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On focal points of submanifolds
in symmetric spaces
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Abstract. The first purpose of this paper is to give a smart proof of the Morse
index theorem for squared distance function of submanifolds in s a symmetric
space. The second purpose is to classify focal points into strong ones and weak
ones and to give a class of submanifolds in symmetric spaces all of whose focal
points (other than conjugate points) are strong ones. The third purpose is to
construct examples of submanifolds in symmetric spaces admitting weak ones.
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§1. Introduction

Let M be an n-dimensional immersed submanifold in an m-dimensional
complete Riemannian manifold N and p be a point of N. Denote by P(N, M x
p) the set of all Hl-paths v:[0,1] — N with ( (0),7(1)) € M x {p}. For the
energy functional £ : P(N, M x p) — R ( fo [|[7()||?dt), the following
facts (i) ~ (iii) hold:

(i) A path v (€ P(N,M x p)) is a critical point of E if and only if 7 is a
geodesic normal to M at (0) parametrized by an affine parameter,

(ii) If p is not a focal point of M, then FE is a Morse function,

(iii) The index of a critical point v of E is equal to the number (counting
the multiplicities) of focal points of (M,~(0)) lying in ((0,1)) (the Morse
index theorem).

See Page 132~134 of [S] about the proof of the Morse index theorem (iii). In
similar to the above facts (i) and (ii), the following facts (i’) and (ii’) hold for
the squared distance function d2 : M — R (d2(z) = d(p,z)? (d : the distance
function of N)):

(") Let x € M \ C,, where C), is the cut locus of p. The point z is a critical
point of df) if and only if Zp is normal to M, where zp is the initial velocity
vector of the minimal geodesic v,, with 7;,(0) = 2 and 7,,(1) = p,

(ii") If p is not a focal point of M, then each critical point of df) which does
not belong to C), is non-degenerate.
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The first purpose of this paper is to prove smartly the following fact similar
to the Morse index theorem (iii) in the case where the ambient space is a
symmetric space.

Theorem A. Let M be a submanifold in a symmetric space N and p be a
point of N. The index of a critical point x of d?, : M — R with x ¢ C) is
equal to the number (counting multiplicities) of focal points of (M, x) lying in
zp \ {p}, where Tp := 72,([0,1]).

Remark 1.  This fact has already shown by K. Nomizu and L. Rodriguez
[NR] in the case where the ambient space is the Euclidean space.

We consider a family of normal geodesics of M whose initial velocity vectors
are parallel with respect to the normal connection of M and define a notion of a
strong focal point as a point where such a family of normal geodesics focus (at
1-jet level). Also, we call non-strong focal points (other than conjugate points)
weak focal points. In the case where the ambient manifold N is of constant
curvature, all focal points (other than conjugate points) become strong focal
points. However, this fact does not hold for a general symmetric space. The
second purpose of this paper is to show the following fact.

Theorem B. If M is a submanifold with root decomposable normal bundle
in a symmetric space N, then all focal points (other than conjugate points) of
M are strong ones.

Remark 2. The following submanifolds have root decomposable normal bun-
dle:

(i) (General) submanifolds in real space forms,

(ii) Complex submanifolds in complex space forms,

(iii) Generic submanifolds in complex space forms, where a generic subman-
ifold implies a submanifold M satisfying J(T+M) Cc TM (J : the complex
structure of the complex space form),

(iv) Submanifolds with abelian normal bundle of the sense of [TT] in an
arbitrary symmetric space, where we note that all hypersurfaces in an arbitrary
symmetric space have abelian normal bundle.

The third purpose of this paper is to construct examples of submanifolds
in symmetric spaces admitting weak focal points (see §4).

In §2, we prepare the basic notions and facts. In §3, we prove Theorems A
and B. In §4, we give examples of submanifolds admitting weak focal points.

Throughout this paper, unless otherwise mentioned, we assume that all
geometric objects are of class C'*° and that all manifolds are connected ones
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without boundary.

§2. Basic notions and facts

In this secton, we recall the basic notions and facts. Let N = G/K be a
symmetric space of compact type or non-compact type, (g, o) be its orthogonal
symmetric Lie algebra and p be the eigenspace of ¢ for —1. The subspace p
is identified with the tangent space T.x N of N at eK, where e is the identity
element of G. Let h be a maximal abelian subspace of p. For each linear
function v on b, we set p, 1= {X € p|ad(H)?’X = ea(H)?X forall H € b},
where ad is the adjoint representation of g and € = —1 (resp. € = 1) in the case
where N is of compact type (resp. of non-compact type). If p, # {0}, then
the function « is called a (restricted) root for b and p,, is called the root space
for a.. Also, we call each element of p, a root vector for a. For w € Tyx N, we
define linear transformations DS and D3 of Tyx N by

DE? = g, o cos(v/—Tad(g; w)) o g,
sin(v=Tad(g;'w))  _,
o o N
Vv—T1ad(gy 'w) 9
respectively, where g, is the differential of g. Also, we define a linear trans-

formation DS by DS = (D:)~! o D when (D5)~! exists. A Jacobi field J
along a geodesic v in N is described as

fo:g*

(2.1) J(8) = Py (D20 I (0) + s - D, J'(0)),

0,s]
where P,y|[0.s] is the parallel translation along | 5. Let M be an immersed
submanifold in N and A be its shape tensor. We omit the notation of the
immersion. Let p € N and z be a critical point of d]% with x # Cp. By
imitating the proof of Lemma 3.1 in [K2], we can show that the Hessian
(Hess df,)x of the squared distance function dl% at x is given by

(2.2) (Hess d3).(X,Y) = 2((DE — Az)X,Y) (XY € T, M).

If, for each &(# 0) € T+M, there exists a maximal abelian subspace b in
p containing g; !¢ such that g7 Y (T;}M) = b N g Y (TEM) + > aen, (Pa N
g Y(T;-M)) (z : the base point of &, x = gK), then M is said to have
root decomposable normal bundle, where /A, is the positive root system with
respect to b (under some lexicographical ordering of ). Note that M has root
decomposable normal bundle if and only if, for each normal vector £ of M,
the operator R(-, )¢ leaves T, M invariant (z : the base point of &), where R
is the curvature tensor of V.

At the end of this section, we define a new notion of a strong focal point.
First we recall the notion of a focal point. Let M be an immersed submanifold
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in a general Riemannian manifold N. Denote by exp® the normal exponential
map of M. Let £ € U+M and v¢ be the non-extendable geodesic in N with
Ye(0) = £ If Ker (expi)e # {0}, then the point expt(€) (resp. |¢]|) is called
a focal point (resp. a focal radius) of (M, n(§)) along ¢, where 7 is the bundle
projection of the normal bundle 7M. Also, dim Ker(exp; )¢ is called the
multiplicity of the focal point. Now we shall define the notion of a strong focal
point. Let He (C T¢(T+M)) be the horizontal space at & with respect to the
normal connection. If Ker(expy)e N He # {0}, then we call the point exp™ (&)
(resp. ||€]]) a strong focal point (resp. a strong focal radius) of (M, m()) along
Ye. Also, we call dim (Ker(expy) N He) the multiplicity of the strong focal
point. If p is a non-strong focal point (other than conjugate points) along e,
then we call p a weak focal point along v¢. A strong focal point is catched
as a point where the normal geodesics whose initial vectors are parallel with
respect to the normal connection focus (at 1-jet level). This is a geometrical
meaning of a strong focal point. We think that the parallelism condition of
the initial vectors is a geometrically essential condition. Hence we think that
it is important to investigate the strongness of a focal point.

§3. Proofs of Theorems A and B

In this section, we prove Theorem A smartly.

Proof of Theorem A. Let x be a critical point of d]% with ¢ C, and k;
be the index of the critical point x. Also, let ko be the number (counting
the multiplicities) of focal points of (M, z) lying in Zp \ {p}. We must show
ki = ka. Set Q(s) == prr, o Dty — sAz; oprr, (0 < s < 1), where D¢ is as
in §2 and prr, is the orthogonal prOJeCtIOH of T, N onto T, M. According to
(2.1), a Jacobi field J along vz with J(0) = X (# 0) (€ T, M) is described as

J(s) = Py, 3o, s]( s X+ SDS;pJ,( )
= Py Dl (DI X — Ay X +5J7(0) 1)
= Py, S]Diép(Q( $)X + (DL X) 1+ sJ'(0)1),

where (-) is the normal component of -. Hence J(sg) = 0 if and only if
Q(s0)X = 0 and (Dgzﬁ)X)J_ + s0J'(0)L = 0, where 0 < sp < 1. Also, for
each X (# 0) (€ T, M) and each so € (0,1), there exists a unique Jacobi field
J along vz with J(0) = X and (D?_X), + s0J'(0)1 = 0. After all we

SoZp
see that ~z;(s0) is a focal point with multiplicity v along 7z if and only
if dimKerQ(sg) = v. This fact deduces ks = > dimKerQ(s). Next we
0<s<1
shall show k; = > dimKerQ(s). Set g; := (1Q(s)-,-) (s € (0,1]) and
0<s<1
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Fx(s) = gs(X,X). Since Fx(s) = (1D, — Az)X, X) (s € (0,1]), we have

s~ sxp p

dFx 1 ,
—= = (S(DH)72X,X) < 0.
X (D)X X)
Thus the function Fx is decreasing over (0, 1] for each X (# 0) € T,,M. Since
Q(0) is the identity transformation of T, M, there exists a positive number &
such that g is positive definite for every s € (0,&). On the other hand, since
Hesswdf) = 2g; by (2.2), the index of g; is equal to ky. From these facts, we

see that > dimKerQ(s) = k;. After all we can obtain k; = ko. O
0<s<1

Next we prove Theorem B.

Proof of Theorem B. Let M be a submanifold with root decomposable normal
bundle in N. Let p be a focal point of (M, x) other than a conjugate point.
That is, there exists a Jacobi field J along vz with J(0)(# 0) € T, M and
J(1) = 0. According to (2.1), a Jacobi field J along vz is described as

J(s) =P

NI DS (DL J(0) — AyzpJ(0) + sJ'(0) 1).

STPD STP
Since M has root decomposable normal bundle, we have Dgf@J (0) € T, M.
Hence it follows from J(1) = 0 that J'(0), = 0. Let § : [0,1] X (—¢&,¢e) —
M be a normal geodesic variation of ~z; having J as the variation vector
field, where ¢ is a positive number. Then we have VJ(O)% = V% %\(0,0) =
Vag %|(0’0) = J'(0), where ¢ is the second parameter of § and V is the Levi-
Civita connection of N. It follows from J'(0), = 0 that Vﬁ(o)% = 0. Define
a curve o : (—e,6) — THM by a(t) = Z|os (t € (—¢,€)). The relation
Vﬁ(o)% = 0 implies &(0) € Hz, where &(0) is the velocity vector of o at
t = 0. Note that &(0) # 0 because of m,&(0) = J(0) # 0, where 7 is the
bundle projection of M. Also, we have (exp;)z;(c(0)) = J(1) = 0. Hence
we have ¢(0) € Ker (exp;)z; N Hz;. This implies that p is a strong focal point
of (M,z). O

64. Examples of submanifolds admitting weak focal points

In this section, we give some examples of submanifolds in a symmetric
space admitting weak focal points. Those examples show that the assumption
that the submanifold has root decomposable normal bundle is indispensable
in Theorem B. Let S be a geodesic sphere in a symmetric space G/K of
compact type or non-compact type such that its radius is smaller than the
injective radius of G/K. Denote by pg its center. Take zy = goK € S such
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that a(gy,'Zopg)’s (a € Ay U{0}) are mutually distinct, where A, is the
positive (restricted) root system with respect to a maximal abelian subspace
b containing gy, ZTopg (under some lexicographic ordering of ). It is clear that
such a point x( exists. Let {e |i =1,--- ,ms} be a base of the root space pq,,
where o € A4 U {0}. Note that pyp = h. Take a linearly independent system
{X) =ejr + e?: |k=1,---,n} of p =T.x(G/K) satisfying

k
(h) Xg(k=1,---,n) are orthogonal to g;,'Tops, ar # Br(k=1,--- ,n)

and {ei’“,e?:}’s (k=1,---,n) are pairwise disjoint.

Proposition 1. Let M be a submanifold in S through x satisfying T,,, M =
Span{go«X1, - ,90+Xn}. Then the point pg is a weak focal point of M along
the normal geodesic vz and there does not exist a strong focal point of M
along the normal geodesic Yz 3¢ -

Proof. 1t is clear that pg is a focal point of M along vz—2. We show that there

Zopo*
does not exist a strong focal point of M along vyz;5;. Suppose that vz (so) is
a strong focal point along vz;5;- Then there exists a Jacobi field J along vz
satisfying J(0) # 0 (€ T,,, M), J'(0) = — Az J(0) and J(sg) = 0, where A is

the shape tensor of M. For simplicity, set X := J(0). From (2.1), the Jacobi
field J is described as

J(s) D —sD% (A

- P%Tpoho,s]( sTopo sTops

X)).

T yd
ZoPo

From J(so) = 0, we have D X — sngém(AmX) = 0, which is equiv-
alent to

— sin(v/—ea(sogy. Topo —
cos(v/=ga(s00, ToP0)) (g X ) — P00 (g 1 A X))o = 0

(Od € A-i- U {0})7

where € = —1 (resp. 1) when G/K is of compact type (resp. of non-compact
type) and (), is the p,-component of -. Hence we have

(41)  glAmax= 3 —c0lh. TP _ o
T tn(V=esoalgo, Topd))

Here we note that tan(yv/—ea(sogy, Zopo)) # 0 because yz-2(so) is not a
conjugate point along vzz:. Since T, M = Span{go.X1,--- ,go«Xn}, We can
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n
express as g5, X = > bp X, (b € R). From (4.1), we have
k=1
(4.2)
1A

zOPO

n
Ex *x
= Yy T o,

weiiofoy o1 tn(v— es0(go. Topo))

_ i bi{ \/—_804145(90_*15@1)) ok \/_ﬁk(go* Topo) }
1 tan(ﬁsaak(ga*lm» ik tan(\/_s()ﬁk(go* xopo))

. —1— —1— V—=eau (g0, Tops)
Since a (g, Topo) # Br (9. Topo), we have P S i o

Vs 1 —1—

—E& T —EQ T
+ Br (90 ,Olpo) . Hence the vector v (9. ,°1p°) erk
tan(v/'—eso Bk (9o, Topo)) tan(v/—esoa (99, Topo)) k

V=B (90, T0P8) i 5o 1; . . -
+—= NI (go_*lm’))ejk is linearly independent of Xj. This fact implies

that the right—hand side of (4.2) does not belong to g;.' Ty, M \ {0} because

{egl, e e” i t's(k=1,--,n)are pairwise disjoint. Therefore, we have Az X =
0. On the other hand, since M is a submanifold in S, we have Ker Az = {0}.

After all we obtain X = 0. This contradicts X # 0. Therefore, we see that
there does not exist a strong focal point along vz5:. U

By using this proposition, we give some examples of submanifolds in G/K
admitting weak focal points.

Ezample 1. We consider the case where G/K is the simply connected rank
one symmetric space FP™(c) of compact type, where F = C, Q or Cay
and m > 2 when F = C or Q and m = 2 when F = Cay. Set q :=
dimgF and denote by {¢1,- - , ¢,—1} the F-structure of FP™(c). The positive
root system A, for a maximal abelian subspace b of p = T,k (G/K) (under
the lexicographical ordering determined by a unit vector v of h) is given by

= {Vc(v, ), ( -)} and the root spaces p s, and Pz, are given

by pﬁ(v,} = Span{¢lv7 . 7¢q—1v} and p%(v,) - Span{v, ¢1U7 . ,¢q—1v}l
According to these facts, for each n < ¢—1, we can find a linearly independent
system of p consisting of n pieces of vectors satisfying the above condition
(#). According to Proposition 1, for each n < ¢ — 1, we can construct an
n-dimensional submanifold in FP™(c) admitting weak focal points. Similarly,
for each n < ¢ — 1, we can construct such an n-dimensional submanifold in
the simply connected rank one symmetric space FH™(c) of non-compact type,
where F = C, Q or Cay and m > 2 when F = C or Q and m = 2 when
F = Cay.
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Ezample 2. We consider the case where G/K is the Grassmannian manifold
SO(m)/(SO(l) x SO(m — 1)), where 2 < [ < . The positive root system A
for a maximal abelian subspace h of p = T,k (G/K) is given as follows:

Ay ={ai+- 4o [1<i<j< 1}
Ufoi +- +aj+ 2+ +a) |1 <i<j<1-1},

where {1, ag,- -, aq} is the fundamental root system ( o—o—- - —o=0 ).
a1 Q9 al—l al

The Satake diagram of the orthogonal symmetric Lie algebra associated with
SO(m)/(SO(l) x SO(m — 1)) is as in Diagrams 1 and 2.

O—O0—+++ —O0—0—0— - —0—>0
the number of white circles = |
the number of black circles = [%] — [
(m : odd)

Diagram 1.

O—O0— ¢ev — O—@—@—— + + _(

the number of white circles = [
the number of black circles = %

(m : even)

Diagram 2.

According to these Satake diagrams, the multiplicities of positive roots are as
in Table 1.

positive root multiplicity

a+--+o; 1<i<j<Il-1) 1
a++a (1<i<]) m — 21

o+ Fa;+ 2+ +a) 1<i<j<I-1) 1

Table 1.
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According to Table 1, for each n < [%] = [4(dim SO(m)/(SO(l) x
SO(m—1)) —1)], we can find a linearly independent system of p consisting of n-
pieces of vectors satisfying the condition (), where [-] is the Gauss’s symbol of

-. Hence, according to Proposition 1, for each n < [%], we can construct
an n-dimensional submanifold in SO(m)/(SO(l) x SO(m —[)) admitting weak

focal points. Similarly, we can construct such an n (< [%])—dimensional
submanifold in the dual SO(l,m — 1) /(SO(I) x SO(m — 1)) of SO(m)/(SO(I) x
SO(m —1)).

Ezample 3. We consider the case where G/K is the complex Grassmannian
manifold SU(m)/S(U(I) x U(m — 1)), where we assume that 2 < [ < 3. First

we consider the case of [ < 5. Then the positive root system A for a maximal

abelian subspace h of p = T,k (G/K) is given as follows:

U{ai+- 4o + 2+ +a)[1<i<j < 1—-1}
U{QOQ},

where {a1, a9, -+ ,;} is the fundamental root system ( o—o—--.-—o=0).
a1 a2 04[71 Oél

The Satake diagram of the orthogonal symmetric Lie algebra associated with
SU(m)/S(Ul) x U(m —1)) (I< %) is as in Diagram 3.

.
/).

the number of white circles = 21
the number of black circles =m — 2] —1

Diagram 3.

According to this Satake diagram, the multiplicities of positive roots are as in
Table 2.
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positive root multiplicity
a++a (1<i<]) 2(m — 2I)
Oéi+"'+04j+2(0éj+1+“'+0q) (1§Z§j§l—1) 2
20+ +a) (1<i<]) 1
Table 2.

According to Table 2, for each n < i(m — 1) — 1 = 2dim SU(m)/S(U(l) x
U(m — 1)) — 1, we can find a linearly independent system of p consisting of n-
pieces of vectors satisfying the condition (§). Hence, according to Proposition
1, for each n < 3dim SU(m)/S(U(l) x U(m —I)) — 1, we can construct an n-
dimensional submanifold in SU(m)/S(U(l) x U(m — [)) admitting weak focal
points. Next we consider the case of [ = *. Then the positive root system
A for a maximal abelian subspace h of p is given as follows:

Oy =fait-+oyl1<i<j< )
Ufai 4+ +aj+2(ajp +-F+am g)fam [ 1<i<j< %—2}
Uf2(as+ - +am 1) +amw |1<i< %—1},

where {1, ag, - - -, am } is the fundamental root system((fl—aoz—"'a—%oi—l——ac%).

The Satake diagram of the orthogonal symmetric Lie algebra associated with
SU(m)/S(U(%) x U(%)) is as in Diagram 4.

o—OQ—— - - -

(the number of white circles=m — 1)

Diagram 4.

According to this Satake diagram, the multiplicities of positive roots are as in
Table 3.
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positive root multiplicity
(67 1
Oéi+"'+04j (1§’L<]§l> 2
Oéi+"'+Oéj+2(aj+1+"’+041_1)+0q 2
(1<i<j<i-2)
2(0&1‘—1—"'4-06[_1)4-0&[ (1§i§l—1) 1
Table 3.

According to Table 3, for each n < mT2 —1= 1dim SU(m)/S(U(Z)xU(%))—
1, we can find a linearly independent system of p consisting of n-pieces of vec-
tors satisfying the condition (). Hence, according to Proposition 1, for each
n < 2dim SU(m)/S(U(Z) x U(Z)) — 1, we can construct an n-dimensional
submanifold in SU(m)/S(U(%) x U(%)) admitting weak focal points. Simi-
larly, we can construct such an n (< i(m — ) — 1)-dimensional submanifold in
the dual SU(l,m—1)/S(U(l) x U(m—1)) of SU(m)/S(U(l) x U(m—1)), where
2<i<m

Similarly, we can construct examples of submanifolds admitting weak focal
points in other symmertric spaces.
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