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RIESZ MEANS OF THE EULER TOTIENT FUNCTION

SHOTA INOUE, Isa0 KIiUucHI

Abstract: Let ¢ denote the Euler totient function, defined by id * p where p is the Mdbius
function. We shall consider the k-th Riesz mean of the arithmetical function n/¢(n) for any
positive integer k£ > 2 on the assumption of the Riemann Hypothesis. Our result is a refinement
of Theorem 2 in A. Sankaranarayanan and S. K. Singh [6]. We also improve it upon the assumption
of the Gonek-Hejhal Hypothesis.
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Hypothesis, Gonek-Hejhal Hypothesis.

1. Statement of results

Let s = 0 + it be a complex variable, where o and t are real, and let v be Euler’s
constant. The arithmetical function ¢ denotes the Euler totient function, defined
by ¢(n) = > 4, du(n/d), where pi is the Mobius function. For any positive real
number z (> xp), with o being a sufficiently large positive number, R. Sitara-
machandrarao [7] established the first Riesz mean of n/¢(n) and showed that the
asymptotic relation
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2( 20) - X 55 ) + e
holds with error term Ey(z) = O (x*%). He conjectured that Ey(z) < x~i+t¢

holds for any small fixed positive number €. Recently, the asymptotic formulas for
the general k-th Riesz mean related to the arithmetic function n/¢(n), for any pos-
itive integer k > 2, were studied by A. Sankaranarayanan and S.K. Singh [4]-[6].
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They showed that
1 n n\*
K g (n) (1-2) =eilk)r +cak)logz + calk) + Ei(a)  (1.2)

holds, where the function Ey(x) is the error term. Here the constants ¢y (k), c2(k),

¢(2)¢(3) co(k) =

and c3(k) are given by! ¢; (k) = TDIcE)” and
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respectively. They showed [4] that Ej(z) < 2~ 2+ for any small fixed positive
constant ¢ and that the implied constant is independent of k. Later, they refined
in [5] certain arguments of [4], and with some extra inputs they established the
following result in [5]. Let ¢* be any real number > 10. Then

Ei(z) < 272 (logz) ¥ loglog =
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c

Ep(z) < vy ok

for any positive integer k > 2, where the implied constants are independent of k.
They [6] showed that there exists a computable constant ¢ such that

Ey(x) < v exp _C(logix)él
k (loglog )3

for x > x¢, where zq is a sufficiently large positive number and k is any positive
integer. Furthermore, assuming that the Riemann Hypothesis is true, they showed
that the inequality

Nl=

gmite

(1.3)

holds for any integer k£ > 2 and any small fixed positive constant . Moreover, the
implied constant is independent of k.

Before going into the introduction of our theorem, we denote the function h,,(s)
below (the Euler product (2.2) in Lemma 2.1) defined by
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p p

1 The correct coefficient of c1 (k) is % since the coefficient (29) in [4] was given by

(I(jzfg’), which might be mistyped.
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which is absolutely and uniformly convergent in any compact set in the half-plane
Res> -1+ 2% The purpose of this paper is to consider exact representation of
Ei(z) of the general k-th Riesz mean related to the arithmetical function n/¢(n)
on the assumption that the Riemann Hypothesis is true and all zeros of the Rie-
mann zeta-function {(s) on the critical line are simple. We will prove the following
theorem.

Theorem 1.1. Suppose that the Riemann Hypothesis is true and all the zeros p
on the critical line of the Riemann zeta-function ((s) are simple. Then, for any
positive integers k > 2 and n > log logr , there exists a point T (z* < T <a*+1)
such that

RSV (1.4)

Ep(z) = Yk,n($7T):L'_% +0 <x_1+\/1§? ( Viogx 1))

with an absolute constant C' > 0, where

Yin(z,T) :=Re > g<+ )CCLHW)C((2"—3-2n—f)+z'2w)

0o Sir 2 ¢ (3+1)
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Remark 1.1. The inequality (1.3) implies Y} ,,(z,T) < k~'2° for any fixed small
positive constant €. Based on this observation we conjecture that the estimate
Ep(z) < x~1 holds. In fact, if the finite sum Yy n(z,T) is estimated by O(1), then
the estimate Ej(z) < =~ 1 holds.

We make use of the Gonek-Hejhal Hypothesis (S. M. Gonek [1] and D. Hejhal [2]
independently conjectured), namely

T AT) =) |CI(1)|2/\AT(IogT)(’\_1)2 (1.5)

o<y<LT

for real numbers A < 2 to improve the error term Ej(z) (Theorem 2 (conditional)
in [6]). Then we have the following theorem.

Theorem 1.2. Suppose that the Riemann Hypothesis and the Gonek-Hejhal Hy-
pothesis are true and all the zeros p on the critical line of the Riemann zeta-

function ((s) are simple. Then the estimate Ey(x) = O (x_%) holds for any pos-

itive integer k > 2

In what follows, € denotes any arbitrarily small positive number, not necessarily
the same ones at each occurrence.
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2. Some lemmas

In order to prove Theorems 1.1 and 1.2, we shall prepare three lemmas. We denote
the function F(s) defined by

> s

2 S

for Re s > 1. Then the product representation of F'(s) gives the following formula.

Lemma 2.1. For any positive integer n > 2 and Re s > 1, we have

Mhn(s) (2.1)

F(s) =((s)¢(s+1) ((25+2)

with

B (s) i= 1 S (=)~ — 1 2.2
n(s): H * Z p2s+en (1 _ l) ’ (2.2)

1
p m=1 pms+m+1 (1 - 5)

where hy,(8) is absolutely and uniformly convergent in any compact set in the half-
plane Re s > —1 + 2%

Proof. We use induction on n. The lemma is true for n = 2 which is Lemma 3.1
in [4]. Now, we assume that the statement (2.1) holds for 2,3,...,n — 1. The
induction assumption tells us
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Using the induction hypothesis, for Re s > 1, we have
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Now, we find that
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holds. Substituting this into the above result we obtain the identity (2.1). |

Lemma 2.2. Let © be any sufficiently large real number and let 6 = 1/+/logx.

For any positive integer n(> lo’i)(gléé) > 8), we have
) C
hn(—=14 0 +it) < exp 5 (2.3)

with an absolute constant C > 0.

Proof. We use (2.2) and the prime number theorem m(u) ~ logu for any positive

number u > 2 to estimate an upper bound for the function h,,(—1+ 0 +it) for any

log(1/6) g

oz ), namely

positive integer n(>

on
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P m=1

< 1;[ (H (p— 1)1;05 - 1)) - (zp:log (H (p— 1)1175 - 1)))
< exp (Czp11+5> = exp (C’(l +9) /200 Zg(ibgdu)

e du C
1 - =
< exp <C( +5)/2 u1+5logu> <<exp<5)

with an absolute constant C' > 0. This completes the proof of Lemma 2.2. |
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Lemma 2.3. Assume that the Riemann Hypothesis is true. Then there exists
a point t € [T, T + 1] such that

1
it t* d — <t
C(o+it) < an RCE=) <

for every o (1/2 < 0 < 2) and any sufficiently large real number T > 0.

Proof. The first and second terms of this lemma are given by (14.2.5), (14.14.1)
and (14.16.2) in E. C. Titchmarsh [8], respectively. |

3. Proof of Theorem 1.1

Proof. Suppose that the Riemann Hypothesis is true, and all the zeros p on the
critical line of the Riemann zeta-function ((s) are simple. Let = be any sufficiently

large real number and let 6 = 1/y/logz. Assume that there exists a T satisfying

the condition 2* < T < z* + 1. We set any positive integer n (> % > 8). We

make use of Lemma 2.1 with

¢@ms +2m)
C(2s+2)

and (5.19) in H. Montgomery and R. C. Vaughan [3] with ¢ := 1+ -2~ to obtain

logz
()

F(s) = ((s)¢(s +1) hin ()

<z
1 oo+iT 5 ot
= — F(s ds+ O (2T~ "7¢). 3.1
270 J oo it ( )s(s+1)(s—|—2)~--(s—|—k) ( ) (3.1)
Now, we move the line of integration to Re s = —1+ 4. In the rectangular contour

formed by the line segments joining the points og — i1, o9 + i1, —1 + 0 + iT,
—1+6 — 4T, and og — iT in the counter-clockwise sense, we observe that s = 1
is a simple pole, s = 0 is a double pole, and s = —% + i3 is a simple pole of the
integrand. Thus, we get the main term from the sum of the residue coming from
the poles s =1, s =0, and s = f% +i3. That is,

1 oo+iT e
27”'/00_@ F(S)s(s—l-1)(5+2)...(5+k)d8 (3.2)

1 oo+iT _145+iT _146—4T 8
_ L + / + / F(s) ds
2mi /1+6+iT —145—iT oo—iT s(s+1)---(s+k)

:L.s

+ Res (F(S)s(s+1)-~(s+k)) + Res <F(8)s(s+1)g~ci(s+k)>

t > Re (For e oTm)

o< |v|<T
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The last two terms on the right-hand side of (3.2) were evaluated by A. Sankara-
narayanan and S. K. Singh [4], who have shown that

¥ . ¢(2)¢(3)
Res (F<S)s(s+1)~~(s+k)> ICEEON
and
Res (F(s)s(s+1)---(s+k)>
1 lo
=50 logx+szfy logQW;p(pg_pl)

Jj= 1

which denote the first and second terms of the above defined by ¢q(k)x and
co(k)log x + c3(k), respectively. Furthermore, we have

xS

Res F(s
0<|7|<Ts_2+i;’< ( )S(5+1)(S+k)>

= 3. ). (1 v\ ¢(@r =322 +i2nly)
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0<y<T

i X
2
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3
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4 2) (=34 G+iHE+id) - (k—-34i2)

Let T > Ty, where Ty is a sufficiently large real number. Using (2.3), the second
term (the left vertical line segment) of the integral on the right-hand side of (3.2)
contributes the quantity

1 /T F(=146+it)z-1HoHi it
2 (—14+d+it)(6+it) - (k—1+d+it)

71+6
(/ . )4 G 6+ it)
\t|<To Tog\t|<T

" C(2"0 + i2"t)hpy (—1 + § + it)x™ it
C(20 + 2it) (=1 + 6 + it) (6 +it) - -- (k — 1 + 6 + it)

—146 C
SSE-— P (5)

C t3-
+ 27 " exp () / :
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where C' > 0 is an absolute constant. Using Lemma 2.3 we have

N[

Qr(z) = (3.3)

SC(2 =8 —it)tz0¢(1— & —it) p
(26)2725¢ (1 — 26 + 2t )th+1

Qn(z) < & vies ((kv lfgla)Jl + Ii) (3.4)
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for any positive integer £ > 2. Also, we can estimate the contributions coming
from the upper horizontal line (the lower horizontal line is similar). We note that

oo+iT 5
F(s) ds
/1+6+iT s(s+1)---(s+k)

oo+iT —344T e
+/ F(s ds
/_§+¢T —148+44T ( )5(5+1)"'(5+k)

=: 11 + Iy,

where
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= J1+ Jo+ J3 + J4.

Now, we observe that the function J; is bounded above by

/UO
1

2

C(2"0 + 2" + 2MT) z
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(o t2gam) MmOt )Tk+1

C(o+iT)C(o + 1 44T) do

oo
€ k+e
<<A T Tk+1d0 Lzl
2

using Lemmas 2.1 and 2.3. We use the functional equation of the Riemann zeta-
function and Lemmas 2.1 and 2.3 to obtain

%
\J2|<</
0

Similarly, we have |J3| < T~%+3 and |J,| < =2 T~*t2+< Hence, combining the
above estimates, we obtain

T:77¢(1 — o —iT)T* do < a2 T3,

xz
Th+1

I €« g2 Ftate (3.5)

for a positive number T (z* < T < 2* + 1). Also, we use the functional equation
of the Riemann zeta-function and Lemmas 2.1 and 2.3 to obtain

—3+zT e
IQ = / dS
Y LS b oy y pooy Py

</
—146

3

1

<</ p iR o pm Gkt
144

79 z°

Tz*UC(l — 0 —iT)T~279¢(—0 —iT) (27)-5/2-20 ThT1

do




Riesz means of the Euler totient function 39

Hence using horizontal lines of height +7" to move the line of integration in (3.2),
we find that the total contribution of the horizontal lines in absolute value is

L g BT R (3.6)
Taking the relation (3.2) and the error estimates (3.4), (3.5), (3.6) into (3.1), we

obtain, for k > 2,

3

Sk(z) = c1(k)x + ca(k) logz + c3(k) + Yo (2, T)x™ % (3.7

=)

with a positive number T’ (z* < T < 2* + 1), where

Yin(z,T) :=Re »_ g<_+ )<<4+Zv>C((2”—3.2n—f)+¢2n7)

2) o)
X
Y x'2
< I ( H) | . . (38)
) T e
This completes the proof of the identity (1.4). |

4. Proof of Theorem 1.2

Suppose that the Riemann Hypothesis and the Gonek-Hejhal Hypothesis are true
and all the zeros p on the critical line of the Riemann zeta-function ((s) are simple.
We use (3.8), Lemma 2.3, functional equation of the Riemann zeta-function, and

Stirling’s formula for x(s) to obtain
Ty 3 v
‘ <4 %) ‘ <4 ’2>

PR
h

L C(@r =320 i) n (3 +i2) 2tz )
CGFR) GG
< .
0<;<T 'Yk“_aw (53 + )|

It suffices to show that Yy ,(x,T) converges for k = 2. Using (1.5) and partial
summation we obtain

1 T T I
> = < |2 +/ dt < 1,
2o (5 + ) t2F 14 t37F

0<y<T 14 4

which implies that the estimate Ex(z) = O (x’%> holds for any positive inte-
ger k > 2. ]
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