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Abstract. Let f be an operator convex function on I and A, B € SA; (H),
the convex set of selfadjoint operators with spectra in I. If A # B and f, as an
operator function, is Gateaux differentiable on

[A’B} = {(1_t)A+tB | te [011]}7
while p : [0,1] — [0, 00) is Lebesgue integrable satisfying the condition

T 1
OS/ p(s)dsg/ p(s)ds for all T € [0,1]
0 0

and symmetric, namely p (1 —¢) = p(t) for all ¢ € [0,1], then

< flp(lT)dT/Olp(T)f((l—T)A+TB)dT—/01f((1—T)A+TB)dT
0
< W/ ([ pas) @ =myar9m (5 2) - V1a (5 - ).

Some particular examples of interest are also given.
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§1. Introduction

A real valued continuous function f on an interval I is said to be operator
convex (operator concave) on I if

(1.1) fUL=ANA+AB) < (=2)(1—-A)f(A)+Af(B)
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110 S. S. DRAGOMIR

in the operator order, for all A € [0,1] and for every selfadjoint operator A
and B on a Hilbert space H whose spectra are contained in I. Notice that a
function f is operator concave if —f is operator convex.

A real valued continuous function f on an interval I is said to be operator
monotone if it is monotone with respect to the operator order, i.e., A < B
with Sp (A4),Sp(B) C I imply f(A) < f(B).

For some fundamental results on operator convex (operator concave) and
operator monotone functions, see [9] and the references therein.

As examples of such functions, we note that f (f) = ¢" is operator monotone
on [0,00) if and only if 0 < r < 1. The function f (¢) = ¢" is operator convex
on (0,00) if either 1 <7 <2 or —1 <r <0 and is operator concave on (0, c0)
if 0 < r < 1. The logarithmic function f (¢) = Int is operator monotone and
operator concave on (0,00). The entropy function f(t) = —tInt is operator
concave on (0,00). The exponential function f(t) = e’ is neither operator
convex nor operator monotone.

In [6] we obtained among others the following Hermite-Hadamard type
inequalities for operator convex functions f: I — R

1
(1.2) f(’”B)g/o F((1—s) A+ sByds < A LB

2 2 ’

where A, B are selfadjoint operators with spectra included in 1.
For two distinct operators A, B € SA; (H) we consider the segment of
selfadjoint operators

[A,B]:={(1—t)A+tB |te[0,1]}.

We observe that A, B € [A, B] and [A,B] C SA; (H).

A continuous function g : SA; (H) — B(H) is said to be Gdteauz differ-
entiable in A € SA; (H) along the direction B € B(H) if the following limit
exists in the strong topology of B (H)

(1.3) Vgu (B) = lim Z (A+sB) —g(A)

s—0 S

€B(H).

If the limit (1.3) exists for all B € B(H), then we say that f is Gateauz
differentiable in A and we can write g € G (A). If this is true for any A in a
subset S from SA; (H) we write that g € G (S).

In the recent paper [8], we obtained the following operator Féjer’s type
inequalities:

Theorem 1. Let f be an operator convex function on I and A, B € SA; (H),
with A # B. If f € G([A,B]) and p : [0,1] — [0,00) is Lebesgue integrable
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and symmetric, namely p (1 —¢) = p(¢) for all ¢ € [0,1], then

(1.4) / 1—t)A+tB)dt—</01p(t)dt>f<‘4"53>

;( t_;' (t)dt) [Vf(B—A)—Vfs(B—A).

In particular, for p =1 we get

(1.5) OS/Olf((l—t)A+tB)dt—f<A+B>

g%[VfB(B—A)—VfA(B—A)]-

We also have:
Theorem 2. Let f be an operator convex function on I and A, B € SA; (H),

with A # B. If f € G([A,B]) and p : [0,1] — [0,00) is Lebesgue integrable
and symmetric, namely p (1 —t) = p(t) for all ¢ € [0,1], then

1 1
(1.6) og(/o p(t)dt)jWQ_f(B)—/o p(t) F((1—t)A+tB)dt

g;/ol <;—‘t—;Dp(t)dt[VfB(B—A)—VfA(B—A)].

In particular, for p =1 we get

(1.7) ogM /f (1— 1) A+tB)dt
1
< 5[V (B—4)=Via(B-A).
For recent inequalities for operator convex functions see [1]-[7] and [10]-][20].

Motivated by the above results, we establish in this paper some upper and
lower bounds in the operator order for the difference

/0p(T)f((1—T)A+TB)dT—/Op(T)dT/O F((1=7)A+B)dr

in the case when the operator convex function f is Gateaux differentiable as
a function of selfadjoint operators. Two particular examples of interest for
f(z) = —Inz and f(z) = 27! are also given.
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§2. Some preliminary facts

Let f be an operator convex function on I. For A, B € SA; (H), the class of
all selfadjoint operators with spectra in I, we consider the auxiliary function
¢, 10,1] = SAr (H) defined by

(2.1) ¢p) (t)=f((1-t)A+1tB).

For x € H we can also consider the auxiliary function (4 g, : [0,1] — R
defined by

(22) s ® = (pam Oy = (F(1-D)A+tB)za).

We have the following basic fact:

Lemma 3. Let f be an operator convex function on I. For any A, B €
SA;(H), ¢a,p) is well defined and convex in the operator order. For any
(A,B) € SA;(H) and = € H the function ¢4 p),, is convex in the usual
sense on [0,1].

Proof. 1f (A, B) € SA; (H) and t € [0, 1] the convex combination (1 — ¢) A+tB
is a selfadjoint operator with the spectrum in I showing that SA; (H) is convex
in the Banach algebra B(H) of all bounded linear operators on H. By the
continuous functional calculus of selfadjoint operator we also conclude that
f((1—t)A+tB) is a selfadjoint operator in B(H).

Let A, B€ SA;(H) and t1, ta € [0,1]. If o, § > 0 with ao+ § = 1, then

o) (at1 + Bta) == f((1 — aty — Bt2) A+ (aty + Sta) B)
= f((a+ B — aty — Bta) A+ (aty + ft2) B)
= f(a[(1—t1) A+ t:B] + B[(1 — ta) A+ t9B])
<af(l—t)A+tB)+Bf (1 —t2) A+t2B)
= apa,p) (t1) + Boa gy (t2)

which proves the convexity ¢4 gy in the operator order.
Ley A, B € SA;(H) and © € H. If t1, to € [0,1] and «, 5 > 0 with
a+ 8 =1, then

P(a,Byw (0t + Bly) = <80(A,B) (at1 + Bt2) x, x>
<[a90(A,B) (t1) + BsO(A,B) (tg)} x, _1‘>

a <<P(A,B) (t1) , 33> + 5 <80(A,B) (t2) z, 93>
= ap(a,Byz (1) + Boiapye (t2),

IN

which proves the convexity of ¢4 g, on [0,1]. O

3
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Lemma 4. Let f be an operator convex function on I and A, B € SA; (H),
with A # B. If f € G([A, B]), then the auxiliary function ¢4 py is differen-
tiable on (0,1) and

(2.3) Yap ) =Vianaps(B—A).
Also

(2.4) o (04) = Vfa (B - A)
and

(2.5) Gap (1) = Vs (B — 4).

Proof. Let t € (0,1) and h # 0 small enough such that ¢t + h € (0,1). Then

Pa,B) (t+h) —punp) )

(2.6)

h
(A —t=h)A+({t+h)B)— f((1-t)A+1B)

h
f(A=tA+tB+h(B—A)— f((1—1t)A+1tB)
_ h .

Since f € G ([4, B]), hence by taking the limit over A — 0 in (2.6) we get

) (t+h) = unp)t)

SOEA’B) ®) :}L;O h
_ f(1—=t)A+tB+h(B—A)—f((1—t)A+tB)
= hso h

= vf(l—t)A-i—tB (B—A4),

which proves (2.7).
Also, we have

¢a,B) (h) —¢a,p)(0)

¢(a,p) (0+) = lim

h—0+ h

oy T(=M)A+hB) — f(4)
h—0+ h

oy TAFR(B=A) - F(A)
h—0+ h

=Vfa(B—-A)

since f is assumed to be Gateaux differentiable in A. This proves (2.4).
The equality (2.5) follows in a similar way. O
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Lemma 5. Let f be an operator convex function on I and A, B € SA; (H),
with A # B. If f € G([A, B]), then for 0 < t; <ty <1

(2~7) vf(lftl)A‘i’tlB (B - A) < vf(lftg)AthQB (B - A)
in the operator order.
Moreover
(2.8) Vfia(B—A) <Vfi_iyarup(B—A)
and
(2.9) vf(lftz)AthzB (B—A)<Vfp(B—-4).

Proof. Let x € H. The auxiliary function ¢4 p)., 1s convex in the usual sense
on [0, 1] and differentiable on (0,1) and for ¢ € (0,1)

By (t+h) =9 p)a(t)

SO/(A,B);QU (t) = lim

h—0 h
. <<P(A,B) (t+h) —oun) @) >
= lim T,x
h—0 h
< . E+h) —eup ) >
= ( lim z,T
h—0 h

= (Vfa-tyasrtp (B—A)z,z).

Since for 0 < t; < t2 < 1 we have by the gadient inequality for scalar convex
functions that

Clapye (M) < Vap)a (t2)
then we get

(2-10) <vf(1—t1)A+t1B (B —A)x, 90> < <Vf(1—t2)A+tQB (B - A) 96'75U>

for all x € H, which is equivalent to the inequality (2.7) in the operator order.
Let 0 < t; < 1. By the gadient inequality for scalar convex functions we
also have

ClaBye (0F) < @4 p)x (1)
which, as above, implies that

(Via(B=A)z,z) <(Vfa_iyasrnp (B—A) z, )

for all x € H, that is equivalent to the operator inequality (2.8).
The inequality (2.9) follows in a similar way. O

Corollary 6. Let f be an operator convex function on I and A, B € SA; (H),
with A # B. If f € G ([A, B]), then for all ¢t € (0,1) we have

(2.11) Via(B—A) <Vfaipawp(B—A) <Vfp(B-A4).
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§3. Main results

We start to the following identity that is of interest in itself as well:

Lemma 7. Let f be an operator convex function on I and A, B € SA; (H),
with A # B. If f € G([A,B]) and ¢ : [0,1] — C is a Lebesgue integrable
function, then we have the equality

1 1 1
(3.1) / 0(7) peap (7) dr — / g(r)dr / oo (7)dr

:/01 (/Tlg(s)ds> T‘P/(A,B) (1) dr
+/01 </0T9(8)d3> (1= 1) ¢(a,p) (T)dr.

Proof. Integrating by parts in the Bochner’s integral, we have

T 1
/0 b (D) dt + / (t— 1)@l up (1) dt
T 1
= oz (7) - /0 o () dt — (7 — 1) g () - / oo (1) dt

T

1
= ¢, (7) —/0 Pa,p) (t)dt

that holds for all 7 € [0,1].
If we multiply this identity by ¢ (7) and integrate over 7 in [0, 1], then we
get

(3.2)
1 1 1
/O 0 (r) oo (1) dr - /0 g (r)dr /0 oo (1) dt

_ /O L) < /O ol (0) dt) dr + /O L) < / R P (1) dt> dr.

From the theory of Lebesgue-Stieltjes integral for scalar-valued functions,
see for instance [3, Theorem 1] or [14, Theorem 9], if u is absolutely continous
in [0,1] and h is a bounded Borel measurable function on [0,1], then the
Lebesgue-Stieltjes integral reduces to the usual Lebesgue integral, namely

1 1
(3.3) /0 h(s)du(s) = /0 h(s)u' (s)ds,

where u' (s) is the a.e. derivative of u.
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Since u (1) := [; g(s)ds is absolutely continuous on [0,1], then by (3.3)

we have
/01 (/07t<g0’(AyB) (t)x,:c>dt) d(/OTg(s)ds>
_ /Olg(f) (/OTt<90,(A’B) (t)x,x> dt) dr,

for all x € H, which gives the operator identity

/01 (/OTtSO/(A,B) (t)dt> d </OTQ(5)ds> = /Olg(T) </07tg0/(A,B) (t)dt) dr.

Using integration by parts, we derive

(3.4 / 1 ([ tetum@ar)a( [T as)

. 1
telap) (1) dt> .

I
N
c\

Q
@
S~—

jo W

)
~_
N
c\
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which proves the identity in (3.1). O

Theorem 8. Let f be an operator convex function on I and A, B € SA; (H),
with A # B. If f € G([A,B]) and p : [0,1] — R is a Lebesgue integrable

function such that

T 1
(3.6) OS/O p(s)dsg/o p(s)ds for all T € [0,1],

then we have the inequalities

(3.7)

01 </Tlp(8)ds> rdrV s (B — A)
/1 </07p(8)ds> (1-7)drVfp(B—A)

p(T)f((1_T)A+TB)dT—/Olp(f)df/olf(u—T)A+TB)dT
</Tlp(s) d5> rdrV {5 (B — A)

_/01 </0Tp(s)ds> (1—=7)drVfa(B - A)

or, equivalently,

1
<

1
<

Z
/0

1

(-7 (/[ (1—s>VfB<B—A>—p(s)VfA<B—A>1ds)dT

o

S/Olp 1—r)A+¢B)dT_/01p(T)dr/01f((1—T)A+TB)dT
/01 1-7) (/ (1_5)va(B—A)—p(s)VfB(B_A)]d5>dT.

Proof. We have for ¢4 gy and p : [0,1] — R a Lebesgue integrable function
that

1 1 1
(3.9) /0 p(7) poap (r) dr - /0 p(r) dr /0 oom (1) dr

= [([ p6185) 016l 10
~ /01 (/OTp (s) ds) (1= 7) @ u g (1) dr.
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By the properties of ©(A,B) from the above section, we have in the operator
order that

(3.10) To(a,p) (17) = 704 p) (T) = 794 5) (0+)

and

(3.11) (I =7)¢lan 1=) = (1 =7) g4 p) (1) = (1= 7) ¢4 p) (0+)

for all 7 € (0,1).

From
To@ds< [ pyas— [ p()ds+ [ p(s)ds,
| / / /

we get that f p(s)ds >0 for all T € (0,1).
From (3.10) we get that

</Tlp . ds) T (1) 2 ([MS) ds) T¢(ap) (7)
(/Tlp(s) ds> T(p/(A7B) (0+)

_ ( /0 i p(s) ds) (1 =7)¢lap) (1)

([ peras) =76t 1)
all 7 € (0,1).

If we integrate these inequalities over 7 € [0, 1] and add the obtained results,
then we get

/0 (/Tlp(s)d8> TdTSO(AB)(l )—/01 (/OTp(s)ds> (1—T)dT(p/(A7B)+(())
/01 </1p >TSOAB)(T)dT_/01 (/OTP(S)(LS) (1_7_)()0/(A7B)(7-)d7_
(

1
/ p(s ds) TdTo( 4 By (04)

/Op )1—T)d7":0(AB)( -).

v

and from (3.11) that

_ (/OTp(s) ds) (1—7) ¢ (04)

IN

IN
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By using the equality (3.1) we get

(3.12) /01 (/Tlp(s) ds> TdTP( 4 py (04)

_/01 (/OTp(s)ds) (1 —7)dro(ap) (1-)

and since 90/(A,B) (1-) =Vfp(B—A) and <p’(A7B) (04) = Vfp (B — A) hence
we obtain (3.7).
If we change the variable y = 1 — 7, then we have

[ ([ reras)rar= [ ([ seras)a-na

Also by the change of variable u =1 — s, we get

1 Y
| p@as= [ pa-wd
1—y 0
which implies that

/01 </T1P(S)ds>7'd7':/01 (/OTp(l—s)dg> (1 7)dr.

Therefore

[/ () is) 7l ) (1)

p(s) ds) (1= 7) drgl o ) (04)

T

5

/O /OTp (1—2s) ds) (1 —7)dro(sp (1-)
_ /0 1 /O Tp(s) ds) (1 —7)dro(a p) (0+)

/

1—-17) (/OT [p(l - 5) gp’(AB) (1-) —p(s) QD/(A,B)-F (O—}—)} ds) dr

—
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and

/01 </T1p(s) ds> TdTo( 4 p) (0+)

[ ([ pras) 0= maneiu s 1)

_ /01 /Tp(l —s) ds> (1—7)dr| 4 ) (0+4)
p(s)ds) (1= 7)drel (1)

— /01 (1—-7) </OT [p (1= 5)¢(ap) (0+) = p(s) ¢lap (1_)] ds) dr,

|
S~
S

and by (3.12) we get (3.8). O
We say that the function p: [0,1] — R is symmetric on [0, 1] if
p(1—t)=p(t) forallte|0,1].
Corollary 9. Let f be an operator convex function on I and A, B € SA; (H),

with A # B. If f € G([A,B]) and p : [0,1] — R a Lebesgue integrable and

symmetric function such that the condition (3.6) holds, then we have

(3.13) 5 (VS5 (B~ A) = Via(B - 4)

g—W/Ol ([[peras) a-mar

X [Vfp(B—A)—=Vfa(B—A)

1
SW/O p(r) f(1—7)A+7B)dr
0 T T

—/1f((1—T)A—|—TB)d7'
0

<f01p(1T)dT/01 </07p(s)ds> (1—7)dr

X [Vfp(B—A)=Vfs(B—A)]
< 5 IVf5(B—A) = Via(B- A).

Proof. Since p is symmetric, then p(1 —s) = p(s) for all s € [0,1] and by
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(3.8) we get

/01 < /OT p(s) ds> (1—7)dr [(p/( 48 (0+) — ¢4 p) (1_)]
< /Olp(f) P(a,p) (T)dr — /Olp(T)dT/Ol oap (T)dr

< [Fam 1)~ am 04)] [ ([ pas) 1 -mam

which is equivalent to the second and third inequalities (3.13).
Since 0 < [ p(s)ds < fo 7) dr, hence

/01 </07p(8)d5> (1_7_)d7_§/Olp(T)dT/Ol(l—T)dT:;/Olp(T)dT

and the last part of (3.13) is proved. O

Remark 1. If the function p is nonnegative and symmetric then the inequality
(3.13) holds true.

Remark 2. It is well known that, if f is a C'-function defined on an open
interval, then the operator function f(X) is Fréchet differentiable and the
derivative D f(A)(B) equals the Gateaux derivative V f4 (B) . So for operator
convex functions f that are of class C! on I and p: [0,1] — R is a Lebesgue
integrable and symmetric weight on [0, 1] such that the condition (3.6) holds,
we have the inequalities

(3.14) ~ 5 IDF(B) (B~ 4) ~ Df(A) (B - A)

_W/Ol (/OTp(s)ds> (1—r)dr

x [Df(B)(B—A)—Df(A)(B - A)]

1
< (1 /p(T)f((1—T)A+TB)dT
O T

—/0 f(l=7)A+7B)dr

<f01p(17)d7/01 </07p(s)ds> (1—7)dr

< [DF(B) (B~ 4) - Df(4) (B - 4)
< S IDS(B) (B~ 4) - Df(A) (B - A)

for A, Be SA;(H).
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If we consider the weight p : [0,1] — [0,00), p(s) = |s — |, then

(\f\fﬂ/%lfv 1/1,21K e

We

Bt
D~ |00
Flm o
= I
& =
| ]
) ~
/ !
o —
= ~—
— ™
— | -

=

—|e — .

H — — | N
] | +
PN e =
s =
! — N &
— | |
~—_—~ T _
s — | 0O ~—

and
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Since fol |7 — 1| dr =%, hence

fp<1>d/ (/OTP@ dS) (1-m)dr ==

Utilising (3.13) for symmetric weight p : [0,1] = [0,00), p(s) = |s — &, we
get

(315) = [V (B~ A) = Via (B~ A)

1
<
0

g%[VfB(B—m—wA(B—A)],

1
T—;‘f(u—T)AMB)dT—/O f((1—7)A+7B)dr

where f is an operator convex function on I, A, B € SA;(H), with A # B
and f € G([A, B]).
Consider now the symmetric function p(s) = (1 —s) s, z € [0,1]. Then

T T 1
/Op(s)ds:/a (1—s)sds:—672(27—3),7‘6[0,1]

and
1 Tp(s)ds (1—r)drz_1 172(27—?0(1—7)6”:41‘
0 0 oo :
Also
/Olp(f)dfz/ol(l—T)TdT:é
and

folp(lf)df/ol </07p(3)ds> (1—T)d7:%

and by (3.13) we obtain

(3.16) (Vi (B—A)=Vfa(B-A)

3

“%
1 1

<6 [ a=nrf-nateBi— [ f(@-natrBr

g%[VfB(B—A)—VfA(B—AH,

where f is an operator convex function on I, A, B € SA;(H), with A # B
and f € G([A,B]).
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§4. Some examples

The function f(x) = x~! is operator convex on (0,00), operator Gateaux
differentiable and
Vir(S)=-T71s7!
for T, S > 0.
If p: [0,1] — R is a Lebesgue integrable and symmetric function such that
the condition (3.6) holds, then we have

(4.1)
1 1 T
_folp(T)dT/O (/0 p(s)ds)(l—T)dT
(AN (B-A)A' - B (B-A)B™!]
1

1 1
—_ /p (l—7)A+7B)" dT/ (1—=7)A+7B) tdr
Jo p(r)dr Jo 0

“ o b ([ roe) oo

><[A1 A)A™ =B Y (B-A)B™']

for all A, B > 0.
In particular,

X

| /\
S

(42) - 1% AN (B-A)A" — B (B— A)BY]
1 1 1
§4/ 7—2‘((1—7)A+7‘B)_1d7'—/ ((1—7‘)A—|—7‘B)_1d7'
0 0
< 1% (A" (B-A)A' =B (B-A)B™],
and
(4.3) - 23’0 (A (B—A) A~ B (B— A)B]
1 1
< 6/ (1 —T)T((1—T)A+TB)—1dT—/ (1-7m)A+7B) dr
0 0
3 .1 1 1 1
< = _ _ _
_QO[A (B—-A)A B ' (B-A)B™']
for all A, B > 0.
We note that the function f(x) = —Inz is operator convex on (0,00).

The In function is operator Gateaux differentiable with the following explicit
formula for the derivative (cf. Pedersen [15, p. 155]):

(4.4) Ving (S) = /OOO (slg +T) ' S(sly +T) 'ds
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for T, S > 0.

If we write the inequality (3.6) for —In and p : [0,1] — R is Lebesgue
integrable and symmetric function such that the condition (3.6) holds, then
we get

(4.5) —W/Ol </0Tp(s)ds>(1—7)d7

X |:/Oo($1H—|—A)_1 (B—A) ($1H+A)_1d8
0
- /OO (slg+B) " (B—A) (slg+ B)™* ds]
0
g/lln((l—T)A—i-TB)dT
0

1
_flp()d/o p(r)In((1 —7)A+7B)dr
o p(T)dr

SW/; </07p(8)d3> (1—r)dr

« UOOO (sl + A)"" (B = A) (s1g + A) " ds
_ /Oo (SlH + B)_l (B — A) (SlH + B)_l d8:|
0

for all A, B > 0.
If we take in (4.5) p () = |7 — i

, T € 10,1], then we get

(4.6) —% |:/OOO(81H—|-A)1 (B—A) (SlH—{—A)*ldS

—/OO (slg +B) ' (B—A) (slyg +B) 'ds
0

1
§/0 In((1-7)A+7B)dr

1
0

< % [/OOO (slyg +A) " (B — A) (sly + A) ' ds

1
00
0

In((1-7)A+7B)dr

T3

(slg +B) ' (B—A)(sly +B) 'ds

for all A, B > 0.
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