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A note on perturbed three point inequalities
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Abstract. The main purpose of this paper is to use a variant of Griiss inequal-
ity to obtain a sharp perturbed generalized three point inequality for functions
whose nth derivative is bounded both above and below. Thus we provide im-
provement of a previous result.
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§1. Introduction

In 1935, G. Griiss (see for example [4, p.296]) proved the following integral
inequality which gives an approximation for the integral of a product of two
functions in terms of the product of integrals of the two functions.

Theorem 1. Let h, g : [a,b] — R be two integrable functions such that ¢ <
h(t) < ® and v < g(t) < T for all t € [a,b], where ¢, ®, v and T" are real
numbers. Then we have

(1) T (h,g)] < 2(® =)' =),

|

b b b
@) Thg) = [ hogw it - [awde- = [ gar

and the inequality is sharp, in the sense that the constant % cannot be replaced
by a smaller one.

In 2000, M. Mati¢, J. Pecari¢ and N. Ujevié¢ [3] established the following
premature Griiss inequality.
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Theorem 2. Let h,g : [a,b] — R be two integrable functions such that v <
g(t) <T forallt € [a,b], where v, I € R. Then we have

Q T(h,g)| < 52T, b,

where T'(h,g) is as defined in (2).

In 2002, X. L. Cheng and J.Sun [2] have got the following variant of the
Griiss inequality.

Theorem 3. Let h,g : [a,b] — R be two integrable functions such that v <
g(t) <T forallt € [a,b], where v, I € R. Then

I'—~ b
(W 0.9 < 57— |

where T'(h,g) is as defined in (2).

1 b
h(t) — - h(s)ds

dt,

It is not difficult to find that the premature Griiss inequality (3) provides
a sharper bound than the Griiss inequality (1) and the variant of Griiss in-
equality (4) provides a sharper bound than the premature Griiss inequality
(3).

In [1], Theorem 2 has been used to provide a perturbed generalized three
point inequality. But unfortunately, there exist some careless mistakes which
led to wrong results (see Theorem 5, Corollary 8 and Corollary 9 in [1]). In
this paper, we will give the correct results, and, a sharp perturbed generalized
three point inequality is obtained by using Theorem 3.

§2. Perturbed rules from premature inequalities

In this section, we will provide a perturbed generalized three point inequal-
ity and its two special cases to replace Theorem 5, Corollary 8 and Corollary
9 in [1]. We need the following integral identity whose proof can be found in

[1].

Lemma. Let f : [a,b] — R be such that ™=V, n > 1 is absolutely continuous
on |a,b]. Further, let a: [a,b] — [a,b] and B : [a,b] — [a,b] such that a(z) < x
and f(x) > x. Then, for all x € [a,b] the following identity holds:
()

no1

b b
(0" [ KW@ e = [0 3 5 [R5 @)+ Sia)]

k=1
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where the kernel K, : [a,b]> — R is given by

(6) ooy | S €l
6 n(x,t) == N
UBE)” - ¢ e (2,0],

n!

2)* + (=D @ — a2)”,
a)* f* D (a) + (= 1)F 71 (b — B(x)) FFD ().

- {Rk<x> = (B(x)
Si(#) = (a(x)

Theorem 4. Let f : [a,b] — R be such that f™V, n > 1 is absolutely
continuous on [a,b]. Further, let o : [a,b] — [a,b] and B : [a,b] — [a,b] such
that a(x) < z and f(x) > x. Assume that there exist constants v, I' € R with
v < fM(t) <T a.e. on [a,b]. Then for all x € [a,b] we have

8 "0y dt— 35 LRy O S
® [ f0d = © Gl 0@ + Sia)
s Onla)  FUOG) — 70 Da)
-0 (n+1)! b—a

where

= 1 2(b—a T
N {0 a0

rensn) 3l - (0]}

21 = a(x) —a, 22 =0 — Oé($), 23 = ﬁ(l’) — T, 24 = b— ﬁ(x)a
Qn(w) _ Z%nJrl + z%nJrl + z§n+1 + zZnJrl’

On(@) = (1) 4 25+ (1)
and Ry(x), Si(z) are as given by (7).

Proof. Applying the premature Griiss inequality (3) by associating f ™ (t) with
g(t) and K, (z,t) with h(t), gives

/ab Koz, t) f™(t) dt — </ab Ko(o.4) dt> f(nl)(bl))_f(nn(a)

—a

(10)

< (b= )5 [T, K],
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where from (2),

1 b 2
T (K, Kn) /K (2, ) dt — < /Kn(@t)dt)‘
b—a b—a a

Now, from (6),

K, (z,t)d
e

B b—a[/a (t_Z!(x))ndH/:(t_g%))ndt]

(11) B 1 [(x-—cdaﬂ)”+1—k(—JJ”(a(m)——a)”+1

=G am
4 (b= B) "+ (<17 (8la) 1))
1 (x)
b—ayn+ "
and
b i a /bK”(xﬂt)Q dt
v b
= m [/ (t - Oé(x))Q” dt —|—/ (t _ ﬁ(x))Qn dt]
(12) 1

N (b—a)(n))2(2n + 1) [(m - O‘(x))QnJrl + (Oz(x) — a)2"+1
+ (b — ﬁ(x))Qn-&—l 4 (ﬂ(a:) _ l_)?n-',-l]
1
N (b—a)(n)2(2n +1) Qn(z).
Hence, substitution of (11) and (12) into (10) gives

(n 0, (x) f(nfl)(b) _ f(n71)(a)
(13) /K @0/ DN —
< T . %I( n)
where
2n+1)(n+1 2[(337”)2
= (n+1)2(b — a)Qn(z) — (2n + 1)02(x)
(14)  =n*(b—a)Qu(x) + (2n+ D)[(21 + 22 + 23 + 22)Qu() — 62(2)]

4

=n2(b—a)Qn(z) + 2n+1) > ziz[ol — (1) z)"]%

i=1,j>i
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Thus the inequality (8) with (9) follows from (5), (13) and (14).
The proof is completed. O

Corollary 1. Let the conditions of Theorem 4 hold. Then for all x € [a,b] we
have

(15)
g AT @)+ (DM A B PO @) (1) B ()
=\ Kl
[ (=1)"] (A4 BrtY) - pln1) () pln=1) (q)
- (n+1)! ' -
< (TIL‘;;V)! [(;Ln—:_lf (A 4 B) (A2n+1 + BZn+1) _ 1"‘(27—1)71(/17#1 4 BnH)Q] 57

whereA:% and B = 2 .

Proof. Let a(z) = %5~ and B(z) = &b, Taking A = 52, B = %52 we have

Ry(w) = BN + (1) VAF, Sy(w) = AF D (a) + (~1) D BE D (),
2(A2n+1 + BQn+1)
Hn(x) — [ ( ) ](AnJrl + Bn+1)

and
> zizla = (1) )"
1=1,75>1
— 2[1 + (_1)n+1] (A2n+2 + B2n+2) + 4AB [AQn + BZn _ (1 + (_1)n)Aan]

Thus readily giving the left hand side of (15), and for the right hand side of
(15), we see from (9),

1

2 2n+1 2n+1
Im) = {4n (A+ B)(A*t! 4 p2ntl)

2n +1
+ 2[1 + ( )nJrl] (A2n+2 + B2n+2)

n+1

[N

L AAB[A? 4 B¥ — (14 (~1)") A" B"] }

1 [4(n+1)*(A+ B)(A> ! 4 B>t
n+1 { 2n+1

1

_ 2[1 4 (_1)n] (An+1 + Bn+1)2}2.

A simple substitution in (8) of (16) completes the proof. O
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Corollary 2. Let the conditions of Theorem 4 hold. Then

(17)
b n f(k=1) 1 (—1)k—17 p=1) (aby o (_1)(k=1) p(k=1)(p) ,p_
/ sy st (@)+[1+ (=) f . (452)+(=)*Vf ()(b4a)k
a k=1 :
2[14+(=1)"] sb—ayn+1 fO=D ()~ 1 (q)
 (n+1)! ( 4 ) b—a
I -~ [4(n+1)? n 2 /b — ay\n+l
= (n—i—l)![ mr1 20D )} ( 4 ) '
Proof. The proof of (17) follows directly from (15) with z = 2£2. O

83. A sharp perturbed generalized three point inequality

We now use Theorem 3 to derive a sharp perturbed generalized three point
inequality for n-time differentiable functions with evaluations at an interior
point and at the end points.

Theorem 5. Let the conditions of Theorem 4 hold. Then for all x € [a,b] we
have

(18)

b n Ak p(k—1) C1\E—1 Ak pk] £(k—1) _1\k—1pk £(k—1)

[! e ALV CUT A B Ve B0
[1+(_1)n] (An+1+Bn+1) f(n—l)(b)_f(n—l)(a)
B (n+1)! ' b—a

< I‘;’yG(a b, x;n)
— (n+1)! ) ) 9
where for an odd n,
(19) G(a,b,z;n) = A" 4 Bl

and for an even n,

(20)
2(AB"T1-BA"tl) | on(AntlypBrntl) | [ Antlpntl
ATB T Toars -\ sy ¢ <t <E
oy ) an(ArtLe Bty [ Antl o+l
G(a,b,x,n)— (n+1)(A+B) (n+1)(A+B)’ £<x<n7
2(BAntl_ABntly | 2n(Antlypntly [ Ant1q g+l
ATE + AT\ nasEy 1T <0,
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with A = 5%, B = b_T‘”, & and n are the real roots of the equations

(=)t + (b= gt

(21) (n+1)(b—a) —(E-a)" =0
and
(22) (77 - a)nJrl + (b B n)nJrl . (b o n)n =0

(n+1)(b—a)
respectively, and a < & < n < b.

Proof. Applying the variant of Griiss inequality (4) by associating f (™) (t) with
g(t) and K, (z,t) with h(t), gives

[ o ns e ([ o pa) O

b—a
1 b
— /a K, (z,s)ds
where the kernel K, : [a,b]?> — R is given by

(-222)"

n! ’

(23) .
L=

Ky, (x,t) —

dt,

a

t € la,x],
(24) Kp(z,t) =

ﬂ, t € (z,bl.

n!

For any fixed z € [a, b], taking A = 252 and B = %%, we can derive from (23)
and (24) that

(25)
[ 2 AT et
[H—(—l)n] (An+1+Bn+1) f(n—l)(b)_f(n_l)(a)
- (n+1)! ‘ b—a

dt

(t _a+ m)n B [1+ (=1)"] (A"t + B H)
2 2(n+1)(A+ B)

+/b (t— x+b>n_ [1+ (=1)"] (A" + Bt dt].

2 2(n+1)(A+ B)
For an odd n, it is easy to find that the last two integrals in (25) is equal to

(26) /j (t—“;x)” dt+/xb (t—x‘;b)” dt

2(Amth 4 Bl
- n+1 '
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For an even n, the last two integrals in (25) is

T b
/ dt-l—/
a T

which can be calculated as follows:
For brevity, we first put

dt

a+z\n A"t Brtl
<_ 2 >_(n—{—1)(A+B)

T4 by\n An+1+Bn+1
(t_ 2 >_(n+1)(A+B)

t::(t— ) — , t€la, x|,
r+b\n APl 4 pntl
t::(t——) — , t€|x,b].
It is easy to find by elementary calculus that the function p(t) is strictly
decreasing in (a, 45%) and strictly increasing in (%52, z) as well as the func-
tion po(t) is strictly decreasing in (z, ZE2) and strictly increasing in (2£2,b).

Moreover, we have

1
p1<a;$) :p2<33—21—b> (x_agnﬂ-l-((b—x)”ﬂ

Now we consider another two functions as

(u—a)"™ 4 (b — u)" !

q(u) = CES (u—a)", ue€la,bl,
B (u _ a)n+1 + (b _ u)n+1 B B "
q2(u) = 10 —a) (b—u)", u€la,b].

It is not difficult to find that ¢1(u) is strictly decreasing on [a,b] and ga(u)
is strictly increasing on [a,b] and there exist unique £ € (a, aT*b) and unique
n e (aTer,b) such that ¢1(§) = 0 and ¢2(n) = 0. ie., & and n are the real
roots of equations (21) and (22) respectively and a < £ <n < b. If z € [a, ],
then ¢1(z) > 0 and g2(z) < 0 which imply that pi(a) = p1(z) < 0 and
p2(x) = pa(b) > 0. If z € (§,7m), then ¢1(x) < 0 and ¢a(x) < 0 which imply
that pi(a) = pi(z) > 0 and pa(z) = p2(b) > 0. If x € [n,b], then g1(x) < 0
and ¢a(z) > 0 which imply that pi(a) = p1(z) > 0 and p2(x) = p2(b) < 0. So
there are three possible cases to be determined.
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(i) In case = € [a,&], p1(t) <O fort € [a x] and po(t) has two zeros in (z,b) as
An+1+Bn+1

b, n/A”“-I—B”“
-z - m and t4 = + 7’L+1)(A+B) We haVe
x
/

a4 z\n An+1_|_Bn+1
(-57) -
2 (n+1)(A+ B)

b T n Ant+l 4 gntl
+/$ (t‘%b> _(n—l—l)—é_A-i-B) at
T gntl n+1 a4+ z\n
-[omaes (-5
3 T b An+1 Bn+1
27) / [(t + ) _(n+1)J(rA+B)}dt

tq An-{—l _|_Bn+1 T+ by\n
+/t3 [n—l—l )(A+ B) _<t_ 2 ) }dt
b|:( x4 b\n An+1_|_Bn+1 :|
t— ) — t
t4 2 (n+1)(A+ B)
_ 4(AB™ — BA™Y)Ap (At 4 Bt 7\1/ Antl 4 Bril

_|_

(n+1)(A+ B) +(n+1)2(A—|—B) (n+1)(A+B)

(ii) In case = € (£, n), p1(t) has two zeros in (a,z) as t; = 2F£ — ¢ %

and ty = 452 + {V% p2(t) has two zeros in (z,b) as t3 = ’CT‘H’ -

n An+1 +Bn+l

o $__’_b n An+1+Bn+1
mandtzl— 2 +\/(n+1 A+B Wehave

(28
a+a: Antlyprtl a;+b Artlyprtl
(n+1 )(A+B) (n+1) (A+B)

/ [ aﬂ (ﬂlﬁﬂgﬂd”/“ [(1::1)?5:;_@_@?)11] dt

x n+1 n+1 n+1 Bn—l—l
+/ [(t_a—i—a:) (A +B }dt+/ [ x+b (A + ]dt
to

dt+ dt

2 n+1)(A+B n+1)(A+B)

tg n+1 n+1 n+1 n+1
+/ [A +B _(t aH—b }dt+/[ :z:+b A" +B ]dt

13 L(n+1)(A+B) t ~ (n+1)(A+B)

8n(AMH 4B | Antlqpntl
(n+1)2(A+B) \/ (n+1)(A+B)’
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(iii) In case x € [n,b], p1(t) has two zeros in (a, ) as t; = 2 — ¢ %

and ty = £ + ¢/ %, p2(t) <0 for t € [z,b]. We have

r

dt

(t_ a—l—x)n_ An+1_|_Bn+1
2 (n+1)(A+ B)

.1‘—|—b An+1_|_Bn+1
t— — dt
/x ( ) (n+1)(A+ B)
n n+1 n+1
:/ [( a+x> A + B }dt
2 (n+1)(A+ B)
to An-l—l_’_Bn—I—l a+x\n
t— —— dt
(29) */tl hn >(A+B> - (-5 )]
v a+a: At 4 prt
— dt
* to [< (n—i—l)(A—l—B)]

b A”+1+B”Jrl z +by\n
+/[n+1 A+B)_<t_ 2 ”dt
4(BAn+1 _ABn+1) N 4n(An+1 _|_Bn+1) . An+1 +Bn+1
(n+1)(A+ B) (n+1)2(A+B) \| (n+1)(A+B)’

Consequently, the inequality (18) with (19) and (20) follows from (25), (26),
(27), (28) and (29).
The proof is completed. O

Remark 1. It is not difficult to prove that the inequality (18) with (19) and
(20) is sharp in the sense that we can construct the function f to attain the
equality in (18) with (19) and (20). Indeed, for an odd n we may choose f
such that

~y(t —a), a§t<“+7‘”,
FOrD () = L(t—25%) + 5%y, SE<t<w,
Y(t— L) 4 oD g <t < 2
Dt —52) + 5%y, 5P <t< b

for any z € [a,b], and for an even n we may choose f such that

v(t —a), a<t<u,
f(nfl) (t) _ F(t - l‘) (ZL‘ - CL)’)/, r<t<ts,
'y(t—tg—i—a:—a)—i—(tg—a:)F, t3 <t <1y,

(

Mt—ty+ts—x)+ (s —ts+x—a)y, t4<t<b
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for any x € [a, €], and

I'(t —a), a<t<t,
vt —t1)+ (t1 —a)T, t1 <t <ty
FOV@) = STt —ta + 11 —a) + (t2 — 1), ty <t < t,
Y(t —t3 4ty —t1) + (t3 —ta +t1 —a)T, t3 <t <ty
D(t—ty+tz3—to+t—a)+ (ta—tz+ta—t1)y, t4<t<b

for any x € (§,n), and

I'(t —a), a<t<t,
f(nil)(t) _ ’)/(t—tl) (tl — )F, t1 <t <to,
Lt —ta+t1—a)+ (2 —t1)7, ty <t <u,
Yt —xz+to—t1)+(x—ta+t1—a)l', z<t<b

for any = € [n, b].
It is clear that the above all f(®~1)(t) are absolutely continuous on [a, b].

Remark 2. If we take z = aTer, we can obtain the following sharp perturbed
three point inequality:

b n f=1)(q k=17 £(k—1) (atby (1 \k—1 p(k—1) 4
f(t)dt—sz (@)+ [+ (DM D)+ (1) f (b)(b )k

k! 4
_2[1_1_(_1)11] (b—a)n+1 f(”—l)(b)_f(n—l)(a)
(n+1)! 4 b—a
2(55:1;1) (bTTa)nH, n : odd,
- 4"(1_‘7'7) b— n+1 .
T e At s even.
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