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ON THE CONGRUENCE kn = a(mod ¢(n))
BoQING XUE

Abstract: Lehmer’s totient problem asks whether there exists a composite n such that
p(n) | (n — 1), where ¢ is the Euler’s function. This problem is still open. Later, several
upper bounds of the derived problem "p(n) | (n — a)" were given. In this paper, we extend it
to n with ¢(n) | (kn — a) and obtain some new bounds. As an application, for any integer A > 0
we have,

#{n<a:ipn) | (n—1),n %1 (mod 6")} < a'/2/(logz)*359552 (1),
#{n<z:pn) | (Bn -1} < a'/?/(loga)0559552 o),

Keywords: Euler function, Lehmer’s totient problem.

1. Introduction

Let ¢(n) be the Euler function of n; in particular, ¢(p) = p — 1 for a prime p.
Lehmer [5] asked if there exist composite positive integers n such that p(n) | (n—1).
This is still an open question. In 1976, C. Pomerance [9] proved that if one sets

L={n:pn)|(n—1)and n is composite },

and denote S(z) = {n <z :n €S} for any set S, then the cardinality #L(z) <
22/3(loglog 2)/3.

The derived problem, ¢(n) | (n—a), was studied in a series of papers ([10, 11, 2]).
The corresponding upper bounds were z'/?(log x)%/4, /2 (log z)'/?(loglog ') /2
and x'/?(loglogz)'/?, respectively. In [1] the bound was improved to
22 /(log £)®T°M) | where © = 0.129398 and the term “loga” appeared in the
denominator. In [6], another upper bound for the original case a = 1 was given:
x1/2/(log $)1/2+o(1).

For fixed integer a and k > 1, put

Law={n:en)|(sn—a)}.
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In the case ¢ = 0 and x = 1, Sierpinski ([12], p.232) showed that {n : p(n)|n} =
{1} U {2137 :9>0,7 > 0}. Thus #Lo1(x) ~ (logz)?/2log2log3. Actually when
a definite k is given, it is easy to determine the form of those numbers n for which
©(n) | kn . Both the number of prime factors and the number of choices for prime
factors of n are finite . It follows that #Lg .(z) < 2°M) . Consequently, we can
assume that a # 0.

When b € £y ., we find that pb € L, for each prime p{b. To exclude trivial
solutions of this kind we put
E;ﬁ ={ne€ L, : kn # pa (p prime) whenever kpta},
and following Pomerance we also define

"o / . 4
Ly, ={necL,,: nissquare free } .

We find that L£(x) = L] ;(x) = LY ;(z).
In this paper ,we prove the following theorem and corollaries:

Theorem 1. For arbitrary integers g, A > 0, we have
#L,, ()N {n:rn#a(mod ¢*)} < 22 (log )™/ e(@Fo(), (1)
Here 7 = (€log2)/2, where € is the least positive solution to the equation

14+ VETT 26
e ) v =L e

Corollary 1. For arbitrary integers Ao, A1 > 0, we have

¢log <1+

#Efl’ﬁ(a:) N{n: kn # a (mod 2’\03’\1)} < x1/2/(10g x)0'559552+°(1).
Corollary 2. For arbitrary integer Ao, A1, A2 > 0, we have
B (@) s £ 0 (mod 2980 5%)) < o/ (logar) 7070,

Corollary 3. Suppose k/(k,a) > 1, and q is the smallest prime such that
q|x/(k,a). Then

#ﬁg,,ﬁ(fﬂ) < z1/2/(10g x)r+1/(q71)+0(1).

Corollary 4. Suppose a # 0,1, a/(a, k) is not squarefree, and q is the smallest
prime such that ¢* | a/(a,x). Then

#La (1) < 2'/? /(log )71/ (a=D+o(1),
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2. Preparation

In the rest part of this paper, we always assume a # 0 and k > 0 are fixed integers
and write [ = logz, lo = loglogx, I = logli_1 for k > 2. A denotes the set of all
the primes and p always denotes a prime. For any integers ¢ and n, the expression
ord,(n) is defined to be the integer satisfying ¢°*%(")|n . We use P(n) to denote
the largest prime factor of n and p(n) to represent the smallest one. The function
Q(n) counts the total number of prime factors of n.

Lemma 1-5 were first proved by Pomerance([10]) in the case k = 1; the proofs
carry through for arbitrary « > 1 with few changes and are therefore omitted.

Lemma 1 (see [10, Lemma 1]). For any integer ¢ > 0, we have the following
two inequalities:

#L, (x) <da® + > #LL, . (z/d),
dla
and
#L,, () {n: kn # a (mod q)} < 4a2+2 #L, )4 (x/d){n: kn # a/d (mod q)}.
dla

Thus, in order to get the upper bound of #Efm(x), we only need to prove the
same bound for #L7 , (z).

Lemma 2 (see [10, Lemma 2]). If n > 16a*, n € L), ., write
KN —a
k =
(n)
Then:
(i) k> k;

(ii) ¢f m | n, m #n, then m/o(m) < k/k;

(iii) there is a prime ¢ > P(n) with ng/e(nq) > k/k.
Lemma 3 (see [10, Lemma 3]). Suppose k,n,r are natural numbers with n
square-free and n/p(n) > k/k. If min and m/p(m) < k/k, then

p(n/m) < w(n/m) - (km+ 1).

Lemma 4 (see [10, Theorem 1]). Suppose that n > 16a®, n € L] .. Let the
prime factorization of n be py ...p,, where p1 > ... > p, and r = w(n). Then, for

1 <k < r we have
i < (k+1) <1+n 11 p¢>.

i=k+1

Lemma 5 (see [11]). Suppose that 6 > 0, a1 > ... > a; > 0, and a; < 6 +
Z] i+1 for1l > >1t—1. Then for any real number p such that 0 < p < ZZ 1G4,

there is a subset T of 1,...,t such that p—0 < > a; < p.
i€l
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Lemma 6 (see [3, Proposition 3]). Let Ve = {n: w(n) < {loglogn}. For fized
0<& <1,

x

#Ve (1) < (log ) 1+€1 158 (61/9) (log log 2-)1/2 (& — c0).
Let We = {n : w(n) > &loglogn}. For fived &, > 1,
W, (z) < * (z — o).

(]og x)1+52 log (§2/e) (log log 1:)1/2

Lemma 7 (see [6, Corollary 1]). Given any & € (0,2], we have the estimate

#{n <t orda(p(n)) < Eloglogt) < 7o,

where

1+W>_ 26 )

2¢ 1+ A8+ 1

Lemma 8 (see [7]). For a,q with (a,q) =1,

1 1 1
Z zloglogx—i—A—i—O().
p o »q) logx

e¢ ::1+£10g2—flog<1—|—

p=a (mod q)
rPxT

Lemma 9 (see [8, p. 316]). For a,q with (a,q) =1 and ¢ < logx, we have

Z logp = z/¢(q) + O (a:e_c\/m) .

pEap(g;d a)
In order to prove Theorem 1, we tend to study the number of integers whose
prime factors come from a particular set.
Let P be a subset of A = {2,3,5,...} and P = A\ P. Factorize n = npnp
where
np = n;‘ax {d : p € P for each prime p | d}
n

is the P-part of n, and np is the P-part of n, respectively.

For convenience, we call n a P-integer when n = np and call n an s-almost-
P-integer when Q(np) < s. Denote Np be the set of P-integers and N,_p be the
set of s-almost-P-integers. Let mp(z) = {n <z :n € Np} and m,_p(z) = {n <
x:n € Ny_p}. The next lemma can be deduced from Theorem 00 of [4] (taking
f(n) to be the characteristic function of elements in Np).

Lemma 10. Let o, 8 € (0,1] be rational numbers. Suppose P C A satisfies

ZlogpéﬁaH—O( i ) (4)

2
= log” x

pPsT
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and
Zl/p<aloglogx+B. (5)

pEP
pPsT

Then the number of P-integers n < x is

7p(z) < x(log )™

)

where the implied constant depends only on «, .
Next we obtain a result on the number of s-almost-P-integers.

Proposition 1. Let s > 0 be a fized integer, and let o, 8 € (0,1] be real numbers.
Let P C{2,3,5,...} be a set of primes satisfying (4) and (5). Then

ms_p(2) < z(logx)* *(loglog x)*.

Proof. Combining Lemma 10, one can deduce that

nsfpcc)éi >, ™ (pl.a-j-m)

i=1 (p1,..., p;)EP?
P1---P; ST

< Y (@/prpi)log® (/... pi)

i=1 (py,..., pi)EAT
P1---P; ST

<<xl°‘_1zs: Z ) 1p
1...D;

i=1 (pq,..., pi)EAT
P1---Pj<T

i

<zl Z > H <me i(alg)i < 2l u
=1

PEA p i=1
p<T

3. Proof of Theorem 1 and the corollaries

Proof of Theorem 1. In view of Lemma 1, it is sufficient to obtain a suitable

bound for
#L0 ()N {n:kn % a (mod ¢*)} N [z/2,2].

Denote P ={p € A:p# 1 (mod ¢q)} and P = A\ P. Now consider any n € L] ..
For each prime factor p | n, if p=1 (mod ¢), then

gl (=1 | ¢n)|(kn—a).
That is

ordg(kn —a) = #{p|n:p=1(mod q)} = w(np) = Q(np).
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The condition k1 # a (mod ¢*) leads to the fact that ord,(kn — a) < \. Hence
Q(nﬁ) <A (6)

and n belongs to N)_p, as does every divisor of n.
If g =2, then P = {2} and P = A\ {2}. It follows that w(n) < A+ 1 and the
number of such integers no larger than z is #°(). Now we assume that ¢ > 3.
Similar as in [1], it can be shown that

#{ne Ll MWy z/2<n<at <2/ 2(logz)™ M,

so here we always suppose that w(n) < 20l2. Recall (3) for the definition of eg.
Let £ be the unique solution in (0,1) to the equation (2), or equivalently,

ee = log2+ 1/¢(q), (7)

and denote 7 = (£log2)/2.
Now let n € L N [x/2,z] be fixed. Factor n = p1ps...p, where r = w(n) and
p1 > ... > p,.. By Lemma 4 we have

log p; < log2kr + Z log p; 1<igr).
Jj=it+1

Applying Lemma 5 with § =log2kr, t =r+1, a; =logp; for 1 <i < r, a; =0,
and p = log (z'/217712), we conclude that n has a positive divisor m such that
p—0<logm < p,ie.,

/217713

x1/21_7l2/40f$ < <m< x1/2l_Tl§.

2Kr
Then d = n/m satisfies
V217152 /2 < d < 40k V21T
For d with ords(p(d)) < &loglogd, from Lemma 7 we know the number of
choices for such d is
/2t
(log (/21715 1))ee
< $1/2ZT_6§+0(1).

#{d < 40Kz /217151 - ordy(p(d)) < Eloglogd} <

Since kmd = a(mod ¢(m)e(d)), then km = ad’'/pq(mod ¢(d)/pg) where pg =
ged(d, ¢(d)) | @ and d' is the inverse of d/ug modulo ¢(d)/pq. Hence m has only
finite choices modulo ¢(d)/ g while z is sufficiently large, because m < /21713
and ¢(d)/pa > d/loglogd > 2'/2171;3. Tt follows that d determines n up to
finitely many choices when z is sufficiently large and the number of choices for n is

< .’E1/2l7—_65+0(1).
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Now we consider d with orda(¢(d)) = €loglogd. Set
o = [¢loglog (+!/%1713%/2)],
then 2971 | ¢(d). The congruence kmd = a(mod ¢(m)p(d)) leads to

wd = am’ [ (mod 27~ o (m) /i),

where ji,, = ged(m,2° tp(m)) | a and m’ is the inverse of m/u,, modulo
29~ o(m)/ pim. Since
d < 40Kz /21715,
whereas
QJflﬁp(m) m2° x1/2l77‘+510g2l2

> > > ot/
Lo loglogm Iy

It follows that d (and then n) has finitely many choices modulo 2°~tp(m)/im
provided that x is sufficiently large. By applying Proposition 1, and in view of
(6), the number of choices for such m (and hence for such n) is

< (&217T13) (log (/217 713)) T/ #(D (log log (/217 713)) <z /27T elate)
From (7), e¢ — 7 =7+ 1/¢(q), it follows that

#E;’ﬁ(x) N {xkn # a (mod q/\)} < x1/2/(log x)TH/“D(qH"(l)
Now Theorem 1 can be obtained by applying Lemma 1. |

Applying Theorem 1 with ¢ such that ¢(q) = 2 or ¢(q) = 4, we obtain Corol-
lary 1 and Corollary 2.

Proof of Corollary 1. For arbitrary integers Ao, A1, if n # a (mod 2*03*1), then
either n # a (mod 2*°) or n # a (mod 3*1). The corollary follows by applying
Theorem 1 and using the fact ©(3) = 2 to estimate £ = 0.171832,7 = 0.059552
and © = 7+ 1/2 = 0.559552. |

Proof of Corollary 2. For arbitrary integer Mg, A1, Ao > 0, if n # a
(mod 2*03*5%2) then n # a (mod 2*°) or n # a (mod 3*) or n # a (mod 52).
The corollary follows by applying Theorem 1 and using the fact p(3) = 2 and
©(5) = 4 to estimate £ = 0.31067,7 = 0.10767 and © = 7 + 1/4 = 0.35767. |

Proof of Corollary 3. Suppose x/(k,a) > 1, and ¢ is the smallest prime such
that ¢ | x/(k,a). Since n is squarefree, we have kn % a (mod ¢°d«(®)) it follows
from Theorem 1 that #£/,  (z) < /2/(logz)™t/(a=D+e()_Since ¢ | k/(k, a/d)
for each d | a, the corollary follows from Lemma 1. [ |

For example, since there is no n > 1 satisfying that 3n = p is a prime, we have
#{n<x:pn) | Bn-1)} < 2?2/ (logz)0-599552+01),

Proof of Corollary 4. Suppose a # 0,1, a/(a, k) is not squarefree and ¢ is the
smallest prime such that ¢? | a/(a,k). Since n is squarefree, we have xkn #
a (mod ¢°"44(®)). The corollary follows from Theorem 1. |
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