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BOUNDS AND CONJECTURES FOR ADDITIVE DIVISOR SUMS
NATHAN NG, MARK THOM

In memory of Kevin Henriot

Abstract: Additive divisor sums play a prominent role in the theory of the moments of the
Riemann zeta function. There is a long history of determining sharp asymptotic formula for
the shifted convolution sum of the ordinary divisor function. In recent years, it has emerged
that a sharp asymptotic formula for the shifted convolution sum of the triple divisor function
would be useful in evaluating the sixth moment of the Riemann zeta function. In this article, we
study Dy ¢(x, h) = anz Tk (n)T¢(n+ h) where 73, and 7 are the k-th and ¢-th divisor functions.
The main result is a lower bound of the correct order of magnitude for Dy, ¢(z, k), uniform in
h. In addition, the conjectural asymptotic formula for Dy ;(x, h) is studied. Using an argument
of Ivi¢ [25], [26] and Conrey-Gonek [8] the leading term in the conjectural asymptotic formula
is simplified. In addition, a probabilistic method is presented which gives the same leading
term. Finally, we show that these two methods give the same answer as in a recent probabilistic
argument of Terry Tao [41].

Keywords: divisor functions, additive divisor sums.

1. Introduction and main theorem

Many important problems in analytic number theory concern sums of the form

S Fn)g(n+h) (L1)

n<x

where h € N and f and g are arithmetic functions. For instance, the twin prime
conjecture would follow from an asymptotic evaluation of (1.1) with f = g = A,
the von Mangoldt function. If f = g = A, the Liouville function, this is a special
case of the sum that occurs in Chowla’s conjecture. In this article, we focus on
(1.1) with f = 7 and g = 74, the k-th and ¢-th divisor functions where k, ¢ € N.
For n € N, the k-th divisor function is defined by

T(n) = #{(n1,...,nk) c NF | ny---ng =n}.
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Equivalently, 75,(n) is the coefficient of n™* in the Dirichlet series of ((s)¥, where
¢(s) is the Riemann zeta function. Our main focus is the correlation sum

Dyo(w,h) =Y m(n)me(n+h)  with heN, (1.2)

n<x

For k = ¢, we shall use the abbreviated notation

Dy(x,h) := Dy p(x,h) == Y me(n)m(n+h)  with heN. (1.3)

n<x

This last sum has been extensively studied. For k = 1, this sum is trivial. For
k = 2, there is a rich theory connecting this sum to the spectral theory of au-
tomorphic forms. However, for £ > 2, this sum is mysterious and there are few
results. Nevertheless, there is the following conjecture:

Conjecture 1.1 (Additive Divisor Conjecture: simplified version). Let
e>0andk,0>2. For1<h<z'""%, we have

cr,e(h)

Dralesh) ™ Gy

z(log )k 2 (1.4)

as x — 00, for a certain real valued constant cy ¢(h) given by (1.5) and (1.8) below.

In this article we provide several expressions for ¢k ¢(h). The value for ¢ ¢(h)
can be computed using the work of Ivi¢ [25] and of Conrey-Gonek [8]. Both of
these papers use the d-method (circle method) to give a formula for Dy (x,h).
In addition, we present a heuristic probabilistic method in section 4 to give an
alternate calculation of ¢ ¢(h). These two methods lead to

cke(h) = Crofie(h), (1.5)

Chop = 1;[ ((1 - %)’H + (1 . %)H - (1 - 1)HH), (1.6)

p

where

and fy ¢(-) is a multiplicative function defined on prime powers p® by

L4375 (P 7e(p") — 7 (P H)me(p*=1))p ™" o
+ 32 a1 (TE(P) Te—1 () + Te(p®) -1 (p) )0

Jiee(p®) = (1—D)-G-D 1 -D-=1 1 - 17

We also provide several other expressions for fi ¢(p*) and hence ¢y, ¢(h) (see (1.27),
(1.28), and (4.6) below). Another expression for ¢y ¢(h) has been given by Terry
Tao. In a blogpost of Aug. 31, 2016, Tao provided a different heuristic probabilistic
argument that gives

cre(h) =[] Srenlp) (1.8)
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where
1\ k+e—2 1 '
S.e.n(p) = (1 - 5) Z —=Prrp(d), (1.9)
§20:p7|h
K (k=K 1\ -l +j—1
o= (V)
k'=20'=2
K —1 -1
(%) +(:%) -1 (1.10)
p—1 p—1
and the conventions (701) =1 and (mnzl) = 0 for m > 1 are used here. This

expression can be further simplified to

£—2

it = (S () R

=0

7_0(Z+J<—1><pfi1>ki1 (1.11)
(k+]—2><€—|—:]j—2>.

Although it is not obvious, we shall show in section 4 that the expressions for
ck,e(h) given by (1.5) and (1.8) are equal. It is not clear what is the simplest or
most natural form for cg ¢(h). Currently, (1.8) with (1.9) and (1.11) appears to be
the simplest known expression for ¢ ¢(h).

The above conjecture simplifies conjectures of Ivié [25] and Conrey-Gonek [8],
though in the above formulation we allow h to be as large as 21~¢
The case h = 1 reduces to

(€—|—j—2

. 1
instead of z2.

)k+lf2.

ZTk(n)Tg(TL+ 1) ~ " Ot z(logx

“Ie—1)!

n<x
The conjectures of [25] and [8] may be written in the form

k+£—2
Dy o(z,h) = x(ao(h)(logsc)k+e_2 + Z a;(h)(log m)kM_Q_i) +o(z) (1.12)

i=1

for certain coefficients «;(h) where h is allowed to vary with x. Ivi¢ [25] gave
formulae for the a;(h) in terms of certain singular series. On the other hand,
Conrey and Gonek gave a formula for the derivative of the above main term in
terms of a complicated double complex integral. This will be discussed in further
detail in section two where we show that ag(h) = Crefre(h)/(k — 1)1 — 1)L
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The main result in this article is a uniform lower bound for Dy, ¢(z, h).

Theorem 1.2. For k,{ > 3, there exists By > 0 such that for

min(k,0)—1

h < exp(By ¢(log z log log x) mmFH=1.95 )

we have

1 Crefre(h)
P2 (e~ D)I(f— 1)

as r — 00.

loglog h
log

!x(log z)kte=2 (1 + Ok7e< )) < Dy e(z, h)

Recently, Kevin Henriot informed us that S. Daniel [10] showed that

w)x(logm)kM_Q, for h <z (1.13)
p

Diee(w.h) <ie [] (1 +
plh
for any C' > 0. Note that since

(k=1 -1

fre(@®) =1+ + Oke(p™?) (1.14)

(1.13) implies
Dy o(z,h) <pe fk,g(h):zc(lognc)kM_Q7 for h < 2C, (1.15)

for any C' > 0. Unfortunately, this result was never published. However, Henriot
has shown us a proof [22] based on [20] and [21]. In [20] he establishes bounds for

Y e (1Qum)) 7 (1Q2()) - i, (1Qu (n)]) (1.16)

z<n<x+y

where @); are polynomials with integer coefficients. More generally he bounds

> AN L(1Qa(n))) -+ £(1Qs(n))) (1.17)

r<n<e+y

where the f; belong to a general class of multiplicative functions. Such expressions
were originally considered by Nair and Tenenbaum [35]. However, their bounds for
(1.17) were not uniform in the coefficients of the ;. This problem was addressed
by Daniel [10] and Henriot [20]. Recently Klurman [28] has obtained some inter-
esting results for (1.17) in the case that the images of the multiplicative functions
fi lie in the unit disc.

Theorem 1.2 and (1.15) lead us to propose the following problem.

Problem. Let k,¢ > 3. Determine the best explicit constants ¢c; = ¢1(k,¢) and
co = ca(k, ) such that
l)kj(x,h)

(GRS —(h X C2,
(kf’fjf((eln!x(log x)?h=2

uniformly for h < ', as x — oo.
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Theorem 1 yields ¢; = 2%% — ¢ and (1.15) yields ¢a = O ¢(1). Henriot has
suggested that in the case k = £ the proof of (1.13) demonstrates that ¢y is doubly
or triply exponential in k.

To finish this section, we give some properties of divisor functions, list our
conventions and notation, and provide an outline of the article.

1.1. Properties of divisor functions

This article makes extensive use of divisor functions and related arithmetic func-
tions. Recall that for k € N, the k-th divisor function satisfies

S n)X =1-x)F (1.18)
j=0

for p prime and |X| < 1. Tt follows that for p prime and j > 0,

n) = (M), (1.19)

The divisor functions satisfy the relation
Teo1(p?) = (@) — T (p’ 1) for p prime and k,j > 1. (1.20)

We shall also encounter a multiplicative function ok (+,s) : N — C, where k € N,
s € C. For n € N, it is defined by

ox(n,s) = (i M)C(s)*’C (1.21)

By multiplicativity, it follows that

it
I, o &
ox(p’,s) = T&p’") =(1—p )" % (1.22)
Zi:O Tpis iz P
for 7 > 1, and in particular,
0’“;}2’3) =1 (1—p ). (1.23)
Moreover, it was proven in [36] that
o (p’,8) = () ) Hy, j(p™°) (1.24)
where .
Hy ;(z) = jx*j/ 1 =) tar ! (1.25)
0

LIn [36], we used the notation H; () instead of Hy, ; ().
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for j, k € N. Repeated integration by parts of (1.25) leads to the representation

k—1 (kfl)
Hy (@) = ok
= ( j )
Note that Hy j(x) is a degree k — 1 polynomial and Hy ;j(0) = 1. Later in the
article, we show that
ZQ_O <0k71(Pj71){7171(10j»1) _ kal(PjJrlvl_)fze—l(PjJrlvl))
Jre) = == (1— 1)kf1) ALt _pl)iwefz : (1.27)
P P

(1 —z)k1-igt where k€N, j € Zx. (1.26)

By (1.26) we also have

Za Tr—1(P)Te—1 (P Hie—1,(p D He—1,;,(p~ ")
J=0 pI
e (D T He—a (0T D Hema (07
pite

_ 1\k—1 _ 1ye—-1 _ _ 1\k+e—2
(L= 14+ (1=1) (1-12)

fre(p™) = ) . (1.28)

At several points in this article we make use of these representations.

1.2. Conventions and notation

In this article we shall use the convention that ¢ denotes an arbitrarily small
positive constant which may vary from line to line. Given two functions f(z) and
g(x), we shall interchangeably use the notation f(z) = O(g(x)), f(x) < g(x), and
g(x) > f(x) to mean there exists M > 0such that |f(z)| < M|g(z)| for sufficiently
large z. If we write f(z) = Ok (g(2)), f(z) <k, g(x), or f(z) =<k g(z), then
we mean that the corresponding constants depend on k and ¢. The letter p will
always be used to denote a prime number. For a complex valued, differentiable
function F : C2 — C and i,45 € Lo we write

o't 92
— ——F
0sy* 03

F(il’iz)(sl,SQ) = (51,52) (129)

where E?; denotes the i-th partial derivative with respect to s.
Given a,b € Z, we let (a,b) denote the greatest common divisor of @ and b and
[a,b] denotes the least common multiple of a and b.

1.3. Organization of the article

The article is organized as follows. In section 2 the conjectural asymptotic for-
mula for Dy, ¢(z, k) is studied based on the work of Ivi¢ [25] and Conrey-Gonek [8].

We show that the leading term in the asymptotic formula for Dy (x,h) is
#ggl)!x(log x)**T4=2, In section 3, the lower bound in Theorem 1.2 is proven.
In section 4, a simple probabilistic method is used to rederive the main term of
Dy ¢(z, h) which agrees with the calculation in section 2. In addition, we show
that our constant for ¢y e(h) (1.5) agrees with Tao’s (1.8). Finally, we discuss

open problems related to additive divisor sums and avenues for future research.
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2. A brief history of additive divisor sums and a conjectural formula
for Dk’g(w, h)

2.1. A history of additive divisor sums

Questions concerning sums of the form Dy, ¢(x, h) are called additive divisor prob-
lems. These functions are of interest due to the well-known connection between
Dy(z,h) and the 2k-th moments of the Riemann zeta function, defined by

T
Ik(T):/ C(5 +at)|*kdt  for k>0.
0

In 1926, Ingham [23] discovered that Da(x, k) is intimately related to the fourth
moment, [5(7T"). He succeeded in proving that

T
(log T)*

~
272

I(T)
and an important part of his argument made use of the inequality
Dy(z,h) < o_1(h)z(log x)*
for h < @, where o_1(h) =3y, d~!. In [24] he improved this to
Dy(z,h) ~ %U_l(h)aﬁlog2 x. (2.1)

In 1931, Estermann [16] proved an estimate of the shape

6

Do(,h) = x<—2a_1(h) log? & + a1 () log z + ag(h)) + O(a9+9) (2.2)
T

with § = X and ay(h) and as(h) are certain arithmetic functions. Estermann’s

work relates Da(x,h) to a formula involving special exponential sums known as

Kloosterman sums. For ¢ a natural number and u,v integers, the Kloosterman

sum S(u,v; q) is defined by

S(u,v;q) :== i e(uai;vd)

These sums exhibit considerable cancellation and they arise in many contexts in
analytic number theory. Estermann derived the non-trivial bound S(u,v;q) <
q31%(u,q)7 and this led to the error term in (2.2). A famous result due to Weil is
the bound: |S(u,v;q)| < 72(q)(q,u,v)*/?¢"/?7(g). Much later, Heath-Brown [19]
made use of Weil’s bound to obtain (2.2) with # = 2. From this he deduced that

6
there exists a degree four polynomial Q4 such that

I(T) = TQ4(log T) + O(T®**), (2.3)
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where © = % is valid. The next advance was due to Deshouillers and Iwaniec [12],
who proved that (2.2) is valid with # = 2, in the case h = 1. In their work,

they related Dy(z;1) to averages of Kloosterman sums and then made use of
Kuznetsov’s formula. This is a formula which relates sums of Kloosterman sums to
the coefficients of Maass wave forms and holomorphic modular forms. Motohashi
extended this method and obtained (2.2) with § = 2, uniformly for h < 237 . He
proved

6 [h
Do, h) = p/0 gt h) dt+ Ea(x, h) (2.4)

where
q2(t, h) = o(h)log(t) log(t + 1)

/

+(o(h)(2y - %(2) — log(h)) + 200 () log(t(t + 1))

+o(h) ((27 - 2%(2) —logh)? — 4(%)/(2)) (2.5)

+ 40 () (2y — 2%(2) “logh) + 40 (1),
a@(h) = > apn d(log d)’, and ~ is Euler’s constant and

Ba(x,h) = O((x(z + h))57° + hiv (x(z 4+ h)) 15 + hi52°). (2.6)

Related work of Motohashi [34] establishes that © = 2 is valid in (2.3). Meur-
man [32] showed that

Es(z,h) = O((z(z + h))37¢ + (2(z + h))iz°min(z?, k5 T%)), (2.7)
where « is a positive constant which satisfies

ps(n)] < nlp; (1) (2.8)

where {p;(n)}>2 are the Fourier coefficients of an orthonormal basis of the space
of non-holomorphic cusp forms for the full modular group.

There are also results for Dy, ¢(z, h). Linnik developed highly original techniques
using ideas from additive number theory and probability theory, most notably the
dispersion method [29] to deal with Dy, o(x, h) with k > 2. He proved an asymptotic
formula for Dy, o(z, k), obtaining the leading term with an error term. The error
term was improved by Motohashi [33], who used large sieve methods. Recently,
Topacogullari [44] established a main term with a power savings in the case of
D3 2(x, h). This filled in details of results, stated without proof, by Deshouillers [11]
and Bykovskii and Vinogradov [5]. Furthermore, Drappeau [13] has recently pro-
vided a main term with a power savings in the error term for Dy o(z,h) with
k > 3 and this too has recently been improved by Topacogullari [45]. Despite
these impressive results, no asymptotic formula for Dy, ¢(x, h) has been proven in
the case both k and ¢ are greater than two. We now present a conjectural formula
for Dy, ¢(x, h).
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2.2. A conjectural formula for Dy ¢(x, h)

We follow the work of Ivi¢ and Conrey and Gonek to work out the leading term of
the conjectured main term for Dy, ¢(x, h). We shall be concerned with an expression
of the form Dy (x,h) = mye(x, h) + E¢(x,h) where mge(z,h) is the “main
term” and Ej ¢(z,h) is the “error term.” In [25], [26], and [8], my ¢(x, h) was
studied via Duke, Friedlander, and Iwaniec’s [15] version of the circle method,
known as the d-method. One of the key ideas of the circle method is to detect
an additive condition via additive characters. Consequently, it is important to
have an asymptotic formula for the exponential sums > 7c(n)e(*) where
(a,q) = 1 and e(#) := ¥  Naturally, one must understand the Dirichlet series
> Tk (n)e(*)n™°. Ivi¢ [26] obtained a meromorphic continuation of this series
by decomposing it in terms of Hurwitz zeta functions. On the other hand, Conrey-
Gonek [8] obtained a meromorphic continuation by expressing e(“") in terms of
multiplicative Dirichlet characters. They showed that

3 Tk(n)e(%) ~ ;/Ow Py(t, q)dt (2.9)

n<x

where Py (t,q) is defined by

Py(t,q) / C(s+ 1)FGr(q, s + )(g)(ds, (2.10)
C={ze€C||zl=ntfor0<n< 10,andf0rk€N,sEC,Gk(-,s):N—>(Cis
the multiplicative function defined by
u pu(b) b
‘ > ak( ; ,s). (2.11)
Using (2.9), the d-method leads to
TS ¢ (h
mkg x, h) / Z qq2 % (t, @) Pe(t + h, q)dt (2.12)
g=1

where cq(h) =327 ,—; e(%") is the Ramanujan sum. From the identity log(t+h) =
(a,9)=1
logt+ O(h/t) (see [25]), it follows that

mye(z, h) / Z qu(Qh (t,q)Pi(t, q)dt + O(ht®). (2.13)
=1

We now simplify the integrands in (2.12) and (2.13). We denote them as

= ¢ (h)
Qr(t,h) = qq(2 (6, q) Pe(t + h, q) (2.14)

g=1

2 Conrey and Gonek use the notation G (s,n), whereas we use Gy (n, s).
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and
> cq(h)
rre(t h) = q(2 % (L, q) Pa(t, q). (2.15)
q=1 q
Observe that by (2.12) and (2.13)
/ qro(t, h)dt :/ rie(t, h) + O(ht®). (2.16)
0 0

We first calculate gy ¢(t, k). Applying (2.10) twice, it follows that
1
qk,g(t,h) = 72/ Ck(Sl—i_l)Ce(SQ—f—l)Dk,[(Sl,SQ)tsl (t+h)82d81d82, (2.17)
(2mi)? Jo, Jey

01:{81€C||81|:7’1}, 02:{82€C| \52|:T2}70<r1,r2<%7and

Dye(s1,52) (2.18)

i Gk qul +1)Gf(q752+1)
2+91+€2

We now apply the residue theorem to the inner integral in (2.17). For each k € N,
there exist constants o, with j > 0 such that

Ck(sl +1)= sl_k(oz(hk + o 81+ O[QJCS% +-0), where ag = 1. (2.19)

Furthermore, since

Die(s1,52) = Dy (0, 52) + Dy (0, 581 + 3 D(2 00, 55)82 -+, (2.20)
and
1 =1+ (logt)ss + — (1ogt) T4 (2.21)

it follows that
oy kD(z ’ )((),52)(10§g;t)i3

1
1)D t°ldsy =
i C(81+ )Dre(51, 82)t° dsy | Z lia]
i14io+iz=k—1
i1,%2,i3 20
Thus
« logt)
Qk,l(tvh) — Z %2 / Cf 82+1) (12,0)(0 82)(t+h)82d82-
itiotia=k—1 23 i
i1,i2,i320

For each value of i5, a similar calculation establishes

1 i
— [ (52 + 1)DY2ON0, 59)(t + h)*2dsy
21 Je, ’
Jitj2+jz=L-1
J1,J2,3320

aj, D272 (0,0) (log(t + h))F
Ja!gs!
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and hence
ai, 1 (logt)™ o, ¢DL72) (0,0) (log(t + 1))
aelth) = ) = ) T
i1,12,13 20 2 J1,J2,5320 ‘72"73'
i1tiatis=k—1 J1+iztia=E-1

(2.22)
An analogous computation establishes

a;, k(logt)®
Tkyf(tvh) = § : iglis! Z
- 11,i2,i320 o  J1,J2,9320
i1 +ig+iz=k—1 J1+je+jz=L—1

aj,.«Dy272)(0,0)(log t)7s
Jaljs!

(2.23)
Formally, (2.23) is obtained from (2.22) by replacing each log(t + h) by log(t).
Observe that (2.23) can be further simplified. Let ¢ = i3 + j3 and note that
0<i<k+{—2sothat

rie(t, h) = Z ;i (h)(log z)~H¢-2-1 (2.24)

=0

where ag(h) = (klz"'l‘)ﬂi%, the term arising from (i1,42,43) = (0,0,k — 1) and

(J1,72,73) = (0,0, — 1). We now show that Dy ¢(0,0) = cxe(h) = Ckofie(h).
This will be deduced from the following lemma. This lemma will also be used in
our proof of Theorem 1.2.

Lemma 2.1. Let f, fo be nonzero multiplicative functions, 11, T be real numbers,
and h a natural number such that

(9d) f2(gd
S(r1,mah) ==Y TIZ“ fljmf?g) (2.25)

g\h

is absolutely convergent.

(i) We have
p)f2(p
Sty =30 ] (1- 2220
glh (p,g)=1 B B (2.26)
X H (f1(l’a)f2(]9a)— L p)TJ:?(p ))
r*llg

(ii) If for every prime p, fi(p)f2(p) # p™, then

S(r, 723 h) = H (1 -~ fl(P)fz(P))

pT?

TS5 (AR SO AL

(2.27)
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The proof of this lemma is deferred to the end of the section. Using this lemma,
we shall demonstrate

DM(O, 0) = Ck_[(h) = Ckygfk’[(h). (228)

Inserting the identity cq(h) = > 4, 414 d14(q/d) in (2.18), exchanging summation,
and making the variable change ¢ — qd leads to

w(q)Gr(qd, s1 + 1)Ge(qd, s2 + 1)
Dy.e(51,52) Z d1+51+52 Z g2 tsitse ’
dh

This is now in the form of the previous lemma. We set s1 = so = 0, fi(n) =
Gi(n,1), fa(n) = Ge(n,1), 1 =1, and 79 = 2, to obtain

o« elpi
Dy.0(0,0) He .0 ] M7 (2.29)
E(p,0)
p||h
e G NG, 1) Gl )Gl 1)
. P, 1)Ge(p’, 1 Pt 1DG(p 1
Ep.j) == == = £ -k pi+2é . (2.30)
We now show that Gj(p’,1) = ox_1(p’,1). Observe that by [8, p. 592]
, 1\ -1 , ,
G’ 1) = (1-) (@’ 1) — o’ 1)) (2:31)
Thus by (1.22) and (1.20),
. 1\ 1 1\ kX Tk(pj“)—m(pj_l“)
J — _ _
= (-2 (1) S
> gt .
(1 - 7) Z s p = kal(p]’ 1)7
by definition. Hence,
J J j+1 j+1
£, j) = Or—1 (P, Vo1 (p?, 1) oh1 (P77 Do (P77, 1) (2.32)

pj pj+2
Observe that

or—1(p, 1;;72—1(])3 1) =1-(1-(1 7p71)k71))(1 — (1 7p71)571))
— (1 _p—1>k:—1 4 (1 _p—l)é—l _ (1 _p—l)k-&-é—Z.

E(p,0)=1-—

(2.33)
Thus, by (2.29), (2.32), and (2.33),
o e 1@ Doe1(@7.1) ok (@ Do (pPH1)

F2
Dy.0(0,0) = CH” — P
1— 71 =1 _ (1 — p—1)k+£-2
il R ) (I=p71)
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In order to show Dy, ¢(0,0) = ¢ ¢(h) it suffices to show the last product equals
fre(h). By (1.7) this is equivalent to showing

(1-3) " e Do, DX = a7, s (7, X7
j=0

[0

=1+ > (m@)me @) = @ @ NX + Y (™) ()X
1=a+1

+7e(p™) 1 (p) X" (2:34)

Il
-

where we have simplified notation by setting X = %. We denote this identity as

Ly () = R e(e). We prove this by induction on «. First, a calculation shows
that

Lro(1) =Rpe(1) =k(1—X)"C D41 -X)"FD (k1) —1)X —k—L+1.

(2.35)
Assume that Ly (o) = Ry e(a) for o € N. We aim to show that Ly (e + 1) =
Rie(a+1). Observe that

Le(a+1) — Li(e) = (Tk(p(’*l)w(p‘”l) = 7r(p*)7e(p")

)T () Te<pa>m<pa+l>)xa+l

+ (1 (p*Y) — 7(p%)) Z T_1(pH) X*
i=a+2

+ (™) = m(@™) D mah) X!
1=a+2

= (Tk(paH)Te(PaH) — 7k(p”)7e(p)

— () T—1 (Pt = Te(p*) 1 (p““)) xett
0 . .
+ (@) D ()X
1=a+2

+ 71 (p*tY) Z -1 (") X",
1=a+2

Next notice that we can simplify the coefficient of X*+!. Observe that

a+1) a-{—l) a+1) a+1)

— (") Te(p”)
) — 7(p*) -1 (p

= 1(p* ) Te(p
— Tk(P*)Te-1(p

Te—1 (P )Te—1(p

a+1).
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Rearranging, this is if and only if

) = e (P T () + T (p™) e (p™)

+ TP o1 () + Te(P™) TR (™).

(P Te(p

Using (1.19) this is
k+a\ [(f{+« k—1+a\/[/—1+a« k+a—-—1\/{+a—-1
= +
a+1 a—+1 a—+1 a—+1 « o
k+a—1\/{+a—-1 k+a—1\/{+a—-1
+ + :
« a+1 a+1 a

However, this last identity follows from two applications of Pascal’s identity. Thus

La(a+1) — Lafa) = mo(p*+ ) (pot) X OH (2.36)
+ Z (Tr—1 (P71 () + o1 (P ) T (p7)) X
i=a+2

We now calculate R ¢(a + 1) — Ry ¢(a). Observe that

Rk’g(a + 1) — Rk’g(a)

_ (1 _ 1>—k—€+2Xa+1
p

X (kal(paﬂy Doe1(p*t,1) -

_ (1 _ 1)—k—£+2Xa+1
p

o1 a+2’1
(- ZREED)

B a+2 1 _ a+2 1
4 T (P )(Uzil(paﬂﬁ)oe 1(p*, )))

Ok—1 (pa+2a 1)0—471 (pa+2v 1)
p2

p p
However,
Ok— pa+271
or-1(p*,1) — 1(p)
= (1 - 1)k_l<i Tkil(pa+l+l) _ - kal(pa+2+l)>
i i+1
p i=0 P’ i=0 P’

1 k—1 atl
(1 - *) Te—1(p™*™)
p
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and thus

Rie(a+1) — Ryo()
a+2 1
=X (Tk—l(pa+1)0£—1(l7a+17 1)+ Te—l(paﬂ)ak_l(z;,))

9] a+z+1 a+2+41
T 1 To_
:Xa+1<7_k 1(p a+1 Z 0— 1 )+Te_1(pa+1)* 4 1(pi ))
=0 pi:O p
:kal(pa—i_l TZ 1 a+1)Xa+1
+ Z (Th—1 (P* T 01 (0") + 7o (P To1 (p)) X
i=a+2

=Lio(la+1)— Ly(a),

by (2.36). Hence, by the induction hypothesis Ly (o + 1) = Rp(a + 1) as
desired. Thus we have Ly ¢(a) = Ry () for all o € N. Consequently, we have
proven (2.28).

In summary, we arrive at the following conjecture.

Conjecture 2.2 (Additive divisor conjecture). Let k,¢ > 1 be natural num-
bers and x > 0 is large. Then there exists a positive constant Oy, € [%, 1) such
that

Dkyg(x,h) = / qk,g(t,h)dt+Ek,g(1},h), (237)
0
where gy ¢(t, h) is given by (2.22) and for every e >0
By o(x,h) < 2" uniformly for 1 <h < x'7¢. (2.38)

Moreover, in (2.22), the coefficient of log(t)log(t + h) is Dk ¢(0,0) = C.efre(h)
where Cyo is given by (1.6) and fie(h) is the multiplicative function defined
by (1.7).

To abbreviate notation we set Ey(z,h) = Eg i(z,h), qp(z, h) = qx 1 (z, h), and
Vg = Vg -

Remarks.

1. Tt appears that Titchmarsh [43] was the first to conjecture the leading term in
the asymptotic formula for a weighted version of D3(x, 1), based on the circle
method. Vinogradov [46] proposed the general form of a conjectural formula
for Dy(z,h) (see equation (2) of [46]). However, few details were given and
he did not provide any formulae for the coefficients of ¢x (¢, h). Then in the
nineties Ivié [25], [26] and Conrey-Gonek [8] provided more precise formulae
following Duke, Friedlander, and Iwaniec’s J-method.

2. It is not clear what is the true size of the error term Ej(z,h) and various
opinions have been expressed. Conrey and Gonek [8] conjectured that ¥ = %
in the case that h < \/z. However, Conrey and Keating [9] revised this to
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Y = % is valid for all h < 2'7°. Recent work of Farzad Aryan suggests

that U, = 1 is the correct value. In fact, Aryan [2] shows that a smoothed
variant of Dy (x, h) has error term O(z27°h®) where « is given by (2.8) and
conjecturally & = 0. On the other hand, Vinogradov [46] conjectured that
Ep(z,h) < x17% in the case of h fized. Ivié [25] suggested that Vinogradov’s
bound was slightly too strong and that perhaps Ej(z,h) < xl_%(log :C)C'/e
for a positive constant C}. In light of these diverging opinions, it would be
beneficial to have numerical data checking this conjecture.
3. Note that the conjecture is sometimes written as

©
Dk,g(x, h) = / Tk’g(t, h)dt + B (z,h), (2.39)
0

where Ej, o(x,h) < %%+ uniformly for 1 < h < z'~°. By (2.16) we may
replace qy¢(t,h) by rge(t, h) with an error O(x2%¢) for h < \/Z. Since we
expect that 6, > %, it should not matter whether the main term in (2.37)
or (2.39) is used for h < /. However, as we expect to have an asymptotic
formula for h < 27, it is preferable to use the form (2.37).

4. In the case k = ¢ = 2, this conjecture agrees with Ingham’s result (2.1).
Note that 2(1 — 2) — (1 = 1)> =1 —p~2 and thus Cy = [[,(1 —p~?) = 5.
Also, 71 (p’) = Tl(pj+1) =1, Hy j(u) = Hy j41(u) = 1, and by (1.7) fo(p*) =

a

# =T L = o).

5. Recently, Andrade, Bary—Soker, and Rudnick [1] proved a function field ver-
sion of the above conjecture.

6. Although Conjecture 2.2 remains open for k > 3, averaged versions have been
established. For instance, see [3] and [27]. Recently, Matomé&ki, Radziwill,
and Tao [30], [31] have established an almost all results. For instance, in
[30] they have shown that there exists Cj > 0 such that if 21=¢ > H >
(logx)®* > 2, then

De(22,h) — Dy (. h) = (/2 ai (8, ) di ) (1 + o(1))

for all but o(H) values of |h| < H
To complete this section we provide the proof of Lemma 2.1.

Proof of Lemma 2.1. For each g | h, write g = Hpuug p®. By multiplicativity
of the inner summand it follows that

S(r1, 72 ) == Z ( H ZM f2( ))

g\h (p,g)=1m=0

( H Z p(p m+)02f2( m+a)).

p>||g m=0
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Simplifying this expression, using that p(1) = 1, u(p) = —1, and p(p™) = 0 for
m = 2,

S(mi,70;h Z = ( f2( ))

glh (p,9)=

< T (50 ) - DL,

P

p*|lg

Since f1(p)f2(p) # p™, we multiply and divide each summand by le 9 (1 —
M) to obtain

S(Tl,TQ;h)
_ ZI: = H ( p))
glh
% H (f1(pa)f2(pa) _ fl(pa+2£2(pa+l>) (1 _ fl(;l;)j;é(p))_l (240)
p|lg

— fi(p) f2(p)
= H (1 _ %)
T L (- S s

pT pT
glh p*|lg

Let r be a multiplicative function defined on prime powers by

1 (p™th) fa(p T 1(p)f2
filp p)TJ:(P ))(1 f(p)TJ:())

r(*) = (L") L) -

The sum in (2.40) equals Zg‘h r(g)g~™. By multiplicativity,

(o3

>t = T 3w

glh p*||h =0
H za: (fl P) () fl(pjﬂ)fz(pj“)) (1 _ f1(P)f2(P)>_
pTLI pTritT2 pT2
p*||h =0
Inserting this expression in (2.40) we derive (2.27). |

3. A lower bound for Dy ,(x, h)

In this section, we establish Theorem 1.2, which provides a lower bound for
Dy ¢(z,h). Before proving this result, we require a proposition which gives an
asymptotic estimate for a certain divisor sum.
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Proposition 3.1. Let k,/ € N and k, £ > 2
(i) Then there exists ho = ho(k,£) > 0 such that for h > hg,

Z 7% (a)7e(b)
[a, b]

a,b<X

(a,b)|h

_ Cr.e9r,e(h)

T (log X)* 4 Oy ( H(l + p~H)*¥(log X)L loglog h))

plh

(log h)1—0.99/m) (logX)Qm)
loglog h X0.99/M
(3.1)

+ Ok’g(exp ((12.94m4 —12.81m® + 4.52m?)

where m = min(k, ¢), M = max(k,{),
(- (- -0-0) o

and g ¢ s the multiplicative function defined on prime powers by

gre(P®) = (Uk(z?j, Voo, 1) on(@+, Dog(p't, 1))

J Ji+2
= p p

1\ 184 1N ke —
A=)+ 05 =03 )
p p b
(ii) If 1 < h < hg, then the same result holds as in equation (3.1) except the

second Oy, ¢ term in this equation is replaced by Oy ¢((log X )2k X —0-99/M)
where Oy ¢ constant is polynomial in k and £.

(3.3)

We have not attempted to obtain the best possible error term here. Note that
the sum in this proposition bears some resemblance to the quadratic forms that
occur in the standard Selberg sieve [40]. A similar sum is studied in [14].

With these two results in hand, we prove our main result.

Proof of Theorem 1.2. Let z > 1. For the lower bound, we make use of the
identity
TE(m) > Z Tr—1(d) for m > . (3.4)

dlm
A<z

It follows that

Z Tk( )7‘[ n+h Z Z Th— 1 Z Tg_l(b)

z<n<2z z<n<2z aln bln+h
a<\/z b<vz+h
E E Tk— 1 Tz 1 ) E 1.
a<\/z b<z+h TN 2w

aln

bln+h
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If (a,b) | h, the inner sum is T O(1) and otherwise it is 0. Thus

Z Te(n)Te(n+ h) > Z Z Th—1(a)To— 1b)(ﬁ+0(1))_

r<n<2z a<y/T b< /T
(a,b)|h

The O(1) term contributes

(X @) (X me1(@) < (Va(loga)* =) (Va(log ) ~?) < z(log )+~
ANVET asVz

and by Proposition 3.1 with X = \/x

Te—1(a)e—1(b) Cr—1.0-19k—1.0-1(h) eira
= 2 ’ 1 p
2 [a, b] (k — 1)I(¢ — 1)12k+E-2 (log )
a,b</T
(a,b)|h
+ Oy, <9k—1,€—1(h) (log z)* =3 loglog h (3.5)

+ exp (Ck’é(log h)’ ) (log x)zm_2>

loglog h B

where C’k,u,l is defined by (3.2), 9 =1— 0 99 ,and 8 = O 495 , and C, ¢ is a pos-
itive constant depending on k and £. It may be checked that gk,l,g,l(h) >l
for all h € N. The second error term in (3.5) is dominated by the first if and only

if 27 (log z)k+t-2m-1 > Mm In other words
g loglog h ’
log h)?
exp(Blogz + (k+ € —2m — 1) logy x) > exp (Ckl’(f;l(;ggh) — logs h). (3.6)
Ci.e(logh)’

< g logz. This
implies that log, h < log, . Therefore Cy, e(lOg h)Y < g log x loglog x. Solving for

This inequality will hold if we impose the condition =% aTos i

h we find that h < exp(B;c ¢(log x log log x) ) for some positive Bk,g. Combining
the above,

Cr—1,0-19k—1,0-1(h) fds
Te(n)7e(n+ h) > 7 a=1(h) o )+
mggg:gx (k—1)(£ - 1)[2k+€ 2 37

+ O (gr—1(h)z(log x)%_?’ loglog h),

as long as h < exp(By, ¢(log z log log ) AT ). Now split the interval [\/z, x] into
O(log x) dyadic intervals and apply (3.7) to obtain

C h
fz Te(n)Te(n 4+ h) = = 1)f(zji€’i()!2)k+£2x(log x)
r<n<x

k+£0—2

(3.8)
+ Ok (fre(h)x(log 2)**~*log log h)
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valid for h < exp(By ¢(logzloglog x)mnj-lw) for another positive constant By g,
where Cj ¢ = Ci—1,-1 and fxe(h) := gr—1,-1(h). Since 7 and 7, are positive
functions, we establish the theorem. |

Remark. The above argument in the case k = 2 yields an asymptotic formula for
Dy(z,h). This is essentially the argument Ingham used in [23] and [24] to obtain
first an upper bound and then an asymptotic for Dy(z, h).

We have reduced the proof of Theorem 1.2 to a verification of Proposition 3.1.
Not surprisingly, we must understand the double Dirichlet series

A(sy, 82) = Z Te(@)re(b)

[a,blas1bs2”
a,b>1
(a,b)|h

We shall show that A(s1,s2) = ((s1 + 1)*¢(s2 + 1)*B(s1, s2) where

1 & pld)or(gd, 51+ 1)ae(gd, s2 + 1)
B(Sl’ 52) = Z gs1+52+1 Z dsi+s2+2 (39)
glh d=1

and we recall that oy is the multiplicative function defined by

oo

ox(n, s) = (Z”i’j‘l))g(s)—k.

(Some properties of oy are listed in subsection 1.1.) We require the following
bounds on B(s1, s2).

Lemma 3.2. For z € C and h € N, set
O(z,h) = [J(1 +p~*)*. (3.10)
plh
(i) Let o1 = R(s1) and o3 = R(s2). Then
|B(s1,52)| € ©(c1+02+1,h) for 01,09 = —0.99,01+09 > —0.99. (3.11)

(ii) We have )
B(0,0) = Ci,egr,e(h). (3.12)
(iii) o o
Bl12)(0,0) <40 O(1, h)(loglog h)1+2. (3.13)
As the proof of this lemma is long, we shall defer it to the end of the section.
We also require a bound for a certain zeta integral.

Lemma 3.3. Let 0 <e <1, reN, s e C with —% < R(s) <0, then

o 1 et
in(—, ————— nI" et = it. 14
[mmln(|s|, |s(s+1)\>|<(5+ )|"dt <, € where s=o+it. (3.14)
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Proof of Lemma 3.3. Using the first bound, we find the contribution from
[t <1 to the integral is O(1). We now treat the range |t| > 1. It is convenient to

set I(r fo |C(7 + iu)|"du. Tt is well known that for every € > 0,
I(1,t) < t'te for 7>21-1/r (3.15)

This follows from [42, Theorems 7.5,7.7]. Note that in the case of Theorem 7.7
of [42], the bound I(7,t) < t for 7 > 1 — 1/r is stated, however a minor modifi-
cation of the proof yields (3.15). Since the integrand is even with respect to ¢ the
remaining range is

o0

26—1/ |s(s+1)|_1|((s+1)|’”dt<<€_1/ (o + 14 it)["t=2dt
1 1

< 5_1(—1(04—171)4—2/ I(a+1,t)t—3dt)
1

o0
5_1<1 +/ t—2+€dt> < e !
1

by an integration by parts and (3.15). |

(3.16)

The next lemma is used to bound ©(z, h) when £(z) < 1
Lemma 3.4. Let k € [0.5,1). There exists x, > 0 such that if x > x,, then

12.68 1w
St (s +317) (3.17)
(1-k)2 log
p<z
Proof. By Theorem 1 of [39] it follows that
.1
m(x) < ?l)og:f for = > 2. (3.18)

By partial summation

2<psz

w—l—ﬁ/; <)dt\7r(x)+f<;/:7r(t)dt

5 tn+1 Tk t:~e+1

11—k x 1
< 3.17(x +n/ 7dt),
log x 5 trlogt

by (3.18). We now bound the integral. Let y € (2,2) and thus

| Yol |
——dt = —dt + —dt
5 trlogt 5 trlogt y tflogt

y—2 1 /” _
< trdt
2% log 2 + logy J,
ml—n

< + .
V2log2 (1 —k)logy

(3.19)
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For z sufficiently large, there exists y € (2, z) such that

1-k
Y x
= . 3.20
V2log2 (1—k)logy (3.20)
Moreover, (3.20) implies that logy > I’T"“ log z. Thus for z >, 1, we have
4 11—k
> <1 )T

5, (1-k) ogw

and we obtain (3.17). |

With these lemmas in hand, we now establish Proposition 3.1.

Proof of Proposition 3.1. Without less of generality, we assume that k& < /.
Note that if £ > ¢, then we may just swap k and ¢. We shall give the proof in the
case h > 2. At the end of the proof we will discuss the modifications required in
the simpler case h = 1. A standard approach would be to apply Perron’s formula
twice. Instead, we find it simpler to smooth the truncated sum. To simplify the
evaluation of the previous sum, we insert smoothing factors. Let 7 be positive
and let € € (0,1) be a small positive number. Let ¢ = ¢y, (t) denote a smooth,
non-negative function such that

_J1oiftefo,n),
Pret) = {0 if t € [n+e 00). (3.21)

Observe that the support of ¢ is contained in [0,7 + ¢]. We also require the
derivatives to satisfy
P (t) < €. (3.22)

Later, we shall choose the parameter n to be either 1 — € or 1.
We shall evaluate sums of the form

s01= 3 HEO)(3)
(a,b)|h

where ¢(t) = ¢y,,c(t). We define the Mellin transform

B(s) = /0 T st (3.23)

This is absolutely convergent for f(s) > 0. By Mellin inversion, we have

(t) = —— /( s (3.24)

211
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where ¢ > 0. By two applications of (3.24)
1
I(¢) = 7/ A(s1,82) X5 7220 (s1)P(s2)ds1dso (3.25)
(2m0)2 Jer) Jiea) 1

where ¢q,co > 0, and
_ Ti(a)7e(b)
A(Sl’ 82) - Z [a7 b}am bs2”
a,b>1
(a,b)|h

The general approach to evaluate (3.25) is to move each of the contours to the
left of R(s;1) = 0 and R(s2) = 0 and apply the residue theorem. The integrand in
(3.25) has poles at s; = 0 and sy = 0 arising from A(s1, s2) and from ®(s;) and
®(s2). A main term will arise from these poles. The new contours will contribute
an error term. In order to evaluate the residue and the error terms we need to
understand the behaviour of A(sq,s2), ®(s1), and ®(s2) near the poles at s; =0
and s2 = 0 and we need to provide bounds for these functions when $(s;) and
S(s2) are large. First, we consider the behaviour of ®(s). By an integration by
parts, it follows that

B(s) = é‘l/(s) (3.26)
where

U(s) = — /OOO ¢ (t)todt. (3.27)

This is originally valid for R(s) > 0. However, it is clear that ¥(s) is an entire
function. Thus ®(s) is holomorphic everywhere on C with the exception of a
simple pole at s = 0. Note that we have the Laurent expansion

7+\I/'(0)+$s+~~. (3.28)

We shall require some bounds for the expressions ¥7)(0). Observe that

. nte .
T (0) = — ¢ (t)(logt) dt. (3.29)
n
Therefore
n+e
o) = [ (0= o) =1 (3.30)
n
and
G 0] < L logt|d J 3.31
OO < [0 e ot < 0. (3:31)

Integrating (3.23) by parts m times, we find that

= (_1>m > m s+m—1
(D(S)_S(S—i-l)(s_'_m_l)/o ¢( )(t)t+ dt,
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which is valid for all s € C\ {0}. Note that for m > 2 the integrand has simple
zeros at s = —1,...,—(m—1). Thusform>1ands€(C\{O, 1,...,—(m—1)},

S 1 / "6 e
Ss(s+ 1) (s+m—1)] .

E17771(77<i>€>0+7n71
ls(s+1)---(s+m—1)

|©(s)]
(3.32)
m

Next, we simplify the Dirichlet series A(s1,s2). We let ¢ = (a,b) and make the
variable change a = gc, b = gd with (c, d) = 1, and group terms according to g | h

A(s1,52) Z Z abasleQ Z Z a51+1b52+1

glh ab>1 glh  a,b>1
(a, b)—g (aib)=g
7 (9¢)7e(gd)
_Z gsitsatl Z csitlgsa+1 °
g|h c,d>1
(e,d)=1

The condition (c,d) =1 is detected by Ze\e,emﬂ(e) and thus

_ T (gec)Te(ged)
A(Sl’ 82) - Z S1+82+1 Z eS1+52+2 cs1t+1lds2+1 ' (333)
glh c,d>1

Inserting (1.21) in (3.33), it follows that

A(s1,82) = B(s1,82)¢(s1 +1)*¢(s2 + 1) (3.34)
where
p(e)or(ge, s1+ 1)oe(ge, s2 + 1
Blsi,s2) = goiTeatl Z esl+52)+2 ) (335)
glh

By Fubini’s theorem, we have
1
S(¢) = W/ B(s1,82)¢(s1 + 1)*¢(s2 + 1) X*1152B (1) B (57)ds1dso.
(c2) /(c1)

The evaluation of multiple integrals of this type is now standard. For instance, in
[18] and [6] more complicated integrals are treated. Note that the main term shall
arise from the pole of order ¢ at s; = 0 and the pole of order ¢ at s; = 0 of the
integrand. For each fixed sy with R(s2) = co, the residue theorem implies that

1

— 6(81, SQ)CIJ(Sl)C(Sl + 1)kX51d81
27TZ (01)

— Res,, o (B(sl, $2)B(51)C (51 + 1)’“X51> +g(s2) (3.36)
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where )
g(s2)27/ Blst, 52)®(s1)C(s1 + 1)k X*1 dss (3.37)
i Jier)

and —1 < ¢} < 0. By the Laurent expansions (3.28),

1
B(s1,52) = B(0, 55) + BH9(0, 59)51 + 53(2’0)(0, s9)sT+ -+, (3.38)

C(sp +1)F = sl_k(oq),k + ag ps1 + Qg st ), where apr =1, (3.39)
X =1+ (log X)s1 + 3(log X)?s7 + -+ (3.40)

it follows that

Resq,—o (Bls1, 52)@(s1)(s1 + D! X™)

_ oy B0t 0y (o )"
- il!iQ!i4! .

(3.41)
i1+io+iz+ig=k
11,%2,13,24 20
We now bound g(s2). We bound B(sy, s2) using Lemma 3.2 (iii) with iy =iz =0
and we bound ®(s) with (3.28) and (3.32) with m = 2 to obtain

o'} 671

/ 1
52)| < O(c, + 09 +1,h Xcl/ min ( —, —— s1 4+ 1)|*dt; (3.42
9(s2) SO +o2 + LMXA [ i (1, s ) €+ D (342

where s; = ¢ + it1. It follows from Lemma 3.3 with ¢} > —1/k
g(s2) < €7'O(c, + o2+ 1, ) X (3.43)

Thus we have
1
2 (e2)
1

+ — C(so 4+ 1) X52D(s52)g(s2)dso. (3.44)
27T’L (02)

j(QS) <(52 + 1)6X52¢)(82)R6851:0 (8(51; 52)(1)(81)<(81 + 1)kX81)d82

By (3.28), (3.32), and (3.43) the second integral is bounded by

, e’} 1 6_1

-1 / c c :

¢ 9c+c+1,hX1X2/ mln(—,i)dt
(1 ? ) —oo ‘$2| |52(52+1)‘ ?

< €720(c, + ¢y + 1,h) Xt (3.45)

by another application of Lemma 3.3, where sy = ¢ + ity. Choosing ¢; = —1/k
and ¢ = 0.01/k, it follows that

I(8) = —— [ Clsa + 1) X2®(59)Ress, —o (B(sl, 52)®(51)C (51 + 1)kX81)d52
271'2 (02)

+0p(O(1 = 22, h)e 2 X099k,

(3.46)
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By (3.41) we see that

U2)(0) ey, 1 (log X )i
o= Y Oailos 1™ 4, (9)
i1 +igtistis=k P (3.47)

11,12,13,14 20

+ Op(O(1 — 922 p)e=2x~0:99/k)

where

1 )
Iy (¢) = 2—7”/ B0, 55)¢ (52 + 1)/ X2 D(s5)dsy  for iy >0. (3.48)
(c2)

By an application of the residue theorem,
i (6) = Ress,—o (B<“70>(o, 52)®(52)C (52 + 1)%82)
1 (3.49)

+ — B(“’O)(O, SQ)‘P(SQ)C(SQ + 1)€X82d82.
270 J ey

The second integral can be evaluated very similarly to g(s2). However, we require
a bound for B1:9(0, s5) with o5 = cj. By Cauchy’s integral formula

B1:0)(0, 55) = 2%; ~/|z—52|—6 (zli(gz’;)lﬂdz (3.50)
where § > 0. By an application of Lemma 3.2, (3.11) it follows that

B1:99(0,59) < O(chy — 6+ 1,h)0 4, (3.51)
as long as ¢, — § > —0.99. Therefore, by the above bound and Lemma 3.3

1

— B1:9)(0, 59)®(s52)C(s2 + 1) X *2ds,
270 Jey)

o) 671

/o —i1 ych i L - ¢
LO(h—0+1,h)0" "X / mm<|52|’|32(32+1)|)K(52+1)|dSQ (3.52)

<€ 'O(chy—6+1,h)d X%
< e Ol — %2 XL

by the choices ¢4, = —1/¢ and § = 0.01/¢. Thus
T3, (6) = Res,zo (B0 (0, 52)8(s2)C (52 + 1)/ X*2) 553
+O¢(e7'O(1 — 22 p) X1/,
Computing the residue in (3.53) gives

Z Bl1:31)(0,0)W02) (0)ay, 4 (log X )7t
J1'g2lga!

Fi, (¢) =
Jitj2+jz+ja=~
J1,72,73,J4 20

+O0p(e7'O(1 — 22 p) X1/,
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Inserting this last expression in (3.47) yields

T2 (0) e, 1 (log X))
S@= > ixlislig]
i1+i2+iz+ig=k
i1,12,13,14 20

) Z Bl (0, O)Q{(jz.)(().)ajg’g(log X)Ja
J1'j2'74!

Jitjz+jst+ja=t
J1,J2,93,J4 20

+0(( Y eogX)i)eto1 - 22 pyx e

io+i4=k
Fe20(1 - 0.7;;)9, h)X—O.QQ/k)’

where we have used W(2)(0) < €2 and a;,; = Og(1). The sum in the
big O term is bounded by (log X)* as ¢ < 1. The main contribution to .#(¢)
is B(0,0)(log X)*+¢/kl¢! which arises from (iy,4q,43,i4) = (0,0,0,k) and
(J1,J2, Js,Ja) = (0,0,0,¢). By (3.87) and (3.31) the remaining terms are bounded
by

Z/ O(1, h)(loglog h)i1+j16i2+j2 (logX)i4+j4

< T TaTE
‘ i1 Vialia g1 o]

t1t+i2+i3+ia=k
Jitj2+iztja=¢

where / in the summation indicates that the terms (i1, i2,143,44) = (0,0,0,¢) and
(j1, j2,73,74) = (0,0,0,£) have been excluded. Since € < 1 and either 74 < k — 1
or jy < ¢ —1, it follows that the remaining terms are bounded by

<¢ O(1,h) Z (loglog h)*(log X)* <, ©(1, h)(log X)* ¢~ loglog h.
at+p<k+0-1

Combining the above facts, we find

C h
(o) = el

+ Oy (@(1,h)(logX)k+Z_1loglogh (3.54)

(log X)k-‘rf

+ ((logX)k(I + (2)@(1 _ 0.7]?9, h)X—o.gg/e)

since k < £. We now remove the smooth weight to obtain an asymptotic formula
for the truncated sum. Let

-(t) = P1-ce(t) and Gy (t) = ¢1.e(t) (3.59)

be the functions corresponding to the choices = 1—¢ and 77 = 1. Note that ¢~ ()
and ¢ (t) are a smooth minorant and majorant of 1 11(t), the indicator function
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of [0,1]. It follows that

sy < ¥ D < o), (356)
a,b<X ’
(a,b)|h

From (3.54) and (3.56) and recalling that k£ = min(k,¢) = m and ¢ = max(k, () =
M we have

Z Te(@)7e(d)  Cregr.e(h) (log X )+

@b kW
a,b<X
(a,b)|h

+Op (@(1, h)(log X"+~ loglog h
+ ((log X)me_l + 6_2)@(1 — %, h)X_O‘gg/M) (3.57)

B Choegr,e(h)
o ko

+Op (@(1, h)(log X)*+¢~1 log log h

(lOg X)k+f

+O(1 — %20 p)(log X)X 0 ),

by the choice € = (log X)~™. Finally, we bound ©(k,h) where r =1 — 222 We
have

log Ok, h) = kY log(1+p*) <kt p*
plh plh

since log(1 + z) < « for > 0. Let w(h) denote the number of prime divisors of
h. It h = ho(k, £), then

log O(k, h) < ( Z p "+ W (h))

p<logh (3.58)
< k£(< 12.68k ) (logh)*=*  1.3841(log h)l_”)
(1—k)? loglogh loglog h

by (3.17) and Théoréme 11 of [38, Robin|. It follows that

(lOg h)1—0.99/m

1- 999 p) < (12.44—12.1 3 4 4.52m2
O( ) <exp ((12.94m 81m” 4 4.52m~) oglog

). (3.59)

Combining this with (3.57) completes the proof in the case h > ho(k,£). If h €
[2, ho(k, )], it follows that

O(k,h) < exp (kEZp %) exp(Co(k, ).

plh

Inserting this in (3.57) establishes the proof if h € [2, ho(k, £)].
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Finally, we mention the modifications in the simplest case h = 1. In this
case, we can show that B(si,s) defined by (3.9) satisfies |B(sy,s2)] < 1 for
§R(31) R(s2) > —0.99, B(0,0) = Cy, BU1:72)(0,0) < 1. Using these facts instead of
Lemma 3.69 and following the above argument leads to the desired result. ]

The proof of Proposition has been reduced to establishing Lemma (3.2).

Proof of Proposition 3.2. Throughout this proof o1 = R(s1) and o2 = R(s2).
It will also be convenient to set aj,as € (0,1). At the end of the proof we shall
choose a; = ag = 0.99. We begin by using Lemma 2.1 with fi(n) = or(n,s1 + 1),
fa(n) =o0e(n,s2+ 1), 71 = 81 +s2+ 1, and 79 = s1 + 9 + 2 it follows from (2.26)
that

8(81,82)
O'k(p7 s1+ 1)0'5(])7 So + 1)
- Z S1+82+1 H (1 o p51+52+2 ) (360)
g\h (p,9)=1
or(p®tt, 51 + Dop(p®th 5o + 1
X H (Uk(pa; s1+ 1)oe(p®,s2 +1) — P - pslgsfg : ))’
p*|lg

We now bound this expression. By (1.23), we note that

or(p; 51+ 1)oe(p, s2 + 1) Cei—1  —sy—
1 - p51+32+2 = Q(p ! 1ap 2 1) (361)

where Q(z,y) = (1 — 2)¥ + (1 — y)* — (1 — 2)*(1 — y)*. By Taylor expansion

Qz,y) = (1 — kz + (S)ﬁ) + (1 ity <§>y2>
1 —kx + < ) 1 — Ly + (g)zﬁ) + 0P+ 1Y) (3.62)

1 k:éxy + O[22yl + [2ly[? + |2[2ly[? + 2 + |y[*)
=1 — klzy + Opo(|2]> + [y]?),

since |z|, ly| < 1. It follows that

ok(p,s1+ 1)og(p,s2 + 1) ke

o —3—30 —3—30
b piiteat? =1 ps1tsat2 + Oke(p "+p ?)
50 (3.63)
=1— oars + One(pT?Hme(n))

for o1 > —ay, 02 > —az. By (1.24), we have that oy (p?, s+1) = 7 (p?) H, ; (p~571).
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For j > 1, we have by (1.24)

a-k(pa+17 S1 + 1)0’[(pa+1, So + 1)
p31+82+2

=7 (0" )7 () Hi j (p~ " T He i (07 71)
_ (@) () e ja (p 5 V) Hy o (=527 )

oi(p®, 81+ )oe(p®,s2 +1) —

psitsat2
= 7P )P )(1+ Op (™"~ +p7°271)
j+1 j+1
_ %(1 —+ Ok,Z(pialil +p702—1)) (364)

= Tk(pj)TE(pj) <]— + Ok’g(p_al_l +p—02—1)

+ Ok,[ (kéWPtHUzQ))

- Tk(pj)Tg(pj)(l + Opo(p=" 1 +p’”2*1)>7

since 73, (p/t1) = ¥y (p7). Using (3.63) and the last equation, we have

1T
Blors)| <Y oy TT (14 0(raszg + 07 +p702))
L22)1s go1toztl po1toat2 p p
glh (p.g)=1
~ H Tk ( + OZ( —1+max(a1,a2))).
pllg
Since o1 + 09 = —0.99 the first product is absolutely convergent. It follows that
Tk
B(s1,s0)| < Y —o 2o al+02+1 (9) (3.65)
glh

where j(g) := [],,(1 + Cp~ttmax(aia2)y and C' = C(k,£) > 0. By multiplicativ-
ity, it follows that

Tk Tg '(pa)
81752 |<< H Z U« 01+02+1

p%||h a=0
k¢
<<H(1+W) =0(01 + 02 +1,h),
plh

valid for o1 > —ay,09 > —as, and 01 + o9 > —0.99.

We now establish part (i4). By (3.63) it follows that there exists a prime
po = po(k, ) such that if p > po, then C(p,0,s1,82) # 0 for 01,09 > 1072, Also,
observe that by (3.61) C(p,0,0,0) = (1 —p~1)* + (1 —p~1)* — (1 —p~Hk+t £ 0.
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Since for each 2 < p < po, C(p,0,s1,52) is a continuous function of s; and sa,
there exists g9 € (0,1072) such that C(p,0, s1,52) # 0 for p € [2,po] and |s1| < e
and |s2| < g9. Combining these facts, it follows that for all primes p and s1, s2
satisfying |s1]| < eg and |sq] < &g, that C(p,0,s1,s2) # 0. Thus we may apply
Lemma 2.1 (ii). Let

or(p?,s1+ Doe(p?,so+1)  or(@ T, s1+ 1o, s+ 1)

Cp,jy s1,82) = piGiteatD) - PO (111
(3.66)
Since C(p, 0, s1,s2) # 0 for |s1], |s2] < g9 < 1072, Lemma (2.1) (ii) implies that
B(s1,s2) = Bi(s1, s2)Ba(s1, s2) for |s1],]|s2| < eo, (3.67)
where
Bi(s1,52) = [ [ C(p,0,51,52) (3.68)
P
and N
BQ(Sla 82) = H Zc(p?.ja S1, SQ)C(p7 07 51, 82)_1‘ (369)
pe i =0

We first determine the value of B(0,0). It follows from (3.68), (3.61), and (3.2)
that B;(0,0) = Cj, 4. Similarly, it follows from and (3.69), (3.66), (3.61), and (3.3)
that By(0,0) = gr.¢(h). Hence, B(0,0) = Crogr.c(h).

We now establish (7ii). Let £o be as in part (ii). It shall be convenient to define

Dy ={s1 €C|[s1] <eo} and Dy = {s2 € C||s2] <eo}.
First observe that by the definition (3.66) and (3.63) and (3.64) we have
ke

C(p,0,81,82) =1- Zm + Ok7g(p72'7) fOI‘ 01,02 2 71071, (370)
. Tk pj)Té(pi _ _
C(p,J,s1,82) = M(l + Ope(p 0'9)) for 01,00 > 1071, (3.71)

In addition, for every € > 0, 74,(p?), 7o(p’) <¢ p’*/? and we also have the estimate
C(p,j,s1,82) < pilortozti=e) for o1 > —ai,00 > —as. (3.72)

From (3.68) and (3.70) we see that

k¢

81(81,82) = H (]_ — ]m + ij(piz'?)) <<k1[ ]. fOI' 01,09 2 71071.
p

(3.73)

By two applications of Cauchy’s integral formula,

B (s1,85) = Op (1) for op,00 > —1072 (3.74)
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where Bgi’j) is defined by (1.29). We now estimate By(s1,s2). First, we examine
each local factor at p of By. Since D1 x Dy C {s1 € C | 07 = —1071} x {53 €
C | o2 = —1071} it follows from (3.70), (3.71), and (3.72) that

Za: C(p,Jj,s1,82) plf% +O(p~1?) . 2?22 p07i
C(p,0,51,52) 1+0(p~18 1L O(p-18
=0 € 0o1,52) +OP™) +O0(p~1%) (3.75)
et )
= peitsatl +0(p™Y) for (s1,s2) € D1 x Ds.

Hence we can factor out a term (1 + W)M from (3.69). Therefore we may
write

Ba(s1,82) = O(s1 + 51+ 1, h)Bs(s1, s2) for (s1,s2) € D1 x Do, (3.76)

where we recall that ©(z, h) =[], (1 + p~*)* and

83(81,32 H (ZC pa]751782 (p50781’32)_1> <1+ﬁ>7ke- (377)

p|lh  §=0

It follows from (3.75) and (3.77) that

By(s1,52) = [ [(1+ Ope(p~777272))

plh

<Lk,¢ H(l + Ok7g(p71'8)) Lk 0 1 for (81,52) € Dy x Ds.
p

By Cauchy’s integral formula it follows that
BS(0,0) e 1. (3.78)

We also require an estimate for the partial derivatives of B. By (3.67) and (3.76)
it follows that

B(Sl,Sg) = @(51 + 851+ 17h)é(81,52) for (51,82) € D1 x Day, (379)

where 5(51,52) = Bi(s1,$2)Bs(s1,52). Note that the generalized product rule,
(3.74), and (3.78) imply o
B2)(0,0) < g 1. (3.80)

By two applications of the generalized product rule to (3.79)
BU2)(sy, 55)

= Z <Zl> Z ( ) (aasaall aaatja (51 + S1 + 17h))l§(a27a4)(81’82>'

a1+az=i1 aztas=tz
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Note that
5;1 2:;@(51 b4 1h) = %@(z,h s
By (3.78) and (3.81) it follows that
i1+12
BU2)(0,0) <k Y O (1,0).
a=0
We now demonstrate for oo > 1
0 (1,h) < O(1, h)(loglog h)*. (3.82)
We begin by remarking that
OW (2, h) = —kLO(z, h)n(z, h) (3.83)
e n(zh) =Y logp (3.84)
Jh) = 21 .

By the product rule it follows that

-1
0 (2, h) = —kt Z (a )@(“1)(z,h)77(“2)(z7h). (3.85)
u1tus=a—1 w1

A calculation demonstrates that for u > 0

(w) _ N (logp)
L) =3 —

oo

(1) (=5)"
Z pi—1

u

plh Jj=1
and thus
1 u
plh
(3.86)
(logp)*  (loglogh)“ u
< Z ) + log h Z 1 < (loglog h)".
p<logh plh

We now show (3.82). The case a = 1 follows from (3.83) and (3.86) with v = 1.
By induction, using (3.85) and (3.86), we establish (3.82) for all & > 1. From
(3.82) we now have

B(1:12)(0,0) <40 O(1, h)(log log h)"* 2. (3.87)
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4. A probabilistic method for determining main term of Dy ¢(x, h)

In this section, we use a simple heuristic probabilistic method to rederive the
conjectured formula

cro(h)

Dileh) ~ =1 =

z(log z)k+t2 for 1<h<al™® (4.1)

for x large, € arbitrarily small, and recall that Cy, ¢ is defined by (1.6) and fy ¢(h) is
defined by (1.7). In section three, we derived this conjecture using the J-method.

The argument in this section has been used to derive conjectures for
Y n<e AM)A(n+ h), where A(n) is the von Mangoldt function (for full details see
[7] and [37]). The extension to the case of multiplicative functions was explained to
the first author by Andrew Granville. We now proceed with our heuristic derivation
of (4.1). It is well known that

Z Tr(n) ~ ﬁm(logx)k_l. (4.2)

n<x

It follows that on average 74 (n) in the interval [1, z] is ﬁm(log x)*=1. Similarly,
for 1 < h < 2'7%, 74(n + h) in the interval [1,x] is also ﬁx(logw)“l. Thus
it is reasonable to believe that for 1 < h < 2'7°, 7.(n)7¢(n + h) is on average
m(log x)**t4=2 in [1,z]. However, we must take into consideration that
the values of 7x(n) and 7¢(n + h) are not independent. For instance, if h = p is
prime, then if p f n we also have p { n+ h. The factor Cy ¢ fx¢(h) in (4.1) accounts
for such local considerations. In order to make this precise we define a sequence
of random variables (X,)p prime by

Xp(n) = 7 (p ™)

where ord,,(-) is the p-adic valuation. Furthermore, we define

Yy (n) = m(porde W),

Associated to a random variable Y : N — C with image im(Y) = {Y'(n) | n € N},
its expected value to be

E(Y)= Y i-PY =i (4.3)

where for B C N,

#{1<n< X |neB}

a X —o00 X (44)

With these definitions in hand, it is natural to make the following conjecture.
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Conjecture. Fore € (0,1), x large, and 1 < h < 2'7¢,

Dy, ) ~ (HE Xp¥y) )(izmm)(;znmm) (45)

as r — 00.

The product in the above conjecture is the correction factor taking into account
that the values of 7(n) and 7(n+h) are not independent. Each local factor in the
product measures the lack of independence of X, and Y},,. We shall prove that the
product equals cg ¢(h) = C ¢ fr,¢(h), which we computed earlier via the §-method.

Proposition 4.1. Let k,¢{,h € N. Then
E(X,Y,)
ij(h) = PP/ . (46)
a0 s,

By (4.5), Proposition 4.1, and (4.2) we have that

le,e(luh) ~ i ¢(h) logk (x )log 1(£C+h)
: RV W
~ cre(h) log"t2(z) '
(k=1L —1)!

as © — oo for h < x17¢. This yields the Additive Divisor Conjecture (simplified
version) stated in the introduction.
The above proposition is deduced from the next lemma.

Lemma 4.2.

(i) For every prime p,

(ii) If pth, then

E(X,Y,) = (1- 1)7(1671) +(1- 1)7(#1) —1 (4.9)

(iii) If p® || h, then

E(X,Y,) _1+Z () 7e(p") = 7 ('™ 1) X
i=1

+ Z e () Te—1(p") + 7o (p®) 1 (p")) X .

(4.10)
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In this section we also show that Tao’s probabilistic argument [41] gives the
same answer.

Proposition 4.3. Let k,/,h € N. Then

cro(h) =[] Srenp) (4.11)

where &y, ¢ 1,(p) is defined by (1.9).

We now demonstrate the proof of Proposition 4.1 based on this lemma.
Proof of Proposition 4.1. If pt h, then by Lemma 4.2 (i) and (ii)

By (-3 (=)

E(X,)E(Y,) (1 1)—(k—1> (1 B l)—(e—n
1

P

S R DR

Therefore
11 E(X,Yp)
E(Xp)E(Y))
E(X,Y,)
— Ck,é _\pp)
1L 50x,)507,)
@ i i i— i— i 4.12
LS ) - np neyxe 312
_c + 2 i1 (T (P*)Te—1(p") 4+ Te(p) i1 (p")) X
Tkt H —(k—1) —(¢-1)
e ((1-1) +(1-13) -1)
= Crofre(h)
by an application of Lemma 4.2 part (iii). |
Before establishing Lemma 4.2, we make a few observations.
1
P({neN|pin})=1— - 4.13
(tneNiptny) =1~ (4.13)
and for i > 1,
: 11
P(tneN s ) =~ =, (4.14)

where P is defined by (4.4). Idenitity (4.13) is since n lies in p — 1 of p residue
classes modulo p and (4.14) follows from writing n = p'n’ where (n,p) = 1.
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Proof of Lemma 4.2. (i) First, we compute E(X,). The values of X,, are pre-
cisely 7 (p’) for i > 0. Note that if i = 0, then X, = 1. This means that p { n and
the probability of this occurring is 1 — %, since n lies in p — 1 of p residue classes
modulo p. Now X,(n) = 74(p’) with i > 1, precisely when p’ || n. This occurs
with probability % — p,% Therefore

sy -1 o S () - (- DE 22 (-

A similar argument establishes E(Y,) = (1 — %)’(5*1).

(ii) We now compute E(X,Y,), in the case p { h. If n # 0, —h(mod p), then
Xp(n) = Y,(n) = 1. The probability of this occurring is % =1- %.
If n =0 (mod p) and p’ || n with ¢ > 1, then p{ n + h. Therefore X,(n) = 7 (p?)
and Y,(n) = 1. The probability of thls occurring is # — ﬁ Similarly, if
n = —h(mod p) and p’ || n + h with @ > 1, then p f n. Therefore X,(n) = 1

and Y,(n) = 7¢(p’) and the probability of this occurring is pi - p% It follows
that
2 A 1 N 1
E(XpYy) =1- » +;Tk(l? )(Z? - F) +;T4(P )(E - W)
Now
— (1 1 1\ = 7 (p?) 1 1\ —k
(- 5h) = (- D506
Z;k()17 prtt Z’Z; P ( p) P
1\ —(k-1) 1
SRR
b
and thus

2 1\ —(k=1) 1 1\ —(-1) 1
E(Xpr):1—7+(177) *1+*+<1*f) —14-
p p p p

_ (1 ~ ;)Uﬁl) N (1 - ]13)(41) .

(iil) We now compute E(X,Y},), in the case p® || h.
If n # 0(mod p), then n + h # 0(mod p). This is since if p | n + h, then p | n as
p® || h. This case occurs with probability 1—% and for these n, X,(n) =Y,(n) = 1.
These terms contribute 1 1
L<1—7>:1—7 (4.15)
p p
to E(X,Y,). Now consider p’ || n with i > 1. In this case, X,(n) = 7(p’). We
now determine the order of p dividing n 4+ h. Writing n = p’n/ and h = p®h’ with
(n/,p) = (h',p) = 1, we have

n+h= pinl +pahl _ pmin(i,a) (nlpi—min(i7a) + hlpa—min(iﬂ)).
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Note that if i # «, then ord,(n + h) = min(i,a) and Y, (n) = 7o(p™»*)). These
terms make a contribution

ZTk (prinis) (L _ p}ﬂ), (4.16)

Pt
27504

to E(X,Y,). However, if i = «, then X,(n) = 7,(p®). Now we determine the
power of p dividing n+ h. Since n+ h = p®(n’ + h’), the p-adic valuation depends
on the order of p dividing n’ + h’. Since (n/,p) = 1, it falls in p — 1 residue classes
modulo p. If n’ 7%_ —h/(mod p), then ord,(n + h) = a. If ' = —h/(mod p), then
there exists j > 1 such that p’ || n’ + h’ and ord,(n + h) = a + j. By these
observations we have the disjoint union

fnen [ [|n} =AU (] 4,
j=1
where 4y = {n € N | p® || n,n’ £ —h'(mod p)}, A; = {n € N | p® || n,p? ||
n' + h'}, and n' = p"—a. Since (n’,p) = 1 and n’ £ —h'(mod p), it follows that
P(4y) = ( - %) s n’ lies in p—2 residue classes modulo p. A similar calculation
establishes that P(4,) = (i — ). If n € A, then Y,(n) = 7(p%) and if

pI p1+1
n € A;, then Y,(n) = 74(p ‘”‘J) The contribution from all terms with p* || n is
% (p®)7e(p C‘“) 1 1
T< ) Z <17 - W) (4.17)
Combining (4.15), (4.16), and (4.17) yields
1 i min(i,a) (el 1ol 2
B(X,V,) =1— 4 (1 3 7) > T (p )Te(zj_ ), T )Ze(p ) (1 3 7)
r/ 4 p p p
i#a
e (el a+j 1 1
Y i (p )Ti(p ) (7 3 j+1>
= P poop
mln(i,a)

(1 2) (1 g )
i1
1#

a o ) 1\ -1 oo o a+j
L TP )Zz(P ) (1 7) (1 B 7) 0y 7 (P )Z(p )
p p p = pT
a—1 i 0
1 7k (p")7e(p") 7k (p*)Te(p*7)
- (- ered, 5
p/\ = P = pet
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We simplify this a bit further. Setting X = % we have

a—1 a—1
= @)@ X = XD () me(ph) X+ Z T (p®) e (p ) X OH
=0 1=0
XS )X 43 ry () X
j=0 j=0

— X ) (p) X — 1 (p) e (p*) X
j=0

o—

=1+ Z(Tk(pi)n(pi) _ Tk(pifl)Tg(pifl))Xi _ Tk(pail)Tz(pafl)Xa

+ (™) (7o () X + z;l n(p') = m(p ) X")

o+ o(p) (e () X + Z+ (') = T T X) = m () () X
=1+ i(ﬂc(pi)n(pi) = (P ()X

+7(p") ‘ilfu(pi)Xi +7(p%) _ilTkl(pi)Xi,

by two applications of (1.20). This establishes (4.10) and completes the proof of
Lemma 4.2. |

Finally, we establish Proposition 4.3.

Proof of Proposition 4.3. First we show that expressions given for Py ,(j) in
(1.10) and (1.11) are equal. Observe that

k : k k-2
E—kK+j—-1 z+]—1 }
S (N () =) =)
=0

k'=2

and
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Therefore

Pk,z,p(j)_rk_l(pj)§<z+j1) (%y i1

i=0
k—2

+ 71 ( Z(ZJrJl) (pfl)k a 1*Tk—1(pj)7'6—1(pj)-

=0

From (1.5), (1.8), and (1.11) it suffices to prove Ly ¢(a) = Ry ¢(cr) where

Lye(a) = 1+Z ()7 (') = (T (P ) X
+7e(0%) D @)X () Y ()X,
i=a+1 i=a+1

and X = % We shall prove this by induction. As before, we have Ly, ¢(1) = Ry.¢(1)

where the value is given by (2.35). Now assume that for o € N, Ly ¢(ar) = 7~€k7g(oz).
We aim to show that Ly ¢(a+ 1) = Ry (o + 1). Recall that we showed (2.36)

Li(a+1) = Li(a) = m(p*THre(ph) X!

+ Z (Tr—1 (@) 70—1(p") + To—1 (P me—1 (p1)) X
1=a+2

On the other hand
) ) =2 4 Yo _
Rie(a+1) = R (o) = X*H! (Tk—1(pa+1) > ( )(1 — X))~

k=2 ,.

{

+ 71 (p*t) Z (
i=0
Te—1

— o1 (Pt
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We see that Ly (o + 1) — Lyo(@) = Rpe(a+ 1) — Ry() if and only if

Tkil(paJrl)T[il(pa«H)XaJrl
+ 71 (p*) Z o1 (p) X + 7o (p*) Z 1 (p) X’
iI=a+2 iI=a+2
Z2ita
— Xa+l( _ a+1 1—X —L4i+1
mat 3 (1) a0

W‘
[\3

(e i+ —k+i (o1 (e
FraGr ) 3 ()0 X e ).

Il
o

%

Rearranging this becomes

Tr—1(p*th) Z 71 (P) X" + 11 (p*th) Z Te—1(p") X"
i=a+1 i=a+1
2 i1+ o
Xa+1 a1 1 X +i+1 41
(raor 3 () (419

Observe that the left hand side of (4.18) is

D e T (0) 4 e (0" ) T () X (4.19)
i=a+1

Using (1.18) we see that the right hand side of (4.18) is

ot (Tkl(pa+1 Z <u+a> ZTZ i

u=0
a+1 U+«
+ 7e-1(p Z ZTk u—1(p
u=0
- EY | (4.20)
5> (T“@a*vz( u )Tulw—w“»
i=a+1 u=0
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Therefore we see that (4.18) holds if the coefficient of X in (4.19) and (4.20) are
equal. In fact, we shall show that for ¢ > o + 1 that

=2, ‘
Tfl(pl):Z( u )Tfu1(pz_(a+1))7
u=0
RO | (4.21)
nea) =3 (M) o),

u=0

Observe that the second identity is the same as the first with k& and ¢ swapped.
Thus it suffices to establish the first identity in (4.21). By (1.19) this reads as

) -2 )
l -2 {—u—1 - 1)-1
(—’_Z. >:§ <u+a>( Y ,+Z (@ +1) ) for i > a+1.
i =\ u i—(a+1)
(4.22)
Letting L=¢—1and j =i — (o + 1), this is the same as

. L-1 .
L L— -1
(+J_+O‘):Z(“+a)< A ) for j > 0. (4.23)
1+7+a = U J
However, this is identity (1.78) of [17]

a+r+n+1 " la+u\(r+n—u

= 4.24
)2 )0 (424

withn = L —1, a = o, and r = j. It follows that L (o + 1) — Lie(a) =
Rie(a+1) — Ry o(a) and thus Li (o) = Ry e(a) for all « € N. [ |

5. Concluding remarks

In this article, we studied the sum Dy ¢(z,h). Lower bounds for this sum were
obtained and the main term in its conjectured asymptotic was studied. We now
mention several avenues of possible future research.

1. Improve the lower bounds for Dy ;(z, h). One might attempt to use inequal-

ities of the shape
w(n)> > 1
a1 =N
[lics a; <z’

where J ranges over certain subsets of {1,...,k} and Zle Bi < 1/2.

2. Establish a version of the uniform bound (1.15), making the k& and ¢ depen-
dence explicit. Currently, even the bound (1.15) for 2 < 2 does not appear
in a published reference.
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3. It seems possible that the probabilistic method of section 4 can be used to
obtain the full main term asymptotic for Dy, ¢(z, h).
4. Study the more general sums

> 7k (A hy) T (0 hy) (5.1)

n<x

wherer > 2, ki,..., k. € Rt and hy,..., h, € Z. It is likely that the methods
of this article may be applied to obtain lower bounds for (5.1) of the correct
order of magnitude and to write down conjectural asymptotic formula for
this sum. The asymptotic evaluation of (5.1) is an open problem and this is
well-known to the experts.® For instance, it is an open problem to evaluate
the sum

> r(n)r(n+ Dr(n+2).

n<e

It should be noted that Blomer [4] recently succeeded in evaluating the triple
correlation sum

Z 7(n — h)T(n)T(n+ h)

r<n<2x

on average over h.

5. Study the lower order terms in the main term asymptotic for Dy ¢(x, h).
More precisely, determine explicit expressions for the coefficients «;(h) for
0 < ¢ < 2k — 3 and numerically study the size of | Dy, ¢(x, h) — Pag—_2.5(log x)|
with h as a function of z. This might provide evidence towards the true
sizes of the constants 0 and Bi in Conjecture (2.2). Furthermore, it seems
possible to use the probabilistic method of section 5 to calculate the lower
order terms.
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