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Abstract: In this paper, we study certain density theorems of the zeros of the symmetric square
L-functions (attached to a holomorphic cuspform defined over the full modular group) to the
right of the critical line. We also obtain an analogous density theorem of Halasz and Turan for
the zeros of the symmetric square L -functions.
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1. Introduction

A remarkable result of Selberg (see [58]) says that a positive proportion of zeros of
the Riemann zeta-function are on the critical line. Similar results were obtained
by Hafner in the case of L-functions attached to cusp forms which are Hecke
eigenforms (see {12]). Another important problem is studying the growth of the
L-functions under consideration. In this connection, in a celebrated paper [28],
Iwaniec and Sarnak proved certain growth estimates for eigenfunctions of certain
arithmetic surfaces which break heautifully the bound usually heing obtained by
convexity arguments. This raises the question of proving non-trivial (breaking the
usual convexity bounds) growth estimates for general L-functions. Of course, this
is closely related to the problem Lindel6f hypothesis. Also we should point out
here other important works by Iwaniec, Duke, Friedlander and Iwaniec (see [27],
[9], and [10]} which establish how one can break the convexity bounds in different
aspects namely ) and r for certain automorphic L-functions of certain degree.
For an excellent exposition of these results and about further comments we refer
to [57]. Sometimes the question of studying the difference between consecutive
zeros on the critical line were considered by various mathematicians (for exam-
ple see 1], [5], [30], |31} and [54]). In [61], Shimura proved that the completed
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symmetric square L-functions can be continued analytically as an entire function
on the whole complex plane by establishing the functional equation.In the recent
times establishing the analytic continuation and the functional equation for various
symmetric power L-functions is of much interest (see [60}).

We always mean s = g+it, z = z+iy. Let f(z) = -, 2,,€2™"* bhe a holomorphic
cusp form of even integral weight k¥ defined over the full modular group SL{2,Z).
We assume that a,, are eigen - values of all the Hecke operators and a; = 1. Let

ap and Bp be the complex numbers satisfying the equation

L—app ™+ P72 = (1 —app™) (1= Bor ™) . (1.1)

The Hecke L-function attached to f is defined as

L(s,f)=) a.n~° (1.2)
n=1

which is absolutely convergent in a certain half-plane and is continuable analyti-
cally as an entire function on the whole plane. For an arbitrary primitive Dirichlet
character 1), the symmetric square L- function attached to f is defined as

il

D(s, f,¥) =: D(s)

[T (1 - v@)a2p)(1 - p(@)B2r~*)1 - p()r =)
r

=: Z ap2n” . (1.3)

n=1

According to the notation in [61], throughout this paper we assume that x (a Dirich-
let character modulo M) is the trivial character with M =1 and ¢ (an arbitrary
primitive Dirichlet character with conductor r) is also the trivial character with
r = 1. Now, D(s) converges absolutely in R®s > k. Here the critical strip is
k —1 < 0 < k and the critical line is ¢ = k — 1/2. In fact,

D(s) =:((28 - 2k + 2) (Z ai:n"")

n=1

where a2, are multiplicative and we also note that from Deligne’s work (see |7
and [8]), they satisfy the inequality

lara] < d(n?)nk1,
From our definition (1.3), it follows that

[ — 2k—2 _ »
b, =:a,2 = l an,

PBm=n
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and b,, are multiplicative. It is not difficult to see that (for 7 > 5)

J
[bps| <PEVY @a+1) Y 1<) = 0D (4 (7))

a=0 264 a=j

since there is utmost one solution b to the equation 2b+ a = j for every fixed a.
For 0 € j € 4, easy computation shows that the above inequality holds. This
implies that (in our notation)

lans] < (d(n))*n* " (14)

In fact using the fundamental lemma 3.1 of this paper combined with lemma 3.2
of [32], it is not difficult to establish a reasonable zero - free region. It should me
mentioned here that the mean values of derivatives of modular L-series had been
studied earlier by Ram Murty and Kumar Murty in [50].

In recent times, the properties of Rankin-Selberg zeta-functions have heen studied
extensively by many authors (for example see [24], 25] and |34]). After normalizing
the coeflicients, the Rankin-Selberg zeta-function is defined as

Z(s) = ((2s) Z aZnlk8 = Zcﬁ,n“" (say) (1.5)
n=1 n==1

which is absolutely convergent in the half plane ¢ > 1, and it can be continued as
a meromorphic function to the whole complex plane with a simple pole at s = 1.
It satisfies a nice functional equation (see [24]). For example, in [24], Ivic studied
mean-value theorems for Z(s) for a certain range of ¢ and from his result it follows

that
T
/

for every € > 0. In [34], Matsumoto proved a refined upper bound for the mean-
square of the absolute value of Z(o + it) (replacing T* into (log T)€) whenever
% <o < % and an asymptotic formula with certain error term whenever % <o Kl
(see theorem 2 of [34]).
In part-I with the same title (see [55]), we improved the mean-square upper bound
for Rankin-Selberg zeta-functions on any fixed line when ‘5 Lo < % and improved
the exponent of the error term in the asymptotic formula when % <o <l
In this paper we consider the following fundamental question related to the sym-
metric square L-functions.
Can we prove certain ‘Density Theorems’ for the zeros of D(s) 7
After Shimura’s work (see [61]), the answers to the above important fundamental
question do form the core part for further progress if any.

Let N*(o,T) denote the number of zeros g = 8+ 1y of D(s) with 8 > ¢
and |y| < T. From lemma (3.3), it is clear that N*(¢,T) < T'logT provided

2

1
Z( +it)| dt < T (1.6)
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k—1/2< 0 <k—1/2+1/(logT). For the Riemann zeta-function ¢(s), we know
for example the familiar result of Ingham, namely

N(o,T) < T (log T)°,

in the case of L- functions an averaging result of Bombieri (see [2]) which states
that when T < @,

S S N, T) < TQEF (10g Q)"
I8Q X
It is also known that
N(o,T) < T¥379) (1og T)'® .

We also refer to [16] for sharp density results for the zeros of {(s) in certain range
of o. The following result is due to Montgomery (see [36]) which we state as

Theorem A. For T' > 2, let

M(T) = max, |¢(a +it)].
a}%

Then for % £ £ 1, we have

8(1—0o)(3c~2)
N(o,T) < {M(5T) (1ogT)5}"‘”"§§”"‘” (logT)" .

We prove some density theorems for D(s) and discuss their further implica-
tions. In proving theorems 1.3 and 1.5, the central idea is to study how frequent
certain Dirichlet polynomial being large. This main idea was developed and used
first by Montgomery and later by many mathematicians (see [16], {17], {20], |26]
and [29]). In this paper, we prove

Theorem 1.1. For o 2 k — % + Eé_T? we have
ko
N*(0,T) < T3 (log T)C .

It is not hard to prove the following general theorem.

Theorem 1.2. Assume the following conditions.

1. G(s) has meromorphic continuation to the whole complex plane except
for a simple pole at s = 1.

2. G(s) and (G(s))™! have the Dirichlet series representation namely

o

G() =3 ann™ 5 (G(s) 1 =) ban™*

na=1
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in 0 > 1 with the conditions a1 = by = 1, a, and b, are multiplicative and
A
max ({an, [bn]) < (logn)

for some fixed positive constant A.
3. For t 2 10, we have

G(1/2+it) < € (log )€

If Ng(o,T,2T) denotes the number of zeros o = B+ iy of G(s) with 8 2 o(>
) T <~ 2T, then

Ng(o,T,2T) <« T*+2000-9) (155 T)¢

Remark. Theorem 1.2 is hetter than the theorem 1.1 whenever C < %. Because,
for k — 1 <o < k, the inequality

5 5
—~—*—2k_20+1 >§>2(1+ZC)

holds only when C < %. However it should be pointed out here that we know only
C =2 from (2.20).

Theorem 1.3. (Halasz - Turan Type). Let ¢ be an arbitrarily small positive
constant and 6 be any sul’ﬁciently smaH positive constant but a fixed one. If
D(k -1/2+zt)<<t6 and g( +zt)<<t5 for all t = to then

1
N* (k -5t 51/2,T) < TC8

where C Is a positive constant independent of the parameters 6,¢ and k.
It is not hard to prove the following general theorem.

Theorem 1.4. Assume the following conditions.

1. G(s) has meromorphic continuation to the whole complex plane except
for a simple pole at s = 1.

2. G(s) and (G(s))™! have the Dirichlet series representation namely

G(s) = Zann's : (G(s))_1 = ann"s
n=1 Ti==]

in o > 1 with the conditions

S jaal? < zlogz)t 5 3 [bal? < 2(logz) P

ngx ngzr
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3.
1. 2 1. 2
G(E +it) 8 (5 +it) < t°

for sufficiently small (but fixed) positive constant 8. Then we have
Ng ( +6'2,T, 2T> < T

Theorem 1.5. Let

1
My = ,2T ) = max -+ it
1 (2 ) P C(z )
and L )
My = M, (k»——,QT): max |D(k — = +it)]|.
2 T <t<2T 2

Then for k-—% < o < k, we have
2Ak—0a)
1 81 m,‘4 a1 o—~2k+1
N*(o,T) < (Mzz (Mf (log T)? ) (log T)? ) (log T)°.

Acknowledgement. The author is highly thankful to the referee for making
some useful comments.

2. Notation and preliminaries

The letters C and A (with or without suffixes) denote effective positive constants
unless it is specified. It need not be the same at every occurrence. Throughout
the paper we assume T > Ty where T is a large positive constant. We write
f(z) <« g(z) to mean |f(z)| < Cig(z) (sometimes we denote this by the O
notation also). Let s = 0 + 4¢, and w = u + iv. The implied constants are all
effective. In any fixed strip a <o < b, as t — o0, we have

[(o + it) = t7Hit—1/2g=m/2-it4Gn/2)(0=1/2) /o (1 4+ O (1/¢)) . (2.1)
Let
R(s) =m0 n 2R 2 b 22)
Then D(s) satisfies the functional equation (see [61])
= R(2k—-1-5) (2.3)

Also we note that if

Ry(s) = n~ S22 k“ (s = k+1) (2.4)
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then {(s — k + 1) satisfies the functional equation
Ri(s) = Ri(2k — 1 - s). (2.5)
Therefore if D;(s) = {(s—k+1)D(s), then D, (s) satisfies the functional equation
R(s)Ry(s) = R(2k —1—5s)Ry(2k — 1 —s) (2.6)

and we notice that R(s)R;(s) extends D;(s) as a meromorphic function to the
whole plane except for a simple pole at s = k. We define

E(s) = —(s—k)(2k -1 -5 —k)R(s)Ry(s). (2.7)
Note that .
£(s) = €2k — 1 s). (28)
We write
D(s) = x(s)D(2k — 1 — s) (2.9)
where —3(2k—1 F( 2k—1—3 )F( 2k-a)r(k—a+l)
2B e 2 2 2
Xy =m D(5T(F(=22) 219
From (2.1) and (2.10), it follows that, for 2 < o < b, we have as t — o0,
(x(5)) = Calk, )3 CF57-9 ()34 (1.4 0.(1/1) (211)

where 3 is a certain constant depends only on k and o. We notice that for
o>k,

ps p2a p3s

since
—_ . k1
ap+ B, =ap ; apffp=p" .

Now we define a multiplicative function p*(n) in the following way.

1 ifn=1,
—(ap —p*7) ifn=p,
pr(n) =< (P 2+ e} - 2p*7Y)) ifn=p7 (2.13)
_p3k-—-3 ifn = pS}
0 if n = p® for any integer a > 4

and hence clearly
l*(n)] < (d(n))*n*! (2.14)
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and for o > k,
1 pt(n)
= . 2.15
D(s) ; ns (2.15)
Also we define u} in the following way. We note that
1 :H L (ag . pkwl) N (p2k—~2 4»}))%1(0“?J _ 2pk-1)) _ p3k~3
Gkt DDy P 7 P
k—1
p
41— 2.16
{ p° } 219)
and therefore define
(1 ifn=1,
—af; ifn=np,
. 2p* " (e —p*7Y)) ifn=p?,
#1(n) = 4 -p2k~2:§, PINEY (2.17)
p4kw4 ifn= P4,
Q if n = p? for any integer o 2 5
and hence clearly
i ()} < (d(n)) (2.18)
and for o > k,
1 - pin)
= . (2.19)
((s —k+1)D(s) = o
From maximum-modulus principle and the functional equation, one has
. 2 k—o)
D(o + it) < Jt]2 log [t| (2.20)

uniformly for k — 3 < o <k, || > 10.

1
2 bl
3. Some lemmas

Lemma 3.1. (A Fundamental Identity) We have

. —8 __ Cz(S—k+1)
g(S) = ;aiﬂ = m‘p(ﬁ)

where

‘I’(S) . H (1 SN 2pk—1~~~~5 - aIZJP—S N pzk—Z—zs)—l ‘
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Proof. See for example lemma 3.1 of [55]. For the sake of completeness, we
reproduce the proof here.

We note that a, is multiplicative and satisfy the following equations

Apx = Qplpa—1 —Pk_lapx-z (3.1)
and
pk"lapx~3 = —~Gpr-1 + Qplpr-3. (3.2)
Therefore we can write first
=5} 2
g(s) =[[{L+afp +alp™™ + Z pJ—pJ : (3.3)

P

From these two equations (3.1) and (3.2), we observe that (3.1)2 —p*~1(3.2)2
gives the relation

azx - {a;zp - pk_l}a?_,:\—l +Pk—l{a§ - pk_l}apz,x—z _pa(k—-l) a’%‘\—ﬂ = 0. (3'4)

Now, we write

D Gl o il ol L R
; pjs ; pjs
7=3 J=3
0 42 © 42,
— — 3 - - -
=@-pF N | Y| - - Y-

oo 2
S(kl)ﬂs Z_P-’

8
g=

_ {(az — e _pk—l—zs(ai ~ P +p3(k-1)~35}

Oy
8
=0 pj

J
2s + (0.12, _pk—l)pk—l—-z.s-. (35)

— (a2 —p* Np~* —al(a - p*M)p~
We also find that

...25

1+app™ +agp™ ~ (af —p*)p~°

_ag(ag _pk—l)p—ZS + (ag __pk-l)pk-l-Zs =1 +pk 1-s
Let

o .2
X={1+alp™° +oap >+ e
=3
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and
Y = {(02 _pk-l)p—-s _pk~1—23(02 _pk—-l) +pii(lc—l)—i'ls} )
P P
From (3.4), (3.5) and the above arguments, we observe that
X =XY 1+ pk17¢ (3.6)

with the above notion for X and Y. Therefore we obtain

14pk1e
9(s) = H 1 — (az — pk—1)p—s 4 pk-1-2s (012, —pk1) — p3(k—1)-3s

P
k 1—8 X N . -1
__H{ Ty — 8(1+2p —1-8 _azz)pﬁs+p2( -1)— 8)}
G(s—k+1)
S N S 3.7
(@s—2k 1) ) (37)
where -1
V(s) = H (1 +opkTlTe aZp~® +p2(k~1)~23) ‘ (3.8)
P
This proves the lemma. u

Lemma 3.2. (Montgomery—Vaughan) If h,, is an infinite sequence of complex
numbers such that 3. nlh,|? is convergent, then

2

T+H | oo . o0 ,
/ D han | dt = |haf* (H +0(n)).
T n=1 n=1
Proof. See for example lemma 3.3 of [39] or [46]. n

Lemma 3.3. If N*(¢,T,T + 1) denotes the number of zeros ¢ = 3 + iy of D(s)
with 8 20, T <y <T+1, then

N*(k—1,T,T+1) < KylogT.

Proof. We define
D(s)

e

F1 (S) =

where so = k + 1y + € and g in the product runs over the zeros of D(s) with
k—1<pB<kand T <vy<T+1. We note that

[F1(s0)l = |D(s0)l

1 o [anﬂl
- Z nkte
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where C is a certain positive constant. This implies that

C < |Fi(so)l
< max_ |F(s)]

{a—sq|=12
[D(s)]
< [s—rgfl[élz 2N
TC’
oN*

<

and hence we obtain the lemma.. [ |

Lemma 3.4. Let D(s) Y. “—n(sﬁ)- —1= 3% %=, then
ngX n>X

leal < (d(n))Pn*.

Proof. Since a,z and p* are multiplicative functions, from the definition, ¢, is
a multiplicative function. Therefore it is enough to prove the lemma on prime
powers. From (2.14), we notice that (with b, = a,3)

lepm| = |bap™ (™) + bpu® (@™ 1) + - - + bpmp* ()]
<pm(k 1) i ‘_J))
F=0

< pmD) ZJ+1) (m—j+1)°

m) 6 m(k 1)

which proves the lemma. |

4, Proof of the theorems

Proof of Theorem 1.1. It is enough to prove the theorem for T' <t < 2T. We
divide the rectangle bounded by the lines with real parts o,1 and the imaginary
parts T, 2T into abutting smaller rectangles of width 1. We count the number of
these smaller rectangles of width 1 which contain at least- one zero and multiply
by logT to get a bound for N(a, T, 2T'). Define the function

)Z w D(s)Mg(s) ~ 1 = Z T osay. (4.1

ngT n>T
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Let ,
G(s) = Fy(s)Y*~2els—0) (4.2)

Now, select a set of zeros in each of the rectangles which contain a zero and consider
the integral
1 G(s)
2nt J s—p
R

ds = the multiplicity of the zero p (4.3)

(by Cauchy’s residue theorem) where the integral being taken over the rectangle
R defined by g+ = + iy, k — % <P+z <k |vy+y < (logT)2 If Y is chosen
to satisfy logY « logT, then the contributions from the horizontal sides of this
rectangle R is O(T!%). Let us denote the vertical sides of R by Vi and V, so
that we have

1=0|logT /]Fz(s)]dt Y 3P 4 1og T /[Fz(s)ldt Y*-#
\%1 WVa

=0 {logT 1+/1F2(s)1d¢ yk-i-#

i
+logT | T7° + / |Fa(s)|dt | Y5 | . (4.4)
Va
We choose Y such that
vt 1y [ ) =y 170+ [im@ie ] . 49
Vl Va
Let
n@) =1+ [1Fae)la (16)
i
and
Jy(e)= | T+ / |Fy(s)ldt | . 4.7
Vi
Note that

J\? 1 TC
Y= (};) Z T—10 +TC; Y < T-10
1]

so that the condition on Y is satisfied. Hence we have

2(k~4)
1<2ClogT (31) Jy = 2C log TJ2KA) j26+1-2k (4.8)
2
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We notice that

T P i () 2
- IMr(k —1/2+1/logT +it)|" dt = Z 2k—1/271/10g T) (T +0(n)
ngT

n 8n2k—2
< ERT (74 o)

n2k—1
n<T
<« T(logT)". (4.9)

From (i) of theorem 4.1 of [55], we have
2T
/T ID(k —1/2+ 1/log T + it)|? dt < T*2(log T)C.
Therefore using Holder’s inequality, we find that
2T
/ |Fy(k —1/2+1/logT + it)| dt < T>*(log T)® (4.10)
T

and using lemma 3.2 (Montgomery - Vaughan Theorem), we have

2T C! 2
/T \Fy(k+ 1/(log T) + it)? dt = ZTnTl'i%“ﬁ (T + O (n))

nx

€Ty ) | s~ @)
P

< (log T)€, (4.11)

since ¢}, < d(n)**n*~1 (from lemma 3.4). From (4.10) and (4.11) (using convexity
arguments), it follows that

S " Jie) < T**(log T)° ZJZ 0)? < (log T)¢ (4.12)

e
and so

T5/4(log T)C ‘

(log T)°
A :

{e/h > W)l < =

He/J2 = W2} < (4.13)

Now we fix Wy = WZT5/* Hence the total contribution from the abhove exception
is

L 414
W, T W2 (4.14)

(logT)C{Tm ! }
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From (4.4), for the remaining zeros, we have

3/4 < 2C(logT)W12(k_ﬂ)W22ﬂ+l—2k
e C(logT)le(k-cr)le(a-ﬂ)W2217+l—2kW22(ﬂ—a)

W2 )2(ﬂ-‘7)

= 2C(log T)W; ™7 Wi +1-2+ (Wl

2(k—0) 1 20+1-2k 1 2o
— 2C(log T)WE* = dot1- (W2T5/4> ‘ (4.15)

2(p—0o)
Let us suppose that W > 1/T5/4 and so (W;'%%/_'t) < 1. Therefore we get,

3/4 € 2C(log T)le(k—o)W220'+1~2k
2(k—a)
= 2C(log T) (w§T5/4) Wir+1-2k

= 2C(log T)T*/ k-7 2k —20+1 (4.16)
We choose log T
W, = ( (;gc E =TT 21(:"2:!3 (4.17)

Clearly W, > T—5%/4_ For this choice of W, (4.16) implies that 3/4 < 1/2 which
is absurd and this means that we should count only those zeros in (4.13). Hence
we get,

T c 5{k~a
N*(0,T,2T) < (logvz) < Tk (log T)° (4.18)
2

which proves the theorem.

Proof of theorem 1.2. From the assumption 2 of the theorem it follows
immediately that

Y o < zllogz)* ;D |bal* < z(log )4, (4.19)
ng ngx
We define
Cx (n)
fx(s) = s)ﬂ% = _1= nz_jl ~ (4.20)

We observe that
Cx(1)=0 ; Cx(n)=0 for n< X ; and |Cx(n)| < d(n)(logn)®**. (4.21)

Therefore we have,
Z |Cx (n)|* <« z(log z)*At? (4.22)

ngx



Fundamental properties of symmetric square L-functions-II 103

and

|Cx (m)Cx (n)]
m;n@ (mn)? (log ()

Now we follow the proof of theorem 9.18 in [62] and obtain the estimates

< z(logz)*A+3, (4.23)

T
| x4 i de < (5 + 1004 (4.24)
and

fx( +it) "t < T2 (T + X) (log(T + 2))*° (log X)*4*1.  (4.25)

I

Using convexity theorem and choosing X = CT, 6 = (log(T + X))~!, we obtain

T
ﬁ ‘fX(U -{-it)lz dt < (T+ X)T4C(1—0)X1—2-7 (log(T+ X))12(A+1)+2C
F)
& T(4C+2)(l—a) (].Og /1'|)12(f1+1)<}-20"r .

This proves the theorem.

Proof of theorem 1.3. Let o= 3 +iy,T < v < 2T with 8 > k — 1/4 4 §%/2,
We define (as hefore)

F(s)=D(s) )_ “n—(”) ~1=D(s)Mps(s) —1= -f;"- say. (4.26)

ngTé n>T4
We notice that
=0 for n < T%len] < (d(n))*n*1. (4.27)
Now, from Mellin’s tranform we have
1
Pt S / F(s + w)X"“T'(w)dw. (4.28)
, ne 2m
n>T Rw=k+1

We note that the truncated integral with (Rw = k +1,Jv| > (logT)?) gives an
error o(1). Now, we move the line of integration of the remaining portion to the
line Rw = —1/4. By doing so, the residue contribution coming from the simple
pole at w = 0 is F(s). We fix throughout this proof X = T2%. Therefore we
obtain, (for ¢ 2 k—1/4,T <t < 2T)

z —e %+Z-—e % +o(1)

T&gﬂnga n>T214
1
- / F(s + w)X*T'(w)dw + F(s) (4.29)
Rw=-—1/4,

lul g (log T)?
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Notice that (for o 2 k —1/4)
Z e T Y
ns
n3 X (log X)? n3 X(log X)?

< 1—e-VX

&« Xe®

=0(l) as X — o0 (4.30)
since 7 > [X (log X)?]. Also we have

1 w TeTﬁ/2+62
Rw=—1/4,

lvi<(log T)?

since € is arbitrarily small positive constant and é is any small fixed positive
constant. Therefore we get

F)= Y Ze % 1o1). (4.32)
Té <n<T216
Let .
Zi= ). —e % (4.33)

n
Té {nng‘

Since g is a zero of D(s), F(p) = —1 and hence,

1Z1(e) + o) = [F (o) = 1 = |Z1(e)| > 1/2. (4.34)
Let ;
Zsy= Y. = (4.35)
TéLngT2é
where
bal = |ene™ X | < (d(n))*n*1. (4.36)

Let U be a parameter with T% < U < T?¥. Now, with U = 2T for
7=0,1,2,- -, we have

bn
1z =) 1> 1/2. (4.37)
U |ugn<ou ™

Note that j <« logT. Divide the width [T, 2T into abutting sub-intervals of width
(log T)? leaving a bit at the top. Call these smaller intervals as Iy, I5, - - -. Let

U By (4.38)

F==1,2,--
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and
B= |J Ly (4.39)
f==1,2

Let N; and N be the number of zeros in the sets A and B respectively. We
first fix any smaller interval I5;,_1 € A. The total number of zeros in this smaller
interval I;,_ is < (logT)*. For every ¢ € L;,—1 and for every ¢’ € I;_; (with
7 # Jo), we have clearly

lo— ¢l > (log T)*.

Let
A*={oc A : lo—¢'| > (logT)* for 0,0’ € A}.

Let N} be the number of well spaced zeros ¢ € A. This implies that
N; < (logT)® N2,
Define
. . ba | . .
I{U)y=(p€ A : }: —g| 15 maximum
Ugn<2U
Now, A* is the disjoint union of I(U). (i.e) [J I{U) = A*. Also we have a

U
surjective map from the set {I(U)} to the set {U} with I(U) is the inverse image
of U. Similarly the same phenomena is true for B*.

Since for every ¢ € I(U), we have the sum | Y. &=

Ugn<2U

is maximum, we

obtain that for every o € I{U),

bﬂ 1
> =i : (4.40)
oy ne 2log T

Therefore
N* (k - i + 62T, QT) <« (log T {NT + N3}.

We notice that (for U < n < 2U)

o -3 3 n 61/2__1.
e W —¢ =€ (BW - 1) > = C (4.41)
and
oo oo 1
- _eB) < W = < 2U. 4.42
2::(6 eB) < e e — (4.42)

n=1 n=1
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We first treat the set A*. From (4.40) we have

210gT <D D m D, b

U eel(U) Usn<2U

<Y Yy

Ugn<2U eEA"

— — - n —l -
gc 1U I4+k-~14€ Z Z ngg_l (e 17— 9)
Ugn<2U |pEA*
1/2

g C—1U~l+k~1+£ Z (e-a% _ e-ﬁ)
Un<2U

Ner M —h —
Z Z nelg;ezgi2l e W —e ﬁ)

Un<2U g1,02€ A"
L DU~ HHE-1tetspd ' (4.43)

where 7,, and 7,, are complex numbers of absolute value 1 whenever p,, g3 € A*;
0 otherwise and

77917722 —t —-#
e W e U
L Z Z T (e )

Ugn<2U gy,02€A*
= Lpy=p, + Lel#ez' (4.44)

‘Lgl Qz! < Z Z nﬁl+ﬁ2_2t ( T - e—%)

Ugn<2U 01=¢2,
a1,02€A"

< CON3U-26" (4.45)
since By + B2 — 21 2 26'/2. For g1 # g2, we observe that

1/2

Loatel < D 2m / Cler + 82 — 2 + w)T(w) (2% — 1)U%dw|. (4.46)

a1#es, Rw=1+¢
01,02€A* +

We notice that the contribution to the above integral from the portion Rw =
1+¢ |v| 2 (logT)? is Ult¢e=C(eT)* in absolute value. Therefore we get,

Q1= Z —1— f C(o1+ g2 — 28 + w)T(w)(2¥ — YU dw

” 2t
faFe2, Rw=1+¢,
eres€A [v]> (10g T)?

<« N32yttee=ClosT) (4.47)



Fundamental properties of symmetric square L-functions-II 107

Note that the zeros are well-spaced. We move the line of integration to R(o1+ g2 —
2l + w) = 1/2 in the remaining portion of the integral and notice that horizontal
portions contribute a quantity which is <« Nl‘zT'szU 1+eg~CUogT)? i ahsolute
value, since by our assumption {(1/2 +it) <« 5 Now, on the vertical line, we
find that

Q= 3 | / Clor + & — 21+ w)T(w) (2 — 1)U dw

2t
Ql#ga. Rw=1/2+21-R(g1+82),
01,02 [v{€log T)?
< Nl.zT.sz Ul/2+21-p1— B2

< Np2ré 22t (4.48)

since B1, B2 2 | + 61/2. Therefore from (4.45), (4.47) and (4.48) we find that

Nt T .rr]—081/2 2 o282 —ggl/2 1/2
210éT < U IHk—zte {NlUl 28 +N1 T 20 +Nl TJ Ul/2 2 } )
(4.49)
We now fix = k — 1/4 and notice that
Tﬁ —l+k=1/2+e+1/4—6"% pre sziUc N* Ny -
Y 1 < Ul-k+1/4461/27°1 < 2(log T')?

since T? < U < T2 ¢ is any arbitrarily small positive constant and & is any
small but fixed positive constant. Also we notice that

1/2

N;2T—10 < N;2T.5’ [1/2-24

Therefore we get
Ni/% < Cllog T)UM 4 4

and hence
Nlt < TCJ

where the implied constant depends on 6, &, ¢ but C is independent of these pa-
rameters. Similar estimate holds for N5 . This proves the theorem.

Proof of theorem 1.4. Similar to the proof of the theorem 1.3

Proof of theorem 1.5. Since the proof of this theorem resembles the proof of the
theorem 1.3 up to some extent, we only skectch the proof here! Let o = g+14v, T <
< 2T with 820 > k—1/4. Let X and Y are two parameters which satisfy
X(log X)? <Y < TA. We define (as before)

F(s) = D(s) Z E:T-:(;)- —1=D(s)Mx(s) - 1= Z b say. (4.50)

ns
ngX n>X
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We notice that
en =0 for n < X;len| < (d(n))*0n*~1.

(4.51)

Now, from Mellin’s tranform (after truncating the integral at (Rw =k + 1, |v] >
(log T)?) which gives an error o(1)) by moving the line of integration of the remain-
ing portion to the line R(s+ w) = k— 3, we find that (for 0 > k-, T <t <27T)

Z %e'a + Z %e"} + o(1)

X<ngY (logY)? n>Y (logY)?
1
- / F(s + w)Y*T'(w)dw + F(s).
me
Rk — %—a,
[v|<(log T)?

Notice that (for 0 > k — 1/4)
%e"{% =0(l) as Y — o0
n2Y (logY)?

since 7 > [V (logY)?]. We note that

(d(n))*n*
nk‘%

1 .
|Mx(k ~ 3 +1ir)| < n;(

Therefore we have

Qs =: |1 / F(o + w)Y"T (w)dw

2
Rw:k‘—%—'ﬁ,
fu|<(log T)?

max
< 2T—(log;T)"?grgT—}—(logT)2

< 2X ¥ (log X)**.

D(k - % +ir)Myx (k- % + ir)}

yo-(k-1)
Ma(k ~ 3,2T) Xt (log X)™

<4 oy

We choose Y such that

30
2 1

4M2(k —1,2T) X% (log X)
yo-{k=1%) 107

Let c
Z2(0) = Z —:,6—7'

n
X<n<LY (logY)?

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)
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Since g is a zero of D(s), F(p) = —1. Therefore from (4.52), (4.53), (4.54), (4.56)
and (4.57), we get

1
|Z2(e) + o(1)| > |F ()| = 5 = |Z2(e)l > 1/6. (4.58)
Let ;
Za(s) = > = (4.59)
X<ngY (logY)?
where
bn| = |eae™ ¥ | < (d(n))*n* " (4.60)

Let U be a parameter with X < U < Y(logY)2. With U = 2/ X for j =1,2,.--
(note that 7 <« logY'), we have Now,

1Zz()l =D > %’-;; > 1/6. (4.61)

U |U<n2U

As in the proof of the theorem 1.3, we obtain

M= | By (4.62)
§=1,2,
and
Bl proed U IZj' (463)
=12,
1={c€ A : [e—2| 2 (logT) for 0,0’ € A1}
We define
bnt . .
IU)=(¢e€ A" : pe| S maximum
Ugn<2U n

Now, A;" is the disjoint union of I(U). (i€) |J I(U) = A;*. Also we have a
7

surjective map from the set {I(U)} to the set {U} with I(U) is the inverse image
of U. Similarly the same phenomena is true for B;*. Clearly

N* (0,T,2T) < N11 + Ni2 < (logT)? {N7, + N3}, (4.64)
where N7, and N7, be the number of zeros in the sets A] and B} respectively.

S° 52| is maximum, we obtain, for every

ne

Ugn<2U

Since for every g € I(U), the sum

o € I(U),

bn 1
> =2> : (4.65)
oty 18| 20logY
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We notice that (for U < n € 2U)

cls

e_fnﬂ —_

Z e — e 7)< 2U. (4.66)

We first treat the set A}. From (4.65) we have

ZZ% D, ban7

€U geI(U) Usgn<2U

< Y Bl Y

Np
20logY

Ugn<2U eEA]
1 2\ %
2, —21 Mo
<| 2 baln DD =
U<n<2U Ugn<2U o A
4 2 4
~} - M . _r
<CH S jpafe® 22 | (e - )
Ugn<2U Ugn<2U jpe A7
2 i
- Ltk 80 n - -
< CmVy-ltk (logU)2 Z Z ngil (e W e ﬁ)

Ugn<2U {ge A}

2'0

< OV R (1og U) (4.67)

where 7., and 7, are complex numbers of absolute value 1 whenever g1, 02 € A};
0 otherwise and

Mo, 7 - -
L= Z Z neﬂefzzl (e woe %)

U<n<2U o1,02€A]
= Lo=p; + Loy0,. (4.68)

]. —__n —r
‘LQI 921 < Z Z nﬂl‘f'ﬂz —21 (e W —e ‘U)

Ugn<2U e1=e2,
01,02€A7

<« CNJ,U (4.69)
since 81 + 2 — 2l > 0. For g1 # g2, we observe that

1
Lozal < Y |5 / Clor + 63 — 2 + w)T(W)(2¥ - YU¥dw|. (4.70)

er# ez, Rw=1+e¢
e1,02€A7
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We notice that the contribution to ghe above integral from the portion Rw =
146 lu| > (logT)? is U'tee~C(198T)" in absolute value. Therefore we get,

) .

Z “2"; / C(gl + g3 =2l + w)l"(w)(.?'" _— I)U"’d‘w
e e, Rw=1+e,

QI,QZE-AI [‘U[?(IOET)Z

< N;12U]+ee—C(logT)2' (4.71)

Note that the zeros are well-spaced. We move the line of integration to R(g; + g2 —
21+ w) = 1/2 in the remaining portion of the integral and notice that horizontal
portions contribute a quantity which is « N},*T1V/6U1+ce=CUoeT)® in ahsolute
value, since {(1/2 + it) < t'/6. Now, on the vertical line, we find that

2 2_:& / Cloy + 62 — 20+ w)T(w) (2% — 1)U dw
# k — — _
axg,lgzgiﬁ Ruw=1/2+2-R(e1+62),

fui<(log T)?

1
<<Nf12M1(§, oT\UV2+2-F1=Fa
1
<N} *Ma(5,2T)U (4.72)

since (33,02 = . Therefore from (4.69), (4.71) and (4.72) we find that

280

L < CTVU 5 (log U)
1 1/2
X {N;lu + N2 N,“lel(E, 2T)U1/2’} . (4.73)
We take | = o and notice that

N22T10 ¢ N{lel(%, T2,

Now we choose X such that

1 1/2 . o0 1
20~ V2 [ My (=,2T X-otk=2(log X)? = ) 4.74

This implies that
N

—~1/2prk—0 pr% 1/2
20Alog T SCTUTNG
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and hence we obtain

N}, < U25=9)(10g T)? & Y2k~ (10g T)2, (4.75)
From our choice of X and Y (see (4.74) and (4.56)), we find that

2 1 261 4 531 2:(_:&% 2
Nh < (Mz(Mf(logT) )= (1og T)) (log T)2. (4.76)

Similar estimate holds for N7,. Hence the theorem follows.

Remark. It is easy to see that theorem 1.5 is better than theorem 1.1 whenever ¢
is nearer to k. If Nz(o,T') denotes the number of zeros p = §+ iy of the Rankin-
Selberg zeta function Z(s) with @ > ¢ and |y| < T, then (after normalizing the
result of theorem 1.5), from lemma 3.1 (we have Z(s) = {(s)D(s + k — 1)) and
theorem A, we find that (for o > 3)

2(1~a

1 81 4 20—
Nz(o,T) < (MZ(MF (10g 7)™ )= (g )7 ) 77 (logT)°  (477)
Bor 8
whenever Mz > M~ and
B(l1—a){30—2}
Nz(0,T) < (My(logT)%) Rl (log T)*! (4.78)
508
whenever M, < M fTs . However it should be mentioned here again that all we

know only about M; and M, are M; < T#5+e and My, < T4 logT.

5. Concluding Remarks

Most of the theorems in this paper automatically hold in the case of Rankin-
Selberg zeta-functions because of the relation from lemma 3.1. It would be much
more interesting to avoid the condition { (% +1it) < ¢5* in the theorems 1.3 and
1.4, but we do not know how to do it. The general theorem 1.4 may be compared
with the general theorem 2 of [13]. To prove theorem 2 of {13], Turan’s power
sum method (precisely the second main theorem of Turan’s Power sum method)
plays an important role. However we have avoided this in our proof with slightly
modifying the assumptions on G(s).
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