Functiones et Approximatio
58.2 (2018), 177-186
doi: 10.7169/facm/1667

ON THE ARITHMETIC OF TRANSLATED MONOMIAL MAPS

MOUNIR HAJLI

Abstract: Inspired by the work of Silverman on the geometry and the arithmetic of monomial
maps and also on the translated maps on Abelian varieties, we generalize his results to the case
of the translated monomial maps.
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1. Introduction

Let ¢ : PNV ——5 PV be a dominant rational map. The dynamical degree of ¢ is
defined by

5, = lim (deg(2™))/".

n—oo

It is conjectured that 4, is an algebraic integer. Let Z (¢) be the indeterminacy
locus of ¢. For z € PY(Q), O,(x) denotes the orbit of z under . We set the
notation

P (@), = {z € PY(Q)| Op(2) N Z(p) = 0}.

Let
h:PM(Q) — [0,00)

denote the usual Weil height; see, for example, [1], [3], [4] ,[5], [6] for definitions
and basic properties of h.
Throughout this paper, we denote by * the multiplication law in GY (Q), that is,

if a=(ay,...,an),8=(B1,...,8~8) € GN(Q), we set ax B = (a151,...,anBN)-

If c=(c1,...,cn) € ZN, we denote a® = Hfil agt.
We denote by Mat(Z) the set of N x N matrices with integer coefficients and
non-zero determinant. To A = (a;;) € Mat{(Z) and a = (oq,...,an) € GY(Q),

we associate a dominant map on G (Q) denoted by ¢4 , and called the translated
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monomial map, that is the map

N N
VA a(z1,...,zn) = (qz™, ... anz®™) = (ay Hmf“, ce QN Hmf”i),
i=1 =1

where a; is the i-th row of A fori =1,... N.
For simplicity, we denote by ¢ the map w4 (1,... 1)
By induction, we have for any n > 2 and any = = (z1,...,zx) € GY(Q)

n—1 (k) a(n) nfla(lc) (l(n)

QOAl,a(x) = (@A,a 0:-+0 @A,a)(x) = (alazkzl “ Tt 3. _7aNaZk:1 N xN )7
—_—

n times

(1)
with al(k) is the i-th row of A* for i =1,..., N and k € N. Then,

Paal®) =P,

; (@) @ (), (2)

The associated rational map ¢4 o : PV --» PV is dominant. We can easily see
that

deg(plh o) = deg(pa),  andthen by, =dp, . 3)

Definition 1.1. Let ¢ : PY --s PV be a dominant rational map defined over Q,
and let z € PV(Q),. The arithmetic degree of ¢ at x is the quantity

1
n

a,(x) = limsup h(p"(x))

n— oo

Let ¢ : PV ——s PV be a dominant rational map of degree d > 2 defined over Q,
we know that

ap(r) < 6y, z € PY(Q),, (4)

(see [7, Proposition 12]).

In the following conjecture, Silverman gives a sufficient condition for equality
in 4.
Conjecture 1.2 ([7, Conjecture 1]). Let ¢ : PNV ——» PV be a dominant rational
map.
(a) The set
{ap(@)|z € PY(Q)}
is a finite set of algebraic numbers. B
(b) Let x € PN(Q) be a point such that Oy (z) is Zariski dense in PN (Q). Then
ay(x) = 0.
The following conjecture is a necessary step toward the definition of a good
notion of canonical height associated to .
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Conjecture 1.3 ([7, Conjecture 2]). Let ¢ : PV --» PN be a dominant rational
map over Q. Then the infimum

deg(¢") )

l, =inf{l > 0| sup < 0o

n>1 nl§$
exists and is an integer satisfying 0 <1, < N.

When ¢ is a monomial map, Favre and Wulcan [2] proved Conjecture 1.3.
Conjecture 1.2 is proved in the case of monomial maps by Silverman in [7, §7].

Under Conjecture 1.3, the canonical height of x € PV (@)w with respect to ¢
is given as follows

~

: 1 n
hy(x) = limsup Wh(go (2)).
©

n—oo

We have (see [7, Proposition 19]),

In [7, p. 649], it is suspected that Ep(x) is finite when 6, > 1. This holds
for monomial maps as shown in |7, Proposition 25]. In the following theorem, we
generalize this result to translated monomial maps.

Theorem 1.4 (see Theorem 2.8). Let A € Mat(Z) with p(A) > 1. We have,
for any x € G (Q), hy, . (%) is finite and o, . (x) is an algebraic integer.

This theorem confirms (b) of Conjecture 1.2 in the case of translated monomial
maps. If 6, = 1, then it is possible to have [, > 1 and Eq,(x) = oo as shown in
[7, Example 17|. In Theorem 2.4, we produce more examples of rational maps ¢
with d, = 1 and [, > 1 but iz\w(a:) = oo for any = € GY(Q). -

A fundamental property of the canonical height for morphisms over Q is that
height zero characterizes points with finite orbits. For any dominant rational maps
¢ with 6, > 1 or I, > 0, we have

x € PrePer(yp) = Ep(a:) =0,

but the converse is not true in general, as noted by Silverman. This leads him to
the following conjecture.

Conjecture 1.5. Let ¢ : ]P’ﬁ --» PN be a dominant rational map with dynamical
degree 6, > 1, let x € IP’N((@)S(J be a point whose orbit O, (x) is Zariski dense in

PN (Q). Then Ea(x) > 0.

When ¢ is a monomial map, then Conjecture 1.5 is true (see [7, Corollary 29]).
We generalize [7, Corollary 29] to the case of translated monomial maps (see
Corollary 2.10).
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2. The arithmetic of translated monomial maps.

The following lemma can be seen as an analogue of [8, Lemma 5].
Lemma 2.1. Let GY(Q) the torus of dimension N over Q, let ¢4 : G} (Q) —
GY(Q) be a monomial map with A € Maty(Z). Let F(X) € Z[X] be a polynomial
such that ppay(z) = (1,...,1),Vz € GN(Q). Suppose that F factors as
F(X) = Fl(X)FQ(X) with Fi, F5 € Z[X] and ng(Fth) =1,
where the ged is computed in Q[X]. Let
G = @Fl(A)G%(@) and G2 = SOFQ(A)G%(©)7

so Gy and Gy are subgroups of GN(Q). Then we have:

(a) GN(Q) = Gy * Gy.
(b) G1 N Gy is finite. More precisely, if we let p = Res(Fy, Fy), then G1 NGy C
GN1pl, where [p] == @p1, and Iy is the unit matriz.

The following map is an isogeny
MGy x Gy — GY(Q), Az, y) =x*y.
Proof. We have
wal(G1) C Gy and va(Ga) C Gs. (5)

These inclusions follow from the following identities p40pp = ap and pa*pp =
¢a+p for A and B two matrices in Mat};(Z) (see [7, p. 659 (9)]).

Gl(X)Fl(X) + GQ(X)FQ(X) =p= res(Fl,FQ).
We have p,1y = ¢r ) * ¢Fc,- This implies
Gm(Q) = 1y (Giy) C Gr#Go. (6)
Let x € G1 NGo, then x = @Fi(A)(xi) for some z; € G; with i = 1,2. We have

o1 () = 06, (a) (Pr,4) (X)) * G, a) (PR, a)(2))
= 0a,(4) (PF (AR 4) (Y) * Pasa) (PR, a)F (4) (7))

= <PG1(A)(<P0($)) * @GQ(A)(%DO(@)
=1.

Then G; NGy C GY[p]. We use (6) to deduce that the map A is onto, and
then to conclude that A is an isogeny. ]
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We can find a pair (a1,a2) € Gp x Gy satisfying Ao, a2) = «, ie.
a1 % g = «a. Since p4 commutes with Fy(p4) and Fa(pa), we write ¢ and
¢ for the restrictions of p 4 to G and to G respectively, and we define maps 3
and 9 as follows

p1:G1 =G pi(x)

o1(x) * ay, (7)
p2: Gy = Ga  pa(y) = d2(y) * aq. (8)
We have, for any x € G; and y € G»

Ao (@1 X @2)(z,y) = M1 (x) * a1, da(y) * az)
= ¢1(z) * a1 * Pa(y) * an
=palxxy) *xa
= Pa,a 0N, Y).

This shows that the following diagram is commutative

A N
G1 X G2 E— Gm

<P1><<,02l l@A,a

G1XG2>\*>G%

Then,
a0 Aar, a2) = Ao (@] X 3)(z,y)  VneN. (9)

Lemma 2.2. Let A EiMatE(Z) and o € GN(Q). We consider the map ©a.o. We
have for any x € G (Q)

o~

hopaa() Shg, (@) +he (@) and  hy, (2) < hgy (1) +hy (). (10)
In particular, TltpAya(x) is finite if and only ifTL@AYa(l) is finite.

pao(1) S g, (T)Fagp, (z71) and W o () S gy o (D) +ag, (2). (11)
Proof. Recall that @E:Zl(x) = Pyntag (a) * pan(x), so @%L(l) = Pyntad (a).
By the definition of Weil height, it is easy to get the following

(% o (1)) < WPl a(@)) + h(pan(@™). (12)

and
h@h,a()) < 7o (1)) + h(pan(2)). (13)

So the inequalities of the lemma follow easily. We know that ﬁg, 4 is finite by
[7, Proposition 25|. Then, h, () is finite if and only if A, , (1) is finite. ]
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Claim 2.3. Fiz r > 1, we have

n—1
Soxk= (”) (X = 1)1+ P, (X) (mod (X —1)"). (14)

-
k=0

with P, »(X) = 2;3 drj(n) X" is a polynomial in Z[X] with d,j(n) = O(n"~1)

forn > 1.

Proof. We have

"
= fj (k " 1) (’;) (—1)*9X7 (mod (X — 1))

(5

i iz (k + 1> <k> (177 (mod (X —1)7). ]

J

In |7, Example 17|, an example of a rational map on P3 is given, satisfying
8, = 1 and l, > 0 but hy, takes an infinite value at a point in P3(Q),. The
following result gives examples of rational maps ¢ with d, = 1 and I/, > 0 but the

canonical height E/, takes infinite values.

Theorem 2.4. Let A € Mat]"{,(Z) and Fy its characteristic polynomial. We sup-
pose that Fa(X) = (X — I)" with r € N>y, Let a € GN(Q). We have for
r € GYN(Q), the canonical height //ipA_a (w) is finite if and only if o(a—ryr—1 () €
GN(Q)tors (equivalently, log |a| € kerc(A —I)"1).

Proof. Using Claim 2.3, we have for any v € Mk,
n—1
n .
S A*log all, = () (4= 1) Vog [lally + Par(4) Tog o],
k=0

If there exists vg € M such that (A—1I)""!log |||, has a positive coordinate,
then we can find a positive constant ¢ such that

n—1
n — k >cn” .
h(@l o(1)) max (07 (kZ_OA log ||04||U>> > cn Yn > 1

vEMK

1By definition, log ||c||+» is the transpose of (log ||a1]|v, - - ., log [[an]lv)-
y i g 1Y g ) ,10g N
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But { = l,, = la which is less than r — 1. Then, by the definition of the

Pa.a
canonical height, we get R

o (1) = o0. (15)
Since Bs@  1s finite ([7, Proposition 25]), and by 10 we conclude that

?MpA,a () =0 Ve GTNH(@) (16)

If (A—TI)""tlog|lall, <0 for any v € Mg. This implies that ©a—ryr-1(a) is
a torsion point in GY (Q). We deduce that the limit

h(e% (1
tim sup - PhalD) (17)
n— o0 n'-
is finite. Then, EPAY& (z) is finite for any x € GY(Q).
]

Remark 2.5. A similar formula can be obtained for an A € Mat} (Z) satisfying

(As — I)T =0 with s € NZQ.

Proposition 2.6. Let A € Mat‘]’\}(Z) and Fa its characteristic polynomial. We

suppose that Fs(1) #0. We have
~ 1

hoao (@) = mﬁw (B * 2 A=D) vz € G (Q), (18)

where B = ¢, . . (a). In particular, the canonical height leﬁa(x) is finite.
We have,
A o (@) = Qg (Bx 0HATD).

and {o, . (z)|z € PY(Q)yp, .} is a finite set of algebraic integers.

Proof. By assumption, we can find 8 € GY(Q) such that ¢a_;(8) = adt(A=1),

n det(A—T
a). Then (p4(2))* ™" = pan_s(8) *
@ an (29HA=DY = 4 (B % 2UA=D) 5 »_;(B). From this, we get two inequalities

In fact we can take 8 = ¢, . (

det(A — Dh(pF) () < (4 (8 2t A=D)) 4 h(p~1), (19)
and
() (8 21A=D)) < det(A — DT () + h(B). (20)

We conclude that
~ 1 ~
h =——h
LPA,C((I.) det(A _ I) <PA(
Using 19 and 20, we deduce

ﬁ*l,det(AfI))' (21)

. n 1
Uy () = hinfolip h(so(A,)a(w))"

= lim sup h(tpff)(ﬂ « xdet(A—I)))% =, (B xdet(A—I)).

n—oo

By [7, Corollary 32|, we conclude the proof of the proposition. [ |
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Corollary 2.7. Let o € GN(Q). Let A € Mat},(Z) whose characteristic polyno-

m

mial is irreducible over Q. Let z € GY.(Q). Then

~

hgyo(x) =0 <= 2 € PrePer(pa.q).

Proof. Let F4 be the characteristic polynomial of A. By assumption, F4 is
irreducible over Q. In particular, Fa(1) # 0. The proof of the corollary follows
from Proposition 2.6 and |7, Corollary 31]. ]

The following theorem gives examples of rational maps satisfying [7, Ques-
tion 18. p.658]

Theorem 2.8. Let A € Mat};(Z) with p(A) > 1. We have, for any x € GN(Q),
hoa () is finite and oy,  (x) is an algebraic integer.

Proof. Let F4 € Z[X] be the characteristic polynomial of A. We write F4(X) =
Fi(X)Fy(X) with F; and F» are two polynomials in Z[X] such that F;(X) =
(X —1)" and Fy(1) #0.

If » = 0, this is Proposition 2.6. We assume that r > 1. Recall the definitions
of 1 and 2 (see 7 and ).

We can show that l,,,l,, <l,, . Since ¢p (4)(¢2) =1 and ©p,4)(¢1) = 1,
we have G; and G are tori, ¢; and ¢ are monomial maps on GG; and G5 respec-
tively. If we denote by A; (resp. As) the associated matrix of ¢1 (resp. ¢2) then
F5(A;) =0 and F1(As2) = 0. By Lemma 2.1, we have

h(@'h o (T xy)) = h(p] (7)) + h(ps(y)) + O(1),  VneN. (23)
Which gives

li —————h(% <l _
s M) S B

lim su
n—oo nla n—>oop P(A)n”

nlea h(es (y))

lWl

By Theorem 2.4 and 13, we have
h(e3(y) = O(n'=*)  forn> 1, (24)

Recall that p(A) > 1, then the second term of previous inequality is zero. For
the first term, this limit is finite by Proposition 2.6. A simple argument shows
that, in fact, we have

l n
ner 6901 N

= lim th (). (25)
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In particular,

nlm 5m
3 Y1
A Ay (26)
Then R R
hpao (@ y) = hy, () < 00
We have
1 1 h(es () o
h(p J(xxy))» = h(p!(z i(l—i— - +01> 27
(halexn)F = hei @) (1+ 72 L +ol) (27)
By 24 and 26, we obtain
lim sup h(4 o (z *y)) = = lim sup h(¢} (x))*. (28)
n—oo n—oo
That is,
Voo (@ xY) =y, (2). (29)
Since ay, (z) is an algebraic integer (see Proposition 2.6), we conclude that
Q. (2) is an algebraic integer for any 2 € GY(Q). [ |

Proposition 2.9. Let a € GY(Q). Let A € Mat{(Z) and pa.. the associated
monomial map. We assume that é,, , > 1. There exist 7(A) a positive integer
and an algebraic subgroup G C GY(Q), with dimension dimG > N — 7(A) such
that

o~

{2 € GX @R, (@) = 0} C G@™ * (910 s, (@) T, (30)

Proof. The proof of the proposition follows easily from |7, Theorem 27] combined
with Proposition 2.6. ]

This proposition has the following corollary,

Corollary 2.10. Let o € GY(Q). Let A € Mat{(Z) and ¢4 the associated
monomial map. We assume that 0,,, > 1. If hy, (x) = 0 then the orbit
O, . (@) is not Zariski dense in G2 (Q).
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