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A NEW IDENTITY - 11
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Abstract: A new identity is proved. From this we deduce as corollaries: 2.1-—an identity
involving the Lionville's function A{n), 2.2—an identity involving the von-Mongoldt's function
A(n) and 2.3—an identity involving the generating function of Waring’s problem. Some other
identities are also mentioned.
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infinite series.

1. The new identity
We start with the identity

br? — (a+b)(x +a)? + a(x + a + b)* = abla + b) (1.1)

and deduce our new identity (namely the theorem below). We then deduce some
corollaries. Let f(0), f(1), f(2),... be any sequence of complex numbers. Put

k12
n=Y_ f(m) (1.2)
=0
where m(> 1) is any integer. In (1.1) set
r=H,, a=f(n+1) and b= f(n+2) (1.3)

where n{> 1) is a any integer. We obtain

fin+2H2 ~ (f(n+1)+ fn+2))H2, + f(n+ DH2,

(1.4)
= fin+Df(n+2)(f(n+ 1)+ f(n+2)).
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From this we deduce

ST Fm+H2 = (fin+ 1)+ f(n+2))H2 o + Y fln+ D)H,
n=1 n=1} n=1
= (1.5)

=3 fn+D)f(n+2)(f(n+1)+ f(n+2))

subject to the convergence of the infinite series involved. Here the LHS is

i:sf(n +2)HZ + f(3)H} + f(4)H3 - i(ﬂn) + f(n+1))H2
— (f(2)+F(3))HI + if(n —1)H2.
Hence we obtain the following Theorem.
Theorem 1.1. We have
é(f(n —1) = f(n) = f(n+ 1) + f(n+2))H;

= 3 s Dt + D0+ D + 100+2) - 1370 + s Y

n=1

+ (F(2) + F(3) — FA) (FO) + F(1) + f(2))°

provided the two infinite series involved are convergent. Here as stated already

H, = i:@f(m) for n>1.

2. Corollaries

Let A(n) be the Liouville’s function defined by

~Tosro =4 (21)
P

where the product is over all primes and s = o +f, o > 2. Putting f(0) =0 and
f(n)y = A(n)n"! we have
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Corollary 2.1.

2
E A1) Am) An+D) | Mn+2)Y (o= Am)
Z( n-1 n  n+l + n+42 )(Z m)

n=3 m=1
_Z A(n+‘2)+>\(n+1) +l
( (n+2) n+1 n+2 16

Remark The series »_—, (A (n)n'l) is convergent and is equal to zero. Also
IS i A(m)/m] < K/(logn) (n > 2) where K is a constant.
Let A(n) be the von-Mongoldt function defined

=\ A(n) ¢'(s) .
2 T ) 22)

Putting f(0) = 0 and f(n) = A(n)z"(n > 1), where z is a complex number
with |z} < 1, we have

Corollary 2.2.

¢ n 2
Z(/\(n — 12" = A()2" = Aln + 12" 4 An 4 2)2"HF) (Z /\(m)zm)
n=3 m=1

= i A+ 1A (n+2)22 3 (A(n 4 1) 4 Aln + 2)2"%2)

~ (log2)%2*((log 2)2° + (log 3)2”).
(2.3)

Let k(> 1) be any integer and z as before. Putting f(0) = 0 and f(n) = 2
we obtain

Corollary 2.3.

x n 2
Z(z<ﬁ~1)* _rt ety (Z z””"a')

n=3 frrz ]

X ¢
ZZ n-{—l)g‘—k(n-k? (Z(rb{—l)k + Z(n+2)&) _ 23;"4"2 (24)
=1

K k k ks
+(,z:2 + 25 =t )(z—%—z2 )2

Remark. We can go on listing some more corollaries. (For example we can take
F(0) = ¢(3) and f(n) = —1/n® or f(0) = ¢((5) and f(n) = —1/n and so on).

But we stop at these three corollaries.
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3. Higher powers of H,

The identity (1.1) is a special case of the following result (see Theorem 1 of [1}). Let
k(> 1) be any integer and z,x1,23...,x% any k+ 1 non-zero complex numbers
no two of which are equal. Then (plainly x can be zero).

= + {i}(zzﬂme)k(“’l)mxﬁtl( H (Zm "‘fcj)J)( H (; —:rm)'l)}

m==1 m>3>1 k> >m

X TiZoe ... Tk

= (—l)kmlxg...xk.

Using this we can get the analogue of our theorem above with H, replaced
by HE. (Here k should not be confused with that in Corallary 2.3 above).
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