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Abstract
We study topological zeta functions of complex plane curve singularities using toric modifi-
cations and further developments. As applications of the research method, we prove that the
topological zeta function is a topological invariant for complex plane curve singularities, we
give a short and new proof of the monodromy conjecture for plane curves.

1. Introduction

Let f be a non-constant complex function on a smooth complex algebraic variety X,
and let X be its zero locus. In 1992, using an embedded resolution of singularities Denef
and Loeser [5] introduced the topological zeta function for f. Let h : ¥ — (X, Xp) be an
embedded resolution of singularities of X, i.e, a proper morphism 4 : ¥ — X with Y smooth
such that the restriction Y \ 27'(Xy) — X \ X is an isomorphism and #~'(X;) is a divisor
with normal crossings. The exceptional divisors and irreducible components of the strict
transform of % are denoted by E;, where i is in a finite set S. The multiplicities N; of h* f
on E; and the discrepancies v; — 1 of the Jacobian of & are determined respectively in the
formulas 7~'(Xo) = s NiE; and Ky = h*Kx + Y,c5(vi — DE;. For I C S we write E; for
the intersection (;; E; and write Ej for the set E; \ | ¢ E;. For a closed point x in X, we
denote S, := {i € S | h(E;) = x}. With the function f and the morphism /4 as above, the
associated topological zeta function is defined as follows

© o 1
pr(s) = ZX(EI) l_[ m
IcS iel

It was shown that the function Z}Op(s) is independent of the choice of & (cf. [5, Théoréme
3.2]), and its poles are interesting numerical invariants, which concern the monodromy con-
jecture. The local topological zeta function Z}?E(s) associated to (f, x) is also defined in the
same way where the sum over I C § is replaced by the sum over I C § satisfying I N S, # 0.

It is a fact that the monodromy conjecture is one of important problems in singularity
theory, algebraic geometry and other branches of mathematics. In Igusa’s original version,
it is expected to be a bridge that connects geometry and arithmetic of a integer-coefficient
polynomial. The topological version was first stated in [5] using the topological zeta func-
tion.
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Conjecture 1.1 (Topological monodromy conjecture). If 6 is a pole of Z}Op(s), then
exp(2nif) is an eigenvalue of the monodromy of (f, x) for some closed point x in Xj.

Up to now, the positiveness of the conjecture has been confirmed only in particular cases,
and finding a proof for the general case is still a widely open problem. Any proof for this
conjecture can motivate the development of several fields of mathematics.

In this article, we study the local topological zeta function for reduced complex plane
curve singularities (f, O) which have no smooth irreducible components, as well as some
related problems in a practical method using toric modifications. The first result, Theorem
3.10, describes explicitly Z}?g(s) in terms of the simplified extended resolution graph G of
(f, O) defined in [7]. Namely,

B
bl

7P (5) =
70 Z[(N(PB )s + V(PE)NPE)s + v(PP))

B root root

+ Zg(s)

’

with the sum running over non-top bamboos B of Gy. Each vertex of a bamboo B is attached
with a primitive vector P? = (a?, b?)’ , and if the vertex P? of Gy is of degree r;B + 1, we
define

k’)j

Zp(s)= )

i=1

B pB B
det(P;”, P;,) r;

1

(N(PB)s + v(PB)YN(PE s + v(PE)) - N(PE)s + v(PP)

i+1 i+1

Here, the numbers N (P?got , v(P?iot), N (PI.B) and V(P?) concerning the resolution of singu-
larities of (f, O) are also given in Theorem 3.10. Let B, denote the first bamboo of Gs.
The hypothesis on (f, O) mentioned above means that a; = aiBO > 2, b = b?o > 2 and
(a;, b;) = 1 for all i. Remark that if @; = 1 or b; = 1 for some i, f becomes non-convenient
via an analytic change of coordinates described in [6, Lemma 1.3]. In fact, our method also
works well in this case, and the restriction of study to the case of reducedness and a; > 2,
b; > 2 and (a;, b;) = 1 for all i is simply to simplify the notation. Indeed, if @; = 1 for some
i, we meet the so-called exceptional integral vector (1, b;) which corresponds to the lowest
right end edge of the Newton boundary. In this situation, we add an additional weight vector
(1,b)" + (0, 1)", which is the new right end vertex. If @; = 1 for some i, we may face to this
situation several times in higher bamboos B, i.e. a3.3 = 1 for some j, while if a; > 2, b; > 2,
(i, b) = 1 for all i, it then follows from [2] that ¢} > 2, b7 > 2 and (a?,b}.”) = 1 for all
bamboos B and all ;.

As an application of Theorem 3.10, we prove that the local topological zeta function is a
topological invariant for reduced complex plane curve singularities (Theorem 4.1). This is
in fact not a trivial result because one finds in [3] an example of surface singularities with
the same topological type but different local topological zeta functions.

As another application of Theorem 3.10, we revisit the works by Loeser [9] and Ro-
drigues [12] on the monodromy conjecture for curves with some new ideas. Namely, with
the method computing Z;f’)g(s) we prove Conjecture 1.1 for reduced complex plane curves
(Theorem 4.2). This result was already made in [9] and [12], our contribution is just a new
short proof in terms of an explicit performance of the poles of Z;‘fg(s). We follow the track
A’Campo and Oka in [2] and L& in [7, 8] to reach the proof.
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2. Nondegenerate complex plane curve singularities

2.1. Toric modifications. Let N be the 2-latice {(a,b)' | a,b € Z}, and N* its positive
subgroup {(a,b)" € N | a,b > 0}. We consider Nz = N®R and N} = N* ® R. By definition,
a simplicial cone subdivision X* of Ny is a sequence (T, ..., T,,) of primitive weight vectors
in N* such that det(7;, T;.1) > 1 forall 0 < i < m, with Ty = (1,0) and T,,.; = (0,1)". A
simplicial cone subdivision X* is said to be regular if det(7;,T;y1) = 1 forall 0 < i < m.
It is clear that N is covered by m + 1 cones C(T}, Tix1) = {xT; +yTiyy | x,y > 0} of X",
These cones are in one-to-one correspondence with the matrices o; = (T}, Ti11); so we shall
identify C(T;, Ti41) with o; forall 0 < i < m.

It is a fact that each matrix o = (Ccl Z) in GL(2, Z) defines a birational map

O, : C? - C?

sending (x, y) to (x“y”, xy?). In toric geometry, one uses such birational map to define toric
modifications. For a regular simplicial cone subdivision X* with vertices T1,...,T,, we
consider the cones o; = (T}, T;+1) and the corresponding toric charts (Cf,’,; Xi,¥i), 0 < i <m,
with CZ. a copy of C*. On the disjoint union | | ( 5 X0, y,) as in [11] we consider the
equ1valence relation given by (x;,y;) ~ (x;,y;) if and only if @ -1, (x;,y;) = (xj,y;). Let X

be the quotient of | |i ( 05 Xis y,) by the previous equivalence relatlon which is endowed
with the quotient topology. Then X is a smooth complex manifold of dimension 2, with the
toric charts (C%,’,; Xi, y;) as local coordinates systems. In other words, we can present

X = LHJ o"xl’yl

i=0

where CZ. are viewed as open subsets of X, and two charts (C3, ; x;, ;) and (C%,j; xj,y;) with
nonempty intersection are compatibly glued in such a way that

2.1 (xi,y) = (xj,y;) ifandonlyif (xi,y) ~ (xj,y)).

We now define 7 : X — C? with n(x;,y;) = D, (x;,y;) for (x;,y;) in C?Ti, 0 <i < m. This
map is compatible with the glueing and it is called the toric modification associated to the
regular simplicial cone subdivision ¥*.

As explained in [6], the toric modification m can be decomposed as a composition of
finitely many quadratic blowups. The divisor 77!(O) has simple normal crossings with m
irreducible components E(7;), named as exceptional divisors, for 1 < i < m. For every
1 <i < m, the exceptional divisor E(T;) corresponds uniquely to the vertex 7; of £*, and it
is covered by two charts C(ZT . and C(zrl_, with the equations y;_; = 0 and x; = 0 respectively.
Therefore, only E(T;) and E(T;;;) intersect for all 1 < i < m — 1, and the intersections are
transversal. The noncompact components E(Ty) = {xo = 0} and E(T},4+1) = {ym = O} are
isomorphic to the coordinate axes x = 0 and y = 0 respectively.

2.2. A toric resolution for f(x,y). Let f(x,y) = X e CapX™y? be in C{x, y} such that
f(0) = 0. Denote by I' or I'y the Newton polyhedron of f(x,y). Clearly, the boundary of
I' contains finitely many facets each of which is completely defined by a positive primitive
weight vector of the form P = (a, b)' € N*, where (a, b) is a normal vector of the facet. The
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singularity f(x,y) at O is said to be nondegenerate with respect to I if it has the form

(2.2) JOuy) =cex'y’ filx,y) - filx, y),

Jilx,y) = ]_[(y“" + &iexP) + (higher terms),
(=1

where ¢ # 0, and for every 1 <i <k,

2.3) (ai,bi) =1,
Eig #0, Eip # &ip if € # l.

For simplicity, we shall assume that ¢ = 1 and r = s = 0 in the formula of f(x,y). Then the
Newton polyhedron I has k primitive weight vectors Py = (ay,b1), ..., Py = (ai, by)" as k
compact facets. Define an ordering on primitive vectors as follows P < Q if det(P, Q) > 0.
We order the P; in such a way that P; < --- < Py.

Let X* be a regular simplicial cone subdivision with vertices 7; = (c;,d;)’, 1 < j < m,
augmented by (co. do) = (1,0), (¢yus1. ds1) = (0, 1), with det(T;, Tj,1) = 1 forall 0 < j < m,
We say that £ is admissible for f(x,y) if {Py,..., P} C{T1,...,Ty}. Letm : X — C? be
the toric modification associated to X£*. Then 7 is said to be admissible for f(x,y) if * is
admissible for f(x,y). In the case where f(x,y) is nondegenerate with respect to I', 7 is
nothing else than a resolution of singularity of f(x,y) at O, with simple normal crossing
divisors. We respectively denote by N(T;) and v(T;) — 1 the multiplicity of 7* f and that of
n*(dx A dy) on the exceptional divisor E(T')), for 1 < j < m. Since the expression of 7 on

djy

i cier dj
x.'y.
’ ]yj

2 . _ C
Co, i m(xj, yj) = (x}'y,

o ), we have

Cj+dj—1 Cj+|+dj+1—1

n(dx Ndy)(xj,y;) = X; ; dx;j Ady;

on C(ZT,,, thus
(24) V(Tj) =Cj + dj,

forall 1 < j < m. Itis clear that if F' is an irreducible component of the strict transform of
f(x,y), and if f(x,y) is reduced, then v(F) = 1.

We are in fact using the ordering defined above by P < Q if det(P, Q) > 0. To compute
the multiplicity N(T;) of n* f on E(T;) we consider the following three cases. The first one
is P;<T; <P, forsome 1 <i<k-1.Since P, <Tjforall 1 <t <1i,itfollows from [2,
Section 4.3] that, on the chart (Cg/_; xj,y;j),and for I <t <,

Tt

ribici ribsc; a;d;i—bic; aidj1—bic;

ﬂ*fz(xj,yj)=xj""y,-’"’“(| [CH "’”+§m)+ijz(xj,yj)],
=1

for some R;(x;,y;) € C{x;,y;}. Since T; < P, forall i + 1 < t < k, it follows similarly as
previous, for i + 1 < t < k, that

Tt

* riaud;  radicy bici—ad; bicivi—aidiy

7 fxjpy) =Xy (| |(1+§texj Ty ”)+x/'Rz(xj,y/)]’
=1

for some R,(x},y;) € C{x;,y;}. Thus, on the chart (C?Tj; Xj Y
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N(T) N(T,+1)

7 ), y)) = ]_[n Flxjo ) - H 7 fi(xj,y)) = u(x,y,)),

t=i+1
with u(x;, y;) a unitin C{x;, y;}, and N(T;) = ¢; YI_, rb+d; ¥, | r,a,. In the same way, for
the second case T; < Py, we get N(T')) = d; Zle r:a;, and for the third case Py < T, we get
N(T)) =c; Zle r:b,. Thus, by convention that Py := Ty = (1,0)" and Py := Tpy1 = (0, 1),
we can summarize the three cases by a common formula as follows

i k
2.5) N(T)) =¢; Y ribi+d; ). ray,
t=1 t=i+1

where P; < T; < Piyy,foralll < j<m.
When T; = P; for some i,

7 filxjyp) = X;-"a"b'y;ib"c"” (l_[(.l/j + &ie) + XjRi(xj, yj)),
=1

with R;(x;,y;) in C{x;, y;}. Therefore, there are r; irreducible components of the strict trans-
form intersecting transversally with E(P;) at (0, —-&;¢), 1 < € < r;, in the chart (Cfr/_; Xj,Yj).
If2<j<m-1landT;# P;forall 1 <i <k, then E(T) intersects with exactly two other
exceptional divisors and does not intersect with the strict transform. Also, if 7 # P (resp.
T, # Py), then E(T)) (resp. E(T})) intersects with only one divisor.

The below is the configuration of the toric resolution for the nondegenerate singularity

f(x,y)at O:

E(Tj-1) (N(T 1), /(T 1)
E(T
= Eon (1,1)
Eopn (1,1)
E(T)) (N(T)), W(T) B (LD

_— >

E(Tj1)

E(Ty)
E(P;) = E(Tj) (N(T),«(T}))
2.3. The topological zeta function of a nondegenerate singularity. Let f(x,y) be a
singularity at O nondegenerate with respect to its Newton polyhedron I'. Assume that f(x, y)

has the form as in (2.2) and (2.3) with ¢ = 1 and r = s = 0. Recall that P; = (a;, b;)" for
0 <i<k+1,with (ag, bp) = (1,0) and (ax+1, b+1) = (0, 1).
Theorem 2.1. With f(x,y) nondegenerate as previous, Z}?g(s) equals
: det(P;, Piy1) B Z
L4 (NP)s + VP)NPr)s + V(Pir)) 5+ 1 £ N(Ps +v(P,)
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where, for every 0 <i < k+ 1, v(P;) = a; + b; and N(P;) = q; Zi:l rib; + b; Zf:m ;.

Proof. We use the toric resolution described in Section 2.2 to compute the topological zeta
function. Here is the table with the strata £} of a-'(f~1(0)) and their Euler characteristic:

Strata Euler char. Conditions
E(T)°, E(Tw)° 1
E(T)° 0 l<j<m T;j#P;(V1<i<k)
E(P;)° =1 1<i<k
Egic 0 l<i<k l<t<r
Eoie N Egip =0 0 1<i<k,t#l
E(T;) N E(T}11) = 1pt 1 I<j<m
E(T)NET;)=0 0 j-J1=2
E(Tj)N Epie =0 0 1<i<k1<t<r,T;+ P (Vi)
E(P;) N Egie = 1pt 1 1<i<k/1<t<r
E(P;)) N Egre =0 0 1<i#i <k

By definition, the topological zeta function Z;f’g(s) is the sum of the following functions

1 1

k .
L= =, L3 = E —_—,
N(T1)s +v(T) N(T,)s +v(Ty) I N(Pj)s + v(P;)

-1
X 1 ri

k
Zy = , 25 = .
* ;(N(T,,)s+v(T,,-))(N(TjH)s+v<T,-+1>) ’ ;<s+1)(N<Pi>s+v<P,»>)

Forall 0 <i <k +1,let j; be the index with O < j; <m + 1 and T, = P;. Then Z, equals
Ji-1 1 m-1 1

]ZI (N s+ TN T 55 +(T5) 4 N+ TN T )5+ (T 51)

plus

k=1 jix1—1 1

(N(Tj)s + V(T ))(N(Tj1)s + V(T js1))

=1 =i
Claim 2.2. ForO<i<kand j; < j< jis1— 1,

k
N(T;1) N(T))

=D, := ra; — rib;.
vTj) wT)) ,;1 ” ,Z: -

The proof of this claim is trivial, thanks to (2.4), (2.5). If D; # 0, then for j; < j < ji1—1,

1 _ N(Tp)/Di N(T)/Di
(N(Tp)s + (T )N(Tji1)s +(Tje1))  N(Tj)s +v(Tje)  N(Tjps+wn(T))

In particular, Dy and Dy are automatically nonzero, since Dy = N(T1) and Dy = —N(T,,).
Moreover, N(P)/Dy = by and N(Py)/Dy = —ay, hence we have
= NI Ps + VI )N T ja)s +v(Tj)) - N(Ps +v(Pr)

Zy,
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m—1
1 ay
= ~ 7.
jzj (N(T))s + T )N(Te)s + (Tj)) — N(POs +v(P)
Forl1 <i<k-1,if D; # 0, then
P o 1 _ N@Pw)/Di NP/D;
T NT@s +VT)NTje)s + W (Tja) — NPu)s +v(Pict)  N(Py)s + v(Pi)
det(P;, Piy1)

~ (N(P)s + V(P))N(Pis1)s + v(Pis1))
Also, if D; = 0, then for j; < j < ji.1 — 1 we have

_ . ‘ ﬁ_cj+l L N(Tj)_V(Tj)_Cj+dj'
A =@ +bl)(/lj j+1) for 4;:= N(P) w(P) a+b;’
hence
I < det(P;, Piy1)v(P)/v(Piv1) det(P;, Piv1)
T (NP)s+v(P))? (NP)s + v(P))IN(Pist)s + v(Pi)

In conclusion, by the above computation, Z;Og(s) equals

k k

det(P;, Piy1) 3 ris
— (N(Pj)s + v(P))(N(Pis1)s + v(Pi1)) 4 (s + DIN(P)s + V(P)’

and the theorem is proved. |

v(P;)
N(P;)

topological zeta function Z;Og(s) if and only if D; = 0. Further, also due to Theorem 2.1, we
can prove the following proposition. We leave the detailed proof to the reader.

We can deduce from the proof of Theorem 2.1 that — is a pole of order 2 of the

Proposition 2.3. With f(x,y) nondegenerate as previous, for any 1 < i < k, the rational

number —;((I;i)) is a pole of th(’)g(s).

3. General complex plane curve singularities

3.1. Toric resolution tree. Let f be a reduced complex plane curve singularity at O
which has no smooth irreducible components, and let C = £~!(0). Using toric modifications
with centers determined canonically in terms of Tschirnhausen polynomials (see [2]), Q.T.
L& [7] constructs a resolution of singularity of f at O and a resolution graph G for (f, O).
His method allows to arrange the vertices of G, into an ordering so that we can consider
G; as a tree. With the help of [7], G, is quite simple but still sufficiently strong to describe
combinatorially the monodromy zeta function of (f, O). Further, Gy is also used in [8] to
formulate a recurrence formula for the motivic Milnor fiber of (f, O). It is shown explicitly
in this article that we can also compute the topological zeta function and give a new proof of
the monodromy conjecture for plane curves in terms of G;. However, to reach to this goal,
we have to construct a more complicated graph G, which is useful for the computation.

Write f as follows

(3.1 f=hJo fi=fafin fie=fi fine
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where for each (i, ¢, T), fis is irreducible in C{x}[y] and of the form
(3.2) fiee(x, y) = (Y + EexP) e + (higher terms),

with &;, being nonzero and distinct. It is clear that (a;, b;) is coprime. In this factorization,
the (Newton) principal parts of f; and f; are weighted homogeneous of different weights for
i # J, the principal parts of f;; and f;» are weighted homogeneous of the same weight (this
weight corresponds to (a;, b;)). We assume that

a;>2,b;>2and (a;,b;)) =1 foralll <i<k,

the assumption guarantees that f has no smooth branches. In fact, if ¢; = 1 or b; = 1, one
may use an analytic change of coordinates (cf. [6, Lemma 1.3]) to make f non-convenient,
which we do not want to consider. Put

Ai=Ajp+ -+ Ay, Ai=Ain+-+ Aigy,

Then by [2, Section 4.3], the A;,-th Tschirnhausen approximate polynomial of fi/(x,y) has
the form

hie(x,y) = y“ + &i¢x" + (higher terms).

Put P; = (a;, b;)' for 1 <i < k. These weight vectors correspond to the compact facets of the
Newton polyhedron I of f(x, y). Suppose that P; < --- < Py. Let £* be a regular simplicial
cone subdivision with vertices T; = (c;,d;)’ € N*,for 1 < j <m, suchthatT; <--- < T,
and {Py,..., P} € {Ty,...,T,}. We can assume that T} # P, and T,, # Py (see [7]). Let mp
be the toric modification associated to X*. Then we construct the first floor of G as follows:
The vertices correspond to the exceptional divisors E(T}), ..., E(T,,) of o, the edges are
edges joining E(T;) with E(Tj,1), for all 1 < j < m — 1. These vertices and edges form a
subgraph By of G, which is named as the first bamboo of G. By convention, the coordinates
(x,y) will be rewritten as (x3,, Y, )-

We construct G by induction. Assume that B, is a bamboo of G, which consists of ver-
tices E(TIB”), e ,E(ngp) with TlBp <ee < Tf;?p. Letnp, : Xp, — C2 be the toric modifi-
cation constructing By, and let J3,(x3,,ys,) be in Clxs,,ys,} for which B, is admissible.

By, and

. . 2 . .
Note that X3 is covered by the toric charts (Cﬂsp,o—_,-’xﬁp’ pys,), forl < j < m
that, for simplicity, we sometimes write their coordinates by (x;, y;) instead of (ngp, i YB,, -

Assume that f3 (xp,ys,) has the form

K% Pt 5
NEp
I3, (xp,, ) = Us (X8, yp,) X5 | || || |f,-ff(pr,pr),
i=1 =1 7=I

where N®» is in N, Up,(xs,,ys,) is a unit in the ring C{xp , y3,}, and
B el B, b 450 .
Jire (X8, yB,) = (y%p + fl.t,”xﬁfp Yl + (higher terms)
are irreducible in Clxs,,ys, 1, with f?p # 0 distinct. It follows from [2, Section 4.3] that

a?>2,b">2and (" >2,b">2)=1 foralll<i<k®,
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because all a; (for 1 < i < k) corresponding to B are greater than or equal to 2. Notice
that when B, = By, we have Up (x3,ys,) = 1, N3 = 0, and I3, is nothing but f.
Put P?p = (a?p,b?")’ forall 1 < i < kP, and assume that P?p < < PkB"p By the
admissibility for fz (xs,,ys,) of ms , we have (P}",..., P70} € (T\",...,T"% ). The

kBt = L2 By

vertices E(P?"), E(P ,) are called the prmczpal vertices of By,. By [2, Section 4.3], the

Ai"—th Tschirnhausen approximate polynomial of fl ' (x3,,ys,) has the form

Bp

Pzt _a’ B, b hieh
w0 (XB,yB) = Y, +&, X5 + (higher terms).
If T;}” = PI.E:", the pullbacks 71'.*3 fpr and n*% hj,¢ on the chart (C%p,(r,.; x;,y;) are as follows

B
( ) — (Pl()P) N(T,+l ( 4+ z()[ + R( X )
n J3, (X, y)) = €x; f XjR(xj, Y j

and
Bp, Bp  Bp, Bp

ai i +1 7
”B (xj’y])_xlo 0 71 0 (y ]+§ +ij (x]ay]))

for some & in C*, R(x;,y;) and R'(x;,y;) in C{xj, y;}. Without loss of generality we can (and
will) assume that ¢ = 1. By [2], in this step, there is a canonical way to change of variables
which uses the Tschirnhausen approximate polynomial hf", namely

u= )Cj
(3.3) alrpPe CB Bp

/+l i

V= n%phf; xj"’ 0= (yj + &iye + xR (x5, y))).
It is easy to obtain the following lemma.
Lemma 3.1. The inverse modification of (3.3) is of the form
Xj=u
e+ (60 04 R (w0,
for some R (u,v) in Clu, v).

Fix ip in {1,...,k%*} and ¢ in {1,..., rl.B"}. Since &;,¢, # 0, it follows from Lemma 3.1
that the pullback 7, f3, is of the following form, in the Tschirnhausen coordinates (u, v),
P

’

; Koo
B
* NP
7, J3, (s 0) = U'(u, 0)u" o | || || |f,-},(u,v),
i=1 ¢=1 =1

where U’ (u, v) is a unit in C{u, v}, and
fire(u,0) = % + ff[ub )% + (higher terms)

are irreducible in C{u}[v], with .flff € C* distinct. The Newton polyhedron of ”*B pr(u, v)
P

again gives rise to an admissible toric modification, which constructs a bamboo B whose

vertices are denoted by E(TiB), e ,E(T;?B) with Tl93 << ng. In G, we connect E(TIB)

to E (pr) by a single edge, and this edge is taken into account of B.
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DeriniTion 3.2. The graph G is called the foric resolution tree G of (f, O). The bamboo
B constructed as above is called the successor (in G) of By at E (Pf") associated to {y. The
bamboo B, is called the predecessor (in G) of B. A bamboo of G which has no successor
is called a fop bamboo of G. A bamboo of G which is not a top bamboo is called a non-top
bamboo of G. Let B™ denote the set of all the non-top bamboos of G.

. . . B
Notation 3.3. Since each bamboo B # B determines uniquely P, ’, hence from now on,

B : . .
we denote P2 := P; *. Remark again that E(P2 ) is not a vertex of B, it is a vertex of B,,.

Remark that every top bamboo has a unique vertex and a unique edge. The number of top
bamboos of G is nothing else than the number of irreducible components of the singularity
(f, O). The below illustrates a toric resolution tree of a plane curve singularity (where the
bamboos containing a unique white vertex are top bamboos):

E(P.")=E(PZ

root

E(T,)

E(P) E(T;) Bo E(Py)
Fig.1. A toric resolution tree of a plane curve singularity

Nortation 3.4. It is convenient to denote

(x‘B’yB) = (u’ v)’ fB = H*Bpf‘Bp7 U'B = U”
(@ b)) = (@, b)), AY, = Ay, £ 1= & K2 =K 1P =0, g = 1

i Y i itt> Si i

Then we rewrite the initial expansion of fg(x3,ys) as follows
N(Poy) B B B _ B B B _ B B
(3.4 fBIU')BxB i "'ka’ =1 "'fir?’ fie _fié’l"'fifr?;’
3 bE A3 .
fo(ep,yp) = (g, +E&Gxg ) + (higher terms),

where a? > 2,a® > 2, (a®,b®) = 1, and 7 (xs,ys) are irreducible in C{xz,ys}, and the

B .
complex numbers &;,” are nonzero and distinct.

Nortarion 3.5. We denote Pg3 :=(1,0), PB .= (0, 1)'; also, if B = B, we write simply

kB+1 "

k for kB0, and P; for P?B‘), forO<i<k+1.

RemMaArk 3.6. To a bamboo B of G we associate a unique bamboo Bg whose vertices are
the principal vertices of B together with E(T?) and E(TS.B). All the edges of By consist
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of the one connecting E(TB) with E(PB) the ones connectmg E(PB) with E(P ~,) for all
1 <i<k® -1, and the one connecting E(P ) with E(T ). Working with the bamboos
B and using the method in constructing G we obtain a tree, which recovers the simplified
extended resolution graph Gy in [8].

3.2. Multiplicities and discrepancies. Let B be a bamboo of G and B, be the predeces-
sor of B in G. First, using the notation in Section 3.1 (in particular, Notation 3.3) and the
same method of computation as in Section 2.2 we obtain the following lemmas.

Lemma 3.7. For B = By, and 1 < j <mwith P; < T; < Py, we have

i k
N(T]) = C]Zb[At + d] Z a[At,

t=1 t=i+1

where Aj = 3 S Ajer.

As above, suppose that B has all vertices E(TB) with TTS = (cjg,d?)’ and T? < <
T93,B, and it has E (Pg), E(P ) as the pr1n01pal vertices.

Lemma 3.8. For B # Byand 1 < j <m® wzthPB<TB<PB

L we have

N(TP) = ENEPE ) + P Z bPAP +d? Z

t=i+1

where Al Zf | Dps i A93

ilt*

Consider the Tschirnhausen coordinates (xggp, yggp), which is used to construct B, and
consider the 2-form wg = dxg, A dys, on (C?; xg,,ys,) (note that (xz,, y3,) = (x,y) and
w :=dx Ady). Letng : Xp, — (C2;x3 yg ) be the toric modification constructing B,,.

Suppose that ;' is the index such that Tj.,sp = Then, in the chart ((C 3 XBy s YB /) of

root
Xp,, we have

V(Prool) 1 v—1
<I>93 w=x5 W Yg, jdxggp]/ Adys,

for some v in N*, where @5 is the composition of the toric modifications along the series
of consecutive bamboos from By to B, in G. Via the change of variables in Lemma 3.1, this
form @7, w becomes

p

e V(P;{‘;’O)—l
U(xs,yp)xg ™" ws,

where U (xg,yp) is a unit in C{xg,ys}. Here, due to Notation 3.4, we replace (u,v) by
(xs,yp) when applying Lemma 3.1.

Lemma 3.9. With the previous notation and hypothesis, for B = By and 1 < j < m, we

have v(T ;) = cj + d,; otherwise, for 1 < j < m®,

V(IT7) = civ(Prg) +d5 -

Proof. The case B = By is similar as in the nondegenerate case. Now we consider the
case B # By. In the chart (CZBJ.; X3 j,ys,;) of X3, we have
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« [ V(P )1 _ ¢ V(Pr{fm)+d3 1 cM1/(Pr§m)+dﬁl
7793(x3 w ) xB ¥ Yp, dxgj A dys ;.
Hence v(TB) =cj By(PB ) + d? and the lemma is proved. |

3.3. The topological zeta function. Let f(x, y) be a reduced complex plane curve singu-
larity at O = (0, 0), in which its initial expansion is given in (3.1) and (3.2) (with respect to
Bo) and the initial expansion of f3 in the Tschirnhausen coordinates (x5, y3) with respect
to B is given in (3.4). The main result can be stated using Gy (i.e., only principal vertices
of G) and proved using G. We use all the notation in Section 3.2. Let B be the set of the
bamboos of G. Note that we can identify B with the set of the bamboos of Gg.

Theorem 3.10. With the previous notation, put Zg(s) = 0 for B being a top bamboo, and

k® B ‘B B
det(P;”, P,) r;

1

Zp(s) = _
B(5) = Z (N(PB)s + v(PEYN(PE )s + v(PB ) N(PE)s + v(PP)

otherwise, where v(Pg) =a; By(pB

100!

)+ b and

NPE) = a®NPE ) + aP Z bEAP + bP Z
t=i+1
Then, the topological zeta function of (f, O) is given by

B
ZHOEDY d

HlLWNPE s + v(Proot))(N(P?)s +v(PE)) "

Z3(9)|,

with N(P 0, V(P ) =1, and N(PB) = v(PB) = bB = 1 for any top bamboo B.

root) - root

Proof. Let us regard each bamboo B of G as a subgraph of G with the edge connecting
E(T®) to E(PZ,) included. Remark that the vertex E(PZ ) belongs to the predecessor
bamboo B, of B in G, and that each top bamboo consists of a unique vertex and a unique
edge.

From the definition of Z}?g(s), if for each bamboo B of G which is not a top bamboo, we

define Z; () as the sum of

5(B) 1 - 5(B) 1
N(TE)s +w(TE) (N(PE s + v(PEOYNTE)s + W(TE)) N(TE,)s + (T3,
k” _,B m®—1

r 1
- ,and Z :=
; N(PP)s + v(P?) o Z (N(T?)s + V(T P)IN(T s + (T, 5

with §(Bg) = 1 and 6(B) = 0 whenever B # By, and if for each top bamboo B, we define

1
(N(PZ )s +v(PE )(s+ 1)

then Ztop 0(8) = Zpep Z3(s). Similarly as in the nondegenarate case (Theorem 2.1), we have

Zi(s) =

k

, ~ det(P;, Piy1) _
Z3,(8) = Z.: (N(P))s + V(P))(N(Pi11)s + v(Pir1))

M-

N(P))s + v(P;)
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Now we consider a bamboo B of G which is neither the first bamboo B nor a top bamboo.
By the same method of computation as in the proof of Theorem 2.1 we get

s det(P®, P2 )
Z (N(PB)s + v(PPYN(PE s + (PP )
det(TE, PP) det(PE,, T5,)
(N(Tﬁ)s+v(TB»(N(PB)sw(Pﬁ)) (N(PE)s + v(PEOYN(TE,)s + W(T3,))

It follows that
b® az,

Zh(s) =
5(5) = (N(Pmot)s+v(Pmm))(N(PB)s+v(PB)) N(P )s + v(PE,)

k® B

+’<BZI det(P®, P2)) Z K |
(N(PPYs + v(PPYWN(PE s + (PP ) & N(PP)s + w(PP)

Smcea = det(PE,, PB

kB> k3+l) N(PkB 1)_0 V(P

e 1) = 1, the theorem is now proved. ]

This theorem gives immediately the following corollary.

v(P?
N(PB

Corollary 3.11. Every pole onOP (s) has the form —

with 1 <i < k®.

for some B in B and some i

PB
In fact, we can go further to state that every number — X](( P B)

its proof is rather long while all we need for the proof of Theorem 4.21is only Corollary 3.11.
So we skip proving this stronger statement.

isapole of Z 0(s). However,

4. Applications of Theorem 3.10

4.1. The topological invariance of the zeta function. Recall that two analytic function
germs (f, x) and (g,y) on C" are topologically equivalent if there are neighborhoods U of
x and V of y in C", and a homeomorphism ¢ : U — V such that go ¢ = f. In [3],
Artal Bartolo, Cassou-Nogues, Luengo and Melle Hernandez introduce an example which
shows that the topological zeta function of a germ of a complex hypersurface singularity is
not a topological invariant of the singularity. However, in this section we shall prove that
when n = 2 the topological zeta function of a complex singularity is exactly a topological
invariant.

Theorem 4.1. For reduced complex plane curve singularities, the local topological zeta
function is a topological invariant.

Proof. In the toric resolution tree G of the reduced singularity (f, O), consider a sequence
of consecutive bamboos from the first one By to a top one, say (Bg, By, ..., Byi1) with B; is
the predecessor of B;;1. Then the sequence of vertices

gq-%-l
root

(P P

root> * * *

corresponds one-to-one to an irreducible component D of (f, O), hence by [2, Remark 4.5.4],
to the sequence of Puiseux pairs of the irreducible component of (f, O). Let D’ be another
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irreducible component of (f, O), which corresponds to a sequence of consecutive bamboos

(B = Bo, B, .. p B’,. ). Let 0 be the index such that

0<tr<o, and P2 ;&P "*‘.

root root

PI‘OO( = Proot’

Via Notation 3.3, fixing a bamboo B of G we introduce new notations as follows: If P? =
(al.B, b?) is the weight vector in the initial expansion of @7, D = fl -+, (for some ¢ and 7), with
@ defined in the paragraph right before Lemma 3.9, then we put

a(PPy:=dP, bPP):=bP, Ap(PP)=AD.

By [2, Lemma 3.4.2], the intersection number /(D, D’; O) is computed as follows

0

I(D,D';0) =" a(Piy)b(Pas)Ap(Pras)Ap (Prot) + Iy 1,
t=0

where Iy, is equal to

min {a(PB()H)b(P 0+])AD(PB()+I)AD (P 0+]) a(P 0+l)b(P 0+I)AD(PBO+])AD (P (1+l }

root root root root root root root root
if 6 < min{g, g’}, and

Iyt = B AD(PEEY Ap (Pt

root root root

if 6 = g’ = min{g, ¢’}. This means that the simplified extended resolution graph Gy of (f, O)
defined in [8] (see Remark 3.6) completely determines the Puiseux pairs of all the irreducible
components and the intersection numbers of any couple of them. Thus, by Brieskorn [4], G
is a topological invariant of the singularity (f, O).

Clearly, the statement in Theorem 3.10 can be stated using Gy (i.e., using data from the
principal vertices of the bamboos B of G). Then the topological zeta function of (f, O) is
completely determined by Gy of (f, O). Since Gy is a topological invariant of (f, O), so is
the topological zeta function of (f, O). |

4.2. A new proof of the monodromy conjecture for complex plane curves. In 1975,
A’Campo introduced in [1, Theorem 3] a celebrated formula computing the monodromy
zeta function of an isolated singularity in terms of its embedded resolution. For complex
plane curve singularities, a reduced one is always isolated, so we can apply the formula of
A’Campo.

Let f(x,y) be a complex plane curve singularity at the origin O of C2. Its Milnor fiber
F o is the intersection of f~!(1) with a small ball around O for > 0 very small (see Milnor
[10]). The complex vector spaces HY(F ¢, C) (resp. H*(F o, C)) admit an automorphism M(Oq)
(resp. M) generated by going once around a loop around O with the starting point 7.

Theorem 4.2. Let (f, O) be a reduced complex plane curve singularity. If 6 is a pole of
mp (s) then exp(2nV—10) is an eigenvalue of M.

Proof. By the Weierstrass preparation theorem, we can assume that f(x, y) is in C{x}[y].
Denote by n the degree of the polynomial f(x, y) in the variable y. It is sufficient to consider
the poles different from 1 of Ztop o(8). By Corollary 3.11, every pole different from 1 is of the

form —v(P?)/N(P®) for some ’B € B™ and some i with 1 < i < k®, where B" is the set of
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all the non-top bamboos of G (see Definition 3.2, in Figure 1 non-top bamboos are bamboos
containing black vertices).

The proof is by induction with many steps. The first step is to verify for the case where
the number k = k0 of compact facets of I'y is > 2. The second one is to do for k = 1 and
the number r; = r?o of successors of By in G is > 2. Finally, for the case k = r; = 1 we
prove by induction on n.

Let A (7) be the characteristic polynomial of M. By Milnor [10], A)(z) is symmetric,
hence A1) = (1 - NZFeN(r), where ZFo'(r) is the monodromy zeta function of (f, 0). We
recall the computation of Zmon(t) in [7, Theorem 3.5], under the light of [1, Theorem 3], a
follows

k® N(PE)\rE
4.1) ZMon(f) = | | [Tio, (-1 POy
: f.0\" — N(Ty) N(T2,) '
t BeBnt 1 - t mB

Notice that N(T|) and N (TfB) are independent of 7'; and TB,B for any B in B™, because
(4.2) N(Py) = biN(Ty), N(PR) = ap N(To).

Hence, from (4.1), if k = kB0 > 2, then Zmon(t) equals

(1- tN(Pl))Vl (1 tN(Pk))rk tN(P)
r!
1 — N@TD) — tN(Tw) l—l(l )
times
NPy k2]
1_[ w H(l - rN(P,-B))r}B
N(T® '
BoxBepn 1 — 1 @) i=1

In this formula, observe that the complex numbers exp (—271\/—_1 v(Pl.B) [N (P?)) are surely
eigenvalues of Mg) ifeither B=Boand2<i<k—-1lorB # Boand1 <i<k®-1.

Also in the case k > 2, we consider the complex numbers #; = exp (—27r\/—_ v(Py)/N(P; ))
and f;s = exp( 2nvV-1 v(P )/N(P )) for every B in B™. By (4.2) and the recurrence
formula of v(P[.B) in Theorem 3.10, we get

tllV(Tl) = exp (_2n\/—_1(a1 + bl)/bl) = exp (—27r\/—_16l1/b1)

and
N(TZ,)
t " = exp (—2aV=1(apu (PR, + bi)/ags ) = exp (—2aV=1b}, Jaj ).
Since a;,b; > 2 and afB , b,?B > 2 are coprime pairs for every B in B™, it implies that a; /b,

and bB /akB is not in Z, hence t; (resp. t;») is a zero of

(1 = NP - N(Pka))kg
1 — N (resp. 1= ANTs)

So t; and t;=, for all B in B™, are eigenvalues of Mg), thus the proof for k > 2 completes.
We now consider the case k = 1, that is, the initial expansion of f(x,y) at O has the form
(y" + ExP1YA + (higher terms), with & in C* and A in N*. If | > 2, then by (4.2), the same
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arguments as in the case k > 2 still holds, and we thus have that exp (—27r\/—1v(P1) /N (Pl))

is an eigenvalue of M(l), where Py = (aj, by)'. Assume that r; = 1. We are going to prove the
theorem by induction of the degree n = a; A of the polynomial f in the variable y. Obviously,
the theorem holds for A = 1. Assume that the theorem already holds for every function germ
of degree in y less than n. Let B; be the unique successor of By. Since N(TIB‘) = A, the
function Zm"“(t) equals

(1= - 1) 1 (- My k]—_ll(l MDY
(A=A =08 p_gnvath Ll 1= VT
By (4.1) we get
mon(t) ( — IA)(I _tA) Zmon (l)

(1 tblA)(l talA) ﬂ*fO'

where O’ is the origin of the system of Tschirnhausen coordinates after the toric modification
m; admissible for f. Clearly, ¢, is a root of the polynomial

(1 — 41 — )
(1 =AY (1 — Ay’

and the degree of 7} f in y is less than n. This completes the proof. m|
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