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1. Introduction
Let p be prime and denote by F,, the field with p elements, F; the multiplicative

group of nonzero elements of F, and (F;)* the subgroup {z* : z € F;}. Let
Q(X1,.... Xs) be a guadratic form with coeflicients in F,. It was shown by
Schinzel, Schlickewei and Schmidt [12] that, for odd s, there is a subspace of F
of dimension (s — 1)/2 on which @ is zero. This result is, in fact, best possible.

Theorem 1.1.
(i) A quadratic form @ in F,[X,,..., X,] with detQ # 0 cannot vanish on a
subspace of F of dimension greater than [s/2].

(ii) If, further, s is even and (—1)*/*det Q ¢ (F3)?, then Q cannot vanish on a
subspace of dimension s/2.

In [12] the ‘subspace theorem’ cited above is applied to show that for a
quadratic form @ in Z[X4,..., X,] (s odd), any congruence

Qx)=0 (modm)
has a solution satisfying
0 < |x| = max(|z1), ..., |zs]) < ml/2H1/(29),

This has been improved for s > 4 by Heath-Brown [9]. Finally in {12] the above
result on small solutions of congruences is used to prove

i C N2Fnste, 1.1

o Q@ z)l < Cls,e) (1.1)

Here @ is a quadratic form, @ € R[X4,...,X,],e > 0,7, is explicitly given and

sn, is bounded; and |...|| denotes distance from the nearest integer. For im-

provements of (1.1) see Baker and Harman [4], Heath-Brown [9] and (for s = 2)
Dyke [8].
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Analogous results for forms of higher degree are known in the additive case.
Throughout the paper let

An( X1, X)) = XF 4 a Xt

If A; has coefficients in F,, then Ay vanishes on a subspace of F; having di-
mension [s/3], provided p > C,(k). This follows from the fact that a ternary
additive form over F, with p > C;(k) has a nontrivial zero [2, page 167]. Using
the geometry of numbers as in [12] (or Theorem 2.1, below), one can then solve
any congruence

Ap(z1... .. zs) =0 {mod m) (1.2)

(where Ay € Z[X,...., X,]) with
0 < |x| < Cy(k)ym! /3, (1.3)

For s = 3, the exponent 2/3 in (1.3) is best possible [2, §2]. For s > 5. a different
method provides solutions smaller than in (1.3); the exponent in (1.3) would be
1/2+1/(2s = 2) +e.

Theorem 1.2. Let s > 4,m > Cs(s,k,€). Let By,..., B, be positive numbers
with
By... By > ms/2+s/(Zs= D4, (1.4)

The congruence (1.2) has a solution x # 0 with
lz:] < By (i=1,...,8). (1.5)

This is Theorem 1A of [2]. Recently Dietmann [7] pointed out that if Az €
Fp[X1,..., Xs] (s odd), then A3 vanishes on a subspace of F; of dimension (s~
1)/2. This enabled him to replace the exponent in (1.3} by 1/2+1/(2s) for odd s.

If Dietmann’s method is generalized to degree k, the following result ensues.

Theorem 1.3. Let k be odd, k > 3. Let s be odd, s > k. Then for p > Cy(k),
a form Ap(Xy,...,X) over F, vanishes on a subspace of F}, having dimension
(s —k)/2+ [k/3].

We also note a simple extension of Dietmann’s congruence result.

Theorem 1.4. Let s be odd, let m > 1, and let By, ..., B, be positive numbers,
By...B, > ms/*+/2Z, (1.6)

Given As € Z[X;,...,X,], the congruence
Az(zi,...,2s) =0 (mod m) (1.7)

has a solution x # 0 satisfying (1.5).

Since Theorem 1.3 yields no improvement of Theorem 1.2 for & > 3, it is of
interest to obtain complementary results.
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Theorem 1.5.

(i) Let k > 3 and 1 < s < k+ 1. Let p > s. Suppose that a form A, in
Fp[X1,...,X;s] with ay...as # 0 vanishes on a subspace V of Fs having
dimension d. Then {1,...,s} can be partitioned into subsets By, By, ..., By
such that (v;),en, is the zero vector for all v in V', while

Z a;uf =0 (1.8)

i€B,
for j =1,...,d; the vector (u;)ien; is nonzero (j =1,...,d).
(i) Let k =2 3,1 < s < k. If p > s and k|(p — 1) there is a form Ay in
FulXi,..., X, that does not vanish on any subspace of dimension greater

than [s/3].

It is easy to see that for s > k, the integer [s/3] in (ii) could be replaced by
[k/3] +s — k.

However, the following result is stronger for large s.

Theorem 1.6.
(i) Let s be odd and let p > max(k,s). A form Ay in F,[X;,..., X,] with
ay...as # 0 cannot vanish on a subspace of IP‘; of dimension greater than

(s—1)/2.

(ii) Let s be even and p > max(k,s). Suppose Ay is a form in F,[X;, ... X]
with ay...a, # 0 that vanishes on a subspace of F; of dimension s/2. If k
is even, then (—1)*/%a;...as € (’F;)Q. If k is odd and p > max(k, s!), then
after renumbering the variables we have

azi—ragz; € (F)F (i=1,...,5/2). (1.9)

(iif) Suppose that (p —1,k) > 1. Let s be even, and suppose p > max(k, s!).
There is a form Ay in F,[X1,..., X,] that does not vanish on any subspace
of F;, having dimension s/2.

We note a result for a ‘general’ form
G(Xlg"~)XS): Q(Zl,...,ZS)XIl...X;S.
i120,...15 20
i1 fis=k
over Z.

Theorem 1.7. For G as above, and s > k + 1, any congruence
G(x) =0 (mod m) (1.10)

has a solution satisfying
0 < |x| < mF/G+1) (1.11)
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In contrast, for s = k the congruence {1.10) may have only the trivial solu-
tion, as explained in [2].

We now turn to additive forms over R. It was shown by Cook [6] that, for
real Aq,..., Aq,

o A e Al < Cal N7

K denotes 2871, Assuming that k is relatively small, this is still the best result
known, except that the case k = 2,s =1 (a theorem of Heilbronn [10]) has been
improved by Zaharescu [14]; the exponent —1/2 + € is replaced by —4/7+¢€. The
ideas in [12] enable one to go beyond the exponent —1 + € for s > K ; see [2], [9],
[7]. In the present paper we refine the approach in [2] and obtain the following
result, which sharpens those in [2] and [7].

Theorem 1.8. Let k> 3 and let s > K. Let

o =min | S max min 2h(s—3)+4h s—h+5
o8 TR T sghss (h+1)(s—3)+ah' 4
h odd
and let
(s ((2h=(s—k)+4h—4 s—htK+1
o TR ke hs—-k+4h 4 K

for k > 4. Then for real \y,..., A5,

min A 2% 4+ 4 A 2F| < Co(k, ) N7 nTE
O<|x|<N

In particular, we have 053 = 5/4 and 0,4 = s/8 for 9 < s < 12.

2. From subspaces to small solutions

Theorem 2.1. Let s and d be natural numbers, s > 2d. Suppose that for
p > Cg = Cg(k, 5), every form A, in F [Xy,.... X;] vanishes on a subspace of )
of dimension d. Let By, ..., B, be positive numbers,

By...By > Cyms™?, (2.1)
where

Cr = H p°.

p<Cs
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Then for every modulus m, and every form Ay in Z[X,,..., X,], the congruence
(1.2) has a solution x # 0 satisfying (1.5)

Proof. Let u = [], ., p. Suppose first that m is squarefree, (m,u) = 1. By
hypothesis, for each prime p dividing m there is a set of linear forms K, ..., K, _4
in Z[X1,..., X,] with the property that

Ki(x)=0 (modp) (1<i<s—d)

implies A;(x) =0 (mod p). By an application of the Chinese remainder theorem
we obtain s — d linear forms Lq,...,L,_q in Z[X;,...,X] such that

Ap(x) =0 (mod m)

whenever
Li{x)=0 (modm) (1<i<s—d).
Minkowski’s linear forms theorem yields a nonzero (z,...,z2,—q) in Z%57¢
such that

el < B (i=1,...,s),
Lz, .., x) —masyi| <1 (i=1,...,8—d).

For the determinant of the 2s — d linear forms in question is m*~?, which is
<By...Bs. Clearly (zq,...,25) # 0 and

Ap(zy,...,25) =0 (mod m).

For a general modulus m, write m = £2vn where v and n are squarefree,
vlu and (n,u) = 1. Given B; satisfying (2.1) there is a y # 0 with
Ap(y) =0 (mod n),
il < Bif(fv).

For
By...Bs/(tv)* > umsT 5y
>ms s > pd
since
Esn\swci < (g‘zn)s-d < Tns—d.
Now

Ap(bvy) = Fv* A (y) =0 (mod m)

while fvy # 0,
[vy;| < B;.

This completes the proof of Theorem 2.1. ]
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3. Subspaces on which Ay vanishes

We now prove Theorem 1.3 by induction on s. The case s = k is covered in
the introduction. Let s > k. s odd, and suppose the theorem already known for
s—2. If any a;, say a;, is 0, then the form a; XF + ap X5 in (X, X3) vanishes
on a subspace of dimension 1. Since A;(0,0, X3,...,X,) vanishes on a subspace

of dimension
s—2—k k
7 T3]

we obtain in an obvious way a subspace of dimension

§s—2—k [A} s—k [k}
1+ ——+|z| = + |3

2 3 3 3

on which Aj vanishes. Hence we may assume that no a; is 0. Now (IF;)’” has
(p—1.k) cosets in F%. Since s > k, there must be two a; (say a;.az2) in the same
coset, so that a; = uaz.u € F}. Now (t, —ut)(t € F,) gives a 1-dimensional
subspace on which a; X {‘ + a3 X5 vanishes. We now complete the induction step
as before, and Theorem 1.3 is proved.

Proof of Theorem 1.4. By a result of Lewis [11], the congruence
alzrif + aszy +asxs =0 (mod p)

is solvable nontrivially for every p. and thus we may take C1(3) =1 in Theorem
1.3. Applying Theorem 2.1 with Cs = C; =1.d=(s—3)/2+ 1 =(5s—1)/2. we
obtain the desired result. |

We conclude this section by proving Theorem 1.7. According to the Chevalley-
Warning theorem [13. page 136] for given p there is a € FA™1\{0}. such that

G(a) = 0. The multiples of a form a l-dimensional subspace on which G
vanishes. Arguing as in the proof of Theorem 2.1 with d = 1.s = £ 4+ 1 and
B, = ... = By, = m***1) we obtain a solution of (1.10) satisfying (1.11).

4. Forms that do not vanish on any large subspace

Proof of Theorem 1.1. We observe that if R is a quadratic form in F,[X;..... X.]
and
R(0.....0,wpq1.....ws) =0 identically

for some t < s. we may write R in the form
R(wy....,wg) =wnMy(wy. ..., ws) + - +weMy(wy. ... wy)

where Aly,..., Al are linear forms. To see this, we may proceed by induction on
t. The case t = 1 follows from the Remainder Theorem. In the induction step.
choose Af;{w) so that

R = R(ws,...,ws) — wi My (w)



Small solutions of congruences. 1T 25

does not contain w, explicitly. Then R = R'(ua. . ... ws) vanishes when wa. . ... wy
are zero. Accordingly.

R = wyMy(wq. .. .. we) A A weMe(uwy. wy)

and the induction step is complete.

Now let s be even and take a quadratic form Q in F(Xy.....0 X5,) that
vanishes on a subspace of IFI%"" of dimiension s —t. There are linearly independent
linear forms L (X)..... L{(X) such that Q(x) = 0 whenever L(x) = ... =

Li(x) =0. Choose linear forms L ... .. Lo, such that det(L;..... Lsg) # 0 and
make the change of variables y; = L,(x) (1 <j < 2s). We write

Q... Yos) = Q1. ... . Tos).
Since Q'(0... .. O.weyr... .. w2,) = 0 identically. we have

Q'(n..... vos) = AML(Y) + o+ uMi(y).

Since there are no terms y,y; with 7 > £.7 > . the matrix of ' may be written
Yelly J 3

A B
Bt 0

where A is t xt and B is t x (s —t). If t = s/2.det Q' = (~1)*/?(det B)?. Since
det Q = rdet Q' for some r € (F},)?. we have (—1)*/?det Q € (F})?. which proves
Theorem 1.1 (ii). If ¢ < s/2. it is easy to see that any product occurring in det ('
has a factor 0. so that det@Q’ = 0 and detQ = 0. This completes the proof of
Theorem 1.1. |

Proof of Theorem 1.6. Suppose that Az vanishes on a subspace V' of F; having
dimension d. when d = s/2 (s even). d = (s +1)/2 (s odd). Let u.x be in V.

Then
O:Z aj(zyu; + za05) Z (IJZ ( ) r" hohok=h (4.1)

1=1 =1 h=0

for any z1.22 in F,. Since p > k, the coefficient of 2725"" must be 0 for h =

0..... k. In particular,
Qu(x) : Z auf 2t =0 (x€V). (4.2)

By Theorem 1.1. if s is even we may assert that
(—1)"2a) .. au(uy . ug)F T2 € (B2 (4.3)

for arbitrary u in V' with wy.. us # 0.
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Let U be a matrix whose rows are a basis of V. There are two cases to
consider.

Case 1. U has zero columns, let us say columuns 1,...,r.

In this case @, can be considered as a quadratic form in s — r variables,
which vanishes on a subspace having dimension d. Moreover, d > (s —r)/2. The
number of elements of V' having a zero coordinate in a given position j,j > r, is
p?~!, since these are the elements of a (d—1)-dimensional subspace of V. So there
are at least p? — (s — r)p?~! elements u of V with u,4,...u, # 0. Now for each
such u, @y has nonzero determinant, and since p > s, we obtain a contradiction
by comparing (4.2) with Theorem 1.1.

Case 2. U has no zero column. By the argument in the preceding paragraph,

there is u in U with u;...us # 0. If s is odd, (4.2) contradicts Theorem 1.1.
This proves Theorem 1.6 (i).

Suppose now that s is even. If k is even, then (4.3) shows that (-—1)“’"/2a; ..l
€ (IF;)Q, proving Theorem 1.6 (ii} in this case. Thus we may suppose that k is
odd; (4.3) now yields a conclusion for any element v of V:

(—1)8/2@ coag(tuy +or) . (bus o) € (F;)z

for every choice of t in F, except t = —vy/uy,....t = —v,/us. In terms of the
character

we have the inequality

Z ,)(((-—l)s/2 H a;(tu; + vj)) >p-s>p/l (4.4)

teF, j=1
Now the character sum in (4.4) has modulus at most
(s — 1)p'/?

unless the polynomial

&

F6) = (=10 I as(tw; +v;)

j=1

is a perfect square [13, Theorem 2C’]. Since p/2 > (s — 1)p'/?, we conclude that
f(t) is a perfect square. The zeros of f occur in pairs, say
U1 U2 Vg1 Usg

ot g _ by, (4.5)

Uy Us Us—1 Ug

Since v is an arbitrary point in V', and since p*/? > s!p3/2-1 it is clear that

one of the s/2-dimensional subspaces, defined by (4.5) or an analogous pairing,
coincides with V.
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Consider the point (u;,u2.0,...,0) of V. We have
alu’f + agu§ =0,

giving (1.9) for ¢ = 1; and clearly (1.9) holds for 2 <7 < s/2 in the same way.
This establishes Theorem 1.6 (ii).

Part (iii) of the theorem is now obvious. For instance, if k is odd, choose
ay =...=as_1 and a, in a different coset of (IF;)‘“ from ay, so that no numbering
could allow (1.9). |

Proof of Theorem 1.5 (i). We proceed by induction on s. The case s = 1
is obvious. In the induction step, let Ay be a form in F,(Xy,... X,) with s <
k+1,a;...as # 0 and suppose that A; vanishes on a subspace V of I, having
dlmensmn d. Let U be a d x s matrix whose rows are a basis of V. If U has
zero columns, we form a block By consisting of the numbers of these columns
and get the desired result by applying the inductive hypothesis to the form in
the remaining variables. Thus we may exclude this case, and as in the proof of
Theorem 1.6 there are at most sp?~! elements u of V with uy...u, = 0.

Fix u in V with u; ... us # 0. We relabel the variables so that the first d
columns of U are linearly independent, and let h;,..., hy be any d elements of
F, with
ﬁ,...,éﬁ distinct.

U Ug
Since the reduced echelon form of U has standard basis vectors as its first d
columns, we can find v in V of the form

vV = (h}r,...,h(j,?}{u..l,...,’{)S).

We now apply (4.1) with v in place of x. Thus
Z a;ju; uk~ hvh =0 (h=0,1,... k)
rewrite this in the form
i aulrh =0 (h=0,1,....k) (4.6)
j=1

where r; = v, fu;.
Let Ry = ry,....,Rqy = rq,..., Ry, be the distinct ones among ry,....rs.
We rewrite (4.6) in the form

m

S bRE=0 (R=0.1....,k) (4.7)

n==1
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where

k.
b, = E a,u;:

jEBn

B, is the set of j in {1..... s} with r, = R,,.

The first m equations (4.7). those with 0 < h < m — 1, form a system of
linear equations whose determinant is the Vandermonde determinant det(R’) (i =
1..... m:j=0.1..... m — 1) which is not zero. We conclude that by =--- =9, =
0. that is.

Z ajuf =0 (n=1..... m).

j€Bn

We may reduce the number of blocks B,, to d by uniting blocks. and Theorem 1.5
(i) follows.

(iiy Choose a;..... a, from distinct cosets of (IF:‘))“ If A; vanishes on a
subspace of dimension d. and if uy..... uy are chosen as in (1.8). then no B; can
have fewer than three clements. Thus 3d < s as required. [ ]

5. Small fractional parts of additive forms
We assemble some lemmata needed for the proof of Theorem 1.8. We assume, as
we may. that e is sufficiently small and N > Cy(s. k.€): and write 5 = €. L =

[NOnwk=¢t1) and
N

Si(m) =Y e(mi;a*)

r=1

where e(8) = e?™?. Implied constants depend at most on s.k and .

Lemma 5.1. Suppose that for some A..... Ay, with s > K. K =21 k> 3. the
inequality
s+ Al < N (5.1)
has no solution with
0 < max(|y1f..... lys|) < N. (5.2)
Then after relabelling A;..... As. there is a set B of natural numbers. B C [1. L],
and there are positive numbers By > ... > B, such that, for m € B,
B, <|S,(m)] <2B; (i=1..... s). (5.3)
Aoreover,
Bi...Bs|Bl > N*7". (5.4)

Proof. This may be shown by a slight variant of the argument on p. 184 of [2]. &

Lemma 5.2. Suppose that for some j. 1 < j < n and some m, 1 <m < L we
have
|S;(m)| > B; > N1/ K+, (5.5)
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Then there is a natural number ¢; and an integer v; with

g, < NM1Bk, (5.6)

imAjg; — vl < N”BJ‘_"‘: (5.7)

and there is a natural number r, and an integer b; with
. 24y -2
rj < NTTIBIE (5.8)

At =6, < NFTIBIEE (5.9)
Proof. For the existence of g, and v;. see the case Al =1 of [1]. Theorem 1. We
now apply [3]. Lemma 8.6, noting that (5.5). (5.6) together yield
q; < (N/BjPN" < NMK < N171,
imX,q; —vj| < NTRHRIK o N=hey
k=142n p—{k=—1) (k—1)/k a7
BJZN +I}Bj qu N,
Thus the conditions (8.68), (8.69) in [3] are satisfied, and the existence of r; and
b; follows. |

Lemma 5.3. Suppose that 6 is real and that there exist R distinct integer pairs
x.z satisfying
|0x — 2| < (, (5.10)

0<|rl< X (5.11)

where R > 24CX > 0. Then all integer pairs x.z satisfying (5.10), (5.11) have
the same ratio z/x.

Proof. This is a lemma of Birch and Davenport [5]: see also [3], Lemma 5.2. W

Lemma 5.4. Under the hypotheses of Lemma 5.1, the set B has cardinality
IB| « LN*¥=1H2npok o (LN—1)/ls=k) yden (5.12)
Proof. From (5.4),
By > (N*=21L-h1/s 5 N1=1/K+n,
since 04 < s/K. Thus Lemma 5.2 is applicable for j = 1 and each m in B. We
write g; = ¢1(m).v; = vy (m) for the integers satisfying (5.6), (5.7). The number

R of distinct products mgi;(m) (m € B) for which m ~ M, g(m) ~ Q satisfies

R > BN, (5.13)
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for some choice of M, 1 < M <L and Q,1 <Q <N ’f“?BI_k . This follows from
a simple divisor argument. Let

X = LNk+npk,
¢ = N"B*.
In order to apply Lemma 5.3 with # = A, we need to verify that R > 24¢X. Now

CXR_l < LJVk_}.SnBI_Qk{BI_l
< lek+3n(t81jv-s+n)2k/s181—1

from (5.4). If 2k < s thisis < LN~%*¢ and so R > 24¢X. If s < 2k, we obtain
instead the bound
<& 17\;'-1&"4—6[;2}:/5 <& N

and again R > 24¢ X . We conclude that there are integers s > 1 and ¢ such that

v (m)
mq, (m)

12
s
forall min B.

We observe that, since each mq;(m) is a multiple of s,

Rs < MQ,
s << MQ|B|"'N" (5.14)
<« LNk-;-QnBl—leI—l

from (5.13), (5.6). Moreover, for any m in B,

S
[As —t] = ) |\vmg(m) — v ()]
S nn—k
< 376 V"B
from (5.7), so that
IArsk] < S g
! Mg T

< (M TNV B~k Bk
& Lk—lA/r}c(k—l)-;-anlBI—kBl-kg

from (5.14), (5.6).
Now by hypothesis, either

Wt
e
[y |

s> N (:.:

o
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or

[Ars®

| > L7 (5.16)

If (5.15) holds, then
LN**21B-FIBI=! % N,

which yields the first inequality of (5.12). If (5.16) holds, then
Lk-—lN!c(k:—I)-g-an!Bi-kBl—kz > L—l}

which leads to the same conclusion and completes the proof of the first inequality
in (5.12). To get the second inequality, we insert the bound Bf|B| > N*~" which
follows from (5.4), to obtain

‘B: < LA;&—— 1-;-2?7181&/3N~k+kn/s:

Bl < (LN™H)TF N°T,

where ¢ = (2s + k)/(s — k) < 3s. [ |

Proof of Theorem 1.8. We suppose that (5.1) has no solution satisfying (5.2)
and obtain a contradiction. We select an integer h for which, in case k = 3,

hisodd, 5<h<s, and mm( 2h(s — 3) + 4k 8—h+5)

(h+1)(s—3)+4h" 4

attains its largest value over odd h in [5,s]. In case k > 3 we drop the restriction
to odd h and require that

((2h=2(s—k)+4h—4 s—h+K+1
min P
h(s—k)+4h—4 K

attains its largest value subject to K +1 < h <s.
We select any m in B. We need to verify that

By, > NE-1/K+n, (5.17)
If (5.17) does not hold, then

N <« B, ...B|B|
< BBy B
& |B]B{"IN((K—l)/K%—r;)(s—h-%-I)'

We now apply (5.12) to obtain

N1« LANA‘-H—QT}B?“}C_lN((K—l)/K-;-n){s_h.;_l)
& LNh=2+2n+(K-1)/K+m)(s—h+1)

L ANT(S“h-}-K—}-l)/K—S??.
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contrary to the definition of L. This establishes (5.17)

For j = 1..... h.let r,.b; be the integers provided by Lemma 5.2. We
now apply Theorem 1.4. if A = 3 or Theorem 1.2, if & > 3. to obtain integers
Ly.....Tp. not all zero.

lr;| < NUUBRm/L)YY (1< <h) (5.18)
such that
b+ el =0 (mod m). (5.19)
For
h
[I N B L= = (By ... By’ N~ "Lty
J=1 > 1\7&—;;|Bi-1)2h/3j\f—h-}n;(n?L— )h/k (520)
5> Avh—?hnasz—?h/.a (?T?L_l)h 7k
Using the bound (5.12). we arrive at the lower bound

> 1\41—2,’; r;(LA;—l)-2}3/’(5—1:)j\f-(}'h:;(?nl;—l)h ,ffx"

We have to show that the last expression is at least
m(hﬂ) /2
in case & = 3. and at least

nlh‘f('Zh—Q)i\lnl

in case £ > 4. so that we can apply Theorem 1.4 or Theorem 1.2.
(i) k= 3.
AY}’_gi“?’(LA"*I)_gh/{‘q)g)(mL )h/%,n? (h+1)/2
~ z\n‘z—?%}n;(Lf\y—l)—21‘1/(3—3 L—(h-f—l)/‘l
>1

since m < L and
[2h/(s=8)+(h+1)/2 « Afh+2h/(s=3)—c

(i) k > 4.
A,rh—f?hi;(};j\:—l )—zza/(s—m (mL—l)h/k/)nkha/(ml—?fj
~ Nh—9m,<LN_1)-2;:/(s-A~)L—h'z/(zh—:;’) > 1

since m < L and
LR/ (2h=2)42h [ (s—k) o NhA2h/(5—k)—e

This establishes the solvability of (5.19) subject to (5.18).
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We now observe that y; = x;r; satisfies
0 < max(Jyil,...,|yn]) < N

from (5.8), (5.18). Moreover,

MyE + 4 Ak
lfiu k

. z bya¥ ..o 4 bk
:(m’\”’;ﬂ_bl)"ﬂ;'f“"“f‘(m)\hTi—bh)-?—ﬁ—f— 147 h h.

m

In view of (5.19),

h
Ayl 4 Ayl <m0 g Fimagrh — b
=1

h
~1 r—k—kn 2k M nrkin p—2k
<mt YD NTRRBERE o NE
j=1
< L7

This contradicts our initial hypothesis. We conclude that there is a solution of
(5.1), (5.2).

For the final remark of the theorem, we first take & = 3,8 = 5 and thus
h =5. Then

(s—3)+4h 40 5 s—h+5

S
(h+1)(s—3)+4h 32 4 4 4

Next, take k = 4.9 < 5 <12 and h = 9. Then (s —h + 9)/8 = s/8, while the
inequality

(2h —2)(s —4)+4h -4 16532 5§
h(s—4)+4h—4  9s—4 — 8

is equivalent to
9s% — 1325 + 256 < 0,

which is easily verified; the left-hand side is increasing with s and negative for
s=12. |
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