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ON THE 3-DIVISIBILITY OF CLASS NUMBERS OF PAIRS
OF QUADRATIC FIELDS WITH SPLITTING CONDITIONS

AKIKO ITO

Abstract: Let m; and ma be distinct square-free integers. We show that there exist infinitely
many pairs of quadratic fields Q(v/m1D) and Q(v/m2D) whose class numbers are both divisible
by 3 under the splitting conditions of prime numbers. This improves results of T. Komatsu and
the author.
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1. Introduction

For a fixed positive integer n, there exist infinitely many both imaginary and real
quadratic fields with class numbers divisible by n. Such results were obtained by
T. Nagell [21], N.C. Ankeny and S. Chowla [1], Y. Yamamoto [26], P.J. Wein-
berger [24], R. A. Mollin [18], H. Ichimura [8], etc.

Recently, T. Komatsu [14], [15] gave infinite families of pairs of quadratic fields
whose class numbers are both divisible by 3.

Theorem 1.1 (T. Komatsu, [14], [15]). Fiz a non-zero integer m. Then, there
exist infinitely many both positive and negative square-free integers d such that the
class numbers of quadratic fields Q(v/d) and Q(v/md) are both divisible by 3.

For the case where m = —3 and d > 1, Theorem 1.1 also follows from the Scholz
inequality [22]. As other results on explicit construction of infinite families of pairs
of quadratic fields whose class numbers are both divisible by a given positive
integer, Y. lizuka, Y. Konomi, and S. Nakano [9], T. Komatsu [16], M. Aoki and
Y. Kishi [2] are known. We note that D. Byeon [3] and A.I. [10] showed the
existence of infinite families of pairs of quadratic fields whose class numbers are
both indivisible by 3.

In 2013, the author proved the following theorem which is regarded as a gen-
eralization of Theorem 1.1.
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Theorem 1.2 (A. L., [10]). Let m; and my be distinct square-free integers (in-
cluding 1). Then, there exist infinitely many both positive and negative square-free
integers d which satisfy the following conditions:

(1) ng(mlmQad) - 1;
(2) 31 h(Q(Vmid)) and 3 [ H(Q(Vm2d)),
where h(Q(\/d)) denotes the class number of a quadratic field Q(\/d).

In the present paper, by improving the methods of the proofs of Theorem 1.1
and Theorem 1.2, we will show that this theorem holds true under the splitting
conditions of prime numbers.

Theorem 1.3. Let my and mo be distinct square-free integers (including 1) and
let Sy, S_, and Sy be mutually disjoint finite sets of prime numbers not contain-
ing prime factors of 6mimso. Then, there exist infinitely many both positive and
negative square-free integers d which satisfy the following conditions:

(1) ged(mima,d) =1,
(2-1) every prime number n € S, splits in Q(v/d),
(2-2) every prime number n € S_ is inert in Q(\/d),
(2-3) every prime number n € Sy is ramified in Q(V/d),

(3) 3| A(Q(vmid)) and 3 | A(Q(vm3d)).

Theorem 1.2 is embodied in Theorem 1.3. Results of Y. Yamamoto [26],
K. James and K. Ono [12], I. Kimura [13], A. Wiles [25], A.I. [11], etc. gave
a hint on this study.

Many quadratic fields with the class number divisible by 3 exist. In fact,
lower bounds on the number of such quadratic fields with bounded discrimi-
nant are addressed by N.C. Ankeny and S. Chowla [1], M.R. Murty [19], [20],
K. Soundararajan [23], Y. Gang [6], K. Chakraborty and M. R. Murty [5], D. Byeon
and E. Koh [4], D.R. Heath-Brown [7], etc. and it is known that

¢ {o <d< X |d: square-free, 3 | h((@(\/—d))} > X9/10

for any sufficiently large X, for example.
Theorem 1.3 implies we can find various infinite families of quadratic fields
with the class number divisible by 3 under strict restrictions. We give an example.

Example 1.4. Assume m; =7, mg = 11, S; = {5}, and Sy = {503}. It follows
from Theorem 1.3 that

3| h(Q(V7d)), 3| h(Q(V11d)),
ecd(77,d) =1,

f < d: square-free d d
-)=1, =) =0
5 503

3| h(Q(V7d)), 3| h(Q(V11d)),
= §« d : square-free ged(77,d) =1,
d = 1006, 1509 mod 2515

I
3
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where (-/-) denotes the Legendre symbol. On the other hand, assume m; = 7,
mo =11, S_ = {5}, and Sy = {503}. It also follows from Theorem 1.3 that

3| h(Q(VTd)), 3| h(Q(V11d)),
ged(77,d) =1,

f ¢ d : square-free d d = 0.
- )=-1, {—)=0
5 503

These two infinite set are mutually disjoint. By taking various sets S, S_,
and Sy, we can find many infinite families for given integers mq, ma.

This paper is organized as follows. In Section 2, we construct pairs of such
quadratic fields explicitly and explain a key theorem (Theorem 2.1). Theorem 1.3
follows from this. In Section 3, we give a proof of Theorem 2.1. In Section 4, we
discuss one further question.

2. Construction

We obtain Theorem 1.3 by constructing infinite families explicitly. The details are
as follows.

Let m; and ms be distinct square-free integers (including 1) and let S;, S_,
and Sy be mutually disjoint finite sets of prime numbers not containing prime
factors of 6mimso. We denote by £ the set of all prime numbers [ which are inert
in the extension Q(+4/2)/Q and satisfy the condition

()= (7) -

We can show that £ is an infinite set not containing 2 and 3 by using the Cheb-
otarev density theorem (cf. [15, Lemma 1.1]). Fix I € £\ (S4 US_ U Sp). We take
integers n; and ns satisfying the following conditions: for each i = 1, 2,

7

~ J0mod 9 if m,; # 0 mod 3,

_{0m0d3 if m; = 0 mod 3,
mm?zlmodl7

n; =0mod n? forallne S, US_ USy,

n; = 4 mod 8.

There exist such integers n; by the Chinese remainder theorem. Put r; := mmz2

and 7 := ryry, where i = 1, 2. Note that r; £ r5. Since n; = 4 mod 8 holds, r; and
r are even. Let P be the set of prime numbers defined by

P:={p:prime|p¢&{2,3} US; US_USyand p|r(r—1)(r1 —ra)}.

The set P is not empty. In fact,  is contained in P because of I | (r — 1) and
1¢{2,3US; US_USy. Let Q be the subset of P defined by

Q :={q: prime | ¢ # 2,3 and ¢ | myma}.
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We treat the set @ including the case where @ is empty. We denote by T the set
of integers t satisfying the following conditions:

(i) t=—-1mod!,

(i) t =6 Hneso 1 mod 8 - 27 HneSo n3,

(iii) For n € S4,
(2t> =1 if 3{mima,
n

2t/
() =1 if3 | mima,
n

(iv) Forne S_,

2
(;) = -1 if 3J(m1m2,

2t/
() =-1 if3 | mimsa,
Ui

(v) t£ri,romodp forallpe P,
(vi) 2t Z3(r1 +r2) mod g for all g € Q,
where t’ is an integer with ¢ = 3t’. The set T is infinite by the Chinese remainder

theorem. Define three subsets of T as follows. For the case where r; > 0 and
ro > 0, let

T = {t eT ‘ t> gMaX{Tlvm}}

and
Ty :={t € T |t < Max{ry,r2}}.

For r < 0, let
Tg::{t€T|t>t0},

where t( is a real number such that to > Max{ry,ro} and 2§ — 3(ry + 72)t3 +
6rto — r(r1 + r2) = 0. Note that the real number ¢y is uniquely determined (see
the proof of Theorem 2.1 (5)) and T3, T, T3 are also infinite. Define

1
Dy, (X) := 2—7(3)(2 +r){2X3 = 3(r1 +12) X%+ 6rX —r(ry +19)}.

Since 3 | t and r; = m;n? = 0 mod 27 hold, we have 3t*> +r = 0 mod 27. Then,
D, »,(t) is an integer for any t € T. Let F(S) denote the family {Q(+/Dy, r, (%)) |
t € S} for a subset S of T. For a prime number p and an integer a, we denote by
vp(a) the greatest exponent n such that p™ | a. Concerning D, ,,(t), the following
theorem holds.

Theorem 2.1. Let my and mo be distinct square-free integers (including 1) and
let Sy, S_, and Sy be mutually disjoint finite sets of prime numbers not containing
prime factors of 6mims. Then, we have the following:
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(1) ged(mymg/2v2(mamz)gustmms) p (1)) = 1.
(2-1) When ged(mima,6) = 1, every prime numbern € Sy splits in Q(y/ Dy v, (1)),
every prime number n € S_ is inert in Q(\/Dy, r,(t)), and every prime num-
ber n € Sy is ramified in Q(y/ Dy, r,(t)).
(2-2) When 3 | mimsg and 2 1 myima, every prime number n € Sy splits in
Q(v/Dy, r,(t)/33), every prime numbern € S_ is inert in Q(\/Dy, +, (t)/3%),
and every prime number 1 € Sy is ramified in Q(y/ Dy, r,(t)/33).

(2-3) When 3 ¥ myme and 2 | myma, every prime number n € Sy splits in
Q(+v/Dr, +,(t)/25), every prime numbern € S_ is inert in Q(v/Dy, +, (t)/29),
and every prime number nn € Sy is ramified in Q(\/ Dy, r,(t)/26).

(2-4) When 6 | mimaq, every prime number n € Sy splits in Q(+/ Dy, r,(t)/263%),
every prime number n € S_ is inert in Q(\/Dy, r,(t)/2633), and every prime
number n € Sy is ramified in Q(\/ Dy, r,(t)/2633).

(3) 3| h(Q(y/m1Dy, 1, (1)) and 3| h(Q(v/maDy, v, (t))) for anyt € T.

(4) If my and mqo are positive and t € Ty (resp. t € T3), then the quadratic
fields Q(\/m1 Dy, vy (t)) and Q(y/maD,, r,(t)) are both real (resp. both ima-
ginary).

(5) If ma <0 <mq andt € T3, then Dy, ,,(t) is positive. In this case, the quad-
ratic field Q(v/m1Dy, +,(t)) is real and the quadratic field Q(\/maDy, v, (t))
18 1Maginary.

(6) The families F(T1), F(T2), and F(T3) each include infinitely many quadratic
fields.

Theorem 1.3 follows from this. The details are as follows.
When ged(mime, 6) = 1, we see from Theorem 2.1 (1) that

ged(myima, Dy, (2)) = 1.
By Theorem 2.1 (2-1), (3), (4), (5), (6), we can take d as the square-free part
of Dy, r, (2).

When 3 | myms and 2 t mymeg, it follows from the congruence relations on 71,
ro and ¢ that v3(D;, ,,(t)) = 3. Then,

Q(y/miDy, 1, (1)) = Q( ”;’733“)>

when 3 | m; and

Qf miDrlﬁrz(t))=@< 3m'w>

(2 33

when 3 m;. Put m/ := m;/3 (resp. m/ := 3m;) when 3 | m; (resp. 3 1 m;). By
Theorem 2.1 (1), we have

ged(miymly, Dy, 1y (t)/3%) = ged(mymg/3v20™m2) D (1)) = 1.
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Since Q(\/m/ Dy, ., (t)/3%) = Q(y/m; Dy, 1, (t)) holds, it follows from Theorem 2.1
(3) that the class number of the quadratic field Q(/m/D,, ,,(t)/3?) is divisible
by 3. By Theorem 2.1 (2-2), every prime number € S splits in Q(y/ Dy, »,(t)/33),
every prime number 1 € S_ is inert in Q(/D;, », (t)/3%), and every prime number
n € Sy is ramified in Q(y/Dy, ,,(t)/33). Then, we can take d as the square-free
part of D, ,,(t)/3 for given integers m/ because of Theorem 2.1 (4), (5), (6).

When 3t mimg and 2 | myma, it follows from the congruence relations on 1,
ro and ¢ that va(Dy, r, (t)) = 6. Then,

Q( miDm,m(t)):Q( mZD“;;(t)>

By Theorem 2.1 (1), we see

ged(myima, Dy 1y (t)/26) = g(:d(mlmg/2"2(mlm"‘)7 Dy, .y (t) =1.

Since Q(y/m; Dy, 1, (t))= Q(\/m;Dy, r,(t)/25) holds, it follows from Theorem 2.1
(3) that the class number of the quadratic field Q(+/m;Dy, r,(t)/2) is divisible
by 3. By Theorem 2.1 (2-3), every prime number € S, splits in Q(y/ Dy, »,(t)/25),
every prime number 1 € S_ is inert in Q(\/D;, », (t)/2%), and every prime number
n € Sy is ramified in Q(y/Dy, ,,(t)/25). Then, we can take d as the square-free
part of D, ,,(t)/2° because of Theorem 2.1 (4), (5), (6).

When 6 | myma, it follows from the congruence relations on 71 , o and ¢ that

i D7'1,7'2 t
Q( miDrl,rz(t)):Q( 732633()>

when 3 | m; and

Qf miDn,m(ﬂ):@( Smiw>

2633

when 3 m;. Put m/ := m;/3 (resp. m. := 3m;) when 3 | m; (resp. 3 1 m;). By
Theorem 2.1 (1), we see

ged(m)mb, Dy, 1y (1)/263%) = ged(mymy /202 (mim2)gustmima) ' (1)) =1,

Since Q(\/m}Dy, r,(t)/2533) = Q(\/miDy, s, (t)) holds, it follows from Theo-
rem 2.1 (3) that the class number of the quadratic field Q(v/m/D,, ,,(t)/2033)
is divisible by 3. By Theorem 2.1 (2-4), every prime number n € S, splits in
Q(+v/Dy, r,(t)/2533), every prime number n € S_ is inert in Q(\/D,, r,(t)/2633),
and every prime number 7 € Sy is ramified in Q(\/ Dy, r,(t)/263%). Then, we can
take d as the square-free part of D, ,.,(t)/2°3% for given integers m/ because of
Theorem 2.1 (4), (5), (6).
We will give a proof of Theorem 2.1 in the next section.
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3. Proof of Theorem 2.1

3.1. Proof of Theorem 2.1 (1)

We write the statement of Theorem 2.1 (1) again here.

Theorem 3.1 (Theorem 2.1 (1)). We have
ged(mymg/2umimalgualmime) p (1)) =1,

Proof. When m1m2/2”2(m1m2)3”3(m1m2) = =+1, the statement holds true. Then,
we treat the case m1m2/2”2(m1m2)3”3(m1m2) # +1. Assume

ged(mymg /202 (mim2)gustmama) p (1)) £

For every prime number p with p | ged(mymg/2v2(mim2)gvstmimz) p (1)), we
have 27D,, ,,(t) = 0 mod p and r = 0 mod p. Then,

27DT177’2 (t) = 3t4(2t — 3(7’1 + 7‘2)) = 0 mod p-

We see from p # 2,3 that p € @ C P. By the definition of ¢, we have 2t #
3(r1 + r2) mod p. Therefore, 27D, ,,(t) = 0 mod p implies p | t. On the other
hand, it follows from mmgy/2v2(M1m2)3vs(mim2) = () mod p that p | my or p | my.
Then,

t=m; =0mod p or t = mo = 0 mod p,
that is,
t=r; =0mod p or t =1 =0 mod p.
This is a contradiction by the definition of . |

3.2. Proof of Theorem 2.1 (2)
We write the statement of Theorem 2.1 (2) again here.

Theorem 3.2 (Theorem 2.1 (2)).

(2-1) When ged(mimaq,6) = 1, every prime numbern € Sy splits in Q(\/Dy, r, (t)),
every prime number n € S_ is inert in Q(\/Dy, »,(t)), and every prime num-
ber n € Sy is ramified in Q(\/ Dy, r,(t)).

(2-2) When 3 | mimg and 2 1 mima, every prime number n € Sy splits in
Q(v/Dy, r,(t)/33), every prime numbern € S_ is inert in Q(\/Dy, .+, (t)/3%),
and every prime number nn € Sy is ramified in Q(\/ Dy, ,,(t)/33).

(2-3) When 3 + mymso and 2 | myimsa, every prime number n € S, splits in
Q(v/Dr, r,(t)/25), every prime numbern € S_ is inert in Q(v/Dy, », (t)/26),
and every prime number 1 € Sy is ramified in Q(y/ Dy, r,(t)/26).

(2-4) When 6 | mymae, every prime number n € Sy splits in Q(\/ Dy, r,(t)/2533),
every prime number n € S_ is inert in Q(\/Dy, ,,(t)/2533), and every prime

number n € Sy is ramified in Q(\/ Dy, r,(t)/2533).
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Proof. When n € Sy, we see that v,(Dy, r,(t)) = 5. Then, n is ramified in
Q(+v/ Dy, 1, (). It follows from 7 # 2, 3 that 7 is also ramified in Q(/D;, , (t)/3?),

Q(v/Dry 1, (£)/2°), and Q(\/ Dy, ., (£)/203%).

When n € Sy US_, we have
Dy, 1y (t) = 2t mod 1.

We see

<D”17;2(t)) = <%7t) =1 (resp. —1) if ne S, (resp.neS_)

for the case where ged(mimse,6) =1,
D, . (t)/3° 2t/
(12()/> = () =1 (resp. —1) if ne Sy (resp.ne S-)
n n
for the case where 3 | mymsg and 24 myma,
Dy, ,(t)/2° 2t
(”72()/) = () =1 (resp. —1) if neS; (resp.neS-)
n n
for the case where 3t mimsy and 2 | myma,
Dy, (t)/2033 2t/
(12(77)/) = <77> =1 (resp. —1) if ne Sy (resp.neS_)

for the case where 6 | mymsg. This implies that every prime number 7 € S splits
in Q(v/Dry .y (1), Q(/Dry s (8)/3%), Q(\/Dry iy (£)/25), Q(y/ Dy ry (8)/203%),
and every prime n € S_ is inert in Q(\/Dr, (1)), Q(/Dr r,(t)/33),
Q(v/Dr, 1, (£)/2°), Q(\/ Dy iy (£)/2°3°). =

3.3. Proof of Theorem 2.1 (3)

We write the statement of Theorem 2.1 (3) again here.

Theorem 3.3 (Theorem 2.1 (3)). We have 3 | h(Q(y/mi1D;, (%)) and

3| h(Q(v/m2Dy, vy (t))) for anyt € T.

We prove this theorem by constructing an explicit cubic polynomial which
gives an unramified cyclic cubic extension of a quadratic field. We use a result of
P. Llorente and E. Nart [17]. In Section 3.3.1, we explain their result [17] and show
how to apply this to our case. In Section 3.3.2, we give such cubic polynomials and
a proof of Theorem 2.1 (3).
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3.3.1. Preparation

Let f(Z) be an irreducible cubic polynomial of the form f(Z) = Z3 —aZ — 8
for o, 8 € Z. We denote by K the minimal splitting field of f(Z) over Q. Then,
ky := Q(\/4a3 — 27/32) is contained in K. Let 6 be a root of f(Z). If we have
vp(a) = 2 and vp(B) > 3 for a prime number p, then 6/p is a root of h(Z) :=
Z3 —(a/p*)Z — (B8/p?). The polynomial h(Z) is also irreducible over Q, and we see
K; = Ky, ky = ky. Then, we can assume v,(a) < 2 or v,(8) < 3 for each prime
number p. Put K := Q(#), a cubic field. We denote by p, g, v the prime ideals of
K over p. On the decomposition of prime numbers in a cubic field, P. Llorente and
E. Nart [17] showed the following.

Proposition 3.4 (Llorente and Nart, [17, Theorem 1]|). The primes of Q
decompose in K as follows:

(1) If p # 3, then (p) = p, pq, par, pg? if and only if the condition 1 < v,(B) <
vp(a) is not satisfied. Otherwise, (p) = p3.
(2) If p=3, a=3mod 9, and 32 = a + 1 mod 27, then (p) = p, pq, pqr, pq>.

Assume that 4o — 2732 is not a square, that is, kf # Q. Then, (p) # p® in K
if and only if the prime ideals of ky over p are unramified in the extension Ky /ky.
Because of this, we can rewrite Proposition 3.4 as follows.

Proposition 3.5.

(1) If p # 3, then the prime ideals of ky over p are unramified in the extension
Ky /ky if and only if the condition 1 < v,(8) < vp(a) is not satisfied.

(2) Ifp=3, a=3mod 9, and 3> = o+ 1 mod 27, then the prime ideals of k¢
over 3 are unramified in the extension Ky /ky.

We use this proposition in the next section.

3.3.2. Proof of Theorem 2.1 (3)

Now, we treat our case. For a fixed t € T, put u := t3 + 3rt, w := 3t2 + r,
a:=u—mrw,b:=u—row, and ¢ := t?> — 7. Then, u, w, a, b, and c are integers

such that
(t£Vr)? =uxwy/r

and
roa’ — rib? = (rg —r1)c>.

We take a = 3¢, 8 = 2a, 2b and define
[1(2) = 7% - 3¢Z — 2a, f2(2) = 7% — 3¢Z — 2b.

It follows from 7; = 1mod ! (i = 1, 2) and t = —1 mod [ that a = b = —8 mod !
and ¢ = 0 mod [. Then, fi(Z) = Z3 + 16 mod [ for each i € {1,2}. Since [ is inert
in the extension Q(4/2)/Q, the polynomial Z3 — 2 is irreducible over F;, and so is
Z3 + 16. Therefore, f1(Z), f2(Z) are irreducible over F;, and hence also over Q.
We need the following lemma.
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Lemma 3.6. We have

ged(ab, ¢) = 2¢ - 3¢ H nn
nESLUS_US,

for some integers e, €', and e,;.

Proof. Since t and 7 are even, the integer ¢ = t? — r is also even. It follows from
2 | w and 2 | w that the integer ab is also even. Then, 2 | ged(ab, c). Let p be an
odd prime divisor of ged(ab, ¢). Since p divides ¢ = 2 — r, we have t? = r mod p.
We see from p | ab that

0=ab= (u—rw)(u—row) = 16t*(t —r)(t — ry) mod p.

Then, (i) p | ¢ or (ii) t = r1 mod p or (iii) ¢ = ro mod p. First, we treat Case(i).
Since t = t2 = r = 0 mod p holds, we have p | r. Then, p | r1 or p | 72, that is,
t =11 mod p or t = 73 mod p. This implies p & P, that is, p € {3} USL US_US,.
Secondly, we treat Case(ii). We see from

2 =r=ryry mod p

i

that p | r1(ry — 7o), that is, p | vy or p | 11 — ro. If p | r1, then p | 7. Since
t = r1 mod p holds, we have p ¢ P. Then, p € {3} U S US_USy. If p | r —ra,
then p € PU {3} US; US_USy. Since t = r; mod p, we see p ¢ P. Then,
p € {3} USL US_USp. Finally, we treat Case(iii). By

r% t? =7 =ryry mod 0,

we have p | ro(re —r1), that is, p | ro or p | ro — 1. If p | 72, then p | . We see
from t = ry mod p that p ¢ P, that is, p € {3} US; US_USy. If p| ro —ry, then
t = ro = r; mod p, that is, t = r1 mod p. This case can result in Case(ii), and then
pe{3lUSLUS_USp. [ |

We see from this lemma that

ged(, /) =27-37 [ n

nESLUS_US,

for some integers € and e’. Let 6, ¢, and 0, be the maximal integers such that

o B

€ Z.

26225" 26, ° 9386338/ 35,
2293 HneSJruS,uSOn n 2203 HneS+US,uSOW '
Put
«a 3c
Qo = =
262267 25 263267 26
223 Hnes+us,uso77 no 2293 HnES+uS,USO77 K
and
5 g 2a  (resp. 2b)
0= 5353307 35, — 930330’ 35,
2293 Hnes+us,uso77 r 2993 Hnes+us,uso77 7
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Define h;(Z) := Z3 — apZ — By, where i = 1, 2. Then, v,(cg) < 2 or v,(Bp) < 3 for
each prime number p, the polynomials h;(Z) are also irreducible over Q, Ky, =
Ky, and ky, = kp,. Note that

4(3¢)® — 27(2a)?, 4(3¢) — 27(20)? = 54%r; D, 1, (t) = (541;)*m; Dy, 1y (1)

Then, ky, = kn, = Q(y/m;Dy, r,(t)). It follows from Theorem 2.1 (2-1), (2-2),
(2-3), (2-4) that every prime number n € Sy is ramified in ks, = kp,. Then,
kn, # Q. Our situation satisfies the assumption of Proposition 3.5. By using this
proposition, we show the following lemma.

Lemma 3.7. The cyclic cubic extensions Ky, [kn, are both everywhere unramified
at finite places, where i =1, 2.

Proof. When n ¢ {2,3} US, US_USp, the condition 1 < v,(8o) < vy,(a) is not
satisfied. By Proposition 3.5 (1), the prime ideals of kp, over n are unramified in
the extension Kp, /knp,.

When 7 = 2, we have v2(2a) = v2(2b) = 4 and v2(3¢) = 2. Then, § = 1 and the
condition 1 < v2(By) < va() is not satisfied. By Proposition 3.5 (1), the prime
ideals of kj,, over 2 are unramified in the extension Ky, /kp, .

When n € S; US_, we have 3¢ = 3t? # 0 mod 7. Then, §,, = 0 and v, (ag) = 0.
This implies that the condition 1 < v,(8o) < vy(ao) is not satisfied. By Proposi-
tion 3.5 (1), the prime ideals of kp, over 1 are unramified in the extension Ky, /kp,.

When n € Sy, we have v,(2a) = v,(2b) = 3 and v,(3¢c) = 2. Then, §, =1
and the condition 1 < v, (8o) < vy(ap) is not satisfied. By Proposition 3.5 (1), the
prime ideals of kp, over n are unramified in the extension Kj, /kp,.

When n = 3, we see v3(3¢) = 3. By the definition of a and b, we have v3(2a) =

v3(2b) = 3. Then, ¢’ = 1. Put ¢, := . By the definition of ¢, we see

61_[77650 77
t; = £1 mod 9 and 3 = 41 mod 27. Since
2
o s 5 =3t =3 mod 27

S HnESU n? 6 Hneso n”

and
_ 2a (resp. 2b) 2t3

e Hneso » = 63 Hneso PE

hold, we have 82 = ag + 1 mod 27. By Proposition 3.5 (2), the prime ideals of kj,
over 3 are unramified in the extension Kp, /kp,. |

Bo = 2t} = £2 mod 27

Lemma 3.7 implies that 3 | h(kp,). The proof of Theorem 2.1 (3) is completed.

3.4. Proof of Theorem 2.1 (4), (5)

We write the statement of Theorem 2.1 (4), (5) again here.
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Theorem 3.8 (Theorem 2.1 (4), (5)).

(1) If my and ms are positive and t € Ty (resp. t € Ty), then the quadratic fields
Q(v/mi1Dy, r, (1)) and Q(v/maDy, r,(t)) are both real (resp. both imaginary).
(2) If me <0 <mq andt € Ts, then D, ., (t) is positive. In this case, the quad-

ratic field Q(\/m1 Dy, r,(t)) is real and the quadratic field Q(\/maDy, r,(t))
18 1maginary.

Proof. Define
Grire (X) == 2X3 — 3(r1 + 7"2)X2 +6rX —r(ry +r2).

We can show this theorem in a way similar to [10, Lemma 2.11]. For the convenience
of the reader, we write this here.

1
(1) We may assume my > ma. Since 2—(3t2—|—7“) is positive, the sign of D, ,,(t)

coincides with that of g,, ., (¢). The derivative of g,, ., (X) is
g;“l,m (X) = G(X - 7'1)(X — 7‘2).

We see

Gry,ro (TQ) = —7‘2(7‘1 - T2)2 < 0.

Then, ¢, ,(X) = 0 has only one real root. This root is larger than
r1 = max{ri,r2}. Because of this, if ¢ € T, then g,, ,,(t) is negative, that is,
D, r,(t) is negative. We have

1
9ri,re (3T1/2) = ET1T2(5T1 — 47“2) > 0.

Since gy, r,(X) is monotonically increasing for X > r; = max{ry,r2}, we obtain
Gry,ry(t) > 0 when ¢ > 3r/2 = 3max{ri,r2}/2. Then, D, ,,(t) is positive if
te .

(2) We see

(X) == G(X - Tl)(X - 7'2).

g’:‘l,Tg
Since gy, r,(r1) = —ri(r — 12)? s negative and g, ,,(r)) = —ra(rs — r1)? is
positive, there exists only one real number tg such that ¢y > 71 = max{ry,r2} and
Grima(to) = 0. If t > /—r/3, then 3t + r > 0. Therefore, D, ,,(t) is positive

when ¢ > max{to, \/—r/3}. Here, max{to, \/—r/3} = ty. In fact, we see from

I\ \ 737 ) T 37\ 73

that tg > /—7/3. Then, D,, ,,(t) is positive if ¢t € T5. |
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3.5. Proof of Theorem 2.1 (6)
We write the statement of Theorem 2.1 (6) again here.

Theorem 3.9 (Theorem 2.1 (6)). The families F(T1), F(T2), and F(Ts) each
include infinitely many quadratic fields.

Proof. Assume S is a non-empty subset of T; such that F(.5) is finite, where i = 1,
2, 3. We will show that we can choose ag from T; such that F(S) C F(SU{ao}).
The choice of ag is as follows. Let Mg be the composite field of all quadratic fields
which belong to F(S) and let Ps be the set of prime numbers ramifying in Mg/Q.
Note that Sy C Ps and the set Pg is finite. Define P := PUPsU S US_U{2,3}.

—r/3
There exists at least one prime number ¢; ¢ P such that <(/)> = 1. We
fix such a prime number ¢;. Then, there exists at least one integer = such that

322 4+ r =0 mod q;. We fix such an integer x. Define

x if 322 +r #£0 mod ¢}
zo =
0 r4+q if 322 +r=0 mod ¢

When zy = z, we have

=0 mod q;

32 +r=32%+r
0 # 0 mod ¢3.

When z¢ = = + g1, we see

=322 +7r=0 mod
303+ = (307 + 1) + (6q1 + 3¢?) ) n ,

= (32* + 1) + 6¢1x = 6¢g12 mod g7.
If ¢ | 323 + r, we have ¢ | 62. Since ¢1 & {2, 3} holds, we see g1 | z. Then, g | 7
by 322 + 7 = 0 mod ¢3. This is a contradiction. Therefore, vy, (322 + ) = 1. Since

(22 — 3(r1 +72)) (322 + rir) + 167 702 = 39ry ry ()

holds, we have
39r1 .2 (®0) = 16717270 mod q;.

Assume ¢, r,(z0) = 0mod ¢1. We have ¢; | 16r1722¢. It follows from ¢; &€ P
that q; | ¢. Since 323 + r = 0 mod ¢; holds, we have ¢; | r, a contradiction.
Then, g, r, (7o) Z 0 mod g;. We see from v, (1/27) = 0, vy, (322 +7) = 1, and
Vgy (gr1,m0 (20)) = 0 that vy, (Dy, r, (z0)) = 1. It follows from

q1 ¢PU{2,3}US+US_USOC’P

and the Chinese remainder theorem that there exists ag € T; such that ag =
xo mod ¢7. Then,
DTlﬂ“z (ao) = Dm,m (1'0) =0 mod q1
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and
D, r,(a0) = Dy, r,(z0) 0 mod Q.

This implies ¢; ramifies in Q(\/D,, r,(a0))/Q and so in Mg(y/Dy, r,(a0))/Q. By

the assumption ¢; & Pg, this implies
MS ,C«_ MS( D'f’l,Tz(aO))7

that is,
F(8) € F(SU{ao}).

The family F(S U {ao}) is also finite. Repeating this, we can construct an infinite
increasing sequence of subsets S; of T; such that

F(8) S F(51) & F(S2) & -+,

where j € Nand S C S; C So C ---. This implies § F(T;) = oo. [ |

4. Further discussion

As seen in Section 1, lower bounds of the number of quadratic fields with class
number divisible by 3 are investigated. We can raise the following question natu-
rally.

Question 4.1. Let m; and my be distinct square-free integers (including 1) and
let Sy, S_, and Sy be mutually disjoint finite sets of prime numbers not contain-
ing prime factors of 6mimy. Estimate the number of quadratic fields Q(\/d) with
bounded discriminant which satisfy the following conditions:

(1) ged(mima,d) =1,

1) every prime number n € S4 splits in Q(\/a),

2) every prime number n € S_ is inert in Q(v/d),
3) every prime number n € Sy is ramified in Q(\/d),
3) 3| h(Q(vrmd)) and 3 | h(Q(vmad)).

(2-
(2-
(2-
(
We end by making an observation about this. Let N(X) be the number of
such square-free integers d with |d| < X, where X is a real number. For given

integers my, mg and sets Sy, S_, Sy, we fix [, ny, ng, that is, r1, ro. It follows
from Theorem 1.3, the definition of ¢, and the Chinese remainder theorem that

N(X) > HQ(\/ Dy, .y (1)) [t €T, [Dry iy (1) < X}
> H{Q(y/ Dry.ry (1) [ = Amod B, Dy, r,(t)] < X}

for any sufficiently large X, where A and B are some integers. We note that at
least
#{tcZ|t=Amod B, |D,, ()] < X} > X'/°
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for any sufficiently large X since the degree of D, ,(t) is 5. If the number of
integers t such that Q(v/d) = Q(y/Dy, ., (1)), t = Amod B, and |D,, ,,(t)] < X
is relatively small for any fixed square-free integer d, we can obtain a lower bound
of N(X) by using the above equation. We do not know whether this assumption
holds true or not.

We hope that Question 4.1 will be solved because it also might lead to estimat-
ing of the number of quadratic fields with the class number divisible by 3 under
other conditions.
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