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Abstract: We introduce a Laplace transform for Laplace hyperfunctions valued in a complete
locally convex space X. In this general case the Laplace transform is a compatible family of holo-
morphic functions with values in local Banach spaces. Especially interesting is the case where
X = Lp(E, F) is the space of operators between locally convex spaces. In the forthcoming paper
[6] this will be applied to solve the abstract Cauchy problem for operators in complete ultra-
bornological locally convex spaces (like spaces of smooth functions and distributions) extending
results of Komatsu for operators in Banach spaces.
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1. Introduction

The solution of the abstract Cauchy problem is a classical part of the theory
of differential equations. A standard approach to this problem for operators in
Banach spaces is the use of Laplace transform for operator valued (generalized)
functions. This has been developed in several settings of generalized functions,
the most general being the approach of Komatsu (see [9, 10]) in the framework of
Laplace hyperfunctions.

Though many standard operators of analysis are naturally defined on locally
convex spaces like holomorphic functions, C°°— functions or spaces of distribu-
tions, a solution of the abstract Cauchy problem for operators in locally convex
spaces by means of conditions on the resolvent (and using the Laplace transform
as the relevant tool) is missing, perhaps since a corresponding reasoning was con-
sidered to be impossible because of simple examples like the following:

Let C : H(C) — H(C) be the multiplication operator defined by C(f)(z) :=
zf(z) for f € H(C). The L(H(C))—valued continuous function 7' : [0, o00[—
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Ly(H(C)), T(t)(f)(2) := e**f(2), clearly gives an (at most exponentially increas-
ing) solution F(t) := T(t)f of the following abstract Cauchy problem:

F'(t) = CF,
F(0) = f.

Nevertheless the operator A — C : H(C) — H(C) is for no A € C surjective, hence
the resolvent set is void, and moreover the Laplace transform

1)
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is not defined as an operator in H(C). Similar examples are also given in [1, p. 164]
(C := x4 in the Schwartz space S(R)) and in [3, p. 125] (C := - in H(C)).

In spite of these examples we will develop in the present paper a suitable
notion of Laplace transform for Laplace hyperfunctions valued in a complete (ul-
tra)bornological locally convex spaces (which becomes especially transparent for
Fréchet spaces and which can also be applied to the simple example above).

In this way we will modify and extend the approach of Komatsu to cover
operators in spaces typical for analytic applications: various spaces of smooth
functions or distributions.

The results of the present paper are used in the forthcoming paper [6] to pro-
vide a solution of the abstract Cauchy problem for operators in complete ultra-
bornological locally convex spaces using a suitably general notion of a resolvent
for operators in locally convex spaces.

Unlike Komatsu [10] (who used boundary values of exponentially increasing
holomorphic functions) we will define Laplace hyperfunctions by duality, i.e., as
the dual space of a natural space of holomorphic test functions. We then in-
troduce a Laplace transform for these Laplace hyperfunctions with values in a
complete locally convex space X which is the projective limit of its local Banach
spaces (Xy)yer. The appropriate notion of Laplace transform then is a family of
holomorphic functions (L, (T"))yer with values in X, satisfying a suitable compat-
ibility condition and some exponential growth condition on sectorial domains in
the complex plane.

Since we precisely describe the Laplace image of our space of test functions,
we can also prove a Laplace inversion formula for Laplace hyperfunctions in our
general setting. In this way we completely characterize the Laplace transforms of
vector valued Laplace hyperfunctions (see Theorem 2.4 and Corollary 3.5).

This provides a full extension and improvement of Komatsu’s results [9, 10]
on Laplace transform of operator valued Laplace hyperfunctions in Banach spaces
to our general setting which is required in applications to spaces of smooth or
analytic functions as well as to various spaces of distributions and will be explored
in the forthcoming paper [6].

Our Laplace transform also provides a general frame for the study of the
Laplace transform for vector valued weighted generalized functions. The case
of weighted vector valued distributions is treated in Section 4, where also many
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more examples are given which are connected to semigroups of operators provid-
ing solutions of the Cauchy problem for certain differential operators with variable
coefficients. It is worth noting that a theory of vector valued hyperfunctions of
Sato type is developed in [5].

Specifically, let £ and F be locally convex spaces , where E is bornological
with system B of bounded absolutely convex subsets (and corresponding normed
spaces Eg, B € BF) and where F is complete with the topology defined by a semi-
norm system {|| - ||o, @ € A} (with corresponding local Banach spaces Fi,,a € A).
Let X = Ly(FE,F) be the space of continuous linear operators from E to F.
Then Ly(E, F') = proj g o)epexa L(EB, Fu), that is, the local Banach spaces for
X = Ly(E, F) are provided by the projective spectrum (L(Ep, Fo))(B,a)eBExa Of
spaces of operators on Banach spaces. Thus the Laplace transform of a Laplace
hyperfunction with values in X = L,(E, F') is a family of holomorphic functions
with values in L(Eg, F,), (B,a) € BY x A. The Laplace transform of Ly(E, F)—
valued Laplace hyperfunctions essentially simplifies in the important case where E
and F are Fréchet spaces (or, dually, E and F are (DFS)—spaces, respectively),
e.g. if E and F are the space of holomorphic functions or C"*°— functions or
tempered distributions (see Corollaries 2.9, 2.10 and 3.6).

We provide several examples where our Laplace transform exists and is calcu-
lable while the Laplace transform in the classical sense (i.e. as one holomorphic
function defined on a fixed open set in C with values in L;(E)) does not exist.
Nevertheless, in many cases, our generalized Laplace transform is a very natural
“true” Laplace transform given by an integral over [0, 00).

For the theory of hyperfuntions see [14], [15], [8] as well as [12] and [13]. For
non-explained notions from functional analysis see [11].

2. A general Laplace transform and Laplace hyperfunctions

In [10] Komatsu introduced a general definition for the Laplace transform of gen-
eralized functions valued in Banach spaces. In this section we will extend and
modify this definition (which was based on boundary values) in two ways: we will
consider generalized functions defined on a natural space of test functions (instead
of vector valued boundary values) which seems to be more natural in the present
context, and moreover the values will be taken in a complete locally convex space.
As it turns out, the Laplace transform is a compatible family of holomorphic
functions defined on a directed family of domains in C containing large angular
domains rather than on a single domain (see Theorem 2.4). This crucial notion is
introduced as follows:

Let X be a complete locally convex space defined by a projective spectrum
2 = (X,)yer of locally convex spaces (X, ||-||,) with linking maps s, : X — X,
and k) : X, — X, for v > v. Correspondingly, let &4 := (G, )er be a directed
family of domains in C, that is,

0+G,CGqG, if v>u.



132 Pawel Domaiiski, Michael Langenbruch

Definition 2.1. Let 2" = (X,)yer and 94 = (G, ) er be a projective spectrum of
locally convex spaces and a corresponding directed family of domains in C, respec-
tively. A family & = (Sy)~yer is called a spectral-valued (or Z -valued) holomor-
phic function (denoted by % : 9 — Z') if

(i) S, : Gy — X, is holomorphic;
(i) (compatibility) ¥ v >v: KJoS,= SV’GW'

We will show that the natural definition of a Laplace transform for a large
space of X —valued generalized functions will lead to an 2 — valued holomorphic
function ¥ : 9 — 2 .

To motivate the definition of Laplace hyperfunctions given below we remark
that the local Banach spaces of the corresponding space of test functions should
at least contain the functions

fa(2) = exp(—A2)

for A in some angular domain in C. Moreover, to obtain the largest class of Laplace
hyperfunctions on [0, 0], the test functions should be defined on small angular
neighborhoods of [0, co[. These observations lead to the following definition of the
test function space:

H =i i H =ind H
11}1(d(prkoj K.k) Hll(d K
where

Hgp:={f e HQx) : |fllxx:= sup |[f(z)]exp(kRe z) < oo}

z€QK

and

Re z 1
QK.—{ZG(C.|Imz|< % +K2}’

We also define
HE )

H?(,k = Hg C Hg i,

as well as

Im A
VK,k:_{Aec:ReA>k+mK|}.

The following conventions will be used throughout the paper:
z=2x+ iy and A =n+i(, where z, y, n,  are reals.

Also, the constants C' and C; may change from line to line without further notice.
The following Lemma shows that H satisfies the conditions required above:

Lemma 2.2. Let K > 1, then fx € Hy . for any X € Vi .
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Proof. For A € Vi, let us define

With the convention for z and A from above we get for any k£ € N and z € Qk:

2 _ .2
Lﬁﬂ(zﬂexp(kx)=:@q>(—nw—%Cy—-Criyl’)-+kx>

<exp | —nr+Cy—

The right hand side is bounded on Qg for fixed A € Vi and K > 1. Thus
fix € Hxg. We now get the following estimate for > 0:

2
[£ia(2) = fa(2) exp(ka) = exp(—nz + Cy + kx) |1 — exp <;.7> ‘

2
< exp (—mc—i—'i?—i—}g—ﬁ—kx) ‘1—exp <—;)‘

IfReA=n>k+ %, then exp (—nx—i—%—f—l‘%—ﬁ—kx) tends to zero as x

tends to +o00. On the other hand, the term }1 — exp (—%)‘ is bounded on Qg

uniformly with respect to j and tends to zero uniformly on
QrNn{z=a+iy:z <z}
for any o as j — oo. Thus ||fjx — fallk,x — 0 as j — oo. |

Definition 2.3. A continuous linear operator T : H — X will be called an X -
valued Laplace hyperfunction.

We now define the Laplace transform £ (T') for an X-valued hyperfunction
T:H— X,

where X is a complete locally convex space given by the projective spectrum
2 = (X4)~er of Banach spaces X, as above: for any v € T' and any K € N we
have continuous linear mappings

kyoT oig : Hx — X,

where i : Hx — H is the canonical embedding. Hence there is k = k(v, K) such
that k. o T o ix has a unique continuous extension

. 770
Ty ks Hi gy — Xy
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since X, is complete. By Lemma 2.2,
L, (T)(A) =Ty kr(fr) is defined for A € Vi .
By the properties of inductive and projective limits we may assume that
k(v, K) < k(,J) if y2vand J > K. (2.1)

Set
Gy = UkenVE k(y,K)-

Theorem 2.4. Let X be a complete locally convex space defined by the projective
spectrum X = (X, )yer of Banach spaces and let

T:-H—-X

be continuous. Let Z(T) := (L,(T))ver and 4 := (Gy)~er be chosen for T as
above. Then ¥ is a directed family of domains in C and L(T) : Y — X is a well
defined holomorphic 2 —valued function such that

Vyel'VKeN3Ik: G,2Vkyr and

Re A 2.2
sup || L~ (T) ()4 exp (— 7 ) < 00. (22)
AEVEK &

Definition 2.5. The spectral valued holomorphic function £ (T) defined above is
called Laplace transform of T.

Definition 2.6. The set of all holomorphic Z —valued maps &% : 4 — 2 that
satisfy the condition (2.2) is denoted by Heyp(Z).

Notice that H,,(Z) is a vector space canonically.
Since the sets G C C of the above form will play an essential role later on we
define:

Definition 2.7. An open set G C C is called conoidal if for every K € N there is
k € N such that G 2 Vi i.

Proof of Theorem 2.4. (a) By (2.1) we have for v > v

Vi k(i) 2 VK k(1,K)

and hence
G, CG,.

Thus, ¢ is a directed family of domains.
(b) We clearly have

LA (TNl < Ak 1Ty kllgmr  x,)  for A€ Vi
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Observe that

[ fxllx,x = sup |exp(—Az)|exp(kRe z) = sup exp(—nz + (y + kx)

z€QK 2€QK

Let |y| < %—l—% and A € Vg j. Thus n > k—%—% and there is § > 0 such that
n—8=k+iE
For = > 0 we have

exp(—nz + (y + kz) < e ( nz + [(| (K ;2> +kx>

e < ox + <] ) < exp (5:10 + I_(k> (2.3)

< exp (%) exp(—dzx).

For f% <z < 0 we have

1
exp(—nz + (y + kx) < ex ( na:+k:c+|€<K K2)>
1 1<y, K¢l
<6Xp<—K< +k+K>+[(2
n—=Fk 7
= _— < _— .
o (15) <o (1)
We have proved that

Re A
sup [ (1)), exp (—K )<oo.
AEVEK &

(c) We will prove that L. (T) is holomorphic on Vi . It suffices to show that
in H?ﬂ &
lim I = o

n=X A — [

=gx€ H?(,ka
where
gr(z) i = —zexp(—Az).

Let us define

Lo B = 5

py— exp(k Re z)

1 —exp(—(n —A)z)
A—p

—gxa(2)

+ z|.

= |exp(—Az)| exp(k Re z)
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Clearly, for z € Qk, * < g, this tends uniformly to zero as u — A. For = > x,
z € Qi we have |z| < Mz. Moreover, by (2.3), we also have if |u — | < 53

= (= (= A)2)
Z((N )2)

—  (A=pn!

I <exp (%) exp(—dz)

<exp (%) exp(—ax)i m

< exp (%) exp(—dz)|p — Al Ti b= A'ZQM%:”

< exp <%) exp(—oz) ’ (n— ):5)2(21\/[)2 2 (g;')n

S exp (%) €xp <_g$) (255\4>2 | — Al — 0 uniformly for z > z¢ as p — .

(d) By (c) and the identity theorem, L. (T") is well defined on G, if we show

Ty i (v, 1) (o) = Ty e(y,) (fz)

if J > K and & > k(v,J). But this is clear since Hg j(-,) is embedded in Hj (-, 1)
and in Hp j(, k) and the respective extensions of £, 0T oi; and ky o T oy are
unique. |

Of course our definition of Laplace transform depends on the choice of G (that
is the choice of k(v, K)). So the Laplace transform should be considered rather
as a family of germs of holomorphic functions defined on domains of the above
type near |k, oo| for large k (Z(T) is clearly determined by the values on |k, co[
for large k).

In applications of this paper in [6] we are mainly interested in the case where X
is the space Ly(E, F') of continuous linear operators between locally convex spaces
endowed with the topology of uniform convergence on bounded sets: let E and F
be locally convex spaces, where F' is complete and hence

F :=proj F,
acA

with local Banach spaces F,,. Let E be bornological, i.e.

E= ind Ep
BeBE
where B is the system of bounded closed absolutely convex subsets of E and
Ep := span(B) endowed with the gauge norm corresponding to B. Then L, (E, F)
is complete and we have the topological identity

Ly(E,F) = proj L(Eg, F,), (2.4)
(B,a)e(BE,A)
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i.e. the local Banach spaces for Ly(FE, F') are the spaces L(Ep, F,) of continuous
operators endowed with the operator norm and the index system in Theorem 2.4
is T := BY x A. To prove (2.4) we notice that the natural inclusion of L,(E, F)
into proj(p ayesr,a) L(EB, Fo) is surjective since E is bornological.

If the spectrum 2" = (X, ) cr is very big it looks as if the Laplace transform
is a hopelessly complicated object with huge families (G)er and (L, (T))~er-
Fortunately, for typical cases, even though I' is uncountable it might happen that
the families (G)~er and (L (T')),er consist of countable many objects if J below
is countable.

Proposition 2.8. Let X = proj;c; X; where X; = indnen Xj,n are LB-spaces
with Banach spaces (Xjn, | - ||ljn). Assume that X; = proj,er, Xy for Banach
spaces X and define projective spectra representing X by

2 = (Xv)veuje, T, and Y = (Xj)je-

For every Laplace hyperfunction T : H — X there are a directed family of
conoidal sets % = (Uj)jes and a &% —valued holomorphic function

L =(L;(T))jes % — ¥,
such that

VjeJVKeNIkleN: U DVky

and YV yel; 3C:  sup ||L;j(T)(N)]|- exp (-Re A) <
AEVE K K

Re A
C: sw IL@Wlew (-5 ) <o
AeVK &

and such that the Laplace transform £ (T) : 9 — 2 satisfies:
Vjed V~yel: Gy=U; and L,(T) :i{;oLj(T)7
where i, : X; — X is the standard linking map for v € T;.
Proof. For every K € N
tjoToig:Hxk — X; = iré%Xj,n

is continuous since H is bornological. Since H g is a Fréchet space, by Grothendieck
factorization theorem, there is [ such that

ijOTOiK : HK —>ij1
is continuous. Hence for some k := k(j, K) we get a continuous extension:

. 770 , ,
Tixk:Hyp — Xj1— Xj.
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As in the proof of Theorem 2.4 this provides a holomorphic function

LJ(T) : Gj = U VK,k(j,K) — Xj
KeN

satisfying all the requirements of the Proposition. |

The above result is especially useful for the so-called PLS-spaces X (i.e., projec-
tive limits of sequences of duals of Fréchet-Schwartz spaces = DFS-spaces [4]) since
then J is countable and thus the Laplace transform is a sequence of holomorphic
functions defined on a decreasing sequence of domains. This is so, for instance,
for X being the space of distributions or the space of real analytic functions [4] or
X = Ly(E,F), E, F DFS-spaces [5, Prop. 4.3|.

For X = Ly(E, F) with arbitrary Fréchet spaces E and F' the assumptions of
Proposition 2.8 are not satisfied since Ly(F, F') need not be a projective limit of
LB-spaces, nevertheless we get with the notation from Theorem 2.4:

Corollary 2.9. Let E and F be Fréchet spaces with increasing system (|| ||n)nen
of seminorms. Let % := (L(E,F,))nen. Then for every Laplace hyperfunction
T : H — Ly(E,F) there are a directed family of domains % = (Up)nen and a
% —valued holomorphic function L := (Ln(T))nen : % — ¥ such that

VnKeN JkmeN: U, D Vg and

sup (| Zn(TYNlm,, me” M < oo (25)
AEVEK K

and such that the Laplace transform £ (T') satisfies

VBeB? VneN: Gpun=U, and Lp.(T)(\) = L(T)(N) oip
(2.6)
where ig : Eg — E is the canonical inclusion.

Proof. Since E is barrelled, bounded sets in L,(F,F) are equicontinuous,
thus Ly(E,F) = proj,enyLo(E,F,) has the same bounded sets as
proj, cn (indjen L(Ey, Fy,)). Since H is bornological any linear operator from H
is continuous if and only if it maps bounded sets into bounded sets. Thus T :
H — Ly(E, F) is continuous if and only if

T:H j(ind L(Ey, F,
~ it )

is continuous. Apply Proposition 2.8. |
Corollary 2.10. Let E := ind, E"™ and F := ind,, F" be (DFS)-spaces and let
% = (L(E"™, F))nen. Then for every Laplace hyperfunction T : H — Ly(E, F)
there are a directed family of domains % = (Up)nen and a % — valued holomor-
phic function L = (Lp(T))nen : % — ¥ such that
VnKeN3IkmeN: U, 2D Vg, and
sup | La(T) V) nmn pmye NV <00 (2T)

AEVE K
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and such that the Laplace transform satisfies
VneN VacA: Gua=U, and Ly (T)(N) =jao La(T)(N) (2.8)
where jo, : F' — F, is the canonical spectral mapping.

Proof. Observe that L,(F, F) can be identified topologically with L,(F’, E’) by
taking adjoints. Apply Corollary 2.9 or directly Prop. 2.8 since L,(F',E’) is a
PLS-space [5, Prop. 4.3]. |

3. A general Laplace inversion formula

We will show in this section that a natural Laplace transform can be defined on our
test function space H and that H..p(2Z ) naturally operates on an (LF)—space
of holomorphic functions which is the Laplace image of H. This will lead to a
Laplace inversion formula for T' € L,(H, X) in our setting (see Theorem 3.4 and
Corollary 3.6).

To start with we study a suitable (anti) Laplace transform L on H. The (anti)
Laplace image of H is in fact a quotient space of holomorphic functions in the
right half plane C, defined as follows: let

H:= ig{d(ﬁ,{ /Nk)

where

~ Re
Hy = {femm) |Vk €N |flxp:= sup |f(z)|exp (x) <°°}
ZEWK K
for
WKk 1= C+ \ VK,k

and

Nic = {f € H(C4) : |flxc = sup |f(2)|exp <R> < oo},

zeCy K

Notice that Nk is a closed subspace of Hy; since for any f € Ng

[flie = [flca + sup [F(2)|e" 5 < |flxa+ sup [f(2)]e" /K <2|f[ka
z€VK 1 z€0VK 1

(to see the second estimate we apply the maximum principle on Vg1 to
f(z)exp((1/K —€)z) for € > 0).

As it turns out the obvious definition [ e* f(t)dt of the (anti) Laplace trans-
form is not suitable for our test function space H since it does not take into account
that the functions in H are defined on cones starting left of 0. Instead we define
for f € Hyi

Lr(f)(\) = /OO e“f(t)dt:/ Mft)ydt  for XeC

-1/(2K) YK ,sign(Im X\)
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by Cauchy’s integral theorem where v 4 is the ray parametrized by
() =t +i(t/K +1/(2K%),  t>-1/(2K).

The ambiguity of the definition above leads to the quotient structure of the (anti)
Laplace image of H. The basic result is the following

Theorem 3.1. The mappings Ly, K > 1, define a topological isomorphism L :
H— H:

HDHKBfHLQK(f)-l—NQK EEQ\K/NQK Cﬁ.
Proof. (a) For f € Hx and A = n+ i € C4 we get by the definition of || - ||k«

on HK,k

L (N < Collfllkhsr  sup el I8/E=R)=Iel/ (2K
t>—1/(2K)

< Co|fll g pgre™ e M F)
o< n<|¢|/K +k,ie if A €wgy:=Cy \ Vi . Hence
L (F)N)|2rk < Ol f|l 5 k41 (3.1)

and Ly : Hx — ﬁg k is defined and continuous.
(b) For J > K we have

) ~1/(2J)
Lre(HN) — L)) = / A f(t)dt

—-1/(2K)

<O fllgae” B M@ if A ey,

Therefore,
Li(f)N) = Ly(f)(N) : Hx — Nay

is continuous, hence L : H — H is defined and continuous.
(¢) The inverse M of L is also of Laplace type and is defined as follows: for

~

g € Hi let

1 . 1 .
Mk (g9)(2) =o€ ’\g(/\)d/\:% e Ag(A)dA (3.2)

if 2z =z +1iy € Qo and k € N, where OV i, has clockwise orientation. The second
equation holds by the Cauchy integral theorem.
Using the parametrization

t—k+t|+iKt, teR, (3.3)
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for OV i, we get

/ e~ g(\)dX
(')VK‘]“

oo
gclefkﬂgh(k/ ltl(—a+Klyl=1/%) gy

— 00

< Cac lglicn | = /2-/(45) gy

— 00

(3.4)

< Cze*’mlglx,k/ e~ /R gy

— 00

< Cgeikx|g|K,k if x+iy € Qok.
Since Mk (g) = 0 for g € Ni by the Cauchy integral theorem,
My : ﬁK/NK — Hog  is defined and continuous.

Again by Cauchy’s integral theorem we see that My (g)(x) = M;(g)(x) for x > 0
if g€ Mg and J > K. Thus,

M:H= irll{d(ﬁK/NK) — H = ir[l(d Hy  is defined and continuous.

(d) We will prove now that M oL = id on H. To see this we consider the parts
of 0Vk 1, in the upper and in the lower half plane separately, and correspondingly
the different definitions of g gign(im »)- Let f € Hx and x > 1. Since f € Hk
for any k, we may change the order of integration and get

ME())() = — e / 7 F(r)drd)

2’/T7: 8V2K,1,+
1

2’/Ti 3V2K1177
1

=— f(r) / TP dNdr
2mi VK, + OVark,1,+

1

+ — f(r) / T~ aNdr
2mi VK, — OVark,1,—

1 f(r)e f(r)er
o ( /K o T /K Hd7>
1 f(r)er=
- EASAS— -
271 ~/89K+1/(2K) T—X 4 f(‘r)

by the Cauchy integral formula. R
(e) The equality LoM =id on H follows by similar ideas complemented by

some new arguments: for g € I;TK and 0 < a < 1/2 fixed we thus get for 2a < z < 1
using (3.3)

e A / e f(r)drd)
YK, —
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_ 1 [ .
L(M(g))(2) = —— e [ ey
2mi ) 1K) WVicn
1 oo
=— g(N) / =Nt gtdn
2mi Vi1 —1/(4K)
_ b I -a)sar) gy

27 Jogy, A— X

h(x):=

1 9N o—a)ak)
ey e o(x) + Gla),
G(x):=

by the Cauchy integral formula.
The function G can be extended to a holomorphic function on C; by

G(z) := = IV jo—nsamgy i e Vi, a >0, J> K.
2mi Jov,, A — 2 '

The definition is independent of a and J > K by Cauchy’s theorem.
We will show that G € Nyi (and therefore Lo M(g) = g in H): for z € Vi1
the integration contour OV ; /o is contained in w1, hence

1G(2)] < C1|g|K,1/oo ‘e(l/”ltl“m*z)/(‘lff) e (/2D /K gy

—Re z/(4K)

(3.5)

< 02|g|K716 ifze VK71.

Also h can be extended to a holomorphic function on C; as follows

1
h(z) : Me()‘_z)/(‘lK)d)\ if z€wiy, EeN.

211 OV kt1 A—z

The definition is independent of k& by Cauchy’s theorem. Hence

|h(2)] < Cilg|k2 /00 |e(@HEITiKt=2)/(4K)) o= (2+]E) /K gy

< Colglsc e e #/GF) /°° o 1t1/(2E) g4

—Re z/(4K) if z€wg .

< Calglk 20
Since g € H x we thus get by the identity theorem
|G(2)] < h(2)] +19(2)] < Cslglize™ 7/ if 2 € wien = Cy \ Vi,

By (3.5) we thus conclude that G € Ny as desired. [ |
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As a first application of Theorem 3.1 and its proof we will show now that H is
somehow the minimal space satisfying the conditions required for the Laplace test
functions in the beginning of section 2 (see the remarks after Definition 2.1).

Lemma 3.2. Let K > 1, then

4K,k

H.
Hg jt2 Cspan{fx: A € Vog i} C Hiy .
Proof. The second inclusion was shown in Lemma 2.2. To prove the first inclusion
we use the Laplace inversion formula in H from Theorem 3.1: For f € H ;412 we
get

1 .

f(z) = — e AL (fYN)dN  if z € Yk
2mi OVak k41
by (3.1), (3.4) and (d) in the proof of Theorem 3.1. Moreover, for any € > 0 there
is j € N such that by (3.4)

|f<z> S e Eie ()(\)dA

ek Re z
2mi Var, k+1N{| Re A<}

1

2m /fﬂvm,m{ Re A|>5}

ech z

e AL (f)(N)dA <e ifze k.

Clearly, the Riemann sums of ﬁfavzf( w 1N Re A<} e Ly (f)(A\)dX are in

span{ fx | A € Vak .} and they converge with respect to || - |lax k- |

Notice that H,p(2Z ) naturally operates on H as follows: for . € Hewp (X))
and g € Hi let

((Y(+),9))y = / gNS,(Ndre X,  foryel
OVK k+1
if Voag i C Gy ie. if k := k(2K ), where OVk y+1 has clockwise orientation and

is parametrized by (3.3).

Lemma 3.3. Let . € Heyyp.
(a) The map ((Y (), - )~ : H— X, is well defined and continuous.
(b) The mappings (Y (%), - )5, €T, define Y () € L(H,X).

Proof. (a): Let g € ﬁK. Since OV p+1 C Var kx Nwi p+2 We get by the assump-
tion on S, (A) using (3.3)

o0
< Cl|g\K,k+2/ e RO/ I gt < O gk oo

—00

[ s,
OV k1
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If g € Nk then the estimate [g(\)| < Cze™ B¢ MK also holds on Vak - This implies
by Cauchy’s integral theorem that favK - g(A)Sy(N)dA = 0. Thus ((Y (), - )~ :

H ik /N — X, is well defined and continuous.

Using Cauchy’s integral theorem again we show that for g € H x and J > K
we may shift the path of integration in the definition of ((Y(.), - )), first to
8VK,k(2J,'y)+1 and then to aVJ’k(QL],,Y)Jrl. This shows that

(Y (F), - )y : H= ir;(dﬁK/NK - X,

is welldefined and continuous.

(b): This follows from the compatibility assumption in Definition 2.1 and
Cauchy’s theorem since we may shift the path of integration from Vi 12K ~)+1
to 8VK)]€(2K)1,)+1 if Y = .

We can now state and prove the Laplace inversion formula for T' € L(H, X):

Theorem 3.4. The mapping
Z:Ly(H,X) — Ly(H,X),  Z(T) =Y (L))

is a linear topological isomorphism. More precisely we have the following Laplace
inversion formula:

ky o T(f) = = ((Z(T), L)), = o LWL (TN (3.6)

- 2mi 210 Jovye pn
if feHg, T € L(H,X) and V4K,k C G‘Y ie if k:= k(4K,’7)

Proof. (a) Z is defined and linear by Lemma 3.3 and Theorem 2.4.
We first prove (3.6): for f € Hx we get by (3.1), (3.2) and part d) of the proof
of Theorem 3.1

tin 0 T(f) = Ty arc i 0 g f = Ty arc e 0 M(L())

=T, 4Kk (217” /av fAL(f)()\)d)\>

— o T, (1) L(H(NA
T JoVar ki1
= Ly (MWL) NN = 5= (Y (£(T), L),
T JOVok ki1 ™
1 .
— (5 (20.5))

by the definition of L. (T)(\) since the Riemann sums of the integral converge in
Hyg .
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(b) The map Z is injective by (3.6). To show that Z is surjective we fix
T € L(H,X) and set T := 5T o L € L(H,X) by Theorem 3.1. Then

T(L(f)) = 2miT(f) = Z(T)(L(f)) ~ forany f € H,

by (3.6). Hence T = Z(T') by Theorem 3.1.
The topological statement follows from (3.6) and Theorem 3.1. |

We finally get the following converse of Theorem 2.4.
Corollary 3.5. Let . € Hepp,(Z7) and set

k0T =g [ LW,y (3.7)

if f € Hx and Vygp C Gy ie. if k := k(4K,v). Then this defines the unique
T € L(H,X) such that & = £ (T).

Proof. Uniqueness. This is evident from Theorem 3.4 since we conclude from
X(Tl) = g(TQ) that

1 . 1 . 1 .

Ti(f) = %Z(Tl)(Lf) = %Y(g(Tl))(Lf) = %Y(X(Tﬂ)(lff) =T>(f)
if feH.

Euzistence. If % € Hopp(X) then V() € L(H, X) and T := 5-Y (#) o L €
L(H, X) by Lemma 3.3 and Theorem 3.1. This gives the formula for T as above.
To show that Z(T") = .7 it suffices to show that L. (T)(z) = S, (z) for any v and
large real . For f;,(z) := exp(—zz — 2%/(2j)) as in the proof of Lemma 2.2 we
get

Ly(T)(x) = lim #y 0 T(f;0) = m0 lim Y(#)(E(f;a)

j—o0 271 j—o0
eXy
1 .
— lim — L(fia .
Jmss [ M0,y

To calculate the limit we use Lebesgue’s theorem of dominated convergence twice:
since by definition

oo

Lt = [ (O (@) gy,
YK ,sign(Im \)
we have to estimate for ¢ > 0 and 7 > —1/(2K)
(k+1—z+ti2iKt)(Tii(T/K—l—l/(2K2))—(Tii(T/K+1/(2K2))2/(2j)‘ < Cle(k—&-l—w)T—t/(QK)'
(3.8)

le
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Since hmj—»oo e(’\_x)7—7'2/(2j) = e(A—2)7

r>k+2

pointwise on Vg gign(m x) We thus get for

. o0 (5=\)/(2K)
lim L)) = [ (O -
J—eo YK ,sign(Im \) L= )\

pointwise for A € OVag p41. The formula (3.8) and the estimate for S, (\) on Vak
also imply that

||S’Y(A)||’Y‘L(f]x)(>\)| < Cye™ Re A/(4K)

on OVag p+1 C Vak . Using Lebesgue’s theorem again we get

L(T ! V0 ¢ da= S
D@ =g [ S A= 5@
by Cauchy’s theorem and the orientation of 0Vax j+1. |

For Fréchet spaces and (DF'S)—spaces we get the converse of Corollaries 2.9
and 2.10:

Corollary 3.6.

a) Let E and F be Fréchet spaces with increasing system (|| ||n)nen of semi-
norms. Let % := (L(E, F,))nen and let % = (Up)nen be a directed family
of domains. Then for any % —valued holomorphic function & : U — ¥
satisfying (2.5) there is a unique Laplace hyperfunction T : H — Ly(E, F)
such that £(T) = 7.

b) Let E := ind, E™ and F := ind, F" be (DFS)-spaces. Let ¥ :=
(L(E™, F))nen and let % = (Un)nen be a directed family of domains. Then
for any ¥ —valued holomorphic function & : U — ¥ satisfying (2.7) there
is a unique Laplace hyperfunction T : H — Ly(E, F) such that £(T) = <.

Proof. a) Define G(p ) and S(p ) : G(pn) — L(E, F,) forany B € BE by (2.6).
Then S := (S(B,n)) (B,n)eBExN € Heap(Z') for 27 := (L(EB, F))(B,n)eBe xn and
the conclusion follows from Corollary 3.5.

b) This is proved similarly. [ |

4. Examples of Laplace hyperfunctions and Laplace transforms

Since our Laplace test function space H is continuously embedded in the space
A(K) of analytic germs near a compact K C [0, oo[, the Laplace transform devel-
oped sofar applies to any vector valued hyperfunction with compact support, i.e.
to any T' € L(A(K), X), and therefore also to any of the standard vector valued
generalized functions with compact support.

Also, corresponding results for the Laplace transform of vector valued gener-
alized functions of exponential growth can be easily obtained from the preceding
results. We only discuss the distribution case in some detail, the modifications
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needed for vector valued exponentially increasing ultradistributions are left to the
reader.
The space K of Laplace distributions is by definition the dual space of

K:={feC™(0,00]) | VE € N: | f|lx := sup |f(°‘)(x)|el“<oo}.

z€[0,00[,|a| <k
We also need the global version

Kg:={fecC®R)|VkeN:|fllx:= sup [f)ell < o0}

z€R,|a|<k

The transition from the preceding results to the case of weighted distributions is
provided by the global version of H defined by

Hp =i j Hp i) = ind H,
R lrll(d(PrkOJ R,K k) Hll(d R,K

where

Hrir:={f¢€ H(()K) NAllgx = sup |f(2)|exp(k| Re z|) < oo}

2€QK
and the conic neighborhoods of R are defined by

~ |Re 2| 1
Qg = ST — -
K {ZG(C [Im 2| < I +K2

We gather the needed facts in the following Lemma. Let the Fourier transform be
defined by

flz) = /Rf(x)e_”zdx for z € C and f € Hyg.

Lemma 4.1.

(a) Let f € Hg . Then f is an entire function such that for all k € N there is
C > 0 such that

F@)eV KD < Olifln if |Tmz| <k—1+|Re 2|/K

(b) Hg is densely embedded in Kg.
(¢) Let f € Kr. Then f is an entire function such that for all k € N there is
C > 0 such that

@I <CIfle i [Tmz] <k-1
Proof. (a) By the Cauchy integral theorem we have for f € Hg

~

f(z) = (€)e™"*de
72
where 7, (t) := t—isign(Re 2)(|t|/K+1/(2K?)),t € R. This easily gives the desired
estimate.
(b) This follows by convolution with the normalized Gaussians g, (z) :=
cn exp(—nz?).
(c) This is obvious. |
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Our result for the Laplace transform of vector valued exponentially bounded
distributions is as follows. Notice that the sufficient condition (4.2) is seemingly
weaker than the necessary condition (4.1). This effect has already been observed
for weighted distributions with values in Banach spaces, see e.g. Komatsu [10,
Theorem 9].

Theorem 4.2. Let X be a complete locally convex space defined by the projective
spectrum X = (X, )yer of Banach spaces.
(a) Let T € LIK,X). Then Z(T) : 4 — Z is a holomorphic % —valued
function such that

Vyel 3k: Gy=Vi:={\eC|ReA>k} and

sup || Ly(T)(A)ll5(1 + AN~ < oo (4.1)

€V

(b) Conversely, let % : 4 — Z be an Z —valued holomorphic map such that

Vyel'VKeNIk: G,=V; and (4.2)
sup [ S5 (A)[l5 (14 [A)7Fe™ R MK < o0,
A€V

Then there is a unique T € L(IC, X) such that £(T) = .7.
(¢) ForT € L(K,X) the following Laplace inversion formula holds for f € K:
1 —

w0 T() = 5z | BTN (4.3)

where E(f) € Kg is an extension of f and k = k(v) is as in (a).
Proof. (a) Since T' € L(K, X), for any ~ there is k such that

T: (K- llk) = Xy

is continuous. We may assume that k(y) < k(v) if v < v. Since Hg  is contin-
uously embedded in Ky, := {f € C*([0,00[) | ||f|lx < oo} for any K, L. (T)(A) is
defined on Vi, = UgenVik i by the construction before Theorem 2.4 and it defines
an Z —valued holomorphic map on ¢ by Theorem 2.4. Moreover, for A € Vi i,
we have with f; x as in the proof of Lemma 2.2

LAY M)] = fim |y 0 T(f50)] < Climsup [| £ a]le = Cllfxllk < €1+ A

J—00

since H i is continuously embedded in K, and thus, by Lemma 2.2, lim;_, o fjx =
fr =:exp(—\ - ) also with respect to || - ||x-

(b) Uniqueness. If T; € L(K,X) satisty Z(Th) = ¥ = Z(1>) then T; €
L(H,X) and hence Ty |g= T> |g by Corollary 3.5 and therefore Ty |xc,= T2 |k
by Lemma 4.1b). Thus 77 = T5 since K = Kgr/Ko where Ky := {f € £ | f(z) =
0if z > 0}.
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Ezxistence. The assumption implies that . € He.p,(2). Hence by Corollary
3.5 there is T € L(H, X) such that Z(T) = . and T is defined by

1
ko TN =5 [ LIS, (A (4.4)
T JoVak ki1
if f € Hig and V4K,k - ny ie. if k = k(4K, ’y)
Notice that for f € Hg i (and Lk (f) defined before Theorem 3.1) we have

. =R —-1/(2K)
Li(f)(2) - Fliz) = / f(@)ede = g(2),

— 00

where g € Nox and therefore

[ as,an=o
OVAK k41

by the Cauchy integral theorem, hence we get for f € Hg g

1 ~
ko) =g [ Fans o

T 2mi

For f € Hg,; we may choose K large enough such that by Lemma 4.1 (a) and the
bounds on S, (A) the path of integration may be shifted by the Cauchy integral
theorem to get for some j

1 —~

m o T(f) =g | TaNS,()dx (4.5)

The latter formula extends T' to a continuous linear mapping 7' : Kg — X by
Lemma 4.1 (c). If f € Kg satisfies f(x) =0 for any > J, 6 < 0, then f(iz) € Ny
for some R and hence T'(f) = 0. Since the set of these f is dense in Ky we thus
have T |x,= 0, that is, T : K = Kr/Ko — X is continuous.

(¢c) For T € L(K,X) and f € K we clearly have T(f) = T(E(f)) since f =
E(f) ljo,00[- The second equality in (4.3) now follows from the proof of (b) above
by setting S, () = L, (T)()) in (4.5) for E(f) instead of f. |

Examples of more regular L(FE)—valued Laplace hyperfunctions are easily ob-
tained from the following proposition treating a situation corresponding to Cy—
semigroups.

Proposition 4.3. Let {T(t) | t > 0} be a pointwise continuous family (i.e.,
continuous with respect to the variable t and the topology of pointwise convergence
in L(E)) of continuous linear mappings in a complete (ultra)bornological space E
such that

VacAY BeB? 3C;=Cij(B,a)Vt=0: sup||T(t)gla < Cre®?".
9€B
(4.6)



150 Pawel Domaiiski, Michael Langenbruch

Then the mapping T : H — Ly(E, E) defined by

1)) = [ fOT@gdt S H adgeE

is continuous. The Laplace transform £ (T) = (L(p,a)(T)())) is defined on
4 = (G(B,a)) for Gp,a)y = {A | Re(A) > Co(B,a)}.

Moreover

C
L A Se Y ATE o
IL(8,0)MNlL(Es,Ea) Re A — C3(B, )

In [1] Babalola considered families of operators satisfying
VaeA3BeAIC=CiBa)Vi=0: [T(t)gla<Cre™|gls (4.7)

which is (at least formally) stronger than (4.6) (compare also Proposition 4.13).
Let us observe that the families T'(t) satisfying (4.7) have the continuity esti-
mates not depending on t. Especially, in the case of Frechet spaces E,

ou(n):=inf{k: 3 CV g |T(t)glln <Cllglk}

does not depend on ¢ € [0,00). On C*°(R) the family T'(t), T(t)g(z) := g(e'x) has
continuity estimates depending on ¢ since a suitable version of the first condition
of (4.9) below is not satisfied.

Let us collect some examples of families like in Proposition 4.3 above.

Example 4.4. Semigroups of composition operators

Let ¢, : RY — R? be a semigroup of diffeomorphisms, i.e.,

wt+s(m) = 7/%(1/)5(5”)), for ta s> 0. (48)

We define the family of maps:

T(t):=Cy,s  Cy(9)(x) = g(¢(2))

and we can consider them on various function spaces.
(a) Assume that
Vk3ICVite0oo)V |z <k |Y(x) < Ch,
o (4.9)
YV a: the functions (¢, z) — 9%s(x) are continuous.

oz®
Then the family of maps

T(t): C*(RY) — C®(RY)  T(t)g(x) = g(ve(x))
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satisfies (4.7). Indeed, (4.9) implies that

0%y ()
Ox®

V k3 D, Vite[01]: sup sup

lz| <k o<k

< Dy.

Since

0 0
wt(x) = %(wt/nC’%/no”'o%/n(@)

8:52-
n—times

9 0 0
- (8%1/%/71) o 'w(l—l/n)t(m) (arzwt/n> ° ¢(1—2/n)t(‘r) e T%wt/n(x)

then for ¢t € [0,n], |z| < k we get

0
Thus for t € [n — 1,n] and |z| < k we have

9
8a:i

n
< Dg, .

Yi(z)| < D¢, DE, = Doy e (4.10)

for w =log D¢, .
Let us observe that for C'°°—functions f and g we have

aa aa
seatoa0) = ¥ (5t ) @) Poto) (a.11)
181<]al
where for every ( the function Py is a polynomial of derivatives of g of order < |a|.
Therefore, an estimate like (4.10) also holds for 9“4, (with w depending on «).
It is not difficult to show that

IT(#)glli < Ce*"llgllcy,
for suitable C' and w, where

0°f(x)
oz |’

[£[ls := sup sup
jo|<k ol <k

The continuity condition in (4.9) and (4.11) imply that ¢ +— T'(¢) is pointwise
continuous.

(b) If instead of (4.9) we assume:
36>0Vtec0,0] 3ICY xeR: (14 |z]) <O+ ¢ (2)])

36>0Vtel0,6] Vk3ICp: sup sup O*0u(x) < Ch,
weR folhago| 077 (4.12)
Vig,a 31Ve>036>0V xR |t —t <6
o~ o~
@%(ﬂﬂ) - %ﬁ]to(x) <e(l+|z)),

then the family of maps T'(t) : S(R?) — S(R?) defined as in (a) satisfies (4.7).
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Using two first conditions as in the proof of part (a) we can show that

1
sup 1D
verd (1+ [¥e(2)])
5 2) (4.13)
sup  sup < Oevt
z€R |a|<k,a#0 O™

for suitably chosen C' and w. The formula (4.11) and the last condition in (4.12)
implies that t — T'(¢) is pointwise continuous. The conditions (4.13) imply that
for some C and w:

(63

0
a9 (@) (L [2)' < lgllkCe”.

|T(t)gllr = sup sup
o] <k,I<k z€Rd

(c) If 9y : K — K, K a compact subset in R? with smooth boundary then
T(t): C®(K) — C*(K). If we assume

V a: the functions (¢, z) — are continuous (4.14)

Ox®
then the family T'(t) satisfies (4.7).
(d) Of course, we could also treat the family of transposed operators 'T'(t)
on the tempered distributions S(R?); in part (a) or distributions with compact
support in part (b) as well on (C*°(K)), in part (c).

(e) If K C R? is a compact set with smooth boundary then there is a continuous
linear extension operator V : C*®(K) — C>(R?) such that for a fixed compact
set L, K € L for every f € C*°(K) holds supp V(f) @ L. We can define operator:

T(t): C*(K) — C™(K), Tt)g(y) = (Vg ((y),y € K.

If we assume

V a: the functions (¢, z) —

—— are continuous (4.15)

0%y (x)
Ox
then the family T'(t) satisfies (4.7).

Example 4.5. Special composition operators

Let Q@ : R — R be a C* function on R with bounded derivatives of any order
and such that 0 < & < Q' < C on R, Q(0) = 0. Then we define:

Ui(x) == Q7 (e Q(2))

which is an example of a diffeomorphism like in Example 4.4. The condition (4.12)
is easy to check. Since,

(), dele) =
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the function f, f(t) := T(¢)g, solves the abstract Cauchy problem:

4 =Af,
f(0) =g,

where A5 S(R) — S(R), Af(x) i= a @& 4 f(2), T()g(x) = 9 (@ (" Q(a))).
The special case Q(z) = x for a = 1 (i.e., Af(z) = xd%f(:c)) is considered in
Babalola’s paper [1, Section 6] as well as in [7, Ch. IV .3.3].
The general Laplace transform of T exists by Proposition 4.3 and Theorem
2.4. However, T does not admit an operator-valued Laplace transform in the
usual sense in S(R) i.e. the integral

L(T)(g)(\) == /OOO e MT(t)g dt  if g€ S(R) (4.16)

does not exist in S(R) for any A € R. Indeed, (4.16) gives for y > 0
L@ = [ T
= [T e e ua
0

= d
[ (@8 ) Baae™
where z = Q™ (e®Q(y)). If supp g € (0, 00) then for y small enough

LT = @) [ EEE

It is clear that if % is not an integer and n € N, n > ;\

i IL(T)(9) V)] (v)
is not continuous as y — 0. Of course, for Re % > n the integral exists.
On the other hand, we have

(LT)Ng) (9) = T(f)a(y) = / T M@ (e QU))) dt

sgn(y)oo N (o
[ seeeri e i gesm

Y

B1N

=sgny|Q(y)|

which converges for large Re (\) as a continuous linear operator between the local
Banach spaces

SuR):={feC*"®)| sup [/ fV(2)] < oo}.

<k i<k, c€R

This shows how the Laplace transform in the general sense of Theorem 2.4 is
obtained in this concrete case.
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Example 4.6. Semigroups of generalized shifts

(a) A more general example is given as follows. Let P : R — R be a smooth
function with discrete sequence of zeros:

LTy KTy << T < T < T < < Ty < Ty < e

If the sequence of zeros is bounded from above (i.e., there is the biggest zero xy),
then we assume additionally in the interval (zy, co) that

3C>0 |P(z)]<Clz]

and in this case we denote 41 := 0o. Analogous assumptions should hold if there
is the smallest zero of P.

We define F to be a primitive of & on (zn_1,2,). Clearly, F : (z,_1,%,) —
(—00,00) is a strictly monotone smooth bijection. We define

Y p(x) = F~ Yt + F(x)).

These maps form a semigroup of diffeomorphisms on (z,,_1,x,). Observe that the
definition does not depend on the choice of primitive F'! We can repeat the same
procedure on all intervals between the zeros (and our assumptions assure that it
works also on possibly existing infinite intervals). It is not difficult to see that
defining ¢, p(x,) = x,, makes it a homeomorphism

Y p: R— R

Moreover, the value i, p depends only on values of P for arguments between x

and ¥, p(x). Example 4.5 is a particular case of the present example — just take
- Q

P =5

Lemma 4.7. Let P € C*(R), P(0) = 0, P’'(0) # 0 and m € N. There are

polynomials Q1, Q2 such that

Qi(0) = Q2(0) =0, Q50 =50 =1, Q") =Q"(0) for k=1,....m
and on some neighborhood of zero

Q
Q4

<P< P’(O)@.

/
7o @
Proof. Since P € C*°(R) thus

P(x) = P'(0)z + asx® + - - - + a,a" + Ry (z),
where R;—Ef) — 0 as x — 0. For every polynomial of the form

W(x):a1x+a2x2+~-~+akxk, a1 #0



On the Laplace transform for vector valued hyperfunctions 155

we find a polynomial

Qz)=x+byx® +---+bal, 1<k
such that
W(z)Q'(z) — a1Q(x) (4.17)
is a polynomial with root at zero of order at least {. To obtain (b;) we calculate
(4.17) and solve the corresponding linear equations for bo, ..., b;. Notice that the

first p coefficients of @@ depend only on the first p coefficients of W.
Apply this procedure to the Taylor polynomial W of order 2n + 2 for the
function P(z)+ ex™, where | = n + 2. Then

(P(z) +ex"™) Q'(z) = P(0)Q(z) = W(2)Q'(x) — P'(0)Q(z) + Ran2(2)Q' ()

Rn-&-l(x)

g — 0 as x — 0.
T

= Rny1(2) where

Thus

P(z) + ez — P'(0) g,((:; >) < eantl

on a neighborhood of zero. We take Q2 := Q. The construction of ()1 is analogous,

where we take P(x) — exz™ instead of P(x) + ex™. Hence Q1 and Q2 have equal
first n — 1 coeflicients. |

Lemma 4.8. If P| < P, then vy p, < Yt,p,-

Proof. If 0 < P; < P, then for ¢, p, (z) =: u we get u > x for t > 0 and

R | LR |
— dv< | ——dv=t.
L P2<v>d“\/m P!

1/%,1’2 (l‘) Zu= wt,P1 ({L‘)
If 0 > Pa(x) = Pi(x) then u < x and

[ (Pz_é))) = / (pj&)) =r=0

V. py () = u =y p, ().

Finally, if P; < 0 < Py then ¢y p, () < x < ¢y p, (2). |

Hence

Therefore

Lemma 4.9. If P € C*(R) has only discrete zeros of order 1, then iy p € C*(R)
and it is o diffeomorphism. Moreover, the function Up, Up(t,x) := ¢ p(x), is a
C*>-function of two variables.
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Proof. Assume that z; = 0 and m € N. By Lemmas 4.8 and 4.7,
wt’P/(O)% < wt,P < 1/)t7p/(0)%z (418)
on a neighborhood of zero. On the other hand, on a neighborhood of xj
Yul2) = by oy, (2) = Q7P O1Q(a).

Clearly, ¢ € C° and its m first derivatives at zero depend on the m first
derivatives of @) at zero. Thus 1, p is between two C'*°-functions with the same
m first derivatives at zero. Hence, i p is m-times differentiable at zero and
V) p(0) = P (O We can repeat the same procedure for each .
~Since Yy p is strictly increasing between the zeros of P and has a non-zero
derivative at the zeros of P, thus its inverse exists and is smooth.
Clearly, ¥p is smooth at (¢,z) for any ¢ > 0, © # xx, k € N. Moreover, at

J
and 2~

- i 97
x = x, the functions 50 wt,P’(O)% 567 ¢t7P,(O)% have the same values and the
1 2

same first m — j derivatives with respect to x. By (4.18) the function ¥p has all
partial derivatives of order < m at any point (¢, zy). Since it holds for any m € N,
the function ¥p is a C°°-function of two variables. | |

To give a more concrete example let us take P(z) = sinz, then

Y p(x) = 2arctan(e! tan(z/2)) + 27 - E <x24;7r>

where E(z) denotes the integer part of z. This is the same as

Y, p(z) = arccos < (1—e*)+ (1 +e*)cosa ) RE (f) .

(1+e2t) + (1 —e?t)cosx) v

In fact we have proved above that if on any neighborhood of a zero x; of P
there is a smooth function @ such that

Q(z)
i =P ! =1
() gy = P Q)
then v p(z) is infinitely differentiable with respect to the two variables ¢ and x
around (¢, ). This implies the following conclusion:

Proposition 4.10. Let P have infinitely many discrete zeros (zy)kez unbounded
from below and from above, all zeros are of order one. Then the family of maps

T(t): C*(R) = C=(R),  T(t)g(x) = g(vr,p(2))

satisfies
IT®)gllx < Cr,a - €2 gl fort>0
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for
[k == sup  sup[n®(z)].
w€lw_y,ay] ISk

In fact T(t) are isomorphisms of C*°(R). An analogous statement holds for 1 < m
if we consider
T(t) : C®xy, m] — C[xy, T

Proof. The maps v, p satisfy the conditions (4.9) and (4.14) of Example 4.4. W

Clearly f, f(t) := T(t)g, solves the abstract Cauchy problem:

& =Af,
f(0)=y,
where 4 : C®(R) — C*®(R), Ah(z) := P(z)-Lh(x).

The Laplace transform L(T)(\) for T as above never is a smooth function for
most of the values A. Indeed, for y € (xn, Tpy1):

LN (9) () = / T e Mg(F Nt 4 F(y)))dt

_ / T AEW-FE) g
Yy

P(z)

Fn1 dz
_ AF(y) —AF(z)
e /y e g(z) Py

If supp g € (zy,, Tpy1) then for y close to x,, we have

L)) =0 [ Mg

Tn

=MW L const .

If for a fixed A\ € R this is a smooth function at z,, then for A € R such that A\/\g
is not rational the function L(T)(\)(g¢)(y) cannot be smooth at x,,. Thus L(T)(\)
is not a map from S(R) to S(R) or from C*°(R) to C*°(R). It only exists in the
generalized way.

(b) It is not clear what should be assumed on P that T'(¢) defined as above
satisfies the corresponding condition in S(R). But there are plenty of examples
when this is so, for instance, P(z) = = or P(x) = sinx or more generally P is
periodic satisfying the assumptions of Proposition 4.10.

(¢) In case if K = [a,b] € R is properly contained in the interval [z, x,,] we
can consider T'(t) : C*°(K) — C*°(K) defined as in Example 4.4 (e).

Problem 4.11. Clarify for which P the operator T'(t) defined above satisfies
assumptions of Proposition 4.3 on &7 What about P with zeros of higher order
for the C'*°-case?
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Problem 4.12. For which P € C*°(R) the function (¢,y) — ¥ p(y) is smooth as
a function of two variables?

Proposition 4.10 solves the latter Problem for P having only zeros of order one.
Let us finally clarify the difference between the condition (4.7) and (4.6).

Proposition 4.13. (a) There is a family of operators T(t) on the space of finite
sequences ¢ which satisfies (4.6) but not (4.7).

(b) Let E be a Fréchet space with system (||-||)m,m € N, of seminorms defining
the topology of E. Then a family T(t) satisfies (4.6) if and only if it satisfies (4.7).

Proof. (a): Let us take
T(t)(x) := (e"@n), cn for x = (z,) € ¢.

The operator T satisfies (4.6) but not (4.7).
(b): Let us define the space

E:={f=fi)ier, €E*: Vm IneN |fllnn:= Sutlprthe_”t < oo}

Thus topologically

E = proj k(E,,),

where E,, is a step space of F and k(E,,) is the coechelon FE,,—valued space
indy, loo (Vn, Em), vn(t) := e~ If (4.6) is satisfied then the map

T:E—E,  T(9):=(T(t)g)rer,
is a bounded map. Since E is bornological, T is continuous, hence
T : E — k(Ep,)

is continuous for any m € N. Of course, k(E,,) is an LB-space. Since E is a
Fréchet space, by the Grothendieck factorization theorem (see [11, 24.33]), there
is n € N such that Tm(E) C Lo (vp, Epy,) and hence T : E — loo(Un, Epy) s
continuous by the closed graph theorem. This is exactly (4.7). |
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