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&' AS AN ALGEBRA BY MULTIPLICATIVE CONVOLUTION
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Dedicated to the memory of Pawel Domarnski,
great mathematician and friend

Abstract: We study the algebra & (R%) of distributions with compact support equipped with
the multiplication (T'*S)(f) = Tz (Sy(f(zy)) where zy = (x1y1,...,24yq). This allows us a very
elegant access to the theory of Hadamard type operators on C°(€2), Q open in R?, that is, of
operators which admit all monomials as eigenvectors. We obtain a representation of the algebra
of such operators as an algebra of holomorphic functions with classical Hadamard multiplication.
Finally we study global solvability for such operators, in particular of Euler differential operators,
on open subsets of Ri.
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In the present paper we continue the investigations in [15]. For that purpose we
define the multiplicative convolution in the space &” (R?) of distributions of compact
support on R? by (T x S)g = TS, f(zy). Equipped with this multiplication
&' (R%) is a commutative algebra. Each T € &”(R%) defines a convolution operator
Nr: S+ TS in &(R?). For open 2, Q' C R? we show that N7&'(Q) C &'(Q)
if and only if supp T - ' C Q, in particular, Nt defines an operator in L(&”(Q)) if
and only if supp T C V() where V() denotes the set of dilations acting on 2. In
this case Ny = M} where Mr € L(&(1)) is the Hadamard operator on C>°(R9)
defined by My f(y) = T.. f(xy) that is Np is the dual operator of My. This allows
us an elegant access to the theory of Hadamard operators on &”(Q) for open sets
Q C RY, that is, of operators which allow all monomials as eigenvectors. These
have been studied and characterized in [15]. The algebra M () of such operators
is a closed subalgebra of L(C>°(2)). It is isomorphic to the algebra (&'(V(2)),*)
and we determine the topology induced from L;(C*(€2)) on &' (V(£2)). Then we
use the exponential diffeomorphism between Q4 := (0,+00)? and R? to study,
by transfer from the classical theory, global solvability of Hadamard operators on
C°(Q) where Q is an open subset of ;. Hadamard-type operators assigned to
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distributions with support {(1,...,1)} are differential operators of the form P(6),
where P is a polynomial and #; = x;0/0z;. They are called Euler operators
and we study, in particular, global solvability for such operators on open subsets
of Q,. Euler operators on general open subsets of R? are studied, by different
methods, in Domaiiski-Langenbruch [4], global solvability in .#/(R%) is shown in
[16]. Finally we show that the algebra M(Q) = (&' (V(Q2)),*) is isomorphic to
an algebra of holomorphic functions around zero where the multiplication is the
classical Hadamard multiplication, that is, multiplication of the Taylor coefficients.

Hadamard operators on the space 7 () of real analytic functions have been
studied and characterized in Domanski-Langenbruch [1], [2], [3]. Analogous prob-
lems as in the present paper for real analytic functions are studied in Domaiiski-
Langenbruch-Vogt [5]. While the problems are analogous, the results, the methods
and the difficulties to overcome are, in part, quite different. For further references
and also for the background of the problem we refer to [15].

We use standard notation of Functional Analysis, in particular, of distribution
theory. For general information and unexplained notation we refer to [6], [10], [12].
For the classical product of convolution in &’(R?) see [6] and [13].

1. Multiplicative convolution on &’

On &'(R?) we define the multiplicative convolution :
Definition 1. For T, S € &' (R?) and f € C°°(R?) we set (TS)f = T (S, f(zy)).

We freely use this notation, in different context, also for other combinations
of T, S and f, whenever the right hand side makes sense. As multiplication on
&'(R9) it has the following basic properties:

Proposition 1.1.

1. (&"(RY), %) is a commutative algebra.
2. 01 s the unit element.

3. The multiplication is hypocontinuous.
4. supp (T *S) CsuppT - supp S.

Proof. 1. To show commutativity we remark that for any a € Ng we have
(T x S)ax® =Tz® - Sx®

Therefore TS and S+ T coincide on the polynomials which are dense in C*°(R9).
2. is trivial. To show 3. we have, with suitable K and p for T, resp. L and ¢
for S, and a constant C' > 0 depending only on L, p, ¢ the following estimates:
(T % 8)f| = |Tu(Syflay)| < Tk,  sup |8,y f (@)

z€K,|a|<p

<Nk p 1SN7,g  sup sup [0 (y* () (yx)))|
z€K,|a|<p yEL,|B|<q

<CITI5, IS5, sup  [FP(2)].
z€KL,|v|<pq

This shows 3. and implies 4. |
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Let € and Q be open subsets of R%. From Proposition 1.1 we obtain immedi-
ately

Corollary 1.2. If T € &' (R%) and suppT - Q' C Q, then Nr : S+ T'x S defines
a map in L(&' (), & (Q)).

Proof. We have only to remark that &’(Q2') is bornological and that, by Proposi-
tion 1.1, the map Np sends equicontinuous (=bounded) sets into equicontinuous
(=bounded) sets. [ |

We want now to describe the maps N € L(&'(§),&’(Q)) for which there is
T € &' (R%) with N = N7. We denote the set of these maps by N (€', Q). We set
R, =R\ {0}.

Lemma 1.3. For N € L(&'(),&'(QY)) the following are equivalent:

1. N(Sl) *52 = Sl *N(SQ) fOT' all Sl, SQ S g/(Q/)
2. There is T € &'(R?) such that N(S) =T % S for all S € &'(Y).

Proof. To show 1. = 2. we choose 7 € Q' NRZ. Then for all S € &’(€’) we have
N(8S)*d, = S N(d,) and therefore N(S) = T x S with T' = N(d,)) x 01/,. The
reverse direction is obvious. |

For two sets X, Y C RY we set V(X,Y) :={n € R? : nX C Y}, V(X) =
V(X,X)and Y, = {n € R? : nz € Y}.

Lemma 1.4. If X is open andY is closed, then V(X,Y) is closed and V(X,Y) =
Nz xnrd %Y. If, in particular, Y is compact, then also V(X,Y).

Proof. Because X NRY is dense in X we have

1
_ d . d — -
VX, Y)={neR?: p(XNRY) cY}= ﬂwemg ~Y.
Since %Y is closed for all z € R? the set V(X,Y) is closed, same argument in the
case of compact Y. |

Theorem 1.5. For T € &'(R?) the following are equivalent:
1. Ny € L(&'(Y), &'(2)).
2. Ny e L(C' (), &'(Q)).
3. suppT C V(V, Q).

Proof. Since 3. = 1. and 1. = 2. are obvious we have only to show 2. = 3.

If Np € L(C' ('), &'(Q)) we have for every n € Q' that supp (1'% J,) C Q. We
fix an open w’ CC €. Because of the continuity of N7 there is a compact subset
L C Q2 such that supp (T%6,) C L for alln) € w’. For n € R? we have supp (T%4,) =
nsuppT. So we have shown that suppT C (), c.rpa %L =V(W',L)CcV(, Q).
The equality comes from Lemma 1.4. Since V(Q',Q2) = [, ccq V(W' Q) the
proof is complete. |
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2. Transposed description

Let Np € N(,), then the transposed operator Ni € L(C*°(Q),C>()) is
given by

(N7 f)(@) = (s N7 f) = (T % bz, f) = T, f (wy) =: (Mr f)(2),
that is N = M7. We extend this to a complete characterization:

Theorem 2.1. For M € L(C*(Q),C>®(Q)) the following are equivalent:

1. Thereis T € &' (V(Y,Q)) such that M = Nj.
2. There is T € &' (V(V,Q)) such that M = M.

3. M admits all monomials as eigenvectors.

Proof. The equivalence of 1. and 2. is obvious. Likewise 2. = 3. is clear.
We show 3. = 1. We set N := M* € L(&'(),£&'(2)) and have to show that
N(S1) * Sy = S1 % N(S2) for all S1, Sz € &'(€'). Due to the density in C*°(Q')
of the polynomials we have to show the equality only on the set of all monomials.
For f(z) = 2 we obtain

(N(S1) *S2) f = N(S1)x(S2)y(zy)* = S1(Mx*)S2(2%) = maS1(z)Sa(z”)

where Mz® = mqx®. For (S1 = N(S2))f we obtain the same, which shows the
result. |

The operators described in Theorem 2.1 are called operators of Hadamard type,
or also multipliers and they have been subject of many investigations where the
equivalence of 2. and 3. was one of the main results.

Definition 2. For open 2 C R? we set M (Q) := {M € L(C*()) : M Hadamard}.

We state two basic facts:

1. M(9) is a closed subalgebra of Ly(C*(2)).
2. T — My an algebra isomorphism (&' (V(2)),*) — M ().

The first follows from Mz C span{z®} for all «, the second is a simple calculation.

3. Topologies

In this section we will study the problem: Which topology does the algebraic
isomorphism 7' — Np from &'(V(2)) to Np(¥, ) induce on &' (V(€2))? Here %y
denotes the topology of uniform convergence on bounded sets

The solution will be given in several steps. First we need some notation:
For ' CC Q open we set

U=Uy =V(,Q)={neR?: nQ cc Q}

and
NCy(,Q) ={Np : T € &U)}N Ly(C' (), &' (Q)).

It is easily seen that Ug is an open neighborhood of V(Q).
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Proposition 3.1. &'(U) = N,(V,Q) = NCo(,Q) are topologically isomorphic.
The first isomorphism is given by T — Nr.

Proof. From Proposition 1.1 and its proof it is clear that T' — Np sends ev-
ery bounded set of &’(U) into a bounded set of Ly(&” (), &’ (£2)). Since &'(U)
is bornological the map is continuous. Clearly the identical map N,(Q', Q) —
NCH(,Q) is continuous.

Let B C Ly(C'(V), &'(€2)) be bounded, then B = {0(6,) :me, p€B}is
a bounded set in &'(Q). Therefore there is a compact set K C € such that B is
bounded in &'(K).

We fix now n € &’ NR? and obtain, by use of the proof of Lemma 1.3,

(T : Ny € B} = {61/, Nr(6,) : Ny € B} C {8,,,%S : S € B}.

We set L =, cynre %K = V(,K) (see Lemma 1.4). Then L is a compact
subset of U and {T' : Np € B} is a bounded subset of &’(L), since it is a bounded
subset of &(R?) and the support of all of its elements is contained in L. So it is
a bounded subset of &' (U).

We have shown that the map NV : &'(U) — NCy(£,Q) is continuous and sur-
jective. Moreover N'"1(B) is bounded for every bounded B C L;(C'(Q),&(Q)).
By Baernstein’s Lemma (see [10]) T — Nr is a topological imbedding of &”(U)
into Lp(&' (), &'(Q2)), which proves the result. |

Let now wy CC wp CC ... be an exhaustion of Q. We put U,, := U,,,. Then
Uy D Uz D ... is a decreasing sequence of open neighborhoods of V() with

N, Un =V ().
Definition 3. &/(V(Q)) := lim proj, &8’ (U,).

Clearly the t-topology does not depend on the choice of the exhaustion. &”'(U,,)
is a (DF)-space hence &/(V(2)) is a (PDF)-space.
We set Nb(Q) = Nb(Q, Q) and NCb(Q) = NCb(Q, Q)

Theorem 3.2. &/(V () = Ny(Q) = NCy(2) topologically, the first isomorphism
1s established by T — M.

Proof. This follows immediately from Proposition 3.1 by forming projective lim-

its. | |

4. Examples

For the following examples see also [15], for a more systematic treatment [5]. We
refer to the notation of Section 3.

Example 4.1. Let Q = {(z,y) € R? : 1 <y < 2} then V(Q) = {(z,1) : © € R}.
With r, N\, 1 set w, = {(z,y) € R? : |z| < n,r, < y < 2/r,}. We obtain
Un={(z,y) : 1/rn <y <ra}.
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Example 4.2. Let Q = {(z,y) € R? : 0 < 2,1 <y < 2} then V(Q) = {(x,1) :
x> 0}. With r, \(1set w, = {(z,y) €eR? : 1/n<|z| <n,r, <y<2/r,} We
obtain U,, = {(z,y) : 0 <z, 1/r, <y <1y}

In both cases V() is closed in some U,,. If this is the case,

e then it is closed in all U, for m > n

o &/(V(2) =2 &(V(Q)) equipped with the canonical (DF)-topology inherited
from &'(U,).

e V() is locally compact, o-compact and & (V(Q)) = indgcy (0)&” (K).

We have shown:

Theorem 4.3. If V(Q) is closed in some U,, then V() is locally compact,
o-compact and M(Q2) = &'(V(Q)) with its standard (DF)-topology.

Example 4.4. If V() \ V(Q) is finite then the theorem applies.

We need the following property of dilation sets, see [15] or [5, Proposition 4.4].
We give the proof for the convenience of the reader.

Lemma 4.5. y € V() \ V(Q) then there is j with y; = 0.

Proof. If y € V() and min; |y;| > 2¢ > 0 then d(yz,0Q) > ed(z,09) for all
x € Q, since that holds for an approximating sequence in V(). Hence yz € Q.
Therefore for y € V(Q) \ V() there is j such that y; = 0. |

Theorem 4.6. If d = 1 then V(Q) is locally compact, o-compact and M () =
&' (V(R)) with its standard (DF)-topology.

Proof. By Lemma 4.5 we have V(Q2) \ V(Q2) C {0}. By Theorem 4.3 the result
follows. |

5. Relation to classical convolution

Weset Q, = {z € R? : x; >0 for j =1,...,d} and restrict our attention to open
sets Q@ C Q4. The map Log(z) = (log x1,...,logz,) defines a diffeomorphism from
Q. onto R? whose inverse is Exp(z) = (expxy,...,expq).

The map Crog : ¢ — ¢ o Log is an isomorphism from C*(R%) onto C*°(Q+.)
whose inverse is Cgxp, defined analogously. Then the transposed maps Cf,, :
E(Q1) — &'(RY) and Chixp &' (RY) — &'(Q) are isomorphisms.

The crucial observation relating the two kinds of convolution is:

Lemma 5.1. T% S = Cf, [ ((Cf,,T) * (Cx5)) for all T, S € &'(Q+).
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A subset X C Q4 will be called multiplicatively convex (mconvex) if with
x,y € X also a'y'™t € X for all 0 < t < 1. For a subset X C @, we define
the multiplicatively convex hull mconvX as the smallest mconvex set, which con-
tains X. We have mconvX = Exp(conv(LogX)) where conv denotes the convex
hull. Explicitly we have

mconvX = {Hx;" ;€ X,0< /\j,Z/\j = 1}
J J

where the sums and products are finite and the powers are taken coordinatewise.
We obtain the multiplicative analogue of the Theorem of Lions [9)].

Theorem 5.2. mconv(supp (T * S)) = mconv(suppT') - mconv(supp S) for all
Ta S € gl(Q-ﬁ-)

For the following we might exploit Theorem 5.2, but we prefer to use the direct
transfer of properties of classical convolution operators.
First we consider the case of suppT = {1}. The operators Mr, resp. N, are

then called Euler operators . In this case T has the form T = Z|a\gp ca5§“). Since

M5§”) = (71)‘0":5“8“ the Euler operator My has the form My = Z\Mgp bar®0“.

With 6; = z;0; and different coeflicients it can also be written as My =
2jal<p Ca 07

Let now 2 C @ be open. If we set, keeping the notation, P(z) = }_, <, ca?®,
then P(9)C*°(LogQ) = C>=(Log ) if, and only if, LogQ is P(9)-convex. This
means that for every compact K C Log{2 there is a compact L C Log () with the
following property: if ¢ € 2(LogQ) and P(—0)¢ € Z(K) then ¢ € (L) or,
equivalently: if S € &'(Log?) and P(—0)S € &'(K) then S € &' (L) (see [8]).

Now, it is obvious that this condition simply carries over to P(6) and €2, and
we obtain:

Theorem 5.3. P(6)C>(Q2) = C*°(Q) if, and only if, Q is P(0)-convez, that is,
for every compact K C § there is a compact L C Q with the following property: if
v € 2(Q) and P(—0)p € D(K) then ¢ € D(L) or, equivalently: if S € &' () and
P(-0)S € &'(K) then S € &'(L).

Proof. The first condition comes by transfer via Crogs. The second condition im-
plies the first one. To show its necessity we define the multiplication operator
MT =1 -..-24T. Let 6* denote the transpose of 6, hence P(6*) the transpose
of P(#). From elementary calculations we get M ~'P(—0)M = P(6*). Since M
preserves supports on &”’(Q) the assertion follows from functional analytic princi-
ples. |

Using Theorem 5.2 we get:

Corollary 5.4. If Q is mconvex then all Euler operators are surjective in C*°(£2).
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Staying with mconvex 2 C Q4 we study a more general situation. We fix
T € &'(Q4) and set Q' = V(suppT,Q) = V(mconvsuppT,Q). It is easy to
see that Q' is open and mconvex. Clearly suppT C V(Q,Q), that is, Ny €
L(&'(Y), &' (). Let K C Q be compact and mconvex. Assume moreover that
S € &'(Q4) and supp (T x S) C K, then also mconvsupp7 - mconvsupp S =
mconv supp (7' % S) C K. This implies that supp S C L := V(mconvsupp T, K).
Since supp T' C R¢ we have L C %K for any 1 € supp 1. Therefore L is compact.
We have shown:

Lemma 5.5. IfQ C Q is open and mconvez, T € &' (Q4) and Q' = V(supp T, Q),
then for every mconvexr compact set K C Q there is a compact set L C Q' such
that the following holds: if S € &'(Q+) and supp (T *x.S) C K the supp S C L.

To get solvability conditions for our multplicative convolution equations we
need the equivalent of an elementary solution. We set for T' € &'(Q+)

v

T(2) := Tp(x%), zeC?

o —

and remark that T = CtoeT, ~ denoting the Fourier-transform.

Definition 4. An entire function J is said to be slowly decreasing if there exist
positive numbers a, b, ¢ such that for each point € R? we can find a point y € R?
with

(1) |z —y| < alog(l + |x),

(2) [J(y)| = b/(1+|yl°).

This notation is due to Ehrenpreis and we obtain the following multplicative
analogue to the Theorem of Ehrenpreis on completely inversible operators [7].
Note that in 2. below (T * E)¢ = T, (E,¢(zy)) makes sense since for z € Q4 and
v € Z2(Q+) the function x — p(zy) is in 2(Q+).

Theorem 5.6. For T € &'(Q4) the following are equivalent
1. My is surjective in C*(Q4.).
2. There exists E € 2'(Q4) such that T x E = 4.
3. T is slowly decreasing.

Proof. 1. is equivalent to the surjectivity of f — (Ct.,T)* f in C>(R9). By the
Theorem of Ehrenpreis this is equivalent to CEg\T being slowly decreasing an this
is equivalent to 3.

3. means that @ is slowly decreasing and this is, by the Theorem of Ehren-
preis, equivalent to the existence of a distribution W € 2'(R%) with (ClogT)*W =
9. Given 3. we set £ = Cg, /W and obtain

Tx E = Cip, ((CrogT) * (Cog B)) = Chip ((CrogT) * W) = Cp0 = 01

Given 2. we set W = Cf . E and proceed like before. |
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Putting things together we obtain

Theorem 5.7. If Q C Q. is mconvex and open, T € &'(Q4), T slowly decreasing
and ¥ =V (suppT,Q), then My : C>*(Q) — C*(Q) is surjective.

Proof. First we remark that, by Theorem 5.6 Mr&(€)') is dense in &(§2). Due to
the Surjectivity Criterion we have to show that for any bounded set B C &'(Q)
the set N;'B is bounded in &”(Q). There is compact, mconvex K C  such
that B C &'(K) and bounded there. By Lemma 5.5 there is compact L C €’ such
that N '&'(K) C &'(L). Then %-convolution with E (notation of Theorem 5.6, 2.)
yields a continuous linear map R(Nz)N&'(K) — &'(L) inverting Np. So Ni'B =
E x (R(Nt)N B) is bounded in &'(L) C &'(). [ |

An interesting fact is the following: for fixed z € C? we have My (¢ — £%)[x] =
Ty(zy)? = Te(€7)x*. So all functions x* are eigenfunctions of the operator My
with eigenvalue T'(iz). In particular we have m, = T(ic) where mq, a € N? is
the multiplier sequence for the Hadamard operator M.

This all can be done for each of the 2¢ quadrants, but not for the whole eu-

clidean space, as the following simple example shows. Take the operator J:a%. It
is easily seen to be surjective on C°°(Q4,_), but it is not surjectice on C*°(R)

since x f'(x) is 0 in O for any f.

6. Laurent representation theorem

For T € &'(R?) and z € C%, z; # 0 for all j we set €(z) = H;-lzl % For any
subset B C R? we define

W(B)={2€C?: ¢ #zforallé € Band j=1,...,d}.

Since % defines a distribution on C? also %p := T % % is a distribution on
C4. For z € # (suppT) we obtain 6r(z) = (T x %) (z) = Te(€ (2 — £)) which is
a holomorphic function on # (suppT).

On 2'(C%) we set 0! := 71'_‘13%1 e a—‘;, then ¥ is a fundamental solution for
o' and therefore 9% = T.

If suppT C {¢€ € R? : [¢]o < R} then (C\ [~R,+R]) C # (suppT) and €r
extends to a holomorphic function on (C \ [~R, +R])?, C denoting the Riemann
sphere. ¢7(z) = 0 outside C?. %r is the unique solution of 9'u = T with this
property.

For min; |z;| > R the function ¢7(z) is defined and holomorphic and it has
the expansion

1 1 1
Gr(x) = - 2 T 5 = X maa
aeNg aeNg
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We have proved the following

Proposition 6.1. Let B C R? be compact and closed with respect to multiplica-
tion. The algebra (8'(B),*) is algebra-isomorphic to the algebra of all distributions
on C% which are holomorphic on (C\ [~R,+R])? for some R > 0, reqular with
value 0 in all infinite points of C4 and zero solutions for 0% outside B, equipped
with Hadamard multiplication of the coefficients of their Laurent expansion around
(00, ...,00).

We will now give a description in terms of properties of the functions on (C\R)<.
All of the following is well known (see [11, 14]). We indicate the proofs for the
convenience of the reader.

Theorem 6.2.
1. If f =%r on (C\R)? for T € &' (R?) then there is p € Ny such that

sup  |f(2)||y1 - yal” < +o0 (1)
z€(C\R)4

where z = x + 1y.

2. If f € H((C\[~R, +R))?) for some R > 0 is reqular with value 0 in all infinite
points of C¢ and fulfills (1), then there is T € &'(RY) such that f = €r.

3. If f = €r then for x € R we have: = ¢ suppT if, and only if there is
a complex neighborhood w of x such that f = fi 4+ -+ fq on wN (C\ R)¢
and f; € H(w;) where w; =wN{z=x+iy € C? : y, #0 for v # j}.

Proof. 1. follows directly from the continuity estimates.
2. The distribution T is given by

Te = lim ngn(e)/gp(x)f(x + iey)dx (2)

y—0+

for p € 2(R?). Heree € {+1,—1}% sgn(e) = e ---e4 and y — 0+ means y; — 0+
for all j.
3. Sufficiency of the condition follows directly from (2). Necessity follows from
tahe fact that solutions of *u = 0 have locally the form uw = u; + - - - + ug where
i =0. ]

dz;

We collect all this information in a theorem.

Theorem 6.3. T — @ defines an algebra isomorphism of M(Q2) = &' (V(Q)) to
the following algebra () of holomorphic functions with Hadamard multiplica-
tion of Laurent coefficients around (oo, . ..,00)

1. f € H((C\ [-R,+R))?) for some R > 0, f is reqular with value 0 in all
points outside C?.
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2. There is p € Ny such that

sup [f(2)||y1---val? < 400
z€(C\R)4

where z = x + 1y.
3. o(f) is compact and o(f) C V().

Here o(f) denotes the hyperfunction support of f.
We recall the definition:

Definition 5. = € o(f) if in a complex neighborhood of = we have f = f1+-- -+ f4
where f; extends in the j-th variable holomorphically across R.

7. Hadamard representation theorem

In a next step we want to change the equivalence into one with Hadamard mul-
tiplication of power series. For that we observe that for z € CI N # (suppT) we
have

)= *(rg 7))

< Zd -
J

and therefore for z € C? such that 1/z € # (suppT)

Tg(H 1 —1§jzj) T }mzd er(1/2).

J

We set
cr() =1 ([T y=¢ )

J

on
W (suppT) :={2 € C? : x;2; # 1 forall z € suppT and j = 1,...,d}.

We have (C\RU[-R,+R])4 C W(suppT) for some R > 0 and for |z|, < R
Cr(z) = Zmazo‘.

This establishes an algebra isomorphism of M (Q2) = &'(V(Q2)) to an algebra
of holomorphic functions with Hadamard multiplication, whose properties we get
from the previous case by the formula

Cr(z) = —— 6 (1/2).

2124
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