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Abstract. In this paper, we introduce the notion of radical transversal screen
pseudo-slant lightlike submanifolds of indefinite Kaehler manifolds giving char-
acterization theorem with some non-trivial examples of such submanifolds. Inte-
grability conditions of distributions D1, D2 and RadT M on radical transversal
screen pseudo-slant lightlike submanifolds of an indefinite Kaehler manifold have
been obtained. Further, we obtain necessary and sufficient conditions for folia-
tions determined by above distributions to be totally geodesic. We also study
mixed geodesic radical transversal screen pseudo-slant lightlike submanifolds of
indefinite Kaehler manifolds.
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81. Introduction

In 1990, B.Y. Chen defined slant immersions in complex geometry as a natural
generalization of both holomorphic and totally real immersions ([3]). Further,
A. Lotta introduced the concept of slant immersions of a Riemannian manifold
into an almost contact metric manifold ([9]). A. Carriazo defined and studied
bi-slant submanifolds of almost Hermitian and almost contact metric manifolds
and gave the notion of pseudo-slant submanifolds ([2]). The theory of lightlike
submanifolds of a semi-Riemannian manifold was introduced by Duggal and
Bejancu ([6]). A submanifold M of a semi-Riemannian manifold M is said to
be lightlike submanifold if the induced metric g on M is degenerate, i.e. there
exists a non-zero X € I'(T'M) such that ¢(X,Y) =0, VY € I'(TM).

The theory of radical transversal, transversal, semi-transversal lightlike sub-
manifolds has been studied in ([14]). In this article, we introduce the notion
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of radical transversal screen pseudo-slant lightlike submanifolds of indefinite
Kaehler manifolds. This new class of lightlike submanifolds of an indefinite
Kaehler manifold includes radical transversal and transversal lightlike sub-
manifolds as its sub-cases. The paper is arranged as follows. There are some
basic results in section 2 . In section 3, we introduce radical transversal screen
pseudo-slant lightlike submanifolds of an indefinite Kaehler manifold giving
some examples. Section 4 is devoted to the study of foliations determined by
distributions on radical transversal screen pseudo-slant lightlike submanifolds
of indefinite Kaehler manifolds.

§2. Preliminaries

A submanifold (M™, g) immersed in a semi-Riemannian manifold (M e g)1is

called a lightlike submanifold ([6]) if the metric g induced from g is degenerate
and the radical distribution RadI M is of rank r, where 1 < r < m. Let
S(TM) be a screen distribution which is a semi-Riemannian complementary
distribution of RadT M in TM, that is

(2.1) TM = RadTM &gy, S(TM).

Now consider a screen transversal vector bundle S(T'M~), which is a semi-
Riemannian complementary vector bundle of RadTM in TM=*. Since for
any local basis {{;} of RadT M, there exists a local null frame {NN;} of sec-
tions with values in the orthogonal complement of S(T M) in [S(TM)]* such
that g(&, Nj) = d;; and g(N;, N;) = 0, it follows that there exists a lightlike
transversal vector bundle ltr(T M) locally spanned by {N;}. Let tr(TM) be
complementary (but not orthogonal) vector bundle to TM in TM|y;. Then

(2.2) tr(TM) = ltr(TM) @ope, S(TM*),
(2.3) TM|y =TM @ tr(TM),
(2.4) TM|p = S(TM) Sopn, [RadTM @ ltr(TM)] Soper, S(TML).

Following are four cases of a lightlike submanifold (M, g, S(T'M), S(TM™)):
Case.l  r-lightlike if » < min (m,n),

Case.2  co-isotropic if r = n <m, S (TM*) = {0},

Case.3  isotropic if r = m < n, S(T'M) = {0},

Case.4  totally lightlike if r = m =n, S(TM) = S(TM~*) = {0}.

The Gauss and Weingarten formulae are given as

(2.5) VxY =VxY +h(X,Y), VX,Y € I(TM),
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(2.6) VxV =—-AyX + V4V, YV € T(tr(TM)),

where {VxY, Ay X} and {h(X,Y),V4V} belong to I'(T'M) and I'(tr(TM))
respectively. V and V! are linear connections on M and on the vector bundle
tr(TM) respectively. The second fundamental form h is a symmetric F(M)-
bilinear form on I'(7T'M) with values in I'(¢r(7T'M)) and the shape operator Ay
is a linear endomorphism of I'(T'M). From (2.5) and (2.6), for any X,Y €
[(TM), N € T(itr(TM)) and W € T'(S(TM~)), we have

(2.7) VxY =VxY +h (X,Y)+h*(X,Y),
(2.8) VxN = —-AnyX 4+ VXN + D* (X, N),
(2.9) VxW = —Aw X + VW + D! (X, W),

where h!(X,Y) = L (h(X,Y)), h*(X,Y) =S (h(X,Y)), D{X,W) = L(V4 W),
D3(X,N) = S(V4N). L and S are the projection morphisms of ¢r(T'M) on
ltr(TM) and S(TM™) respectively. V! and V* are linear connections on
Iltr(TM) and S(TM~) called the lightlike connection and screen transversal
connection on M respectively.

Now by using (2.5), (2.7)-(2.9) and metric connection V, we obtain

(2'10) y(hs(Xv Y)7W)+§(Yv DZ(X7 W)) :g(AwX, Y)a

(2.11) g(D*(X,N),W)=g(N, Aw X).

Denote the projection of TM on S(T'M) by P. Then from the decomposition
of the tangent bundle of a lightlike submanifold, for any X,Y € I'(T'M) and
¢ € I'(RadT' M), we have

(2.12) VxPY =V PY + h*(X,PY),
(2.13) Vxé=—A;X + V¥,

where {V}ﬁY, AEX} and {h*(X,PY),V¥¢} belong to I'(S(TM)) and T
(Rad(TM)) respectively. By using above equations, we obtain

(2.14) g(h'(X,PY),&) = g(A{ X, PY),

(2.15) g(h*(X,PY),N) = g(AnNX, PY),
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(2.16) g(h'(X.€),6) =0, Ag=0.

It is important to note that in general V is not a metric connection. Since V
is metric connection, by using (2.7), for any X,Y,Z € I'(T' M), we get

(2'17) (VXQ)(Yv Z) = g(hl(Xv Y)’ Z) + ?(hl(Xv Z)v Y)

An indefinite almost Hermitian manifold (M,g,J) is a 2m-dimensional semi-
Riemannian manifold M with semi-Riemannian metric g of constant index g,
0 < q<2m and a (1, 1) tensor field J on M such that following conditions
are satisfied:

(2.18) TX = -X,

(2.19) 9(JX,JY) =g(X,Y),

for all X,Y € T'(TM).
An indefinite almost Hermitian manifold (M, g, J) is called an indefinite
Kaehler manifold if J is parallel with respect to V, i.e.,

(2.20) (VxJ)Y =0,

for all X,Y € I'(TM), where V is Levi-Civita connection with respect to g.
For any vector field X tangent to M, we put

(2.21) JX = PX + FX,

where PX and FX are tangential and transversal parts of JX respectively.

§3. Radical Transversal Screen Pseudo-Slant Lightlike
Submanifolds

In this section, we introduce the notion of radical transversal screen pseudo-
slant lightlike submanifolds of indefinite Kaehler manifolds. At first, we state
the following Lemma for later use:

Lemma 3.1. Let M be a 2q-lightlike submanifold of an indefinite Kaehler
manifold M, of index 2q such that 2q < dim(M). Then the screen distribution
S(T'M) on lightlike submanifold M is Riemannian.

The proof of above Lemma follows as in Lemma 3.1 of [12], so we omit it.
Definition 3.1. Let M be a 2¢-lightlike submanifold of an indefinite Kaehler
manifold M of index 2¢ such that 2¢ < dim(M). Then we say that M is
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a radical transversal screen pseudo-slant lightlike submanifold of M if the
following conditions are satisfied:

(i) JRadTM = ltr(TM),

(ii) there exists non-degenerate orthogonal distributions D; and Dy on M such
that S(TM) = Dy @orth D3,

(iii) the distribution D; is anti-invariant, i.e. JD; C S(TM™),

(iv) the distribution Dy is slant with angle 6 € [0,7/2), i.e. there exists
6 € [0,7/2) such that |PX| = [JX]cosf, for any X € I'(Ds).

This constant angle 6 is called the slant angle of distribution Ds. A radical
transversal screen pseudo-slant lightlike submanifold is said to be proper if
Dy # {0}, Dy # {0} and 6 # 0.

From the above definition, we have the following decomposition
(3.1) TM = RadT M ®yrtn, D1 Borth Da-

Let (R%;", G, J) denote the manifold R%fln with its usual Kaehler structure given
by

g=1 (— L(de' @ dat + dy' @ dy') + 3,4 (da' @ dat + dy' @ dyi)),

J(O2L (Xi0zi + Y;0y:)) = 2005, (Yioxi — X0y:),
where (2%, %) are the cartesian coordinates on R%Z”. Now, we construct some
examples of radical transversal screen pseudo-slant lightlike submanifolds of
an indefinite Kaehler manifold.
Example 1. Let (Ri%,g,J) be an indefinite Kaehler manifold, where g is
of signature (—,+,+,+,+,+, —, +, +, +, +, +) with respect to the canonical
basis {&Eh (9:172, 8:63, 8.%’4, a$5, 8%6, 8y1, ayg, 8y3, 8y4, 81/5, 8y6}.
Suppose M is a submanifold of Ri? given by x! = y? = uy, 22 = y' = uy,
2% = ugcos B, y°> = ugsinf, 2* = ugsin B, y* = ugcos B, ° = us, y° = ug,
28 = kcosug, y® = ksinug, where k is any constant.
The local frame of T'M is given by {Z1, Zs, Z3, Z4, Z5, Zs }, where

Z1 = 2(0x1 + 0y2), Zo = 2(0xe + Jy1),

Z5 = 2(cos 0x3 + sin S0y3),

Zy = 2(sin B0x4 + cos BOyy),

Z5 == 2(8335),

Zs = 2(0ys — ksinugdzg + k cos ugdyg).
Hence RadT'M = span{Zi,Zs} and S(TM) = span{Zs, Z4, Z5, Zs }.
Now Iltr(TM) is spanned by Ny = —0x1 + Jya, Na = —0z2 + 0y; and
S(TM+) is spanned by

W1 = 2(sin f0x3 — cos By3),

Wy = 2(cos f0x4 — sin f0y,),

W3 = 2(]{5 cos ugOxg + k sin u68y6),

Wy = 2(k%0ys + ksin ugdzg — k cos ugdys).
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It follows that JZ; = —2N,, JZy = —2N;, which implies that JRadT M =
ltr(TM). On the other hand, we can see that D; = span{Zs, Z4} such that
JZ3 = Wy, JZ4 = Wo, which implies that D; is anti-invariant with respect
to J and Do = span{Zs, Zg} is a slant distribution with slant angle § =
arccos(1/v1+ k?). Hence M is a radical transversal screen pseudo-slant 2-
lightlike submanifold of Ri2.
Example 2. Let (Ri%,g,J) be an indefinite Kaehler manifold, where g is
of signature (—, +,+, +,+,+, —, +, +, +, +, +) with respect to the canonical
basis {0x1, 0xa, Ox3, 04, 0x5, D16, OY1, OY2, Y3, Y4, OYs5, OY6 }-
Suppose M is a submanifold of R3? given by ! = uy, y! = us, 22 = —u; cos a+
uzsin oy, Y2 = uysina + ugcos o, 3 = y* = ug, 2t = 3 = wy, 2% = us cos ug,
y5 = us sinug, 2% = cosus, y6 = sinwus.
The local frame of T'M is given by {Z1, Zs, Z3, Z4, Z5, Zs }, where

71 = 2(0x1 — cos adzy + sin adys),

Zy = 2(0yy + sin adxy + cos adys),

Zs = 2(0x3 + 0ys), Zy = 2(0x4 + Oy3),

Z5 = 2(cos ugOxs + sin ugdys — sin usdzg + cos uz0ys),

Zg = 2(—us sin ugdxs + ugz cos ugdys).
Hence RadT'M = span{Zi,Z>} and S(T'M) = span{Zs, Zs, Zs5, Zs}.
Now ltr(T'M) is spanned by N1 = —0x1 — cos adzg + sin adys, No = —0y; +
sin adxy + cos adys and S(T M) is spanned by

W1 = 2(833‘3 — 8y4), W2 = 2(61’4 — ayg),

W3 = 2(cos ug0zs + sin uglys + sin us0xg — cos u50ys),

Wy = 2(us cos us0ze + us sin us0ye ).
It follows that JZ; = 2N,, JZ5 = —2N;, which implies that JRadT M =
ltr(TM). On the other hand, we can see that D; = span{Zs, Z4} such that
JZ3 = Ws, JZ, = W1, which implies that D; is anti-invariant with respect to
J and Dy = span {Zs, Zs} is a slant distribution with slant angle 7/4. Hence
M is a radical transversal screen pseudo-slant 2-lightlike submanifold of R12.
Now, We denote the projections on RadT M, D1 and Dy in TM by P;, P, and
P5 respectively. Similarly, we denote the projections of tr(T'M) on ltr(TM),
J(D1) and D' by Q1, Q2 and Q3 respectively, where D’ is non-degenerate
orthogonal complementary subbundle of J(D;) in S(TM=). Then, for any
X eI'(TM), we get

(3.2) X=PX+PBX+ PX.
Now applying J to (3.2), we have

(3.3) JX =JPX +JPX + JP3X
which gives

(3.4) JX =JP, X +JP,X + fP3X + FP;X,
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where fP3;X(resp. F'P3X) denotes the tangential (resp. transversal) com-
ponent of JP3X. Thus we get JPX € I'(itr(TM)), JP,X € I'(J(D1)) C
D(S(TM™)), fP3X €T (Ds) and FP3X € T'(D'). Also, for any W € I'(tr(TM)),

we have

(3.5) W =W + QW + Q3 W.
Applying J to (3.5), we obtain

(3.6) TW = TOUW + TQaW + TQsW,
which gives

(3.7) JW = JQW 4+ JQ2W + BQsW + CQ3W,

where BQsW (resp. CQ3W) denotes the tangential (resp. transversal) com-
ponent of JQ3W. Thus we get JQiW € T'(RadTM), JQ2W € I'(Dy),
BQsW € F(Dg) and CQsW € F(D/).

Now, by using (2.20), (3.4), (3.7) and (2.7)-(2.9) and identifying the compo-
nents on RadTM, Dy, Do, ltr(TM), J(D;1) and D', we obtain
)

Pl(AjPQYX) + Pl(AjplyX + P (App3yX) = Pl(VXfP3Y)

3.8 _

(3:8) — JhY(X,Y),

(3 9) PQ(AjPQYX) + PQ(AjplYX) + PQ(AFp3yX) = PQ(V)(fP3Y)
' — JQ2h*(X,Y),

(3.10) Py(Agp,y X) + P3(A7p v X) + Ps(Arpy X) = P3(Vx fP3Y)

— BQsh*(X,Y) — fPsVxY,

(3.11) V4 JPY + DY(X,JRY) + h'(X, fPY) + D'(X, FPY) = JPVxY,

QaViIPY + QoVS FPY =JP,VxY — QaD*(X,JPY)
- QQhS(Xv fP3Y)7
Q3V§(jP2Y+Q3VSXFP3Y — FP3VxY = CQghs(X, Y)
—Q3h* (X, fPY) — Q3D (X, JPY).

Theorem 3.2. Let M be a 2q-lightlike submanifold of an indefinite Kaehler
manifold M. Then M is a radical transversal screen pseudo-slant lightlike
submanifold of M if and only if

(i) Jltr(TM) is a distribution on M such that Jltr(TM) = RadT M,

(i1) distribution Dy is anti-invariant with respect to J, i.e. JDy C S(TM™),

(iii) there exists a constant A € (0,1] such that P?°X = —\X, for all

X € I'(D3), where Dy and D3 are non-degenerate orthogonal distributions on
M such that S(TM) = Dy @opin Do and X = cos? 0, 0 is slant angle of Ds.

(3.12)

(3.13)
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Proof. Let M be a radical transversal screen pseudo-slant lightlike subman-
ifold of an indefinite Kaehler manifold M. Then distribution D; is anti-
invariant with respect to J and JRadTM = ltr(TM). Thus for any X €
['(RadTM), JX € ltr(TM). Hence J(JX) € J(Iitr(TM)), which implies
—X € J(Itr(TM)), for all X € I'(RadT M), which proves (i) and (ii).

Now for any X € I'(Ds), we have |PX| = [JX| cos 6, which implies

(3.14) cosf = =——

_ |PX]? _ g(PX,PX) _ g(X,P>X)

: 2
In view of (3.14), we get cos” 6 TXZ = 90XTX) — gxx)’

which gives

(3.15) 9(X, P2X) = cos? 0 g(X, T°X).

Since M is radical transversal screen pseudo-slant lightlike submanifold, cos? 6
= Mconstant) € (0,1] and therefore from (3.15), we get g(X, P?X) =
Ag(X, 72X) = g(X, )JZX), which implies

(3.16) g(X, (P2 - ATH)X) =0.

Now for any X € I'(Dy), we have J-(X) = P2X + FPX + BFX + CFX.
Taking the tangential component, we get P2X = —X — BFX € I'(Dy), for
any X € I'(D;). Thus (P? — )JQ)X € T'(Dz2). Since the induced metric
9 = 9|p,x D, 1s non-degenerate(positive definite), by the facts above, we have
(P2 — AT*)X = 0, which implies

(3.17) P2X = M\°X = —A\X,VX € (D).

This proves (iii).

Conversely suppose that conditions (i), (ii) and (iii) are satisfied. From (i), we
have JN € RadTM, for all N € T(itr(TM)). Hence J(JN) € J(RadT M),
which implies —N € J(RadT M), for all N € T'(itr(TM)). Thus JRadT M =
ltr(TM). From (iii), we have P2X = AJ°X, for all X € I'(Dy) , where
A(constant) € (0,1] .

g(TX,PX) _  g(X,JPX) _ g(X,P>X) _ \g(X,J°X) _ y9(UX,TX)
[JX||PX| —  [JX||PX| |[JX||PX| [JX||PX| — 7 |JX||PX]|’
From above equation, we get

Now cosf =

ERY

1 =X .
(3.18) cos PX|

Therefore (3.14) and (3.18) give cos? 6 = \(constant).
Hence M is a radical transversal screen pseudo-slant lightlike submanifold.
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Theorem 3.3. Let M be a 2q-lightlike submanifold of an indefinite Kaehler
manifold M. Then M is a radical transversal screen pseudo-slant lightlike
submanifold of M if and only if

(i) Jltr(TM) is a distribution on M such that Jltr(TM) = RadT M,

(ii) distribution Dy is anti-invariant with respect to J, i.e. JDy C S(TMY),

(iii) there exists a constant p € [0,1) such that BFX = —uX, for all
X € T'(D3), where Dy and Dy are non-degenerate orthogonal distributions on
M such that S(TM) = D1 @upsn Do and = sin? 0, 0 is slant angle of Ds.

Proof. Let M be a radical transversal screen pseudo-slant lightlike subman-
ifold of an indefinite Kaehler manifold M. Then distribution D; is anti-
invariant with respect to J and JRadTM = ltr(TM). Thus for any X €
['(RadTM) JX € ltr(TM). Hence J(JX) € J(ltr(TM)), which implies
—X € J(tr(TM)), for all X € I'(RadT M), which proves (i) and (ii).

Now, for any vector field X € I'(Ds) , we have

(3.19) JX = PX + FX,

where PX and FX are tangential and transversal parts of JX respectively.
Applying J to (3.19) and taking tangential component, we get

(3.20) ~X = P?X + BFX.

Since M is a radical transversal screen pseudo-slant lightlike submanifold,
P2X = —cos?0X, for all X € T'(Ds), where cos? 6 = \(constant) € (0, 1] and
therefore from (3.20), for any X € I'(D3), we get

(3.21) BFX = —sin? 6 X,

where sin?6 = 1 — X\ = u(constant) € [0,1).

This proves (iii).

Conversely suppose that conditions (i), (ii) and (iii) are satisfied. From (i), we
have JN € RadTM, for all N € T'(itr(TM)). Hence J(JN) € J(RadT M),

which implies —N € J(RadT M), for all N € I'(ltr(TM)). Thus JRadT M =
ltr(TM). From (3.20), for any X € I'(D3), we get

(3.22) —X = P2X — uX,
which implies
(3.23) P2X = —cos’ 0 X,

where cos? @ = 1 — p = A(constant) € (0,1].
Now the proof follows from theorem (3.2).
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Corollary 3.1. Let M be a radical transversal screen pseudo-slant lightlike
submanifold of an indefinite Kaehler manifold M with slant angle 6, then for
any X,Y € I'(D3), we have

(3.24) g(PX,PY) = cos*0 g(X,Y),

(3.25) g(FX,FY) =sin*0 g(X,Y).

The proof of above Corollary follows by using similar steps as in proof of
Corollary 3.2 of [12].

Theorem 3.4. Let M be a radical transversal screen pseudo-slant lightlike
submanifold of an indefinite Kaehler manifold M. Then RadT M is integrable
if and only if

(i) Q2D°(Y, {PlX) = Q2D%(X, {PlY),

(i) QsD*(Y,JPX) = Q3D*(X,JPY),

(iit) P3Agzp xY = PsAzp y X, for all X,Y € I'(RadTM).

Proof. Let M be a radical transversal screen pseudo-slant lightlike submanifold
of an indefinite Kaehler manifold M. From (3.12), for any X,Y € I'(RadT M),
we have

(3.26) Q2D°(X,JPY) = JPVxY.

On interchanging X and Y in (3.26), we get

(3.27) Q2D (Y, TP X) = TPVy X.

From (3.26) and (3.27), we obtain

(3.28) Q2D (X, TPY) — QuD*(Y, TP X) = TP3[X, Y.
From (3.13), for any X,Y € I'(RadT'M), we have

(3.29) Q3D*(X,JPY) = CQ3h*(X,Y) + FP3VxY.
Interchanging X and Y in (3.29), we get

(3.30) QsD*(Y, TP X) = CQ3h*(Y, X) + FP3Vy X.
In view of (3.29) and (3.30), we obtain

(3.31) QsD*(X,TJPY) — QsD*(Y,JP,X) = FP[X,Y].
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From (3.10), for any X,Y € I'(RadT'M), we have

(3.32) PsA5p v X + BQsh*(X,Y) = - fP3VxY.
On interchanging X and Y in (3.32), we get

(3.33) PyAsp Y + BQsh®(Y,X) = — fP3Vy X.
From (3.32) and (3.33), we obtain

(3.34) PsAgp xY — PsAgp v X = fP5[X,Y].

Now the proof follows from (3.28), (3.31) and 3.34.

Theorem 3.5. Let M be a radical transversal screen pseudo-slant lightlike
submanifold of an indefinite Kaehler manifold M. Then Dy is integrable if
and only if

(i) Q3(Vy I X) = Q3(Vy JP2Y) and PsAgp Y = P3Ajp X,

(ii) DY(X,JPY) = DYY,JPX), for all X,Y € I'(Dy).

Proof. Let M be a radical transversal screen pseudo-slant lightlike submanifold
of an indefinite Kaehler manifold M. From (3.11), for any X,Y € I'(D;), we
have

(3.35) DY (X, JRY) = JP,VyY.

On interchanging X and Y in (3.35), we get

(3.36) DYY,JPX) = JPVyX.

From (3.35) and (3.36), we obtain

(3.37) DYX,JPY) — DY Y, JP,X) = JP,[X,Y].
From (3.10), for any X,Y € I'(D;), we have

(3.38) P3Asp X + BQ3h*(X,Y) = — [PV xY.
On interchanging X and Y in (3.38), we get

(3.39) P3Asp Y + BQsh*(Y,X) = — fP3Vy X.
In view of (3.38) and (3.39), we obtain

(3.40) P3Azp Y — P3A, X = fP[X,Y).
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From (3.13), for any X,Y € I'(D;), we have

(3.41) Q3(VTPY) — CQ3h*(X,Y) = FP3VyY.
Interchanging X and Y in (3.41), we get

(3.42) Q3(V5 TP X) — CQ3h?(Y, X) = FP3Vy X.
From (3.41) and (3.42), we get

(3.43) Q3(VXJRY) — Q3(Vy I X) = FP[X,Y].
The proof follows from (3.37), (3.40) and (3.43).

Theorem 3.6. Let M be a radical transversal screen pseudo-slant lightlike
submanifold of an indefinite Kaehler manifold M. Then Dy is integrable if
and only if

(i) D'(X,FPY) — h!(Y, fP;X) = DY, FP3X) — b (X, fP3Y),

(i1) Qo(VXFPsY — h*(Y, fP3X)) = Qa(Vy FPsX — h*(X, fP3Y)),
for all X, Y € T'(D3).

Proof. Let M be a radical transversal screen pseudo-slant lightlike submanifold
of an indefinite Kaehler manifold M. From (3.11), for any X,Y € I'(Ds), we
have

(3.44) (X, fPY) + DY(X,FPY) = JP,VxY.

Interchanging X and Y in (3.44), we get

(3.45) h(Y, fP3X) + DY, FP;X) = JP,Vy X.

From (3.44) and (3.45), we obtain

W(X, fPY) — (Y, fP3X) + D' (X, FP3Y)
—DNY,FP;X) = JP|[X,Y].

From (3.12), for any X,Y € I'(D3), we have

(3.46)

(3.47) Q2VXFPY + Q20 (X, fPY) = JRVxY.
Interchanging X and Y in (3.47), we get

(3.48) Q2VYyFP3X + Qah° (Y, fP3X) = JP,Vy X,
In view of (3.47) and (3.48), we obtain

Q2VEFPY — QaVS FP3X + Qah* (X, fP3Y)

(3.49) =
— Qo (Y, fP3X) = TP[X,Y].

The proof follows from (3.46) and (3.49).
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Theorem 3.7. Let M be a radical transversal screen pseudo-slant lightlike sub-
manifold of an indefinite Kaehler manifold M. Then the induced connection V
is a metric connection if and only if JQ2D*(X,N) =0 and BQ3sD*(X,N) =
fPsANX, for all X € T'(TM) and N € I'(ltr(TM)).

Proof. Let M be a radical transversal screen pseudo-slant lightlike submanifold
of an indefinite Kaehler manifold M. Then the induced connection V on M is
a metric connection if and only if RadT M is parallel distribution with respect
to V ([6]). From (2.20), for any X € I'(T'M) and N € I'(ltr(T'M)), we have

(3.50) VxJN =JVxN.

From (2.7), (2.8) and (3.50), we obtain

(3.51)  VxJN = —JANX + JVYKN +JQ2D*(X,N) + JQ3D*(X, N).

On comparing tangential components of both sides of above equation, we get
(3.52) VxJN = —fPsAnX + JVLKN + JQoD*(X, N) + BQsD*(X, N),

which completes the proof.

84. Foliations Determined by Distributions

In this section, we obtain necessary and sufficient conditions for foliations de-
termined by distributions on a radical transversal screen pseudo-slant lightlike
submanifold of an indefinite Kaehler manifold to be totally geodesic.

Theorem 4.1. Let M be a radical transversal screen pseudo-slant lightlike
submanifold of an indefinite Kaehler manifold M. Then RadTM defines a
totally geodesic foliation if and only if PLAgp, , X +P1App,zX = PIVx fP3Z,
for all X € I'(RadTM) and Z € T'(S(TM)).

Proof. Let M be a radical transversal screen pseudo-slant lightlike submanifold
of an indefinite Kaehler manifold M. It is easy to see that RadTM defines
a totally geodesic foliation if and only if VxY € I'(RadT'M), for all X, Y €
['(RadTM). Since V is metric connection, using (2.7) and (2.19), for any
X,Y €eI'(RadTM) and Z € I'(S(T'M)), we get

(4.1) 9(VxY,2) =9((VxJ)Z =V xJZ,JY).
In view of (2.20), (3.4) and (4.1), we obtain

(4.2) G(VxY,2) = —G(Vx(JPZ + fPsZ + FP3Z),JY).
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From (2.7), (2.9) and (4.2), we get g(VxY,Z) = g(Azp,,X + ArpzX —
VxfPsZ,JY), which gives

(4.3) E(VXY, Z) = y(P1A7P2ZX + PlAFp3Z_X — PIVxfPZ, jY)
This completes the proof.

Theorem 4.2. Let M be a radical transversal screen pseudo-slant lightlike
submanifold of an indefinite Kaehler manifold M. Then D defines a totally
geodesic foliation if and only if

(1) 9(h*(X, f2),]Y) = —g(Vx FZ,JY),

(ii) g(h*(X,JN),JY) =0,
for all X, Y € I'(Dy1), Z € I'(D2) and N € I'(itr(T'M)).
Proof. Let M be a radical transversal screen pseudo-slant lightlike submanifold
of an indefinite Kaehler manifold M. The distribution D; defines a totally
geodesic foliation if and only if VxY € Dy, for all X,Y € I'(D;). From (2.7),
(2.19) and (2.20), for any X,Y € I'(D;) and Z € I'(D3), we obtain

(4.4) 9(VxY,Z2)=g(VxJY,JZ).

Since V is metric connection, using (4.4), we get

(4.5) 9(VxY,2) = -g(VxJZ,JY).

In view of (2.7), (2.9) and (4.5), we obtain

(4.6) G(VxY, Z) = —g(h*(X, fZ) + VX FZ,TY).

Now from (2.7), (2.19) and (2.20), for any X,Y € I'(D;) and N € I'(itr(T'M)),
we have

(4.7) 9(VxY,N)=g(VxJY,JN).
From (4.7), we get

(4.8) g(VxY,N)=—g(JY,VxJN).
Also, from (2.7) and (4.8), we obtain

(4.9) G(VxY, N) = —g(JY, h*(X, TN)).

Thus the proof is completed.

Definition 4.1. A radical transversal screen pseudo-slant lightlike submani-
fold M of an indefinite Kaehler manifold M is said to be mixed geodesic screen
pseudo-slant lightlike submanifold if its second fundamental form h satisfies
h(X,Y) =0, for all X € I'(Dy) and Y € I'(D2). Thus M is mixed geodesic
radical transversal screen pseudo-slant lightlike submanifold if A'(X,Y) = 0
and h*(X,Y) =0, for all X € I'(D;) and Y € I'(D3).
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Corollary 4.1. Let M be a mixed geodesic radical transversal screen pseudo-
slant lightlike submanifold of an indefinite Kaehler manifold M. Then Dy
defines a totally geodesic foliation if and only if

(i) GV FZ,JY) =0,

(ii) g(h*(X,JN),JY) =0,
for all X, Y € I'(Dy), Z € I'(D2) and N € I'(itr(T'M)).
Proof. Since M is a mixed geodesic radical transversal screen pseudo-slant
lightlike submanifold of an indefinite Kaehler manifold M, we have h*(X, Z) =
0 for all X € I'(D;) and Z € I'(D3). Now the proof follows from theorem 4.2.

Theorem 4.3. Let M be a radical transversal screen pseudo-slant lightlike
submanifold of an indefinite Kaehler manifold M. Then Do defines a totally
geodesic foliation if and only if

(i) G(FY, Ay, X) = G(FY, V3 TZ),

(ii) 9(fY, A% X) = g(FY, h*(X, TN)),
for all X, Y € I'(Dy), Z € I'(D1) and N € I'(itr(T'M)).

Proof. Let M be a radical transversal screen pseudo-slant lightlike submanifold
of an indefinite Kaehler manifold M. The distribution Dy defines a totally
geodesic foliation if and only if VxY € Dy, for all X,Y € I'(D3). From (2.7),
(2.19) and (2.20), for any X,Y € I'(D3) and Z € I'(D; ), we obtain

(4.10) G(VxY, Z) = g(Vx Y, TZ).

Since V is metric connection, using (4.10), we get

(4.11) 9(VxY,2) = —g(JY,VxJZ).

From (2.9) and (4.11), we obtain

(4.12) A(VxY, Z) = G(fY, Ay, X) - G(FY, Vi TZ).

Now, from (2.7), (2.19) and (2.20), for all X, Y € I'(D3) and N € I'(itr(T'M)),
we have

(4.13) g(VxY,N)=g(VxJY,JN).

From (4.13), we get

(4.14) G(VxY,N) = —g(JY,VxJN).

In view of (2.8), (2.14) and (4.14), we obtain

(4.15) g(VxY,N) =g(fY, A% X) — g(FY,h*(X, JN)),

which completes the proof.
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