
SUT Journal of Mathematics
Vol. 44, No. 2 (2008), 219–227

n-adic p-basis and Regular semi-local ring

Mamoru Furuya, Hiroshi Niitsuma and Mamiko Takahashi

(Received May 13, 2008; Revised September 17, 2008)

Abstract. Let (R,m) be a regular local ring of prime characteristic p and R′

a Noetherian subring of R such that Rp
⊂ R′. In the previous paper Furuya

and Niitsuma [1], introducing the concept of m-adic p-basis, the first and the
second authors proved the following theorem: The regular local ring R has an
m-adic p-basis over the subring R′ if and only if R′ is a regular local ring. In
this paper, we generalize this result to semi-local rings.
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§1. Introduction

Let (R,m) be a regular local ring of prime characteristic p and R ′ a Noetherian
subring of R such that Rp ⊂ R′. In Kimura and Niitsuma [3], T. Kimura
and the second author proved the following theorem, which had been called
Kunz’s conjecture. Under the assumption that R is finite as an R ′-module,
the following two conditions are equivalent: (1) The regular local ring R has
a p-basis over the subring R′. (2) R′ is a regular local ring. In the previous
paper Furuya and Niitsuma [1], introducing the concept of m-adic p-basis, the
first and the second authors generalized this result to the non-finite situations
as follows. The following two conditions are equivalent: (1) The regular local
ring R has an m-adic p-basis over the subring R′. (2) R′ is a regular local ring.

In this paper, we generalize the result just above to the case of semi-local
rings by introducing the concept of having locally adic p-bases ( see Definition
3.1 ) and of property (P) ( see Definition 3.2 ).

Let R be a Noetherian semi-local ring of prime characteristic p and R ′ a
Noetherian subring of R such that Rp ⊂ R′. Let n be the Jacobson radical of
R. We show that if a semi-local ring R has an n-adic p-basis over R ′, R has
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locally adic p-bases over R′ which have the same cardinal number (Theorem
3.4), and the converse statement holds (Theorem 3.5).

Finally, using these theorems, we prove the following main theorem.

Theorem 3.7. Let R be a regular semi-local ring of prime characteristic p
and R′ a Noetherian subring of R such that Rp ⊂ R′. Let n be the Jacobson
radical of R. Then the following conditions are equivalent:

(1) R/R′ has an n-adic p-basis.

(2) R′ is regular and R/R′ satisfies property (P).

§2. Preliminaries

All rings in this paper are commutative rings with identity elements. We
always denote by p a prime number and denote by |X| the cardinal number
of a set X.

Let P be a ring and R a P -algebra with char(R) = p. Let a be an ideal of
R. Let Rp denote the subring {xp | x ∈ R} of R , a(p) the ideal {xp | x ∈ a}
of Rp, and P [Rp] the subring of R generated by the set {axp | a ∈ P, x ∈ R}.

Let (ΩP (R), dR/P ) be the module of differentials of R over P . For a subset
W of R, we denote by dR/P (W ) the set {dR/P (w) | w ∈ W}. If an R-module
M is generated by a subset B of M , then we write M := R〈B〉.

Definition 2.1 ([1], Definition 2.1). A subset W of R is called an a-adic

p-basis of R/P if the following conditions are satisfied :

(1) W is p-independent over P [Rp].

(2) R is the closure of the subring T := P [Rp][W ] in R for the a-adic
topology, that is, R =

⋂∞
r=1(T + ar).

(3) ar ∩ T = (aT )r for every r ≥ 1, where aT := a ∩ T .

Definition 2.2 ([2], Definition 2.2). Let M be an R-module. We call M an
a-adic free R-module if there exists an R-submodule N of M such that:

(1) N is a free R-module.

(2) M is the closure of N in M for the a-adic topology, that is, M =
⋂∞

r=1(N + arM).

(3) arM ∩N = arN for every r ≥ 1.

In this case, we call a free basis of N an a-adic free basis of M .

Let (R,m, L) be a Noetherian local ring with char(R) = char(L) = p, and
R′ a subring of R such that Rp ⊂ R′. Then R′ is a local ring with the maximal
ideal m′ := m ∩ R′. Putting L′ := R′/m′, then we have that L ⊃ L′ ⊃ Lp.
Furthermore, let g : R→ R/m = L be the canonical mapping. Then we have



N-ADIC P -BASIS AND REGULAR SEMI-LOCAL RING 221

the following:

Lemma 2.3. Suppose that R/R′ has an m-adic p-basis W . Then there are
two subsets W1 and W2 of W such that W = W1∪W2, W1∩W2 = ∅, g(W2) (g :
W2 → g(W2) is bijective ) is a p-basis of L/L′ and |W1| = dimL m/(m2 +m′R).
More precisely, W1 is expressed as {y1+z1, . . . , yr+zr}, where zi ∈ R′[W2] (i =
1, . . . , r) and {y1, . . . , yr} ⊂ m such that {ȳ1, . . . , ȳr}

(

ȳi := yi + (m2 + m′R)
)

is a basis of the L-vector space m/(m2 +m′R). Furthermore, {y1, . . . , yr}∪W2

is an m-adic p-basis of R/R′.

Proof. Putting R′′ := R′[W ], then R′′ is a local ring with the maximal ideal
m′′ := m ∩ R′′. Since W is an m-adic p-basis of R/R′, we have that L =
R/m = R′′/m′′ = L′[g(W )]. It follows that there exists a subset W2 of W such
that g(W2) is a p-basis of L/L′, where g : W2 → g(W2) is bijective. We set
W1 := W −W2, and W1 := {wi | i ∈ I}. For each wi, there exists zi ∈ R′[W2]
such that g(wi) = g(zi), and hence wi− zi := yi ∈ m. Therefore, we have that
W1 = {yi + zi | i ∈ I}. Since R′′ = R′[W2][{yi}], we see that Y := {yi | i ∈ I}
is a p-basis of R′′/R′[W2]. Consequently, Y ∪W2 is an m-adic p-basis of R/R′.

The canonical injection R′′ → R induces an R′′-module homomorphism µ :
ΩR′(R′′)→ ΩR′(R) such that µ◦dR′′/R′ = dR/R′ |R′′ . It follows that there exists
an R-module homomorphism η : R ⊗R′′ ΩR′(R′′) → ΩR′(R) such that η(a ⊗
w) = aµ(w) (a ∈ R,w ∈ ΩR′(R′′)). Furthermore this induces an L-module
homomorphism η : R ⊗R′′ ΩR′(R′′)/m(R ⊗R′′ ΩR′(R′′)) → ΩR′(R)/mΩR′(R).
We claim that η is an isomorphism. Since ΩR′(R/m2) = ΩR′(R)/RdR/R′m2,
we have R/m⊗RΩR′(R/m2) ∼= R/m⊗RΩR′(R). Similarily, we have R′′/m′′⊗R′′

ΩR′(R′′/m′′2) ∼= R′′/m′′⊗R′′ΩR′(R′′). It follows from R′′/m′′i ∼= R/mi (i = 1, 2)
that R/m ⊗R ΩR′(R/m2) ∼= R/m ⊗R′′ ΩR′(R′′/m′′2). Hence we get R/m ⊗R′′

ΩR′(R′′) ∼= R/m⊗RΩR′(R) and so we have the following commutative diagram
of isomorphisms:

R/m⊗R′′ ΩR′(R′′)
η

//

**TTTTTTTTTTTTTTT

R/m⊗R ΩR′(R)

R/m⊗R ΩR′(R/m2)

55jjjjjjjjjjjjjjj

Since Y ∪W2 is a p-basis of R′′/R′, ΩR′(R′′) is a free R′′-module with a
basis {dR′′/R′(x) | x ∈ Y ∪W2}. Thus R ⊗R′′ ΩR′(R′′)/m(R ⊗R′′ ΩR′(R′′)) =
(R/m)⊗R′′ ΩR′(R′′) is a free L-module with a basis {1⊗ dR′′/R′(x) | x ∈ Y ∪

W2}, and hence ΩR′(R)/mΩR′(R) is a free L-module with a basis {dR/R′ (x) |

x ∈ Y ∪W}, where dR/R′(x) := dR/R′(x) + mΩR′(R). By Kunz ([4], (6.7)),
there is a canonical exact sequence

0 −→ m/(m2 + m′R)
α
−−→ ΩR′(R)/mΩR′(R) −→ ΩL′(L) −→ 0.
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Denote by N the L-module ΩR′(R)/mΩR′(R), and denote by N1 and N2 the
submodules of N generated by dR/R′ (Y ) and dR/R′(W2) respectively. Then we
see that N = N1⊕N2. Let π : N → N/N2 be the canonical mapping, and put
ϕ := π ◦ α. Then it is easy to check that ϕ is an isomorphism. It follows that
|Y | = dimL m/(m2 + m′R) := r <∞, and we may put Y = {y1, . . . , yr}. Thus
we see that m/(m2 + m′R) is a vector space over L with a basis {ȳ1, . . . , ȳr},
where ȳi := yi + (m2 + m′R). �

Let (R, p1, . . . , pr) be a Noetherian semi-local ring with char(R) = p, where
{p1, . . . , pr} are the maximal ideals of R. Let R′ be a Noetherian subring of
R such that Rp ⊂ R′, and let fi : R → Rpi

(i = 1, . . . , r) be the canonical
mappings. Put p′i := pi ∩ R′ (i = 1, . . . , r) and denote by L′

i the residue field
of the local ring R′

p′

i

for each i(i = 1, . . . , r). Let gi : Rpi
→ Li (i = 1, . . . , r)

be the canonical mappings and set hi := gi ◦ fi. Then the following statement
is essentially the same as Lemma 2.1 of Ono [6], so we omit the proof.

Lemma 2.4. If W is a subset of R such that W is p-independent over R ′

and hi(W ) is p-independent over L′
i for each i(i = 1, . . . , r), then R′[W ] is

Noetherian.

Let R be a ring with char(R) = p and W a subset of R. From now on,
denote by m(W ) the set of all monomials we1

1 · · ·w
en
n , where w1, . . . , wn are

distinct elements of W and 0 ≤ ei ≤ p− 1 (i = 1, . . . , n).

Lemma 2.5. Let (R,m, L) be a Noetherian local ring with char(R) = p, R ′ a
Noetherian subring of R such that Rp ⊂ R′, and let W be a subset of R. Put
m′ := m ∩R′. Then the following conditions are equivalent:

(1) W is an m-adic p-basis of R/R′.

(2) m(W ) is an m′-adic free basis of R as an R′-module.

If these conditions are satisfied, then R′[W ] is Noetherian and R is faithfully
flat over R′[W ].

Proof. (1) ⇒ (2). Suppose that W is an m-adic p-basis of R/R′. We use
the same notations as those of Lemma 2.3. Then R′[W2] is Noetherian by
Lemma 2.4. Since W1 is a finite set, R′′ := R′[W ] = R′[W2][W1] is Noetherian.
Furthermore we have that m/(m2 +m′R) is a vector space over L with a basis
{ȳ1, . . . , ȳr}, where ȳi := yi + (m2 + m′R). Thus we see that m = m′′R,
where m′′ := m ∩ R′′. Since R/mnR ∼= R′′/m′′n for every n ≥ 1 by (2) and
(3) of Definition 2.1, the m-adic completion lim

←−
R/mn is faithfully flat over

both R and R′′ by Theorem 8.14 of Matsumura [5]. Hence R is faithfully
flat over R′′. It follows that m′nR ∩ R′′ = m′nR′′ for every n ≥ 1. Since
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R′′ = R′[W ], R′′ is a free R′-module with a basis m(W ). Furthermore we see
that R =

⋂∞
n=1(R

′′ + m′nR) because mn ⊂ m(p)R ⊂ m′R for sufficiently large
n. Consequently, m(W ) is an m′-adic free basis of R as an R′-module.

(2)⇒ (1). Suppose that m(W ) is an m′-adic free basis of R as an R′-module.
Then m(W ) is linearly independent over R′. Hence we see immediately that
W is p-independent over R′. Further we see that R = R′′ + mn (n = 1, 2, . . .)
and m = m′′R, where R′′ := R′[W ] and m′′ := m ∩ R′′. Since R′′/m′R′′ ∼=
R/m′R, R′′/m′R′′ is Noetherian. The canonical injection R′′ → R induces
an isomorphism R′′/m′′ → R/m = L. Therefore (R′′/m′R′′,m′′/m′R′′, L) is a
Noetherian local ring. Thus we have that dimL m′′/(m′′2 + m′R′′) <∞.

Let g : R → R/m be the canonical mapping. Then we have g(R′′) =
L′[g(W )] = L. Hence there exists a subset W2 of W such that g(W2) is a
p-basis of L/L′. We set W1 := W −W2. Again, by Kunz([4], (6.7)), there is a
canonical exact sequence

0→ m′′/(m′′2 + m′R′′)→ ΩR′(R′′)/m′′ΩR′(R′′)→ ΩL′(L)→ 0.

Since W = W1 ∪W2 is a p-basis of R′′/R′, ΩR′(R′′) is a free R′′-module with
a basis dR′′/R′(W ). In the same way as the proof of Lemma 2.3, we see that

|W1| = dimL′′ m′′/(m′′2 + m′R′′) < ∞. By Lemma 2.4, R′[W2] is Noetherian,
and R′′ = R′[W2][W1] is also Noetherian. By a similar argument as that in
the proof of (1)⇒ (2) in Lemma 2.5, we can show that R is faithfully flat over
R′′. Therefore we have that mn ∩ R′′ = m′′nR ∩ R′′ = m′′n for every n ≥ 1.
Thus we see that W is an m-adic p-basis of R/R′. �

§3. n-adic p-basis

In this section we use the following notations: Let (R, p1, . . . , pr) be a Noethe-
rian semi-local ring with char(R) = p and R′ a Noetherian subring of R such
that Rp ⊂ R′. Then R′ is a Noetherian semi-local ring with the maximal ideals
{p′1, . . . , p

′
r}, where p′i := pi ∩ R′ (i = 1, . . . , r). We set Ri := Rpi

, R′
i := R′

p′

i

,

mi := piRi, m′
i := p′iR

′
i, Li := Ri/mi and L′

i := R′
i/m

′
i. Then we may assume

that Ri ⊃ R′
i ⊃ Rp

i = (Rp)
p
(p)
i

and Li ⊃ L′
i ⊃ Lp

i for every i (i = 1, . . . , r).

Furthermore, we set n :=
⋂r

i=1 pi (the Jacobson radical of R) and n′ :=
⋂r

i=1 p′i
(the Jacobson radical of R′). Let fi : R → Ri and gi : Ri → Li (i = 1, . . . , r)
be the canonical mappings.

Definition 3.1. We say that R/R′ has locally adic p-bases when Ri/R
′
i

has an mi-adic p-basis W (i) for every i (i = 1, . . . , r). Additionally when
W (1), . . . ,W (r) have the same cardinal number, we say that R/R′ has locally
adic p-bases which have the same cardinal number.
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Definition 3.2. We say that R/R′ satisfies property (P) when one of the
following conditions is satisfied:

(1) p-deg(Li/L
′
i) = ∞ (i = 1, . . . , r) and Li/L

′
i has a p-basis Di (i =

1, . . . , r) such that D1, . . . , Dr have the same cardinal number.

(2) p-deg(Li/L
′
i) <∞ (i = 1, . . . , r) and dimLi

mi/(m
2
i +m′

iRi)+p-deg(Li/L
′
i)

(i = 1, . . . , r) have the same value.

With the notations stated above, now we can prove the following state-
ments.

Proposition 3.3. The following conditions are equivalent:

(1) R/R′ has locally adic p-bases which have the same cardinal number.

(2) R/R′ has locally adic p-bases and R/R′ satisfies property (P).

Proof. (1) ⇒ (2). Let W (i) be an mi-adic p-basis of Ri/R
′
i (i = 1, . . . , r).

Then W (1), . . . ,W (r) have the same cardinal number c. By Lemma 2.3, there

are the two subsets W
(i)
1 and W

(i)
2 of W (i) such that W

(i)
1 is a finite set and

Di := gi(W
(i)
2 ) is a p-basis of Li/L

′
i for every i (i = 1, . . . , r). If c is infinite,

then p-deg(Li/L
′
i) = ∞ and |Di| = |W

(i)
2 | = |W (i) − W

(i)
1 | = |W (i)| = c,

and hence D1, . . . , Dr have the same cardinal number. If c is finite, then p-

deg(Li/L
′
i) = |Di| = |W

(i)
2 | and |W

(i)
1 | = dimLi

mi/(m
2
i + m′

iRi)(i = 1, . . . , r).
Therefore it holds that p-deg(Li/L

′
i)+dimLi

mi/(m
2
i +m′

iRi) = c (i = 1, . . . , r).

(2) ⇒ (1). Let W (i) be an mi-adic p-basis of Ri/R
′
i (i = 1, . . . , r). By

Lemma 2.3, there are the two subsets W
(i)
1 and W

(i)
2 of W (i) such that W (i) =

W
(i)
1 ∪W

(i)
2 , gi(W

(i)
2 ) is a p-basis of Li/L

′
i and |W

(i)
1 | = dimLi

mi/(m
2
i +m′

iRi) <
∞ (i = 1, . . . , r). If p-deg(Li/L

′
i) = ∞ for any i (i = 1, . . . , r), then property

(P) implies that all W
(i)
2 have the same cardinal number. On the other hand,

if p-deg(Li/L
′
i) < ∞ for any i (i = 1, . . . , r), then |W (i)| = |W

(i)
1 | + |W

(i)
2 | =

dimLi
mi/(m

2
i +m′

iRi)+p-deg(Li/L
′
i) so that |W (1)| = · · · = |W (r)| by property

(P). Hence, all W (i) have the same cardinal number in either case. �

Theorem 3.4. If R/R′ has an n-adic p-basis W , then fi(W ) is an mi-adic p-
basis of Ri/R

′
i (i = 1, . . . , r) and W , f1(W ), . . . , fr(W ) have the same cardinal

number.

Proof. Putting R′′ := R′[W ], then R′′ is a semi-local ring with the maximal
ideals {p′′1 , . . . , p

′′
r}, where p′′i = pi ∩ R′′ (i = 1, . . . , r). We set n′′ := p′′1 ∩

· · · ∩ p′′r . Under the assumption, we see that R′′/n′′n ∼= R/nn for every n ≥ 1.
Putting R′′

i := R′′
p′′

i

, m′′
i := p′′i R

′′
i and L′′

i := R′′
i /m

′′
i , then we may assume

that Ri ⊃ R′′
i ⊃ R′

i ⊃ Rp
i and Li ⊃ L′′

i ⊃ L′
i ⊃ Lp

i (i = 1, . . . , r). We put
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W (i) := fi(W ), then we have that R′′
i = R′

i[W
(i)] and L′′

i = L′
i[gi(W

(i))] (i =
1, . . . , r). It is known that W (i) is p-independent over R′

i. Hence we see

that |W | = |W (i)| (i = 1, . . . , r). Since Ri = U−1
i R (Ui := Rp − p

(p)
i ) and

R = R′′ + nn (n ≥ 1), we see that Ri = R′′
i + mn

i (n ≥ 1). This means that Ri

is the closure of R′′
i in Ri with the mi-adic topology for every i(i = 1, . . . , r).

It is easy to check that Li = L′′
i . Thus there are subsets W

(i)
1 and W

(i)
2 of

W (i) such that gi(W
(i)
2 ) is a p-basis of Li/L

′
i, gi : W

(i)
2 → gi(W

(i)
2 ) is bijective,

W (i) = W
(i)
1 ∪W

(i)
2 and W

(i)
1 ∩W

(i)
2 = ∅. As the same way in the proof of

Lemma 2.5, we see that |W
(i)
1 | = dimLi

mi/(m
2
i + m′

iRi) < ∞ (i = 1, . . . , r).

We set W
(i)
1 := {w

(i)
1 , . . . , w

(i)
si
}. Lemma 2.3 says that there exists a subset B (i)

of mi such that R′′
i = R′

i[B
(i),W

(i)
2 ] and the image of B(i) in mi/(m

2
i + m′

iRi)
forms a basis for this Li-vector space. Hence mi = Ri〈B

(i)〉+ m′
iRi = m′′

i Ri.

Now we shall show that R′[W ] is Noetherian. There are subsets Wi1 of W

such that W
(i)
1 = fi(Wi1) and fi : Wi1 → W

(i)
1 is bijective (i = 1, . . . , r). We

set W1 := W11 ∪W21 ∪ · · · ∪Wr1 and W2 := W −W1. By Lemma 2.4, we see
that R′[W2] is Noetherian, and thus R′[W ] = R′[W2][W1] is Noetherian, since
W1 is a finite set.

By a similar argument as that in the proof of (1) ⇒ (2) in Lemma 2.5, we
can show that R is faithfully flat over R′′.

Lastly we shall show that mn
i ∩ R′′

i = m′′
i
n (n ≥ 1). Since R is faithfully

flat over R′′, Ri is also faithfully flat over R′′
i . It follows that mn

i ∩ R′′
i =

m′′
i
nRi∩R′′

i = m′′n
i (n ≥ 1). Thererfore W (i) is an mi-adic p-basis of Ri/R

′
i (i =

1, . . . , r). �

Theorem 3.5. If R/R′ has locally adic p-bases which have the same cardinal
number, then R/R′ has an n-adic p-basis.

Proof. Let W (i) be an mi-adic p-basis of Ri/R
′
i (i = 1, . . . , r) and let W (i) (i =

1, . . . , r) have the same cardinal number. By the assumption, W (i) is expressed

as {w
(i)
j | j ∈ J} with J a set of suffixes for every i (i = 1, . . . , r). Since

Ri = R
p
(p)
i

, we may assume that there is a set Ai := {aij ∈ R | j ∈ J} such

that fi(aij) = w
(i)
j . Since p

(p)
i (i = 1, . . . , r) are the distinct maximal ideals of

Rp, there exist elements bi (i = 1, . . . , r) of Rp such that bi 6∈ p
(p)
i and bi ∈

∩j 6=ip
(p)
j . Put xj := b1a1j + · · · + brarj , X := {xj | j ∈ J}, x

(i)
j := fi(xj) and

X(i) := {x
(i)
j | j ∈ J}. By Lemma 2.5, R′′

i := R′
i〈m(W (i))〉 is a free R′

i-module

with a basis m(W (i)). Then R′′
i /m

′
iR

′′
i = L′

i〈m(W (i))〉 is a free L′
i-module with

a basis m(W (i)), where m(W (i)) := {x+m′
iR

′′
i | x ∈ m(W (i))}. We remark that

R′′
i = R′

i[W
(i)], and so R′′

i is a subring of Ri. Since R′′
i /m

′
iR

′′
i
∼= Ri/m

′
iRi, we see
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that Ri/m
′
iRi is a free L′

i-module with a basis {x + m′
iRi | x ∈ m(W (i))}. It is

easy to check that x
(i)
j +m′

iRi = uiw
(i)
j +m′

iRi in Ri/m
′
iRi, where ui := fi(bi) is

an unit in (Ri)
p. Hence we have that Ri/m

′
iRi = L′

i〈m(W (i))〉 = L′
i〈m(X(i))〉,

where m(X(i)) := {x+m′
iRi | x ∈ m(X(i))}. Thus Ri/m

′
iRi is a free L′

i-module

with a basis m(X (i)). It follows from Suzuki ([7], Theorem 1) that m(X (i)) is
an m′

i-adic free basis of the R′
i-module Ri. Therefore X(i) is an mi-adic p-basis

of Ri/R
′
i by Lemma 2.5. We set T := R′[X], qi := pi ∩ T , and Ti := Tqi

.
Then (T, q1, . . . , qr) is a semi-local ring. We may assume that Ri ⊃ Ti ⊃ R′

i.
Furthermore, we see that Ti = R′

i[X
(i)]. Since X(i) is p-independent over R′

i

for every i (i = 1, . . . , r), X is p-independent over R′. Furthermore, since X (i)

is an mi-adic p-basis of Ri/R
′
i, then Ri is faithfully flat over Ti for every i (i =

1, . . . , r) by Lemma 2.5, and hence R is faithfully flat over T . For any a ∈ R,

since Ri = Ti+m′
iRi, there are elements ti ∈ T , si ∈ p′iR and ui ∈ Rp−p

(p)
i such

that uia = si+ti (i = 1, . . . , r). Since p′i (i = 1, . . . , r) are the distinct maximal
ideals of R′, there exist elements ci (i = 1, . . . , r) of R′ such that ci 6∈ p′i and
ci ∈ ∩j 6=ip

′
j . Putting g := c1u1+· · ·+crur, then we see that g is a unit of R′. For

any a ∈ R, a = g−1ga = g−1(c1s1+· · ·+crsr)+g−1(c1t1+. . .+crtr) ∈ T +n′R.
This implies that R = T + n′R. Therefore we have that R = T + nn (n ≥ 1).
We set a := q1∩· · ·∩qr (the Jacobson radical of T ). Then we see that n = aR.
Furthermore, since R is faithfully flat over T , it holds that nn∩T = an (n ≥ 1).
Consequently, X is an n-adic p-basis of R/R′. �

Corollary 3.6. The following two conditions are equivalent:

(1) R/R′ has an n-adic p-basis.

(2) R/R′ has locally adic p-bases which have the same cardinal number.

Now we shall prove the generalization of Theorem 3.4 of Furuya and Niit-
suma [1]. Before the proof, we notice that a regular semi-local ring is Noethe-
rian.

Theorem 3.7. Let R be a regular semi-local ring with char(R) = p, R ′ a
Noetherian subring of R such that Rp ⊂ R′ and let n be the Jacobson radical
of R. Then the following two conditions are equivalent:

(1) R/R′ has an n-adic p-basis.

(2) R′ is regular and R/R′ satisfies property (P).

Proof. (1) ⇒(2). Since R/R′ has an n-adic p-basis, Ri/R
′
i has an mi-adic

p-basis by Theorem 3.4. It follows from Furuya and Niitsuma ([1], Theorem
3.4) that R′

i is regular. Therefore R′ is regular.

(2) ⇒ (1). Since R′ is regular, R′
i is a regular local ring. Hence Ri/R

′
i has

an mi-adic p-basis by Theorem 3.4 of [1]. Thus R/R′ has locally adic p-bases
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which have the same cardinal number by Proposition 3.3. Therefore R/R ′ has
an n-adic p-basis by Theorem 3.5. �
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