Choose p; = (1 : 0: 1)and p, = (0 : 1 : 1) as our distinguished
base points. Then, 0| o 07, is a Jonquieres twist preserving the pencil of lines through the
origin; if the plane is parameterized by (s, 1) > (st, ), this Jonquieres twist is conjugate to
(s,1) (s, (Sg‘;ll)%) Now, if we consider a family of general cubic pencils converging
towards this degenerate pencil, we obtain a sequence of Halphen twists converging to a
Jonquieres twist. So there exists a sequence (f,), of birational self-maps of Pé whose limit
is also a birational self-map of Pé and such that

o u(fy) =0foranyn e N;
o u( lirP fn) > 0.
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