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Abstract

The restricted Feynman path integrals (RFPIs) have been proposed to study continuous quan-
tum measurements in physics. The RFPIs are heuristically determined in terms of the usual
probability amplitude multiplied by weight for each path, which contains information about the
results and the resolution of the measuring device. In the present paper we will consider the
RFPIs particularly for the position measurements and will prove rigorously that these RFPIs are
well defined in the L? space and are the solutions to the non-self-adjoint Schrodinger equations.
Our results in the present paper give a generalization of the results on the usual Feynman path
integrals for the Schrédinger equations. Furthermore, our results are extended to quantum spin
systems.

1. Introduction

Let T > 0 be an arbitrary constant, 0 < # < T and x = (x1,...,Xxg) € R4, First, we consider
a one-particle system with mass m > 0 and charge q € R moving in R¢ with electric strength
E(t,x) = (Ei,...,E;) € R? and a magnetic strength tensor B(t,x) = (Bji(t, X))1<jck<a €
RYE=D/2 Let (V(t, x),A(t, x)) = (V,Ay,...,Ay) € R¥! be an electromagnetic potential, i.e.
0A 0V 0A, 0A;

1.1 E=—-—-—, By=—-— (<j<k<d),
(1.1) ot Ox H ox;  Oxy (I<J )
where 0V/dx = (0V/0xy,...,0V/dx,). Then the Lagrangian function and the classical action
are given by

(12) Lt x, %) = %mz bk AL x) - qV(tx), ieR
and

' dq(6
(1.3) S, 5,q) = f 26, q(0), 4(0)d6,  4(0) = %

for a path ¢(8) € RY (s < 6 < 1), respectively. The corresponding Schrédinger equation is
defined by

(1.4) ih%(z) = H(u(t) := u(t),

d 2
1 h o
§ (7 axj - qA](t’ X)) + qV(t, X)

2m 4
J=1

2020 Mathematics Subject Classification. Primary 46T12; Secondary 81P15, 81Q05.
This work was supported by JSPS KAKENHI Grant Number JP18K03361.



106 W. ICHINOSE

where 7 is the Planck constant. Throughout this paper we always consider solutions to the
Schrodinger equations in the sense of distribution. Let L?> = L>(R?) denote the space of all
square integrable functions on R¢ with the inner product (f,g) := f f(x)g(x)"dx and the
norm || f||, where g(x)* denotes the complex conjugate of g(x).

Consider a continuous quantum measurement of the position of the particle in the time
interval [0, T]. Let {a(t) € R% 0 < ¢t < T} be its result and 6 > 0 its resolution or error
of the measuring device. The measurement gives a change of the probability amplitude
of the particle, called wave-function reduction (cf. §17.5 of [10] and §1.4 of [28]). Let
f € L? be a probability amplitude of the particle at an initial time ¢ = 0. Then, if we follow
Feynman’s postulates I and II on p. 371 of [7], the probability amplitude in the continuous
measurement is heuristically given by the “sum” of il 5(.0:9) f(g(0)) over a set I'(z, x; 0) of
all paths ¢ satisfying g(#) = x and |g(0) — a(9)| < ¢ for all 8 € [0, 1], i.e.

(1.5) f ¢St £(4(0))Dg.
I(t,x;6)

An alternative Feynman path integral description has been proposed by Mensky in §4.2 of
[22] and §5.1.3 of [23], written formally as

(1.6) f | oS00~ [ 1g©@-aOF o5 500Dy
I'(t,x

with a constant ¢ > 0, where (¢, x) is a set of all paths g satisfying ¢(f) = x. See also
§10.5.4 of [1], [6], §3.2 of [8], §5.1 of [21] and [24]. Both of (1.5) and (1.6) are called the
restricted Feynman path integrals (RFPIs).

Our purpose in the present paper is to give a rigorous meaning in the L? space to each of
(1.6) and a more general formula with a weight function W(z, x) € R replacing c|x—a(t)|* /6.
Furthermore, we will show that each of (1.6) and the more general formula stated above is
the solution to the non-self-adjoint Schrédinger equation with f at ¢ = 0.

As far as the author knows, we have been able to give a rigorous meaning to (1.6) only
for A = 0 and V = Clx|*> with a constant C € R, where we can directly calculate (1.6) by
using Gaussian integrals (cf. §4.4 and §5.4 of [22]).

We also note that there is another approach to continuous quantum position measurements
of the particle. We begin by considering a sequence of n instantaneous position measure-
ments separated by a time At = T/n and then, determine the evolution of the measured
system in the continuous limits n — oo and so At — 0 (cf. [3, 4, 5], Chapter 3 in [19],
Chapter 2 in [22] and Chapter 2 in [23]).

Let W(z, x) be a weight function and define the effective Lagrangian function under the
measurement by

(1.7) Lyt x, %) = L(t, x, %) + ihW(t, x)

and the effective classical action by

(1.8) Su(t, s3q) = f L,(0,q(0), 4(0))d6 = S(t, 5:9) + in f W(0, q(0))df

for a path ¢(d) € R? as in §4.2 of [22]. In the present paper we will prove for W(t, x) =
clx — a(t)[*/6* and more general weight functions that the RFPIs
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(1.9) K@0)f := | &M %09 f(g(0)Dg

I'(t,%)
are well defined in L? for f € L?. K(1,0)f defined by (1.9) gives a generalization of (1.6).
Furthermore, we will prove that K(¢,0) f satisfy the non-self-adjoint Schrodinger equations,
derived from (1.7) through the Legendre transformation,
_ou 1 Gynoa ’ _
(1.10) zhg(t) = H,(Hu(t) := o ; (76_x] —qAj(t, x)) + qV(t, x) — ihW(t, x) | u(t)
with u(0) = f, which was suggested for (1.6) in §4.3.1 of [23].

Next, we will generalize the above results to a one-particle spin system, where all spin
components or directions may move separately in R? as in the Stern-Gerlach experiment
(cf. Chap. 12 of [10] and §1.1 of [28]). We generally suppose that a particle has / spin
components (cf. p. 12 in [2] and §2.2 of [9]) and consider a continuous position measurement
for all spin components in [0, 7], where [/ > 0 is an integer. Although we don’t know the
physical meaning precisely, we will study the effective Lagrangian function given by

(1.11) Lot x,%) = Ly(t, x, X) — AH (1, x) + ihW (1, x)

as a generalization of (1.7), where L,(t, x, X) is the Lagrangian function defined by (1.7),
H(t, x) an [ X [ Hermitian matrix denoting the spin term and W(¢, x) an [ X [ Hermitian
matrix denoting the weight term acting on the spin components. The corresponding non-
self-adjoint Schrodinger equation is written as

(1.12) ih%(t) = [Ho (DI + RH(t, x) — iEW,(t, X)]u(t),

where H,,(¢) is the Hamiltonian operator defined by (1.10). We will prove that the RFPI for
(1.11) can be defined rigorously in (L?>(R%)) and is the solution to the equation (1.12). It is
noted that for Wy(z, x) we assume

(113) |6inl](t’ x)l S C(k’ l’] = 1929 e 9l

in [0, T] x R for all @, where wy; ;(t, x) denotes the (7, j)-component of W(z, x).

Finally, we consider a quantum spin system consisting of N particles with / spin compo-
nents each, under a continuous position measurement for all spin components of all particles
in [0, T].

We note that if W(¢, x) = 0 and W(¢, x) = 0in (1.7) and (1.11), all results in the present
paper give the same results as for the usual Feynman path integrals in [14, 16, 18].

In the present paper the RFPIs are defined by the time-slicing method in terms of piece-
wise free moving paths or broken line paths. This approach to the Feynman path integrals
are widely used in the physics literature (cf. §2.4 in [8], §3.2 in [22], Appendix A3 in [23],
§9.1in [25] and §5.1 in [27]).

We will prove the main theorems in the present paper, following the proofs in [13, 14,
16, 18], where the usual Feynman path integrals, i.e. with W(z, x) = 0 and W(z, x) = 0 were
studied. More specifically, we first introduce the fundamental operator C(z, s) in §3, and
then prove its stability and consistency. Combining these results and the results in [17] con-
cerning the non-self-adjoint Schrodinger equations (1.10) and (1.12), we can complete the
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proofs of our results. In particular, we define the RFPIs for the spin system, following [16].
We also note that in the present paper we will use the following delicate result concerning
the L?>-boundedness of pseudo-differential operators, which follows from Theorem 13.13 on
p- 322 in [29].

Theorem 1.A. Suppose p(x, &, x') € SC(R), ie.
(1.14) sup 0§ 0707, p(x, £, x)| < Capy < o0

X,E.X

for all multi-indices «, 8 and y, where (9“ denotes (0]0&1)™" - - - (0/0Ey)™ fora = (ay, ..., qy).
Let P(X,HD,, X") be the pseudo- dljj”erentzal operator defined by

(1.15) f evEdE f e Ep(x, b, X)) f(X)dxX, dE = 2n)dde

for f € S(RY), where x - & = Z?: 1 Xi€j, b > 01is a constant and S (RY) denotes the Schwartz
space of all rapidly decreasing functions on RY. Then we have

(1.16) IPX, DD, XlIp2r2 = Suéy lp(x, &, )l + OO),

where ||P||;2_, 2 denotes the operator norm from L? into L.

The delicate estimate (1.16) in Theorem 1.A will be essentially used as ) = # — s to prove
(3.28) in the present paper.

The plan of the present paper is as follows. In §2 all main results are stated in Theorems
2.1-2.6. In §3 and §4 we will prove the stability and the consistence of C(¢, s) respectively.
In §5 Theorems 2.1 and 2.2 will be proved. In §6 Theorems 2.3-2.6 will be proved. In the
appendix we will give a proof of Theorem 1.A by means of Theorem 13.13 in [29].

2. Main theorems

Hereafter we suppose # = 1 and q = 1 for simplicity. We first consider (1.9). Let ¢
in [0,T]. For an arbitrary integer v > 1 we take 7; € [0,7] (j = 1,2,...,v — 1) satisfy-

ing0 =79 <7 < <7y <Ty=15setA:= {‘z'j}J‘l and write |A| = max{tjy —
755 =0,1,...,v =1} Letx € R? be fixed. We take arbitrary points X e R4 (J =
0,1,...,v—1) and determine the piecewise free moving path or the piecewise straight line

ga@; X, ..., x D x) € R? (0 < 6 < 1) by joining xV at 7; (j = 0,1,...,%x» = x) in
order. Let S,(t, s; g) be the effective classical action defined by (1.8). Take y € C8°(Rd),
i.e. an infinitely differentiable function on R with compact support, such that y(0) = 1 and
fix it through the present paper. For simplicity we suppose that y is real-valued. We will
determine the approximation of the RFPI expressed as (1.9) by

%{
@.1) Ka(t.0)f = 11m]_[(—2m - 1_T)) fR fR St
J* J d d

v=1
x f(x©) l—[)((ex(j))dx(o)dx(” ceedxD

j=
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for f € CS"(Rd). The right-hand side of (2.1) is called an oscillatory integral and will be
denoted by

v—1 g
[ (smemmy) 0 L [Lemeomsaonatat g
2ri(Tjp1 — 7)) Rd R4

j=0

(cf. p. 45 of [20]).

For a multi-index @ = (a1, ...,ay) and x € R? we write |a| = )¢

j=1
and (x) = /1 + |x]2. In the present paper we often use symbols C, C,, Cop, C4 and 6, to

write down constants, though these values are different in general.

. L (1’1”' ¥d
aj, X = x| X,

Throughout the present paper we assume that 07 E;(1,x) (j = 1,2,...,d),0¢Bj(t, x) (1
J < k < d)and 0¢W(t, x) are continuous in [0, T'] X R? for all @. Then, 0%0,Bji(t,x) (1
j < k < d) are also continuous in [0, 7] x R? for all a, because of Faraday’s law d,B ik
—0Ey/0x; + OE j/0xy, which follows from (1.1).

I IA A

Assumption 2.A. We assume

(2.2) 0°E;(1,0)| < Coy lal 21, j=1,2,....d,

(2.3) 109B (1, X)] < Cofx) ™10 ol 21, 1<j<k<d
in [0, 7] x R? with constants C, > 0 and §, > 0.

Assumption 2.B. We assume (2.2) and
(2.4) 1090, B (1, )| < Cox)™ ) ol 21, 1<j<k<d
in [0, 7] x R? with constants C, > 0 and §, > 0.

Assumption 2.C. We assume that 7A (¢, x) (j = 1,2, ...,d) and 87 V(z, x) are continuous
in [0, 7] x R? for all @ and satisfy

2.5) %A, 0I < Cay ol 21, j=1,2,....d,

(2.6) OV, 0l < Colx), ol 21
in [0, T] x R? with constants C, > 0.

Assumption 2.D. We assume

(2.7) W(t,x) > —Cy,
(2.8) 02W(t, )P < Co{l + Cy + W(t, 0}, lal > 1,
(2.9) [OTW(t, %) < Colx), ol 21

in [0, T] x R? with constants Cy=>0,Cy,=>0and p, > 1.

ExampLE 2.1. The function c|x—a(f)|> /6 in (1.6) with a continuous path a(f) € R? satisfies
Assumption 2.D.
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Theorem 2.1. Suppose that Assumptions 2.A and 2.D are satisfied. Then, there exists
a constant p* > 0 such that the following statements hold for arbitrary potentials (V,A)
with continuous V,0V/0x;, 0A;/0t,0A;/0xx (j,k =1,2,...,d)in[0,T] xRY, all A satisfying
Al < p*andallt €]0,T]:

(1) Ka(t,0)f defined on f € C(‘;O(Rd) by (2.1) is determined independently of the choice of
x and Kx(t,0)f can be uniquely extended to a bounded operator on L*.

(2) For all f € L2, as |Al — 0, Kx(1,0)f converges in L* uniformly in t € [0,T] to an
element K(t,0)f € L?, which we call the RFPI of f.

(3) For all f € L?, K(t,0)f belongs to C?([O, T1; L?), where C{([O, T1; L?) denotes the
space of all L*-valued, j-times continuously differentiable functions in t € [0,T). In addi-
tion, K(t,0)f is the unique solution in C?([O, T1; L?) to (1.10) with u(0) = f.

(4) Let y(t,x) € CY([0,T] x RY) be a real-valued function such that 0x,054(t, x) and
a,ax‘,t//(t, x) (j,k=1,2,...,d) are continuous in [0, T] X RY and consider the gauge trans-
formation

o, o
—, Ai=Aj+— (j=12,....4d.
at b J ] + axj (] b b b )

We write (2.1) for this (V', A”) as K\ (¢,0)f. Then we have the formula

(2.10) V' =V-

(2.11) K\ (1,0)f = "™ K(t,0) ( o~ W(0.) f)

for all f € L? as in the case of W(t, x) = 0 (cf. (6.16) in [14]), and we have the analogous
relation between the limits K'(t,0)f and K(t,0)f.

Let us introduce the weighted Sobolev spaces

(2.12) B'R) := {f € L@ 1flla = IfIl+ D (A1l + 195 £1) < oo}

lal=a

(a=1,2,...)

as in [14]. We denote the dual space of B* by B~ (cf. Lemma 2.4 in [12]) and the ? space
by B.

Theorem 2.2. Suppose that either Assumption 2.A or 2.B is satisfied. In addition, we
suppose Assumptions 2.C and 2.D. Then there exists another constant p* > 0 such that
the same statements (1)—(4) as in Theorem 2.1 hold for all A satisfying |A| < p* and all
t € [0,T). In addition, for all f € B°R?Y) (a = 1,2,...) Ka(t,0)f belongs to B* and as
Al — 0, Ka(2,0)f converges in B* uniformly in t € [0,T] to K(t,0)f, which belongs to
CY([0, T1; BY).

Next, we consider a one-particle spin system (1.11) with / spin components. Throughout
the present paper we assume that 0§ h,;;(t, x) and d§ws;;(t, x) are continuous in [0, 7] X R? for
allwandi,j = 1,2,...,1, where hy; denotes the (i, j)-component of H,. For a continuous
path g(0) € R? (s < 6 < ) we define an [ X [ matrix F (6, s;q) (s < 6 < t) by the solution
U (6) to

d
(2.13) VO = —{iH(0, q(6)) + Ws(0, gV (0), U'(s) =1
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with the identity matrix 1.

LetA = {7, 1 be a subdivision of [0, 7] and ga = ga(0; x©, ..., x"" D, x) eRI (0 <0< 1)
the piecewise free moving path defined in the early part of this section. We define the
probability amplitude by

(2.14) exp *iSg, (1, 0; ga) := (exp iSy(t, 0; ga))F (2,05 ga)

as in the case of W(¢, x) = 0 (cf. §2 in [16]), where S, (¢, 0; ga) is the classical action defined
by (1.8). For f = '(fi,.... f)) € C7(R?) we determine the approximation of the RFPI for
this system under the measurement by

(2.15) K (2,0)f = hm n(m)7IR L (exp *iS4, (1, 0; ga))
J+ J d d

v—1
X f(x(o)) HX(Ex(j))dx(O)dx(l) . dx("*l)
J=1

asin [16]. The L?>-norm of f =(fi,..., fi) € (L*)" is defined by || f]| := ,/le:l ||fj||2.

Theorem 2.3. Besides Assumptions 2.A and 2.D we suppose that H(t, x) and W(t, x)
satisfy

(2.16) [0%hsi(t, )| < Co, 1,j=1,2,...,1

and (1.13) for all a, respectively. Let p* > 0 be the constant determined in Theorem
2.1. Then the same statements for K(t,0)f as for Ka(t,0)f in Theorem 2.1 hold, where
K (t,0)f := limp0 Ksa(2,0)f € CO([O T1; (L)) for f € (L*) is the unique solution in
CO([0, T1; (L*)) to (1.12) with u(0) = f.

ExamprLE 2.2. We consider a continuous quantum measurement of the positions of all
spin components of a particle. Let a/’(r) € R? (j = 1,2,..., 1) be the result for the j-th spin
component and 6 > 0 the resolution of the measuring device. Then in Theorem 2.3 we take
W(t, x) = 0 and the diagonal matrix W(¢, x) with

clx — a0

wsjj(t, X) =Q (T

where Q(0) € C*([0, )) is an increasing function such that Q(f) = 0if 0 < 6 < 1 and

Q(x) = L if 6 > 2 with a sufficiently large constant L > 0. These W(, x) and W(z, x) satisfy
the assumptions of Theorem 2.3.

), =121,

The B%normof f ='(fi,...,f)) € (B%) is defined by lIfll, := ,/Zézl ||fj||§.

Theorem 2.4. We suppose that either Assumption 2.A or 2.B is satisfied. In addition, we
suppose Assumptions 2.C, 2.D, (1.13) and (2.16). Let p* > 0 be the constant determined in
Theorem 2.2. Then the same statements for K, (t,0)f as for Kx(t,0)f in Theorem 2.2 hold,
where we replace B* with (B*)..

Finally, we consider a quantum spin system consisting of N particles which have [ spin
components each. We perform a continuous quantum measurement of the positions of all
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spin components of all particles in [0, T]. Denoting the coordinates of the j-th particle by
x; €RY(j=1,2,...,N), we write x = (X],Xa, ...,Xy) € RV, Let W(z,x;) € R and set

N
(2.17) ch x5 = Z{Emﬂ2 + % A1, X)) — Vit,x;) + iW;(t, X j)}
=1
N
- Z Vie(t, X — Xp),
jk=1,j#k

where A (1,x;) € RY, Vi(t,x;) € Rand Vj(t,x; —x;) € R. The effective Lagrangian function
we consider is

218)  Lh(tx.5) = Lh(r.x,0)
N
+ ) L@ @1 & (=Hyj(t,x) + iWy(t X} @ I 1 @+ @y,
j=1

generalizing (1.11), where H,;(t,Xx;) and W;(t,x;) are [ X [ Hermitian matrices.

For a continuous path q;(6) € R4 (j=12,...,N,s <6 < 1), we define F;(0, s;q;) (s <
6 < t) by the solution to (2.13) where Hy = H,; and W, = W,;. For the piecewise free moving
path gx = (q1a(6; x(lo), . ..,x(lv_l),xl),...,qNA(G; xﬁg),...,xx_l),xlv)) e RM (0 <6 <1), we

define the probability amplitude by
(2.19) exp #iSh, (1, 0; qa) := (expiSh(,0;ga))F1(£,0;q1a) ® - - ® Fi(t, 0; qua)

in terms of the tensor product of matrices, where Sﬂ,(t, 0; ga) is the classical action defined
from (2.17). Then we determine the approximation Kf A(2,0)f of the RFPI by (2.15), where
exp *iSg,(t, 0;gpa) and f € CS"(R")I are replaced with exp *ngw(t, O;ga)and f = f1®---® fy
(fi e CYRY, j=1,2,...,N), respectively.

Writing A(t,x) = (A1(t,X1),...,Ay(t,xy)) € RN and V(t,x) = 2?1:1 Vi(t,x;) +
2ik=1jzk Vir(t,X; — X)) € R, we define E(1, x) € RN and Bj(t,x) e R(1 < j <k <dN)by
(1.1). Then we have the following.

Theorem 2.5. Suppose that Assumptions 2.A is satisfied. In addition, we assume that
each Wi(t,x;) (j = 1,2,...,N) satisfies 2.D and that each W;(t,X;) and H,;(t,X;) satisfies
(1.13) and (2.16), respectively. Let (L*)'®- - -®(L*)! denote the tensor product of N copies of
L>(RY). Then, there exits a constant p’* > 0 such that the same statements for Kf A5, 0)f as
for Kx(t,0)f in Theorem 2.1 hold, where Kg(t, 0)f = lim-o KfA(t, 0)f e C?([O, T1;(L»)'®
U for f e (P ®---® (L) is the unique solution in C?([O, T, (Y ® U)o

ou N 1
(220) iz ()= [; {%

+ 1 ®"‘®Ij_] ®{Hsj(t,Xj) - iWSj(t,Xj)}®Ij+1 ®“‘®IN}

10 :
i _A](taxj)

; a—XJ + Vj(t, Xj) — in(f, Xj)

N
>y ij(t,xj—xk)]u(t)

Jk=1,j#k
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with u(0) = f.
We see that the N-fold tensor product L>(R%)' @ - - - ® L*(R?) is equal to (LZ(R") ® - ®
Lz(Rd))lN because we have

(91(X1)) ® (hl(Xz)

2
= i(X1)h; [®e;
g2(x1) hz(xz)) 1; gixDhj(x2)e; ® e

with e; =(1,0) and e, = (0, 1), for example, when N = 2 and [ = 2. This shows
LZ(Rd)l R ® L2(Rd)l — LZ(Ra’N)lN
because of L*(RY) ® - - - @ L2(R%) = L2 (RN?) (cf. I1.10 on p. 52 in [26]). In the same way we

can define a subspace BY(RN )ZN (@a=1,2,...)in *(RY)' ® --- ® L*(R?)". Then we have the
following.

Theorem 2.6. Suppose that either Assumption 2.A or 2.B is satisfied. In addition,
we suppose Assumptions 2.C for (V(t,x),A(t, x)) and that each Wi(t,x;), W;(t,X;) and
H(t,x;) satisfies the assumptions stated in Theorem 2.5. Then, there exists another con-
stant p”* > 0 such that the same statements for Kg A(,0)f as for Kx(2,0)f in Theorem 2.2
hold, where we replace B*(R?) with B*(RN )lN.

Remark 2.1. We consider polynomially growing potentials

(2.21) Ve, x) = [P0+ Y a0,
|a|$2[0+1
(2.22) At x)= Y bix" (j=1,2,....d)
l|<ly

with an integer /p > 1 and functions a,(t) € R,bjo(t) € R in C'([0,T]). These potentials
V(t, x) and A(t, x) do not satisfy either Assumption 2.A, 2.B or 2.C. We suppose Assumption
2.D, (1.13) and (2.16) for W(t, x), W(t, x) and H,(t, x) respectively, where we replace (2.9)
with

(2.23) 02 W(t, x)| < Colx)ot,  Jal > 1.

We define Kx(t,0)f and Ka(2,0)f by (2.1) and (2.15) respectively. Then we have the same
statements (1)—(4) as in Theorems 2.1 and 2.3, following the proofs of Theorems 2.1 and
2.3 (cf. [18]). In the present paper we don’t prove their statements. Their proofs will be
published elsewhere in the general form.

3. Stability of C(t, s)

Let S(¢, s; ¢) and S,(¢, s; ) be the classical actions defined by (1.3) and (1.8), respectively.
Let ¢, and yy, be the straight lines defined by

60—
(3.1) O =y+—(x-p). s<O<t

and
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(3.2) Vi) = (0.435,0) e R™, s<o<y,
respectively. Throughout the present paper we often write p = ¢t — s. Then we have
mlx — yl’
33 S, 5,40 ) = ——— A-dx—Vdt
( ) ( ) S, qx,y) 2(l _ S) + [x:l( X )
mix — y|* ‘
=——F+(x-y)- A(s + 9o,y + Hx — y))dd
2(t— ) 0
! 9 _
- f V(G,y + —S(x - y))d@
s r—s
mlx — yP? :
=————+@&-y- | Al-9p,x -3 x-y)di
2(t—s) 0
1
-p f V(t = dp, x — H(x — y))d?d,
0
3.4 Sultosidy = Sttsigiy+i [ oy £ do
(3.4) wlt, 851q5y) = S s1qz,) +1 [ Y+ :(X— Y)

1
= S(,5:45) + ipf W(t — 9p, x — H(x — y))dJ.
0
Let M > 0 be an integer and suppose that p(x,w) € C ®(R24) satisfies
(3.5) 1050 p(x, w)| < Cap(x;w), (x,w) € R

for all @ and B, where (x;w) = /1 + |x|*> + |w|?>. For f € Cg"(Rd) we define

m % . 1,8
(%) f(eXP iSu(t, $347,))
X p(x,(x =y /\Np)fpdy, s<t,

(ﬂ,)i Os- f (exp imlul?/2)
27i
X p(x,wydwf(x), s=t.

(3.6) P(t, 5)f =

Then the formal adjoint operator P(t, s)' of P(t, s) on C o (R9) is given by

im 2 . P
(%) f(exp iSu(t, 554,%))
X ply,(y — ) /\p) f(ydy, s<t,

(g)z Os- f (exp —imlwl?/2)
X p(x,w)'dwf(x), s=t.

P(t,s) f =

We can prove the following as in the proof of Lemma 2.1 of [14].

Lemma 3.1. Let p(x,w) be a function satisfying (3.5). We assume (2.7). In addition, we
assume that 0YV(t,x) and 0%A(t, x) (j = 1,2,...,d) are continuous in [0,T] X RY for all «
and that there exists a constant M’ > 0 satisfying
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d
0TVt )|+ > 195A (8, 0] + 10T W, )] < Cal)™”
j=1

in [0, T] X R? for all a. Then, for f € S 8%(P(t, s)f) are continuous in 0 < s <t < T and
x € R? for all .

In particular, when p(x, w) = 1, we write P(t, s)f as C(t, s)f. That is,

d
2

m 7 . 1S
(3.7 Ct,s)f = (%) f (expiSu(t, ;@) fWdy, s <t,
f s=t
Then, from (2.1) we can write
G Ka@,0)f = im C(t, 7y p(€)C(Ty-1, Ty-2)x(€) - - x(€)C(T1, 0)f

for f € Cy(RY).
For a weight function W(z, x) we set

1
3.9) cu(t, s3x,y) = exp (—pf W(t - 6p, x — 0(x — y))dQ) , p=1t—5.
0

Lemma 3.2. Let p(x,w) be a function satisfying (3.5). We assume that 0%V(t,x),
0%A(t,x) and 00,A(t, x) are continuous in [0,T] X RY for la| < land j = 1,2,...,d.
Let f € C8°(Rd). Then forany 0 < e < land 0 < s <t <T we have

d
310 Pesixerref =(zs) [ [er

()
X (GXP i(x—y)- tm_ s) cw(t, 832, X)cw(t, 82, Y)

xp(z —Z_x)*p(z Y )dz
"\i—s Ni—-s)
D =D, 5 x,y,2) = (P, ..., Dy),

Xjty; - !
LY + —Sf Aj(s,x+0(y — x))do
2 m 0

(t - 5)?
m

. d 1 pl
S V@ [ [ B dondodos
o 0 Jo

(3.11) D=z -

1 1
f f o1 Ej(x(0), {(0)derydors
0 0

or
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Xi+y;, t- !
/ 2”’ + 25 A, x+ 6y - x))d6
m- Jo

_ 2 ol 2l d
Sb) f f 1 Ej(r(@), L(@)deryders - L2 f 46> (@~ x)
m 0 Jo m 0 =l

1 1 aBjk
< [ [ e SR o - ovp.condodon
0o Jo 4

(3.12) @ =z;-

where
B13)  ((0),40) = (1= o1t =),z + T1(x —2) + 10a(y — X)) € R
Proof. From (3.4), (3.6) and (3.9) we can write

d
3
(3.14) P(t,s)f = (i) f(exp iS(t, 53455, cu(t, 83 %, )
2rip ’
X-y
X plx, (y)dy, =t—s5>0.
p( m)f y)dy, p
Hence, we can easily prove Lemma 3.2 from Lemma 5.2 in [18]. |
Lemma 3.3. We assume that 07A(t,x) (j = 1,2,...,d) are continuous for all a and

satisfy (2.5) in [0, T] x R

(1) Suppose that Assumption 2.A is satisfied. Let ®(t,s;x,y,2) (j = 1,2,...,d) be the
functions defined by (3.11). Then, there exist a constant p* > 0 such that for all fixed 0 <
t—s < p* and (x,y) € R¥, the map: R? 5 7 — & = O(t, 5; x,y,2) € R? is a homeomorphism,
whose inverse will be denoted by the map: R? 3 ¢ — z = z(1, 5; x, &, y) € RY, and we have

d
(3.15) Z 10¢000)2(t, 5:%,E.9)| < Capys e+ B+ 2 1,
j=1
0z
(3.16) det 8_§(t’ s;x,E,y) =1+ — s)h(t, s;x,&y) >0,
(3.17) 10233y h(t, 5%, £, )| < Capy < 00

foralla,Bandyin0 <t—s < p*and (x,&,y) € R,
(2) Suppose that Assumption 2.B is satisfied. Let ®;(t,s;x,y,2) (j = 1,2,...,d) be the
functions defined by (3.12). Then we have the same statements as in (1).

Proof. We have already proved (1) in Lemma 3.2, (3.9) and (3.10) of [14] (cf. Lemma
3.6, (3.18) and (3.19) of [13]).

We will prove (2). Let us write the 5-th term on the right-hand side of (3.12) as —(¢ —
$)>B'(t, s; x,y,7)/m. Then, from the assumption (2.4) we can prove

(3.18) 1090,0Y B(t, 5,3, &, )| < Capyr |l +B+7121

in0 < s <t < Tand(x,y,7) € R¥ as in the proof of (3.15) of [13], where B’ =
(B}, --,B)) € R¢. Thereby we can prove (2) as in the proof of (1). |
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From now on we fix p* > 0 determined in Lemma 3.3 throughout the present paper. The
following lemma is crucial in the present paper.

Lemma 3.4. Assume (2.7) and (2.8) where we take Cy = 0. Let c,(t, s; x,y) be the
function defined by (3.9). Then we have

(3.19) 0 < eyt s:x.y) < 1, 10965 cult, 5: %, )| < Cop, la+ ] 2 1
for0 < s <t<Tand(x,y) € R* with constants Cop 2 0.

Proof. It is clear from (2.7) and (3.9) that the first inequality of (3.19) holds. For a > 0
we can easily see

(3.20) supe (T +1r)* =Cl, < o

r=0

with constants C/, > 0. Let |a| > 1. We note p, > 1. Using Holder’s inequality in the case
of p, > 1 and (2.8), we have

1
(3.21) pfo @YWt = Op, x — 6(x — y))|d6

1 1/pa
<o fo (@W)(t = G, x = 0x — ) do)

1 1/pa
< Ccly/p"P[f {1+W(t—6p,x—6(x- y))}de]
0

—_ l/ptr l_l/p(y ! _ _ _ l/pzv
=Ca'p p+p | Wit -06p,x—60(x—y)do
0

1 1/ pa
< Ccll/pnpl—l/pa{T +pf W(t —6p, x — 0(x — y))de} :
0

Hence, letting & = (1,0, ...,0) € R, by (2.7) and (3.20) we have
1
(3.22) [0k, cu(t, 85 X%, y)| < (exp —p f W(t - 6p,x — 6(x — y))d&)
0

I 1/pa
X c;/l’ﬂrl—”f’a{T +pf W(t — 6p, x — O(x — y))dQ}
0
1/ o - Tad
< Ca/ P Tl 1p Cl/Pq < 00.

In the same way we can complete the proof of the second inequality of (3.19), using (3.20)
and (3.21). O

Proposition 3.5. Suppose that either Assumption 2.A or 2.B is satisfied. In addition, we
suppose Assumption 2.C, (2.7) and (2.8), where we take Cy = 0 and (2.6) is replaced with
(3.23) 0%V(t, X)) < Co )™, | = 1

with an integer My > 1 independent of a. Let p* > O be the constant determined in Lemma
3.3 and C(t, s) the operator defined by (3.7). Then there exists a constant Ky > 0 such that

(3.24) IC@ )fl < e®INfll, 0<t—s5<p’
forall f € L.
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Proof. We first suppose that Assumption 2.A is satisfied. Then, letting ®; be defined by
(3.11), from (3.10) we have

C(t, 5)'x(e)Ct, 8)f = (56——)\ffWMyf‘@©2

m®d
X (eXp i(x—y)- :) cu(t, 832, X)cu(t, 832, y)dz

for f € S. We will use (1) in Lemma 3.3. Letting 0 < f — s < p* and making the change of
variables: RY 3 z — & = O(¢, 5; x,y,z7) € R? in the above equation, we have

.5 Mer e, =3 )j}@@fn@

0
X (eXp (x—y)- %) cu(t, 832, X)Cy(t, 552, y) det é(t, s;x, &, y)dé

with z = z(t, s; x, &, y), which shows
1\ r.
(3.25) C(t,5) y(e)*Ct, 8)f = ( ) f N gy f x(€2)*cu(t, 532, %)

X cy(t, 552, y) det a_g(t’ s;x,(t—=sn/m,y) fydy, 0<t-s<p*

with z = z(t, s; x, (t — s)n/m, y). Hence, noting (3.15) and (3.19), we can easily prove

(3.26) lim €, ) y(e)2C(t, 5)f

d
1 4
= (—) f eI f cu(t, 552, X)Cu(t, $32,Y)
2n

0
X det a—;(r, 53, —sm/my) fydy, 0<t—s<p"

with z = z(t, s; x, (t — s)n/m,y) in the topology of S, which we write as C(t, s)" C(t, s)f
formally.
Let z = z(t, s; x, (t — s)n/m, y). Then from (3.16) we can write

o
(3.27)  cu(t, 552, X)cu(t, 552, y) det a—é(r, 55 x, (t = s)n/m,y)
= cu(t, 52, X)Cu(t, $:2,4) + (1 = $)cu(t, 5:2, X)cu(t, 832, (L, s, x, (€ = s)n/m, y)
= pi(t, s x,(t = ), y) + (1 = $)pa(t, 55 x,(t = )1, y).

Noting (3.15), (3.17) and (3.19), apply Theorem 1.A in the introduction as ) = t — s to
Pi(t,5;X,(t - s)D,,X’). Then we have

(3.28) 1P\t 53X, (t =)D, X)fIl < {L+ K@ = IS, 0<t-s5<p"
with a constant K > 0. In the same way we have
(3.29) 1P2(t, 5: X, (t =)D, XV < K'IIfIl, 0<t—s<p"

with a constant K’ > 0. Thus, from (3.26) and (3.27) we obtain
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(3.30) IC(, )" Ct, ) f1l < {1+ 2Ko(t = Il < £, 0<t—5<p’
with a constant K > 0. Consequently we have
I 1P < Tim (e(e)C(E, 5)f,x()C 5)f)
= lim (C(t, 5)'x(€)*C(t, 9)f, f)
= (C(.9)" C.9)f. f) < 2NSIP

for f € S by using Fatou’s lemma, which shows (3.24).

Next we suppose that Assumption 2.B is satisfied. Letting @; be defined by (3.12), we
can also prove (3.26) and (3.30) as in the proof of the first case. Consequently we can prove
(3.24). O

Proposition 3.6. Let p(x, w) be a function satisfying (3.5) and P(t, s) the operator defined
by (3.6). Then, under the assumptions of Proposition 3.5 we have

(3.31) 1P, ) flla < Call fllmg+ars,, 0 <t =5 <p°

fora =0,1,2,... and all f € BM*M vith constants C, > 0, where M, is the integer in
(3.23).

Proof. Setting
(332) p,(t’ s; X, w) = p('x9 w)cw(t, s; X, X — Vﬁw)9

from (3.14) we have

d

(3.33) P, 9)f = (%) f (expiS(t, s:¢53)p’ (t, 55, %) fdy,

p=t—-5>0
and also from (3.19)
(3.34) 058P (&, 51 x,w)| < Cop(xw)™

for all @ and S.

At first we suppose that Assumption 2.A is satisfied. Then, using (3.33) and (3.34), we
can prove (3.31) from Theorem 4.4 of [14]. We can also prove (3.31) under Assumption
2.B, noting (3.18) and following the proof of Theorem 4.4 in [14]. |

4. Consistency of C(t,s)

Lemma 4.1. Let H,(t) be the operator defined by (1.10). We assume that for all «
oV(t,x),05At,x) (j=1,2,...,d)and 6¢0,A(t, x) are continuous in [0, T1xR? and satisfy

d
G2Vt + (0541, 0] + 150,41, 0)) + 0TW(r, 0)] < Cal)™
j=1
with constants C, > 0 and M’ > 0, where M’ is independent of a. Then, there exists
a function r(t, s; x,w) satisfying (3.5) for an integer M > 0 such that 83)6§r(t, sy X, w) are
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continuous in 0 < s <t < T and (x,w) € R*? for all a, B and we have

0
4.1 {za - Hw(t)} C(t,s)f =Nt—sR(t,s)f
for f € CPRY).
Proof. We note (1.8) and (3.7). Then, replacing V(z, x) with V(z, x) — iW(¢, x) in the proof
of Lemma 4.1 of [15], we can complete the proof of Lemma 4.1. O
Proposition 4.2. Besides the assumptions of Proposition 3.5 we assume

I09W(t, x)| < Colx)™”

in [0, T] x RY for all a with constants C, > 0 and M"" > 0, where M"' is independent of .
Then, there exists a function r(t, s; x, w) satisfying the properties stated in Lemma 4.1 and
we have

(4.2) IR(, ) flla < Call fllgsam,, 0 <t—s<p"
fora=0,1,2,... and all f € B¥*M \where M, is the integer in (3.23).

Proof. From (1.1) we have 9,A; = —E; — d,,;V. Hence we see that §79,A;(t, x) are
continuous in [0, T'] x R? for all @ from the assumptions. In addition, from (2.2) and (3.23)
we have

1020412, X)| < 10YE (8, )| + 1050,V (£, 0)| < Colr)™, ol = 1.

Consequently the assumptions of Lemma 4.1 are satisfied. Then, applying Proposition 3.6
to R(¢, s)f in Lemma 4.1, we get (4.2). m]

Making the change of variables: R 5 y — w = (x — y)/+/p € R? in (3.6), from (3.3) and
(3.4) we have

4.3) PG, 5)f = (Zﬂm) f S p(x,w) f(x — ypw)dw, p =1 5> 0

for f € CS"(R") as in the proof of (2.9) of [14], where
1
44) o, s xw) = %wﬁ ++pw - f A(t - 6p, x — O\Jpw)do
0

1 1
- pf V(t - 6p, x — O+/pw)db + ip f W(t — 6p, x — O~Jpw)do.
0 0

Lemma 4.3. Suppose Assumption 2.C and (2.9). Let C(t, s) be the operator defined by
(3.7). Then, for an arbitrary multi-index « both of commutators [0, C(t,s)]f and
[x“, C(t, s)1f for f € C(‘;"(Rd) are written in the form

@5)  (t=s) ) Pyt, @)

Il

=(t—5) Z (ﬂ)i X fei‘p(t’s;x’w)py(t, 53 %, \pw) (0% f)(x — \pw)dw,
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where py(t, 5; x,{) satisfy
(0 |(9?8§py(t, 53X, O)| < Coplx; O
Sfor all @ and .

Proof. We note (2.9). Then we can prove Lemma 4.3 as in the proof of Lemma 3.2 of
[15], replacing V(¢, x) with V(z, x) — iW(t, x). O

Proposition 4.4. Suppose that the assumptions of Theorem 2.2 are satisfied, where we
take Cyw = 0. Then, fora =0, 1,2, ... there exist constants K, > 0 such that

4.7 ICt ) flla < €N flley O<t—5<p"
forall f € B“
Proof. Let || = a. Using Proposition 3.6 and Lemma 4.3, we have

Il (C @, )OIl < NICE, HE PN + (1= ) Z 1Py(t, YL

lylsa

<N PN+ Ct = 5) Y 10 fllay

lylsa

<liC@, NI+ C' (1 = IS lla-

Here we used 0% f lla—py) < Const. ||f]l, from (4.21) in [14]. Hence from Proposition 3.5 we
have

(4.8) It DN < NIl + €'t = Il

In the same way we have

(4.9) 19 C @, )N < e INBLLIl + C (1 = 9| flla-

Since || f||, is defined by (2.12), from (3.24), (4.8) and (4.9) we obtain
1€ )flla = ICE )AL+ (K€ )P+ 135CE ))N)

[x|=a

< K|l + Kyt = 9l flla = (50 + Kot = )11l

< ST 1),

which shows (4.7). m]

Theorem 4.5. Suppose Assumption 2.C, (2.7) and (2.9). Then for any uy € B* (a =
0,+1,+2,...) there exists the unique solution u(t) in C°([0,T]; B*) n C}([0, T]; B*2) with
u(0) = ug to the equation (1.10). This solution u(t) satisfies

(4.10) lu®lla < Calluolla, 0 <1 <T.

Proof. The results corresponding to Theorem 4.5 have been proved in (1) of Theorem
2.1 of [17], where || f]|, was defined by || f]| + Zm‘zm(llx"f” +1|0% f1]) differently from (2.12).
Following the proof of (1) of Theorem 2.1 of [17], we can prove Theorem 4.5 as below. We
set ye(x, &) 1= y(e({x) +{(£))) (0 < € < 1) and A(x, &) := u + {x) + (&), where y > 0 is the
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constant such that there exist a function w(x, &) satisfying
WX.Do)f = (u+(X) + (D) f
for f € S and
108 w(x, )| < Cap(1 +(x) + ()

for all @ and B (cf. Lemma 2.3 of [12]).
We set

Qc(X, Dy) =[A(X, D), X(X, D) Hy()Xc(X, DY)|AX, Dy)™
as in (4.3) of [17]. Then, noting Assumption (2.C) and (2.9), we can prove
10¢0ge(x,£)] < Cop < o

for all @ and § with constants C,g independent of 0 < € < 1 as in the proof of Lemma 4.1 of
[17] and Lemma 3.1 of [12]. Therefore we obtain the results corresponding to Lemma 4.1
of [17]. Then we can complete the remaining proof of Theorem 4.5, following the proof of
Theorem 2.1 of [17]. O

Proposition 4.6. We suppose the same assumptions as in Proposition 4.4. Let U(t, s)f be
the solution to (1.10) found in Theorem 4.5. Then there exists an integer M > 0 such that
we have

(4.11) IC, 5)f = U(t, $)flla < Cap®1fllsas 0<t—s5<p°
fora=0,1,2,....

Proof. Using (4.1), we can write
Lac
HCW 9f = 1 = {C(s +p, 9)f = ) = ip fo (s + b, 9)fde

1
=p f {H, (s + 6p)C(s + Op. ) + \JOpR(s + Op. 5)f |do
0

and so
1
i% —Hy(s)f =\p f VOR(s + 0p, 5)fdO
0
1
+ f H,(s + 6p)-{C(s + 6p,s)f — f}do
0
1
o [ ttats + 6011 - Hu911d6
0
Using

toc
C(s+6p,8)f —f= pr E(S + 60 0p, s)fdo
0

o [

, H,(s+ 60 6p)C(s+ 0 0p,s)f +0O0pR(s + 0 6p, s)f}de,
L Jo
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we have

@1z S-S
o

1 1
— Hy(s)f = \p f VOR(s + 0p, 5)fd6 + ’7? f OH,,(s + 6p)do
0 0
1
. f {Hy(s + 8'0p)C(s + 0 6p, s)f + O'OpR(s + 6 p, s)f}dd
0

1
+ f {H,(s + 6p)f — Hy(s)f}de.
0

In the same way

1
(4.13) i%f_f CHy(s)f = '? f OH,,(s + 6p)d6
0
1
. f {Hy(s + 0 6p)U(s + 0'0p, s)f}d6/
0

1
4 f {Hu(s + 60)f — Hu(s)f}do.
0

Taking difference between (4.12) and (4.13), we have

1 2 1
(4.14)  i{Ct, ) f - U@ s)f) =p? f VOR(s + 6p, 5)fd6 + 2 f 6H,(s + 6p)do
0 0

0
I
. f {Hy(s + 0 6p)C(s +0'0p,s)f + O OpR(s + 0 6p, s)f}do’
0

2 1 1
. f OH,,(s + 6p)d6 f H,(s + 6'6p)U(s + 6'6p, s)fd6' .
L Jo 0

Consequently, noting (2.5), (2.6) and (2.9), and applying (4.2) with M| = 1, (4.7) and (4.10)
to (4.14), we obtain

4.15)  IC(t, 8)f = Ut, $)flla < C1p*fllarsa + C20* Ul fllava + 11 frs2+a) + C30* 1 fllasa
with constants C; (j = 1,2, 3), which shows (4.11). m]

5. Proofs of Theorems 2.1 and 2.2

Lemma 5.1. We suppose the same assumptions as in Proposition 3.5. Let Kx(t,0)f and
C(t, s)f be the operators defined by (2.1) and (3.7) respectively. Then we have

(5. Kat,0)f = C(t, 7y-1)C(Ty-1, Ty-2) - - - C(71,0) f
forall f € L? and all A such that |A| < p*.
Proof. From (3.8) we could write
Ka(®,0)f = lim C(t, 71 )x(€)C(Ty-1, Ty-2)x(€) - x(€)C(71, 00 f

for f € C3(RY). Then from (3.24) we have
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(5.2) IC(, Ty-1 X (e)C(Ty-1, Tyv-2)x(€) - - - x(6)C(T1,0) f
= C(t, 7y-)C(Ty-1, Ty2) -~ C(71, O) f|

y—1

D T €T, 1, Ty (E) - X (€)C(T 01, T))
j=1

(€)= 1NC )ty )CE 1T ) - Clr, O)fH

y—1
< C ) (e = NC(;, T )CTs1,T2) -+ Cr1, 0)f
Jj=1

for f € L* with a constant C > 0 independent of 0 < € < 1, which shows (5.1) for f € L.
O

Now we will prove Theorems 2.1 and 2.2. We can easily see that we may assume Cy = 0
in Assumption 2.D without loss of generality, because we have only to take W(z, x) + Cy in
place of W(¢, x) in (1.10) and (2.1). Hence we assume Cy = 0 hereafter in this section.

We will first prove Theorem 2.2. Using (5.1), we write

(5.3) Kx(1,0)f=U(t,0)f
=C(t,7,-1)C(1y-1,Ty2) - C(71, 0) f=-U @, 7, DU (-1, 7y2) - - - U(71,0) f

=) 6,1 1)1, Ty2) - C(Tjo1, T))

Jj=1
AC(rj,7j-)-U(r), 1m0V U(Tjo1,Tj2) - - U(71,0) f

=Z Ct,7,-)C(ty-1,Ty2) - C(Tjp1, TUC (T, 7)o )= U, T;- DU (721, 0) f.

=1
Hence, using (4.7), (4.10) and (4.11), we have

(5.4) KA 0)f = Ut 0)flla < > Cae™'(x; = 7,0 U1, 0) fllmsa

=1
< CANAES T fllpssa-
Let f € B® be arbitrary. For any € > 0 we take a g € B**" such that
(5.5 llg = flla < e
Using (4.7), (4.10) and (5.5), we have
(5.6) IKa(t,0)f = U(t,0)flla < IKa(2,0)g — U2, 0)glla
+ IKA(#, 0)(f = Plla + 1UE 0)(f = Pl
< 1A Tlgllyssa + (€57 + Co)e.
Hence

liil_mollKA(t, 0)f = Ut,0)fll, < (e + C,)e,
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which shows

(5.7 &EO”KA(” 0)f = U, 0)flla = 0.

Now consider the gauge transformation (2.10). From (1.2), (1.7) and (1.8) we can easily
see

(5.8) Sty 534 = Sult, $:¢5,) + y(t, X) = y(s,y)
(cf. p. 1024 in [14]), which shows
(5.9 C'(t,5)f = eVC(t, s)e VS T,

Consequently we can prove (2.11) from (5.1). Thus we could complete the proof of Theorem
2.2.

Next we will prove Theorem 2.1 by using Theorem 2.2, where we will use only the results
in L?. We are supposing Assumption 2.A. Consequently, using Lemma 6.1 in [14], we can
find a potential (V’,A’) satisfying (2.5) and (2.6). From Theorem 2.2 we have (5.7) with
a = 0 for K,(z,0)f and U’(z,0)f with this potential (V’,A’). Let (V,A) be an arbitrary
potential stated in Theorem 2.1. Then, from the proof of Theorem in [14] on p. 1023 we can
find a real-valued function y(z, x) with continuous 8,0,y and 9,0,y (j,k = 1,2,...,d) in
[0, T] x R satisfying (2.10). Then from Theorem 2.2 we have

(5.10) Ka(t,0)f = e IK (2,00 f,
which shows
(.11 lim Ka(t,0)f = eV (1,00 f = Uw0)f  in L2

for f € L? because of U(t,0)f = e U’ (1,0)e¥ ) f.
Next consider the gauge transformation

d¢ d¢
Vi=V-—, A=A +— =1,2,...,d
ar A=At U )
stated in Theorem 2.1. Then we have
/ 77 8(1// - ‘70) ’ ’” 5(¢ - ()0)
Vi=V"- , A .= A —+
8t J J 6)61'

together with (2.10). Hence from (5.10) we have
KX(I’ 0)f = e_iw(t")”‘p(”')l(g(t, O)eilﬂ(S;)—iw(S;)f
= ei‘p(t")KA(t, O)e*iw(é‘,-)f,

which shows (2.11). Thus we could complete the proof of Theorem 2.1.

6. Proofs of Theorems 2.3-2.6

Let Cy be the constant in Assumption 2.D and W(¢, x) the Hermitian matrix in Theorems
2.3 and 2.4. As in the proofs of Theorems 2.1 and 2.2 we may assume

(6.1) Cw=0, Wit x)=0
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in the proofs of Theorems 2.3 and 2.4, because we are assuming (1.13).
Using F(t, s; qﬁfy) defined by the solution to (2.13), we define

d
m ’ . R . 0S8
6.2) Cult, 5)f = (_27rip) f (expiSu(t, 5597, )F(t, s:q5)fWdy, s <t,
f, s=t

for f € C(‘;"(Rd)l, which is corresponding to C(t, s) defined by (3.7). Then we can write
KA (t,0)f defined by (2.15) as

(6.3) Kin(@,0)f = lim Cy(t, 7y-1)x(€)Co(Ty-1, Ty2)x(€) - - x(€)Ci(71, 0) f
for f € CS"(R”’)I in the same way as we did (3.8), using
(6.4) F(t,0; qa) = F(t’ Ty-15 qz:;v(_vlf]))P(Tv—h Ty-2; 61;(531’;}?3720 e F(Tl’ 0; q;(ll’)(fx(O))

which has been easily proved in Lemma 2.1 of [16].

Lemma 6.1. (1) Assume W(t,x) > 0in [0,T] x R%. Let g0) € R (s < 6 < t) be a
continuous path. Then we have

(6.5) 0<F(t,s:9) Ft,s39) < 1,

1
(6.6) DRt sP <1, j=1,2,..1,
i=1
where Fij(t, s; q) denotes the (i, j)-component of F(t, s; q).
(2) Assume W(t, x) > 0in [0,T] x RY and
(6.7) 10%hy(t, )| < C, la| 2 1,

(6.8) 05wy (t, 0| < Co, lal 2 1

in [0,T] X R?, where |Q| denotes the Hilbert—Schmidt norm - 1,7 2 of a matrix
i,j=1 J
Q=(Q;il j— 1,2,...,1). Then we have

(6.9) ST, '3 q5 )| < Cop(t' =5, la+ Bl > 1
for0<s<s <t <t<Tand(x,y) € R¥.

Proof. (1) We set U'(¢) = F(t, s; q). From (2.13) we have

d 4 .
(6.10) 25 VO V() =U©O) {iH (0, q(0)) — W,(0, 9(0)}U°(6)

— V' (0)"[iH (6, q(0)) + W,(6, (0} (6)
= 22U (0)'W(0, g0))U(H) < 0.

Hence we have (6.5) because of U'(s) = I. Taking e; = (1,0,...,0) € R/, from (6.5) we
have

[
1> (U Ve, en) = ). [Fult, s:)P,
i=1
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where (-, -) denotes the usual inner product of R’. In the same way we can prove (6.6).
(2) From (2.13) we can easily see

(6.11) %m, §q) = - f R4 [%{im(e, 45,(60)) + Wy(6. 4 0)))
X F(0,5";45,)do

(cf. (3.3) in [16]). Then, noting (3.1), from (6.6)—(6.8) we can prove
0, F(,s" ;g3 < C(t' = 5")

with a constant C > 0. In the same way we can prove (6.9) from (6.11) by induction. |

Lemma 6.2. Assume W(t,x) > 0, (1.13) and (2.16). Then we have
(6.12)

3 (Pt 5:q35) = 1)| < Caplt = )
in0<s<t<Tand(x,y) € R* forall a and .

Proof. From (2.13) we have

P siq) — 1= - f (HL0. 40 + W6, ¢, 00 F (6. 521 )db.
Hence, by (1.13), (2.16) and (6.6) we see
|F(t.s:q55) - 1| < Ct - s)
in0 < s <t <Tand(x,y) €R* with a constant C > 0. The inequalities (6.12) for

| + 8] > 1 follow from (6.9). O

Proposition 6.3. Besides the assumptions of Proposition 3.5 we suppose W(t,x) > 0,
(1.13) and (2.16). Let p* > 0 be the constant determined in Lemma 3.3 and C,(t, s) the
operator defined by (6.2). Then there exists a constant K, > 0 such that

(6.13) IC(t, )l < SINflL, 0<t—5<p®
forall f e (L*).
Proof. Using C(t, s) defined by (3.7), we write

6.14)  Cy(t,9)f = Ct,)f + (zi) f (expiSu(t. 5:45)) {F(t, 51455 — 1) f(w)dy
b1470)

for f € S!. Noting (6.12), from Proposition 3.6 we see that the L>-norm of the second term
on the right-hand side of (6.14) is bounded by C(¢ — 5)|| f|| from above with a constant C > 0.
Proposition 3.5 is showing (3.24). Hence we have

ICs(t ) f1l < N fll + Ct = DAl < X OTINfL 0<r-5<p".

Consequently, we can prove (6.13) with a constant Kj > 0. O

Lemma 6.4. Besides the assumptions of Lemma 4.1 we assume W(t, x) > 0 and (6.7)—
(6.8). Then, there exist functions r;j(t, s; x,w) (i, j = 1,2,...,1) satisfying (3.5) for an integer
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M > 0 such that agaﬁim(z, s; x,w) are continuous in 0 < s <t < T and (x,w) € Rdeor all a
and B, and we have

(6.15) {l% - H,(t) — Hy(t, x) + iW(2, x)} C(t,8)f

= Vi—s(Rij(t, )i L j— 1,2,....I)f = Vi=sR(t, 9)f
Jor f € Cy (R, where R; (1, 5) are the operators defined by (3.6).

Proof. We note that (6.6) and (6.9) hold under our assumptions. Consequently, replacing
V(t, x) and H(t, x) with V(z, x) —iW(¢, s) and H(¢, x) — iW(¢, x), respectively in the proof of
Proposition 3.5 of [16], we can complete the proof of Lemma 6.4. In particular, see (3.21)
and (3.22) of [16]. O

Proposition 6.5. Besides the assumptions of Proposition 4.2, we suppose W(t,s) > 0
and (6.7)—(6.8). Then, there exist functions r;j(t,s;x,w) (i,j = 1,2,...,1) satisfying the
properties stated in Lemma 6.4 and we have
(6.16) IR(, ) flla < Call fllgsam,, 0 <t—s<p"
fora=0,1,2,... and all f € (BM**M) where M, is the integer in (3.23).

Proof. As in the proof of Proposition 4.2, we can easily see that the assumptions of
Lemma 6.4 hold. Hence, using Lemma 6.4, from Proposition 3.6 we can prove (6.16). O

Proposition 6.6. Besides the assumptions of Theorem 2.2 we suppose (1.13), (2.16) and
(6.1). Then, fora =0,1,2,... there exist constants K|, > 0 such that

(6.17) ICs(t, $)flla < X fll, 0<t—5<p
forall f € (BY).

Proof. We note that (6.12) hold. Then, applying Proposition 3.6 as M; = 1 to the second
term on the right-hand side of (6.14), its B*-norm is bounded by C,(¢ — s)||f||, from above
with a constant C, > 0 for 0 < ¢ — 5 < p*. Hence, using (4.7), from (6.14) we can prove

ICs(2, ) flla < € flla + Calt = D flla < X+ fllyy 0<t—5<p",

which shows (6.17). O

Proofs of Theorems 2.3 and 2.4. Since we are assuming (1.13) and (2.16), we obtain
the same results as in Theorem 4.5 for the equation (1.12) from (1) of Theorem 2.1 of [17].
We write the solution to (1.12) with u(s) = f as U(¢, s)f. Then, using Proposition 6.5, we
can prove

(6.18) ICs(t, )f = Us(t, $)flla < Cap™ 1 fllsgras 0<t—5<p*

fora =0,1,2,... as in the proof of (4.11). Thereby, following the proofs of Theorems 2.1
and 2.2 in Sect. 5, we can complete the proofs of Theorems 2.3 and 2.4 together with (6.13)
and (6.17). O
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Proofs of Theorems 2.5 and 2.6. We may assume W;(z,x;) > 0 and W;(t,x;) >
0(j=1,2,...,N) without loss of generality as in the proofs of Theorems 2.3 and 2.4. For a
continuous path ¢(6) = (q;(0), ..., qn(0)) € R¥N (s < 6 < 1) we define F*(6, s;9) (s <0 < 1)
by the solution to

d
619 U0 = —[ L®- @1 ®|iH (0, q,0)) + Wy, (0. q,(0)}

=

@1 ® - Iy[UH0), Vo)=L -0l

in the same way as we do F(6, s; ¢) from (2.13).
We consider F;(6, s; q;) in (2.19). Then from the simple properties of the tensor products
(cf. 4.2.1 and 4.2.10 in §4.2 of [11], and §VIIL.10 of [26]) we can easily have

d
(6.20) 70 F1(0,5:q1) ® - - ®@ Fn(0, s; qn)

N
= D Fi0.55q)®- - ® Fj1(0, 5:-1)
j=1

d
® 70 Fi0,s:q;) @ Fjz100,5:qj11) ® - - @ Fn(b, s5qn)

N
== F10.5:4)® - @ iy (6, 5:;-1)
j=1

® Fj11(0,5:qj41) ® - @ Fy(6, s5qn)

N
==Y [h& el @{iH®,q,0) + W04} & 1 ®--- & Iy|
j=1

Fi(0,5:q1) ® - - - @ Fn(6, 53 qn).
Consequently we have
(6.21) F46,5:9) = F1(6,5:q1) ® -~ ® Fy(6, 5.qw),
which follows from uniqueness of the solutions to (6.19). Hence we can write (2.19) as
(6.22) exp #iShu (1,03 gn) = (expiSiy(t, 0: g) P40, 5: qn),

which corresponds to (2.14) for one particle system. We set

N

(6.23) Hit,x) = Y 1@+ @111 ® Hyj(t, X)) ® I ;11 © -~ @ Iy,
j=1
N

(6.24) Wg(t,x) = le ® @I 1 @Wi(t,x))®1j41 ®---® Iy,

=

N
(6.25) Whx) = D Wi x)).

J=1
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Then we can write (2.18) in the form of (1.11) as
(6.26) £l x, 5) = LAt x, %) — Hi @ x) + Wi, x).

We can easily see that both of Hﬁ (t,x) and Wg(t, x) are written as [V x [N Hermitian matrices
(cf. 4.2.5 in §4.2 of [11] and §VIIIL.10 of [26]) and satisfy (1.13), (2.16) and Wf(t, x) > 0.
Hence we can obtain the same results as in Lemma 6.1 for F#(z, s; q).

We consider cg)(t, s; x,y) defined by (3.9) where W = Wﬂ(t, x). Then we can easily see
the same estimates as in (3.19) for cg)(t, s; x, y) because of cﬁ,(t, S X, Y) = H?’z 1 Cu; (1, 83X, ¥ )
and W;(t,x;) > 0 (j = 1,2,...,N). We also note that WE(t, x) satisfies (2.7) and (2.9).
Hence, using the results stated above for Fﬁ(t, s;q) and cfu(t, s; x, y) and following the proofs
of Theorems 2.5 and 2.6, we can complete the proofs of Theorems 2.5 and 2.6 from (6.22).

O

Appendix A. A proof of Theorem 1.A

We will prove Theorem 1.A in the introduction from Theorem 13.13 in [29]. Let g(x, &)
be a function satisfying (1.14) and set

(A1) Qo6& X) = g(Cx + ¥)/2,8)

Then Theorem 13.13 in [29] says

(A2) I0.X, 8D X 12 = suplg(x. ) + O
We set |

(A3) u06) = Os- [ [ €77, 0066 4 .+ iy

Then, applying Theorem 2.5 in Chapter 2 of [20] as

(Ad) P(6£,3,E) = qulx, BE, X)

10 (A.3), we have

(AS5) 011 (X.DD,) = 0u(X, §D,. X,

Applying Theorem 3.1 in Chapter 2 of [20] as (A.4) to (A.3), we have
qur(%,DE) = qu(x, &, x) + br(x, hé)
with a function r(x, £) satisfying (1.14), which shows

(A.6) quL(X,D€) = q(x,b&) + br(x, hé)

together with (A.1). Applying the usual Calderén—Vaillaincourt theorem (cf. Theorem 1.6
in Chapter 7 of [20]) to R(X, hD,), we have

(A.7) IRCX, DDl 212 < C <
with a constant C independent of 0 < b < 1. Hence from (A.5) and (A.6) we have

10X, DD Illr2r2 = 1Qur(X, YD)z 2 + OM) = 1Quw(X, DD, XNz 12 + O).
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Therefore we have obtained

(A.8) NIOX, DD 2r2 = Sug lg(x, &) + O(b)
from (A.2).

Now let p(x, &, x”) be a function in Theorem 1.A. We set
(A.9) puce0) = Os- [ [ € ptx e + mx + iy
as we set g,.(x, bé) in (A.3). Then we have
(A.10) Pr(X,HD,) = P(X,HD,, X"),
(A.11) pr(x,bé) = p(x, b€, x) + br'(x, b€) = plx, bé) + br'(x, bé)
with r'(x, &) satisfying (1.14) as in the proofs of (A.5) and (A.6). Thus, using (A.8), we have
(A.12) IP(X, DD, X122 = IPL(X, DD )l 212

= [P, hD Iz 2 + OD) = sup |p(x, & )| + O(D).

x’,f

which shows Theorem 1.A.

Data availability statement. Data sharing is not applicable to this article as no new data
were created or analyzed in this study.
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