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Abstract
We show pathwise uniqueness for a class of degenerate [t6-SDE among all of its weak solu-
tions that spend zero time at the points of degeneracy of the dispersion matrix. Consequently,
by the Yamada-Watanabe Theorem and a weak existence result, the pathwise unique solutions
can be shown to be strong and to exist. The main tools to show pathwise uniqueness are in-
equalities associated with maximal functions and a Krylov type estimate derived from elliptic
regularity and uniqueness in law.

1. Introduction

An It6-SDE whose diffusion coefficient is not locally uniformly elliptic is called a degen-
erate [t6-SDE and in this paper, we aim to show pathwise uniqueness for a class of such
SDEs on R? with d > 3. In [13], a Krylov type estimate induced by a parabolic regularity
result on R? is essentially used to show pathwise uniqueness for a class of non-degenerate
[t6-SDEs with singular drift coefficients. However, it is not clear how such an estimate
can be derived when the diffusion coefficient is not locally uniformly elliptic. Recently in
[7], using elliptic and parabolic regularity results and generalized Dirichlet form theory, the
existence and uniqueness in law of a quite large class of degenerate 1t6-SDEs with fully
discontinuous coefficients was shown (see Theorem 2.2). This leads us to explore a subclass
of degenerate [t6-SDE for which a Krylov type estimate can be concluded from resolvent
regularity.

Let us introduce our main results. For some y € R? we deal with the following time-
homogeneous degenerate [t6-SDE

(1) Xi=y +f \/g(XS) -0 (X5)dWs +f G(Xy)ds, 0<t< oo,
0 0

where (W,),0 is a d-dimensional standard Brownian motion and the degeneracy stems from
\/g . Now consider
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H1):d>3G=(g91,-..,94) € Lloc(Rd’ RY and A = (aijh<i,j<a 1s a Ssymmetric matrix of
functions with a;; = a;j € H1 2dJrz(R”l) N CRY) forall 1 < i, j < d such that for every open
ball B c R4, there exist constants g, Ag > 0 with

BIENP < (AWE E) < Aglléll?,  forall € e RY, x € B.

0 = (0ij)i<i j<a IS a matrix of continuous functions with ool = A y € quoc(Rd) for some

g>2d+2withy > 0ae, & € L3 RY, and \[1(x) € [0,00) for any x € R,

If (H1) holds and ¢, o and G are as in (H1), then we will consider the following conditions.

(H2): There exist constants Ny € N and M > 0 such that for a.e. x € R% \ ENO

<$(x)A(x)x, x) trace(i(x)A(x))
(2 - P + 5 +{(G(x), x) < Ml|x|*(In ||x]| + 1).

(H3): There exists an open set E in R¢ such that for any open ball U with U C E,

0 <infy < supy < oo.
u U

(H4): For some q € (£, 00), \/g O € Hllo’fa(Rd) and g; € Hll{f(Rd)for all1 <i,j<d.

Then our main result is stated as follows.

Theorem 1.1. Assume (H1)—(H4) and let E be as in (H3) Then for y € E, pathwise
uniqueness holds for (1) in the following sense. If (Q F Py, (?,),>0,(X )05 (W,),>0) k €
{1,2} are weak solutions to (1) satisfying both

00 ~k 3 ~ ]
3) j(; I{Jg:o:(xs)ds =0, Py-as,
then
(4) P,X!' =X2, 1>0)=1.

Moreover, for y € E and a d-dimensional Brownian motion (W,),Zo on a probability space

(ﬁ, f,ﬁPS), there exists a strong solution (Y,y )is0 to (1) satisfying

y o ~_
fo l{ﬁzo}(Ys)ds =0, P-as.

The main ingredient for the proof of Theorem 1.1 is a new Krylov type estimate (Corol-
lary 3.2) which is derived from uniqueness in law (Theorem 2.2) and elliptic regularity
results for the resolvent (see (9)). Additionally, we adapt a technique used in [13, Proof
of Theorem 2.2] and well-known inequalities for the Hardy-Littlewood maximal function
(Proposition 2.1). As a concrete application of Theorem 1.1, we obtain the following result.

Corollary 1.2. Letd > 3 and « € [0, ﬁ) be a constant, G = (g1,...,94) € L;’;C(Rd,Rd)
satisfying that for some constants Ny € N and M > 0,
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(G(x), x) < M||x|*(n |x]| + 1), fora.e. x e R\ By,

1,4+¢

and that for some € > 0g; € H, RY) for all 1 < i < d. Then for y € R? \ {0}, pathwise
uniqueness holds for

! !
(5) X,:y+f||XS||%-iddWS+fG(XS)ds, 0<t<oo
0 0

in the following sense. If(ﬁ, f,ﬁP;y, (ft)tZO’ ()?f)tzo, (Wt)tZO): k € {1,2} are weak solutions to
(5) satisfying both

f lo(XHds =0, P,-as,
0

then (4) follows. Moreoﬂvver,~f0r ye R?\ {0} and a d-dimensional Brownian motion (ﬁ’l),zo
on a probability space (Q, F,P) there exists a strong solution (Y?)»o to (5) satisfying

f Loy (Y)ds =0,  P-as.
0

To the author’s knowledge, Engelbert and Schmidt first showed in [3] the existence and
uniqueness in law of one-dimensional SDEs without drift among the solutions that spend
zero time at the zeros of dispersion coefficients. In subsequent studies, they presented in [4]
and [5] a sufficient condition for the existence of a pathwise unique and strong solution for
one-dimensional SDEs with general drift. As another related literature, we refer to [8] and
[2] dealing with similar types of results above. Although here formally similar results are
shown for d > 3, the used methods completely differ from [8], [2], [3], [4], [S] in that we
ultimately develop a new Krylov type estimate by using elliptic regularity and uniqueness in
law.

In Section 2, we introduce well-known results about the Hardy—Littlewood maximal func-
tion and briefely explain the results of [7], where the existence and uniqueness in law of
weak solutions to (1) are shown. In Section 3, we prove the already mentioned a new Krylov
type estimate for weak solutions to (1) satisfying (3). Finally, in Section 4 we present the
proofs of Theorem 1.1 and Corollary 1.2 and some examples where Theorem 1.1 is applied.

2. Preliminaries

For basic notations which are not defined in this paper, we refer to [6, Notations and
Conventions]. For r > 0 and x € R?, denote by B,(x) the open ball with radius r with center
0 and let B, = B,(0). Weak and strong solutions to [t6-SDEs are defined as in [6, Definition

1/2
3.50]. For a matrix of functions B = (b;})1<; j<a, We write ||B|| = (ijzl Ibijlz) / . Denote the
d X d identity matrix by id. M denotes the Hardy—Littlewood maximal operator defined by

_ ; 1 d d
Mf(x) = sgop B oo |f(yldy, feL, (RY, xeR"

The following well-known results are crucially used in the proof of Theorem 1.1.

Proposition 2.1. G) If f € L'RY) with r € (1, 0], then Mf € L'(RY) and there
exists a constant cg, > 0 which only depends on d and r such that
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(IMAllLrgay < Carllfllor@ay-

(ii) There exists a constant c; > 0 which only depends on d such that for any f € C(l)(Rd)
and x,y € R? it holds

1f () = f@)l < callx = yllMIIVFIIC) + MUV F1Iy)).

Proof. (i) directly follows from [11, Chapter 1, 1.3, Theorem 1 (c)]. For the proof of (ii),
let us choose a measurable set A ¢ R? in [14, Lemma 3.5] such that dx(A) = 0 and that

(©6) 1f @) = fw)] < 2%z = wl  MIIVAIlZ) + MIVFIw)), Vz,we R\ A.

Since ||V £]| € C(R?), it holds ||V f]l(x) < M|V f]|(x) for all x € R¢. Thus, by [1, Lemma 3.4]
we obtain M||Vf]| € C(R?), hence the assertion follows from (6) and the continuity of f.
O

Under the assumption (H1), by [7, Theorem 4] there exists 4 = pyrdx withp € H ;{ﬁdﬂ RHN
C(RY) and p(x) > 0 for all x € R? such that

1 1
(G- —VA- —AVp, Vdu=0, YfeCJRY.
R 20 209 ‘

Moreover, by [7, Theorem 3] there exists a sub-Markovian Cy-semigroup of contractions
(T,)=0 on L'(R4, ) whose generator extends (L, C’ (RY)), where

Lf = %trace(éAW £ +(G,Vf), feCyRY.

Through Riesz—Thorin interpolation, (T,),>0 restricted to L'(R¢ ,l)p can be extended to a
sub-Markovian Cy-semigroup of contractions on each L'(RY, u), r € [1,00) and to a sub-
Markovian semigroup of contractions on L¥(R%, ). We donote all these by (7;),-9. Denote
by (Gy)aso the sub-Markovian Cy-resolvent of contractions on each L"(RY, ), r € [1, o)
and the sub-Markovian resolvent of contractions on L*(R?, 1) associated with (T}),0, i.e.

Gof = f e T, fds, f € Upepioo] L' (RY, o).
0

Then by [7, Theorems 5, 6], there exist (R, )s>0 and (P;);~o such that for any a, ¢ > 0 and
f € By(RY)

Rof € CRY), PfeCR?%x(0,00) and R,f =Gof, Pig=T,g pu-ae.
Moreover, it follows from [7, Theorem 7] that there exists a Hunt process
M = (Q, F, (F)i=0, (X120, (Px)xera)
with state space R? and life time ¢ = inf{r > 0 : X, = A} satisfying that
P, ({a) € Q: X.(w) € C([0,0),RY), X,(w)=A forallt > {}) =1, VxeRY

where A is a point at infinity and that for all f € B,(RY), t,a > 0 and x € R?,

) Pif(x) = E[f(X)],  Raf(x) = Ex [ fo e’ f (Xs)dS],
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where E, is the expectation with respect to P, defined on (Q, 7). Under the assumptions
(H1) and (H2), using a similar method to [6, Lemma 3.26], we obtain that M is non-
explosive, i.e. Py({ = o) = 1 for all x € R? (equivalently, (T,)¢ is conservative, i.e.
Tilga = 1, p-a.e. for all > 0). As a direct consequence of [7, Theorems 8, 12, Lemma 2
and Remark 2] and the above, we then obtain the following theorem.

Theorem 2.2. Assume (H1)-(H2) and let M = (Q, F,(F)0, (X)) =0, Py)iere) be the
Hunt process defined above. Then there exists an (F;)o-Brownian motion (W,),»o such that
foranyy e R%, (Q, F, Py, (F)0, X)i=0, (Wii=0) is a weak solution to (1) satisfying

j(; l{ﬁzo}(XS)ds =0, P,-as.

Furthermore if for some y € R? there exists a weak solution (£~2, f,ﬂl%, (ft)tzo,(z)tzo,
(W)is0) to (1) such that

(8) fo I{ﬁzo}(XS)ds =0, Pyas,

then

P,o X' =B, 0 X!, onB(C([0,),R).

Remark 2.3. In Theorem 2.2, the assumption d > 3 of (H1) can be replaced by d = 2.
However, we point out that d > 3 of (H1) is needed for all other results of this paper.
Moreover, in order to obtain Theorem 2.2, the condition in (H1) that o; is continuous for
all 1 < i, j < d can be replaced by the condition that o; is locally bounded and measurable
forall1 <i,j<d.

3. Krylov type estimates

Theorem 3.1. Assume (H1) and (H3) and let E be as in (H3). Let q € (%, ), y € E,
t > 0 and B be an open ball in RY. Let M = (Q, F, (F)=0, (X1)=0, (Py)epa) be the Hunt
process of Section 2. Then for any f € L1(R?) with supp(fdx) C B, there exists a constant
Cy.Bg > 0 which is independent of f and t > 0 such that

E, [fo f(Xy)ds

Proof. Let (G,)q>0 be the resolvent defined on Uren’m]L’(Rd, ) as in Section 2. Since E
is an open subset of R? and y € E, there exist open balls U; and U, such thaty € U; C
U, c U c Uy C E. First assume f € Cg"(Rd) with supp(f) c B. Then by the proof of [7,
Theorem 5] (cf. [7, Theorem 3 (c)]), G, f € H"*(U,) and

< €'Cypllfllzacray.-

1
(5pAVG1 Vo~ [ (uB.VGiwdr+ [ (apuGi g
U, U, U

=, (oY f) pdx, Vo € Cy(Ua),
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where B = G — ﬁ(VA + %AVp). Note thatd > 3 implies 1 — 575 > 2 > %. By [7, Theorems

2, 5], (H3) and the L' (R?, u)-contraction property of (@G )q>0, there exists a constant C; > 0
which only depends on the coefficients A, G, ¢ and U, U,, ¢, d such that

) ”le”C(Ul) < C1(||G1f||L1(U2) + ||P‘J/f||LE(U2))
Cl((ill}zfplﬁ)_l NG 1l re oy + (Slljlppl//)||f||L5(Rd))

IA

IA

C1(lpf v Il + (sup U i)
2 2
: -1
< Cl((llf}zfp'ﬁ) ||P¢||sz'+2(3)||f||ng_ﬁ(B) + (ngplﬁ)”fHUi(Rd))
< CiClfll ey

where C, := (infy, o)~ ||oyl| de+z(3)dx(8)%_% + supy, py. Using the denseness of C°(B)
in LY(B), (9) extends to f € By(R%)o with supp(fdx) ¢ B. By (7) and (9), it holds for any
f € By(RY), with supp(fdx) c B

! 00
E, [f f(Xx)ds] < ¢€E, [f e‘SIfI(Xs)ds]
0 0
= ¢Rilfly) < €lRilfllcg, < €'CiCallfllaga).
Finally, using monotone approximation, the assertion follows. |

As a direct consequence of Theorems 3.1, 2.2, we obtain the following.

Corollary 3.2. Assume (H1)-(H3) and let E be as in (H3). Let q € (4, o), yekE t>0
and B be an open ball in RY. Let (EZ, f,ﬁy, (%,),20, (Z)zzo, (W,),zo) be a weak solution to
(1) satisfying (8). Then for any f € Li(RY), with supp(fdx) C B, there exists a constant
Cy.pg > 0 which is independent of f and t > 0 such that

E, [ fo fXy)ds

where Ey is the expectation with respect to E defined on (£~2, f).

< €tCy,B,§||f||L?(Rd),

4. Pathwise uniqueness

Proof of Theorem 1.1. Fix y € E. For k € {1,2}, let (Q, F, P, (F1):20, (X )20, (Wi)i20) be
weak solutions to (1) satisfying (3) and let Z, := X! — X2, t > 0. Given n € N with n > 2 and
y € B,_1,set DX ;= inf{t >0 : Xf € RY\ B,_1} and D, := D) A D?. LetT = (Tij)1<ij<a be
defined by o = \/g - 0. By It6’s formula, for any 7 > 0 it holds P,-a.s.

l/\D,,~ ~ ~ ~ l/\D,, ~ _
Zonlf = 2 [ Z(ER)-FR@) W+ [ IFED - TR
0 0
D, _
2 [ 7GR - 6@
0

Letoy, € H 1.24(R9), be an extension of 15,7;; € H'?(B,) satisfying supp(G},dx) C By
for each i, j € {1,2...d}. Likewise, letg! € H L4(R%), be an extension of 1 B, 9 satisfying
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supp(g;) C By for each i € {1,2...d} and let G" = (gY,...,g))). Given m € N, let
1w € Cg(B1m) be a standard mollifier on R?. Define

—snm o, __ == nm ,__ PR
o =0 ks g7 =)k, fori,jed{l,2,.. ., d),

where f g is the convolution of f and g. Let o™ = (6:7]3'") 1<ij<a and G™" = (g™, ... g™,
Set

N, =M, +A§1) +A§2) and N/ := N,.p, fort=0,

where

1 Z, (X)) - 7(X?)) _ G — SR
woma (Fx Vi 4w [(EED-FEDE
0

1Z,I1? ‘ Yo AL
A(Z) — Zf <Zw G(Xl) G(X2)> > O
t * - ’
0 I1Z,1?
where g := (0. Then for all # > 0 it holds
!
(10) 1 Zinp, II* = f | Zsnp,IFAN?,  P,-as.

0

Let Ey be the expectation with respect to ﬁPv’y defined on (ﬁ, f). By It6-isometry and Fatou’s
Lemma, it holds
1B (1M, 5.7]

E,

IA

f“D" (X} T DI
— ds
0 IZ,1P?
= [ fD I (X;) = T X)II
0

IA

liminf E, IIZ m
S

6—0+

1{||Z||>6}dsl :
Using triangle inequality and Jensen’s inequality, we get

tAD, (X" - 7 (X2)|I?
’ | 1Z,12 — Lz pads

me o (X! ) (X! )||2

s tAD, G yl Fm X2 2

+supE, lfo o SI)IZ E ( )” Lz 15595
s

meN
M ([T — (XD
=2 Lizisads| |
0 IZ]

E,

< 3( lim sup Ey

m—00

+ lim sup Ey

m—00

Using Corollary 3.2,

. — [ (P I = 7 XD
limsup E, AL
S

m—o0

<limsup =, [ f (X)) - 7 X! >||2ds]

m—oo

l{IIZII>6ldS}
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C
< limsup y;"” 4 Z (o} =7 m)|| 0,

m—oo qu(Rd)
i,j=1

where Cy g, ., 7 > 01is a constant as in Corollary 3.2. In the same way as above, we also get
(AD, |[=nm 2 —~n V2N (12
f [l (X5) = " (XH)I
0 1Z]?

lim sup Ey

m—o0

1{|Z||>6}dsl =0.
By Proposition 2.1 and Corollary 3.2,

{ fD [l (X;) = T I

(11)  supE —
’ 1Z,|2

meN

1{||Z||>6}dsl

<suchdE [ f L, EOMIVEIE) + 1, ROMIVE"IKD) d ]

mEN” 1

+|| s, ptrvam|

2
—=n,m
< sup Z 2¢'caCyp,. 7 g (”13 M||Vo, || i LZE(RJ))

meN L7A(Rd)

"‘nm
<4 Cd 27 €4 Cyp,., 7 5Up Z Vo, LZq(Rd) <4 Cd 27 ciCyp,.g Z Vo LZq(Rd)’
mENlj 1 i,j=1

where ¢,423, ¢4 > 0 are constants as in Proposition 2.1. Therefore, Ey [|MMD”|2] < oo,
Analogously to the above,

1 —
[|A<> |] <46, Coiz Z VG < -
i,j=1

Using Fatou’s Lemma,

1 _ tAD, G(XY) - G(X2
y|<2>|]sEyf I6"(Xh - 6" X,
2 tAD, 0 1Z,l
{AD, nyl ney?2
" IG™"(X;) — GM(X)l
< ll(srgéngyf Z Lizisads|,
and again as above, we have
- [ fD IG" (X)) - G" XD, ds]
y = Z,|[>6
IZ.| {1Zsl1>6}
_ (AD, G j‘(’l — Gnm il
s(limsupEyf 16 QHZII ( 3)“1{|IZH>5}ds
m—o00 )
_ Dy (|G (X1 — G X2
+supE, f T S)”1{||Z||>a}ds
meN 0 I1Zl '
(AD, nmy2 ney?2
, _ " IGRm(X2) — GH(X2)| )
+limsup E f — — Lz sads| )
pvtandl A IZ e

Using Corollary 3.2,
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P I6MED - 6D
limsup E, —
0 IZ

m—oo

1{||Z||>6;dsl

n n,m : etcy,Bml q n n,m
< hmsup 5 E, ||G (X) G™ (X lds| < lim sup 5—||G - Gl agey = 0,

2
m—oo m—oo

and as before

lim sup Ey

m—o0

f’@ IG"(XD) - GOl
IZl
Using an estimate as in (11), Proposition 2.1 and Corollary 3.2, we obtain
= [ fD IG™"(X)) - G "X
supE, =
0 IZll

Lz, ||>61ds} =0.

d
<2e'cy27¢iCyp,. 7 Z IVgill caay-
P

= eads
et {I1Zs11>6}

Therefore, ]E [l inD, |] < oo. Thus, applying [10, page 378, (2.3) Proposition] to (10), it
follows that

— 1 _
2 (D 2) _
1Z,5, I = 1Zol? exp (MMB” rA AT - §<M)M5n) =0, P,as.

Since 5n — 00 R—a.s. as n — oo, letting n — co we obtain Z =0, ﬂl%—a.s, so that pathwise
uniqueness is shown. The existence of a strong solution (Yty )0 to (1) follows from the
Yamada-Watanabe Theorem ([12, Corollary 1]). m|

Proof of Corollary 1.2. LetA = o = id, \/g(x) = [|x|*/?, x € R? and E = R? \ {0}. Then
(H1)-(H4) are satisfied and the SDE (1) becomes the SDE (5). Choose g € (2d + 2, g) and
e, 34 Ad+e). Theny e L (R \/g H"Y (R and g; € HYI(RY) forall 1 <i < d.
Therefore, the assertion follows from Theorem 1.1. O

loc loc loc

REMARK 4.1. In Theorems 1.1, 2.2 and Corollary 3.2, the condition (H2) can be replaced
by any ohter condition that implies the non-explosion of M defined in Section 2 (cf. [7]).

ExampL 4.2. Let d > 3 and for some £ > 0 let G = (g1,...,94) € L3 (R?,R?) with

1,4+¢

gi€ H'>"(RY) forall 1 <i,j < d. Consider the following [t6-SDE

loc

! !
(12) Xt:y+f\/g(XS)-iddWS+fG(XS)ds, 0<t< oo,
0 0

where y and \/g are specified below in three different cases.
(i) For & € [0, 75) and y € (0, ), let

1
\/;oo = I 1 eoy(X) + Y1y (x),  x € RY

Then {\/g = 0} = (. Thus by Theorem 1.1 (cf. proof of Corollary 1.2), for y €

R4\ {0} pathwise uniqueness holds for (12) in the usual sense, i.e. if
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(i)

(13)

(iii)

H. Lee

(Q,F, By, (Fz0, Xiz0, (Wiz0), k€ {1,2)
are weak solutions to (12), then
P,X!' =X2, 1>0)=1.

Moreover, by Theorem 1.1 and Corollary 3.2 for A R? \ {0} and a d-dimensional
Brownian motion (W,),>0 on a probability space (Q F P) there exists a strong solu-
tion (Y7)150 to (12) satisfying

f 1{0}(Y?)d.§' =0, ﬂfs—a.s.
0

Let a € [0, 5%). Fori € N U {0}, let

303
e d
¢i(x) = |lx — 2ie||2 1p,2ie,(x), x € RY,

where Bj(2ie;) denotes an open ball with center 2ie; and radius 1. Define

1 (o]
\/;(X) 1= lpa\yz, By ie) + Z Pi(x), xeR%
i=0

Note that {\/g = 0} = {2ie; : i € N U {0}}. Thus by Theorem 1.1 (cf. proof of

Corollary 1.2), fory € R?\ {2ie; : i e NU{0}} pathwise uniqueness holds for (12)
in the following sense, i.e. if

(QF, Py, (F)iz0, X)is0, Wiis0), k€ {1,2)

are weak solutions to (1) satisfying both

f LUz 2ie)(Xds = 0, By-as,
0
then

P,X =X2, 120)=1.

Moreover, by Theorem 1.1 and Corollary 3.2 for y € R?\ {2ie; : : E N U {0}} and a
d-dimensional Brownian motion (W;);» on a probability space (L2, F, P) there exists
a strong solution (Y?),5o to (12) satisfying

f 1ieyicvoon (Y2)ds = 0, P-as.
0

Let (y:)i>0 be a sequence with y; € (0, o) for all i € N U {0}. For a € [0, ﬁ) and
i € NU{0}, let ¢; be defined as in (ii). Define

1 (o) (o)
\W(X) = lpa\U=, B, ier) T Z Yiliieyy + Lra\Us, (2ie) (Z ¢i(x)], xeRY
i=0 i=0

Then {\/g = 0} = (. Therefore, by Theorem 1.1 (cf. proof of Corollary 1.2), for

y € RY\ {2ie; : i € N U {0}} pathwise uniqueness holds for (12) in the usual sense
and by Corollary 3.2 there exists a strong solution (Y?),50 to (12) satisfying (13).
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