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REPRESENTATION OF A RATIONAL NUMBER AS A SUM
OF NINTH OR HIGHER ODD POWERS

M.A. REYNYA

Abstract: In the present paper, we substantially generalize one of the results obtained in our
earlier paper [RM]. We present a solution of a problem of Waring type: if F(z1,...,zN) is
a symmetric form of odd degree n > 9 in N = 16 - 2"~ variables, then for any ¢ € Q, ¢ # 0, the
equation F'(z;) = q has rational parametric solutions, that depend on n — 8 parameters.
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1. Introduction

For any form F(z1,...,xn) with rational coefficients, one can look for conditions
under which the equation F(x1,...,xyx) = ¢ has a rational solution for any ¢ € Q,
q # 0. In the present paper, we examine symmetric forms F(x1,...,xy), i.e., forms
invariant under the natural action of the symmetric group Sy on the variables,
and the equation of Waring type: F(z1,...,2n) = g, for any ¢ € Q, ¢ # 0. For
such an equation, we are interested in deriving of parametric rational solutions
and estimating of number of parameters.

We will begin with the case of the equation z9 + ... + x5 = ¢ (see Section 2).
We apply to this equation the same transformation that was applied in paper [M]
on the equation ] + ... + 27, = ¢.Thus we reduce the solution of our equation
to the system of three equations of the sixth, fourth and second degree:y] — y5 +
ys —yy +yt —ye + vy —ys = 0,r = 2,4,6 The parametric solutions of this
system given by Tarry [D]. We will find two new parametric solutions of this
system of equations, and consequently two parametric solutions of the equation
) + ... + 295 = ¢ Further, we will generalize these results to the equation
F(zy1,...,216) = ¢ for any ¢ € Q, ¢ # 0, where the F(z1...,216) is a symmetric
form in 16 variables of degree 9. Note that to the best of our knowledge, such
a result has not appeared in the literature yet. Among the works on this subject,
we can mention [A]. Our method significantly differs both from the elementary
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approach in [R], [C] and computer investigation of [LP]|, [LPS], [E]. It might be
compared with the geometric construction in [Br|, which led to some new insight
into parametric solutions originally obtained in [SwD].

Next, in Section 3, we extend our method to include symmetric forms of arbi-
trary odd degree. Our main result (Theorem 3.1) states that for any ¢ € Q, ¢ # 0,
the equation F(x1,...,xx) = ¢, where F(z1,...,zy) is an arbitrary symmetric
form of odd degree n > 9 in 16 - 2"~ variables, has rational parametric solutions,
that depend on n — 8 parameters.

2. Equation z% + ...+ x5 = q, for any g € Q

We begin with a simple general observation:
Lemma 2.1. Using any solution of the system of equations:
Yi—Yotys —yitys —Ys +yr —yg =0, 7 =2,46
one can construct a solution of the equation of Waring type:
ol ..+ alg =g,
for any q € Q, q # 0, where the x; are rational functions in the y;.

Proof. Consider the identity:

(1 +0)" + (=91 +0)° + (2 = ) + (g2 — )" + (y3 + )° + (~y3 + )’
+ W =)+ (—ya—0)° + (s + ) + (—ys + ©)° + (y6 — ©)° + (—ys — ¢)°
+(yr +0)° + (—yr +0)? + (ys — ) + (—ys — )’
=18-c- (yf —vs +u5 — v + 95 —vs +v7 — 1%)
+168- ¢ (yf —u5 +u8 — S + 95 —v8 +vs —us)
+252-¢% - (yl — s + 3 — Vi + Y5 — Yo + Y7 — ¥s)
+72-¢ (Y — s s — Vi YR — Y+ Y — %))
Now, let y; be a rational solution of the system:
Yi—Ystys—vyitys —ys+tyr —ys =0, =246
We introduce a new variable ¢ such that
q=18-c-(yf — 5 +u5 — v + 95 —y5 + 97 — 45)
and get the identity
W +0° + (=1 +0° + (12 = )° + (2 = )° + (43 +¢)° + (3 +¢)°
+ (1= 0"+ (—ya = )’ + (5 + 0" + (=ys + ) + (96 — ) + (—ys — ©)°
o)+ (—yr+ 07+ (gs — )’ + (—ys — )’ = ¢

where ¢ = ¢/18 - (y¥ —y5 + 5 —v§ +v5 —u8 + 47 — u3)- n
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Now we will look for the parametric solutions of the system
Yi—Ytys—vyitys —Ys +yr —ys =0, 7 =240

Proposition 2.2. The system (%) has two parametric solutions where y; are poly-
nomials depending on one parameter.

Proof. To solve this system we shall assume that:

ynn=a+m+z, Yo =a—m-+ 2, Yys=a+m—z, Ys=a—m-—z
ys =b+n+y, ye =b—n+y, yr=b+n—y, ys=b—n—y

If we substitute these expressions in the system (*), the first equation will be
transformed into:

8-a-m+8-b-n=0

If we solve this equation and substitute the value: a = —(b-n)/m) in the other
two equations of the system (*), after reducing we obtain the new system of the
next two equations :

b-n- (b (m?—=n?)+m? - (—m?+n?+3y>-3-2%)) =0
(k%) S b-n - (b* - (m* —n?) +10-0%- (m* - %2 —m? - n? . 2?) ,

+m*-(—m*+nt+10-n? - y2 +5-yt- —10-m? - 22 —-5-21)) =0

Now we introduce the new variable k: k = y— z. If we substitute y = z+k into the
first equation of the system (xx). Solving this equation we obtain the expression
for z:

z=(=b*-m?*=3-k*-m?>+m*+b*-n? —m? -n?)/(6-k-m?).

Now let us substitute the expressions for y and z into the second equation of
the system (#x). Having reduced it we obtain the next equation:

(0% =m?) - (m? —n?) - (45-k* - m* +5- (m? —n?)? . (m? - b?)?
— 18- k% -m? - (m? +n?) - (m? + b))/ (27 - k* -m?) = 0.

Now, if we assume that: b% # m?2,m? # n?,k # 0,m # 0, we will obtain the
next equation:

(x%%) 45-k* - m* +5-(m? —n?)?- (m? = b*)? —18-k*-m?- (m?* +n?) - (m* +b%) = 0.

We will find two various parametric solutions of this equation.
One can easily see that the substitution : n =m + k,b = m - k transforms the
given equation into the next one :

2 (—44+k%)-m* (5 k*4+4-k-m+20-k>-m+4-m?+4-k*- (=2+5-m?)) = 0.
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Now, assuming that k # 0, k2 # 4, m # 0, we obtain the equation of the
second degree for the variable m, where the coeflicients are the polynomials of the
variable k:

(5-k*+4-k-m+20-k -m+4-m?+4-k*- (=2+5-m?) =0.
The discriminant of this equation is:

2 (—4+ k22 (1+5-k%).
Obviously, the discriminant of the equation is a full square, if and only if the next
expression is true :

(1+5-k%) = R%

This conic has the rational point P(k = 1/2,R = 3/2). Therefore, according
to the famous theorem, this conic has the parametric solution depending on one
parameter. Using this solution we can obtain the parametric solution of the system
() depending on one parameter.

To find the second parametric solution we use the substitution n = m + 2 - k,
b =m - k into the equation (x x x). Similarly, we obtain the conic:

(—11 + 5k%) = R,

This conic has the rational point Q(k = 2, R = 3). Therefore, according to the
famous theorem, this conic has the parametric solution depending on one param-
eter. Using this solution we can obtain the parametric solution of the system (x)
depending on one parameter.

Now, according to Lemma 2.1, we get the two parametric solutions of the
equation 29 + ...+ 295 = ¢, for any ¢ € Q, ¢ # 0. [ ]

This solution represents sixteen rational functions of degree 36 of one param-
eter.
This method can be extended onto more complicated cases.

Theorem 2.3. Fvery equation F(x1,...,x16) = q, where F is a symmetric form
of ninth degree, has a parametric solution, where x; are polynomials of one param-
eter and x1 + -+ x16 = 0.

Proof. Assuming that x; + - --
can be represented as

+ z16 = 0, every symmetric form of ninth degree

Ay (@) + 4 alg) + A (2] + -+ 2lg) - (a1 4+ -+ adg)
+A3-(x?+...+xl6) (xi’+...+x§’6)+A4.(x?+ ..+$?2).(x‘11+...+x‘116)
+ A5 (@4 +alg) - (@24 +a%)?

+ A (@3- 2d) (a+ - ale) @3+ k)
+ A7 (@ 4 ady) (@R 4+ 22
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Indeed, let us denote s; = ¥ + - - + z¥;. Then any symmetric polynomial of
Z1,...,%16 is a polynomial of s1,sa,... (see [Wa, §33|). In our case it is enough
to take linear combinations of monomials s1, ..., sg of degree 9 of x1,...,x16.

It is easy to see that all terms, except for:

2 3
S9, 8782, S6°83, S5°84, S5°S83, S4°+83°82, 85383

vanish if s1 =0
To find a parametric solution of the resulting form of ninth degree, we use
exactly the same method as for the diagonal form of ninth degree in Proposition.
Let us represent the symmetric form of ninth degree as follows:
A (xi’+~-~+x?ﬁ)+31<xi)-(xi+--~+xiﬁ>
+ Ci(zi) - (@ + -+ a36) + Difa) - (2] + - + 2i5)
where Bj(z;), Ci(x;), D1(z;) are polynomials of 2, 4, 6 degree, respectively.
Let us consider the three identities:
n+0°+ (i +0)+ (w2 — ) +
+ (=)’ + (~pa =) + (g5 + )" + (=
+(yr +0)° + (—yr + 0 + (ys — )" + (—ys — ©)°
=18-c- (yf —yo +u5 — i +y5 — s + 7 —us)
+168- ¢ (4 — s +ys —yi + Y5 —ve + 7 —us)
+252-¢ (yi —y2 + Y5 — Vi +Ys — Yo T YT — Ys)
R (R R A VA S T V-9 B

—y2 — P+@B+) +(—ys +¢)°
+

W+ +(n+0) + -0+ (2= + (s + )" + (—ys +¢)
F =)+ (=) + W+ )+ (—ys+ )+ (e — ) + (—ys — ¢)”
Wt +(—yr+) + s —o) +(-ys—¢)”

=1-c (Y —ys+ys — S + 8 —yo + 45 —d)
4703 (yl -yt 4yt -yt — )
+42-P (0 s v R —ve v —uR),

4+’ + =+ + W=+ (2 =)’ + (s +¢)° + (—ys + ¢)°
+(ya =)’ + (—ya = ©)° + (ys +0)° + (—ys +)° +
+ o)+ (—yr+)’+ (s =)+ (—ys —¢)°

=10-¢- (yi — vy + Y3 — ¥4 + Y5 — Yo + Y7 — ¥s)

+2- -y ys— i+ YE— Y +yr —u3)),



84  M.A. Reynya

1+ +(—yi+0°+ 2 — )+ (—y2—)® + (y3 + ¢)°
+(—ys+ )+ (Wa— )’ + (—ypa— )’ + (ys + 0)* + (—y5 + ©)°
+ (e — )’ + (—vs — )’ + (Wr + > + (—yr + 0)° + (ys — ©)* + (—ys — ¢)°
=6-c- (V7 —v3+ U5 — Vi t+YE— ¥+ Y — %)

Thus we see that the obtained parametric solutions for the diagonal symmetric
form are also solutions for any symmetric form. |

In the next section, we will use the transformation mentioned in our previous
paper [M].

3. General results

In this section we generalize Theorem 2.3 for the case of a form of an arbitrary
odd degree.

Theorem 3.1. Let F' be a symmetric form of N wvariables of odd degree n > 9
with rational coefficients. If N = 16 -2"~% the equation F(x1,...,zN5) = q has
a parametric solution where x; are rational functions of s = n—8 parameters, and
z1+---+zy =0.

Proof. Let F' be an arbitrary symmetric form of degree n = 2k + 1 of N = 4s
variables. First of all, the variables are grouped in sets of four. For every quadruple
of variables we use a transformation of the form

1 = Y1 +C1, To = —y1 + c1, T3 = —Y2 — C1, Ty = Y2 — C1. (1)

An arbitrary symmetric equation takes the form:

Yt 2 A (P T AT R (y) - Ak (v yn) R (v) = 4

where R;(y;) are symmetric polynomials.
Thus we have obtained a form of degree 2k, whose coefficients are functions
of ¢;. But we obtain a new construction of the form:

(" — 3" + 43" —yi" +...) - Do(er)
+ W= Py =) Da(en, v, y2s)
+ Tt T yik Y4 0) Dalen,yn, - y2s)
+(y%k76+y§k76+ ) Da(er, 91,5 y2s)
+o Wiy +ys— ) Daralenyn, - hs) o =g

Once again, we split variables into quadruples and for each quadruple apply
the transformation:
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Y1 =21 + C2, Yo = —21 + C2, Y3 = —22 — Cg, Ys =22 —ca.  (2)

We get a homogeneous symmetric equation of degree 2 -k — 1:

( 2h— 1+Z§k 1+Z§k 1+...)'D0(81,62)
+(%k 3+Z§k 3+Z§k 3+"')'Dl(clvc%zlu"'vzs) (3)
+"'+(Zl+2’2+23+...)'ng_2(61762721')+"':q.

Note that in the transformations (1) and (2) each time the number of vari-
ables is reduced by half. After repeating the transformations (1) and (2) in the
alternating order 2k — 8 times we get an equation of degree 9:

(uf + -~ + uig) - Dolei)+
+ (Ul + -+ ulg) - Da(cisun, .. uig) @
+ (ud 4 - +ulg) - Da(ciyun, ..., uip)
+ (u + -+ ulg) - De(ciyun,. .. ui6) = g,
where Ds(uq,...,u16) is a polynomial in u; of degree at most 2, Dy(uq, ..., u1s)
is a polynomial of u; of degree at most 4, Dg(uq,...,u16) is a polynomial of u;

degree at most 6.
One can easily see that a solution of the given equation can be obtained by the
following transformation:

u; =1 +¢, Uy = —T1 + ¢, Uz = —ro9 — C, Uy = T9 — C,
Us =13 + ¢, Ug = —r3 + ¢, U7 = —T4 — C, ug =14 — C,
Ug =75 + ¢, Up = =75 + ¢ U1l = —Te — C, U2 =T6 — C,
u13 = r7 + ¢, Ul = —T7 +C, Uy = =18 — ¢, Ui = rg — C.

This transformation reduces the solution of the obtained equation to the solu-
tion of following system:

ri—ry+ry—ry+ri —rg+rr —rg =0, r=2,4,6.

We have found parametric solutions of the given system in the second section of
the paper. [ |

4. Numerical example

The computations in this section were made using Wolfram Mathematica.
We examine the equation 29 + -+ + 295 = ¢.
According to Lemma 2.1, the process of solving of the equation can be reduced

to the following system:

Y1 —Ys+ys — Yy tys — Y T yr —yg =0, r=2,4,6.
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We have shown that the solution of the given system of the equations is reduced
to the solution of the equation:

1+5-k%=R2

Now, we show that the solution of the equation z{ + - - - + 2J¢ = ¢ corresponds

to the solution (k = 4, R = 9) of the equation 1+ 5 - k? = R2.
If ay = 3177, ay — 3084, ag — 453, ay — 2490, by — 2697, by — 2790, by — 3291,
by = 348, we have identities:

al +ay + aj + aj = b + b5 + b5 + by, r=2,4,6.

Further on writing ¢t = —¢q,/3447002593847409082117632000, we have the fol-
lowing identities :

(t+a)* + (t—a)* + (=t +b)* + (—t —b)* + (t +a2)* + (t — ax)F
(=t + b))+ (=t = bo)* + (t + az)* + (t — az)* + (—t + b3)*
+(—t = b))  + (t+ag) + (t—ag)f + (—t + b))+ (—t — b)) =¢
when k£ =9 and

(t+ a1)k +(t— a1)k +(—t+ b1)k + (-t — b1)k +(t+ a2)k + (t— a2)k
(=t b))k 4 (=t = bo)* 4 (t+az)® + (t — az)* + (—t + b3)*
+ (=t —=b3)" + (t+as)" + (t —ag)" + (=t + b)) + (=t —bs)* =0

when k£ =1,3,5,7.
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