SUT Journal of Mathematics
Vol. 39, No. 2 (2003), 211-224

6-Shredders in 6-Connected Graphs

Masao Tsugaki

(Received November 19, 2003)

Abstract. For a graph G, a subset S of V(G) is called a shredder if G — S
consists of three or more components. We show that if G is a 6-connected graph
of order at least 325, then the number of shredders of cardinality 6 of G is less
than or equal to (2|V(G)| —9)/3.
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§1. INTRODUCTION

In this paper, we consider only finite, undirected, simple graphs with no loops
and no multiple edges. Let G = (V(G), E(G)) be a graph. As is introduced
by Cheriyan and Thurimella in [1], a subset S of V(G) is called a shredder if
G — S consists of three or more components. A shredder of cardinality k is
referred to as a k-shredder. In [2; Theorem 1], it is proved that if £ > 5 and
G is a k-connected graph, then the number of k-shredders of G is less than
2|V(G)|/3, and it is shown that for each fixed £ > 5, the coefficient 2/3 in the
upper bound is best possible. For k = 5, it is shown in [3; Theorem 3| that if
G is a 5-connected graph of order at least 135, then the number of 5-shredders
of G is less than or equal to (2|V(G)| —10)/3, and it is shown that this bound
is attained by infinitely many graphs (for results concerning the case where
1 < k <4, the reader is referred to [4] and [2; Theorem 2]). In this paper, we
prove:

Theorem Let G be a 6-connected graph of order at least 325. Then the
number of 6-shredders of G is less than or equal to

V(G =9)/3.
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We conclude this section by constructing an infinite family of graphs G
which attain the bound (2|V(G)| — 9)/3 in the Theorem. Let m > 3. First
define a graph H of order 4m by

V(H) = {yw|1§2§2m, j:1,2},
EH) = {yijYiorll <i<2m -2, j=1,2, k=1,2}
U {y1,¥2k Yom—1Y2mili =1,2, k=1,2}.

Thus H is the graph obtained from the cycle of length 2m by “split-
ting” each vertex into two independent vertices, where {y1.1,y12}, {y3,1,¥32},

{ys,h y5,2}, Ty {y2m—1,1, y2m—1,2}, {y2m,1, y2m,2}, {me—Q,la y2m—2,2}7
{Yom—a1,Y2m—a2}, --+, {Y2,1,¥y2.2} occur in this order along the cycle. Now

define a graph G of order 6m — 3 by

V(G)=V(H) U {zi3 <i<2m—3}U{a,b},
E(G)=FEH) U {zyij, vyiz13<i<2m -3, j=1,2}
U {ax;, bx;|3 <i<2m — 3}

{aysj, byam—2;lj = 1,2}

U
U A{ayij, byijli =1,2,2m —1,2m, j =1,2}.

Then G is 6-connected, and has 4m — 5 6-shredders
{Yi1, Y2, Yita 1, Yira 2, Tit1, Tig2} (2 <0 < 2m = 5),
{Yom—a.1, Yoam—a,2, Y2m,1, Y2m,2, T2m—3, b},

{Y2m—3.1, Y2m—3.2, Y2m,1, Y2m2, @, b},
{Yom—2.1,Y2m—2,2, Y2m—1,1, Y2m-1,2, @, b},
{v1,1,91,2:95.1, Y52, T3, 0},
{y1,1, 91,2, Y41, Y12, a,b},

{Y2,1, 922,931, Y32, @, b},

i1, vi2, Yir1,1, Yir1,2, 0,0} (3 <i < 2m —3).

Thus the number of 6-shredders of G is 4m — 5 = (2(6m — 3) — 9)/3 =
V(G -9)/3.
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Figure 1: m =5

§2. PRELIMINARY RESULTS

Throughout the rest of this paper, let G be a 6-connected graph, and let
. denote the set of 6-shredders of G. For each S € ., we define #(S5),
Z(S) and L(S) as follows. Let S € .. We let J#(S5) denote the set of
components of G — S. Write #(S) = {Hy, - ,Hs} (s = [¢(5)]). We
may assume |V (H;)| > |[V(Hz2)| > - > |V(Hs)| (any such labeling will do).
Under this notation, we let . Z(S) = #(S) — {H1} and L(S) = Us<i<sV (H;);
thus L(S) = Ugeys)V(C). Now let ¥ = Uge . Z(S). A member F of
& is said to be saturated if there exists a subset ¥ of ¥ — {F'} such that
V(F) = UcegV(C).

Let S,T € .# with S # T. We say that S meshes with T if S intersects
with at least two members of # (T). It is easy to see that if S meshes with
T, then T intersects with all members of #(S), and hence T" meshes with S
and S intersects with all members of J# (T') (see [1; Lemma 4.3 (1)]).

The following three lemmas are proved in [4; Lemma 2.1 and Claims 2.3
and 3.3] (see also [2; Lemmas 3.2, 3.4 and 3.5]).

Lemma 2.1. Let S,T € .& with S # T, and suppose that S does not mesh
with T'. Then one of the following holds:

(i) L(S)NL(T) =0, (L(S)UL(T))N(SUT) =0, and no edge of G joins
a vertez in L(S) and a vertex in L(T);

(i) there exists C' € £(S) such that V(C) 2 L(T) (so L(S) 2 L(T)); or
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(iii) there ezists D € £(T') such that V(D) D L(S) (so L(T) 2 L(S)).

Lemma 2.2. Let S,T € . with S # T, and suppose that S meshes with T.
Then the following hold.

(i) SO L(T) or T D L(S).
(ii) L(S) N L(T) = 0.
Lemma 2.3. Let C,D € . Then one of the following holds:
(i) V(C)NnV(D) = 0;
(ii) V(C) 2 V(D); or
(iii) V(D) 2 V(O).
The following lemma is proved in [2; Lemma 3.6].

Lemma 2.4. Let F € &. Suppose that F' is saturated, and let € be a subset
of & —{F} with minimum cardinality such that V(F) = UcegV (C). Then
the following hold.

(i) V(C)NV(D) =0 for all C,D € ¢ with C # D.
(i) € = Ure 7. 2(T) for some subset 7 of & (so V(F) = Ure » L(T)).
(iti) L(S) N L(T) = 0 for all $,T € F with S #T.

) 17122

) €] = 4.

)

(iv
(v

(vi) If we define a graph ¢ on 7 by joining S and T (S, T € 7, S #T) if
and only if S meshes with T', then & is connected.

The following lemma is essentially proved in [2; Lemma 3.7].

Lemma 2.5. Let V # () be a finite set, and let .# be a family of subsets of
V' which satisfies the following three properties:

(a) 0 & ;
(b) ifC,D € #, then CND =0 or C 2D orD2C; and
(¢) if Fet, € C .M —{F} and F = UcegC, then |¢| > 4.

Then the following hold.
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(D) Lzl < @V]I=1)/3.
(I) If |.#| = (4]V| —1)/3, then V € _# and one of the following holds:

(i) |[V|I=1; or
(ii) there exists € C .4 — {V} with |€| = 4 such that V = UceyC,
and such that for each C € ¢, {X € .#|X C C}| = (4]C| —1)/3.

(III) If V € . and (4]V| —3)/3 < |.#| < (4]V| — 2)/3, then one of the
following holds:
(i) there ezists € C .4 —{V} with 4 < |€| <5 such that V = UceyC;

(i) there exists € C .4 — {V} with |€| = 6 such that V = UceyC,
and such that for each C € €, {X € .#|X C C}| = (4|C| —1)/3;

(iii) there exists C € 4 such that |C| = |V|—1; or

(iv) there exist C, D € g with C N D = such that |CUD| =|V]| -1,
HX € #|X C C} = (4|C| —1)/3, and {X € #|X C D} =
(4|D] —1)/3.

The following two lemmas follow from Lemma 2.5, and are essentially
proved in [4; Lemmas 2.8 and 2.9].

Lemma 2.6. Let F € ¥, and set 7 = {T € |L(T) C V(F)}. Then the
following hold.

D 7] < V() -2)/3.
(ID) If |7| = (2]V(F)| — 2)/3, then one of the following holds:

(i) F is trivial (i.e., |V(F)| =1); or

(ii) F is saturated, and there exist Ty, To € T such that V(F) = L(T})U
L(Ty), Ty meshes with Ty, | Z(T1)| = |Z(T2)| = 2, and {T €
Z|IL(T) C L(T)}| = (2|L(T;)| — 1)/3 for each i = 1,2.

(III) If |7| = (2IV(F)| — 3)/3, then one of the following holds:

(i) F is saturated, and there exist Ty, Ty € 7 such that V (F) = L(T1)U
L(Ty), Th meshes with Ty, and | £(T1)| =2 and 2 < | £(T2)| < 3;

(ii) F is saturated, and there exist T1,T>,T5 € . such that V(F) =
L(Ty) U L(Ty) U L(T3), T3 meshes with Ty and Ta, | £ (Th)| =
D(T3)] = |2(T)| = 3, and [{T € F\L(T) € LT} = @IL(T})
1)/3 for each i =1,2,3; or
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(iii) F' is not saturated, and there exists Ty € F such that |L(Ty)| =
[V(F)=1, [2(To)| = 2, and {T € #|L(T) € L(To)}| = (2|L(To)|-
1)/3.

Lemma 2.7. Let S € ., and write £(S) ={F1,--- ,F,} (p=|2(9)|). Set
T =A{T € |L(T) C L(S)}, and set 7; = {T € .#|L(T) C V(F;)}. Then
the following hold.

(D 7] < CILS)| = 2p +3)/3 < 2IL(S)| = 1)/3.

(D) If [7] = (2|L(S)| = 1)/3, then p = 2 and |7;| = 2|V (F3)| — 2)/3 for
each 1.

(I1) If |.7| = (2|L(S)|—2)/3, then p = 2, and either | 71| = (2|V(F1)|—2)/3
and | To| = IV (F2)| = 3)/3, or [7:1] = 2|V (F1)| = 3)/3 and |T2| =
IV (F)] - 2)/3.

The following two lemmas are proved in [3; Lemmas 2.11 and 2.12].

Lemma 2.8. Let S,T € .#, and suppose that S meshes with T and L(S) L T.
Then L(T) C S and |L(T)| = 2.

Lemma 2.9. Suppose that |V(G)| > 13. Let S,T € .#, and suppose that S
meshes with T, L(S) C T and L(T) C S. Then |L(S)| + |L(T)| < 6.

The following lemma follows from Lemmas 2.8 and 2.9.

Lemma 2.10. Suppose that |V (G)| > 13. Let S,T € .7, and suppose that S
meshes with T and |L(S)| > 4. Then L(T) C S and |L(T)| = 2.

As an immediate corollary of Lemma 2.10, we obtain the following lemma.

Lemma 2.11. Suppose that |V (G)| > 13. Let S,T € & with S # T, and
suppose that |L(S)|,|L(T)| > 4. Then S does not mesh with T'.

We now proceed to prove a refinement of Lemma 2.8 (see Lemma 2.13).

Lemma 2.12. Let S,T € ., and suppose that S meshes with T and L(S) <
T. Let F € #(S), and suppose that |V (F)| > 2. Then |T NV (F)| > 2.

Proof. If V(F) C T, then we clearly have |T'NV(F)| = |V(F)| > 2.
Thus we may assume V(F) < T. Since L(S) € T, we have L(T) C S and
|L(T)| = 2 by Lemma 2.8. Set R = (I'NV(F))U (S — L(T)). Then R
separates V(F) — (T' N V(F)) from the rest. This implies |R| > 6, and hence
TAV(E)| =R —|S = L(T)[ =6 —[S = L(T)| = |[L(T)| = 2. O



6-SHREDDERS IN 6-CONNECTED GRAPHS 217

Lemma 2.13. Let S,T € ., and suppose that S meshes with T and L(S) €
T. Write £(S) = {F1,---, Fp} (p=|2(5)]) with [V(F1)| < [V(Fp)[ < --- <
|V(Fp)|. Then |L(T)| =2 and 3 < |T'N L(S)| < 4, and one of the following
holds:

(i) p=2,|[V(F1)| =1, |V(Fy)| 23, V(F1) CT, and [TNV(Fy)| = 2;
(i) p=2, |V(F1)| =1, |V(Fy)| >4, V(F1) CT, and | TNV (F)| = 3;

(i) p = 3, [V(E)] = V()| = L, V(E)| 2 3, V(R) UV(E) C T, and
TNV (F3)| =2; or

(iv) p=2, |V(F1)| =2, [V(F3)| >3, and TNV (F})| = |TNV(EF)|=2.

Proof. By Lemma 2.8, |L(T)| = 2. Let ¢ = max{i|l <i <p, |V(F)| =1}
(if [V(F1)| = 2, we let ¢ = 0). Then V(F;) C T for each 1 < i < g by the
assumption that S meshes with 7', and |[T NV (F;)| > 2 foreach ¢+ 1 <i<p
by Lemma 2.12. Since L(S) € T, we have p > ¢+ 1, i.e., |V(F))| > 2. Write
H(S) —2(S) ={C}. Then |V(C)| > |V(F},)| > 2 by the definition of £(.5),
and hence [T'NV(C)| > 2 by Lemma 2.12. Since (3, TNV (F)]) + [T N
V(C)| <|T| = 6, we obtain

(2.1) g+2p—q)<q+ > [TNV(E) <4
g+1<i<p

Now if ¢ > 2, then since p > ¢ + 1, it follows from (2.1) that ¢ =2, p = 3 and
|T' NV (F3)| =2, and hence (iii) holds because L(S) € T'; if ¢ = 0, then since
p > 2, it follows from (2.1) that p =2 and |TNV(F)| = TNV (F2)| =2, and
hence (iv) holds because L(S) Z T if ¢ = 1, then it follows from (2.1) that
p=2and |TNV(Fy)| =2 or 3, and hence (i) or (ii) holds because L(S) Z T'.
g

Lemma 2.14. Let S,T € .7, and suppose that S meshes with T and |L(S)| >
3. Then |T'NL(S)| > 3.

Proof. If L(S) C T, then clearly |T'N L(S)| = |L(S)| > 3; if L(S) € T,
then |T'N L(S)| > 3 by Lemma 2.13. O
We define an order relation < in .¥ as follows:

S < T <= L(S) C L(T)(S,T € .).

Lemma 2.15. Let S € . and F € £(S), and suppose that |V (F)| > 4. Let
T =A{T € #|L(T) CV(F)}. Let T1,--- ,Ts be the mazimal members of T
(with respect to the order relation defined above), and suppose that |V (F') —
(L(Ty)U---UL(Ts))| < 1.
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(i) (a) Let P € .#, and suppose that P meshes with S. Then there ezists i
(1 <i < s) such that P meshes with T; and such that PN L(T;) =0 for
each 1 < j <s with j #i.

(b) If |[PNV(F)| =2, then |L(T;)| = 2.

(ii) Let 1 < i <'s, and suppose that |L(T;)| = 2. Then there exists at most
one member of . which meshes with both S and T;.

(iii) Let .#¢ be the set of those members P of .# such that P meshes with S
and |PNV(F)| =2. Then |.70| < [{i|ll <i<s, |L(T;)| = 2}.

Proof. Set X = V(F) — (L(Th) U --- U L(T)) (so | X| = 0 or 1 by as-
sumption). Let P € ., and suppose that P meshes with S. Since |L(S)| >
[V(F)|+1>5, |L(S)| + |L(P)| > 7, and hence L(P) C S, L(S) € P and
|L(P)| = 2 by Lemmas 2.9 and 2.8. Consequently

(2.2) 2<|PNV(F)| <3

by Lemma 2.13. Since |X| < 1, (2.2) implies that there exists i such that
PN L(T;) # 0. Since L(P) N L(T;) = 0 (recall that L(P) C S), this together
with Lemma 2.1 implies that P meshes with T;. Suppose that there exists j # 4
such that PN L(Tj) # 0. Then as above, P meshes with Tj. Consequently, we
have |P N L(T;)| > 2 and |P N L(Tj)| > 2, and hence |P NV (F)| > 4, which
contradicts (2.2). Thus P N L(Tj) = 0 for each j # i. This proves (i) (a).
Now if |L(T;)| > 3, then |PNV(F)| > |P N L(T;)| > 3 by Lemma 2.14, which
proves (i) (b). To prove (ii), let now 1 < i < s with |L(T;)| = 2, and suppose
that there exist two members P, Q of . which mesh with S and T;. Set U =
(Na(L(P)UL(Q)) "V (F))U(S— (L(P)UL(Q)). Since Na(L(P))—L(P) = P,
it follows from (i) (a) that Ng(L(P))NV(F) = PNV(F) C L(T;) U X and,
similarly Ng(L(Q)) N V(F) C L(T;) U X. Also since |L(P)| = |L(Q)| = 2,
it follows from Lemma 2.1 and 2.2 that L(P) N L(Q) = 0. Consequently
Ul < |L(T;) U X|+2 < 5. On the other hand, since S separates V(F')
from the rest, U separates V(F) — (Ng(L(P)U L(Q)) N V(F')) from the rest.
Therefore we get a contradiction to the assumption that G is 6-connected.
Thus (ii) is proved. Finally we prove (iii). For each P € %y, let ip denote
the unique index such that P meshes with 7;,. Then by (i) (b), |L(T;,)| = 2
for every P € .#¢. Further by (ii), ip # ig for any P,Q € . with P # Q.
Hence || = {ip|P € .#0}| < |{i]| |L(T;)| = 2}|, as desired. O

Lemma 2.16. Let S € ., and suppose that |L(S)| > 9, and |{T' € .7|L(T") C
L(S)} = (2|L(S)|—1)/3. Suppose further that there exist two members Py, Po
of . which mesh with S. Then | £ (S)| = 2, one of the components in £ (S)
is triwvial, and we have |Py N L(S)| =4 or |Po N L(S)| = 4.



6-SHREDDERS IN 6-CONNECTED GRAPHS 219

Proof. By Lemma 2.7 (II), |.£(S)| = 2. Write Z(S) = {F, F5} with
|[V(F1)| < |V(Fy)]. By Lemma 2.13, 2 < |P; N V(Fy)| < 3 for each j = 1,2.
Since |L(S)| > 9, we have |V (Fy)| > 5. Again by Lemma 2.7 (II), {T" €
SN|L(T) CV(F2)} = (2|V(Fy)| —2)/3. By Lemma 2.6 (II), this implies that
there exist 71,75 € .# such that V(Fy) = L(11) U L(T3). Since |V (F)| > 5,
we clearly have |{i|l <i < 2, [L(T})| = 2}| < 1. By Lemma 2.15 (iii), this
implies that we have [P NV (Fy)| = 3 or |[Pa NV (Fy)| = 3. We may assume
|Py NV (Fy)| = 3. Then by Lemma 2.13, |V(F1)| =1 and |P1 N L(S)| =4, as
desired. O

Lemma 2.17. Let S € .#, and suppose that |L(S)| > 12. Suppose further
that there exist three members of . which mesh with S. Then |{T € .#|L(T) C
L(S)H < 2IL(S)| = 2)/3.

Proof. Let P;, P>, P3 be members of . which mesh with S. By Lemma
2.7 (1), {T € |L(T) € L(S)}| < (2|L(S)| — 1)/3. Suppose that |{T" €
ZNIL(T) C L(S)} = (2|L(S)|—1)/3. We argue as in Lemma 2.16. By Lemma
2.7 (I), |2(9)| = 2. Write Z(S) = {F1, F>} with |[V(F)| < |V(F,)|. By
Lemma 2.16, |V (F1)| = 1, and hence |V(Fy)| > 11. By Lemma 2.7 (II),
H{T € #|L(T) CV(Fy)} = (2|V(Fy)| —2)/3. By Lemma 2.6 (II), there exist
T,,T; € .# such that V(Fy) = L(T1) U L(T3), T1 meshes with T5, and

(
(2.3) {T € #|L(T) C L(T)}| = (2|L(T})| — 1)/3 for each i = 1,2
)

We may assume |L(T1)| < |L(T3)|. Since |L(Ty)| + |L(T2)| = |V (F)| > 11, it
follows from Lemma 2.10 that |L(T})| = 2, and hence

(2.4) |L(T)| > 9.
By (i) (a) and (ii) of Lemma 2.15,
(2.5) at least two of P;, P> and P3 mesh with T5.

On the other hand, since |P; NV (F3y)| < 3 for each 1 < j < 3 by Lemma 2.13,
we clearly have

(2.6) |Pj N L(T»)| < 3 for each 1 < j < 3.

Now in view of (2.3) through (2.6), we get a contradiction by applying Lemma
2.16 with S replaced by T5. O

§3. PROOF OF THE THEOREM

We continue with the notation of the preceeding section, and prove the The-
orem. Thus let |V(G)| > 325 and, by way of contradiction, suppose that
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(3.1) .71 = 2V(G)| - 8)/3.

Let S1,---,S;, be the maximal members of . with respect to the order
relation defined immediately before Lemma 2.15. We may assume |L(S7)| >
<+« > |L(Sm)|- Let p; = |.2(S;)| for each i, and let W = V(G) — (L(S1)U---U
L(S,,)). Arguing as in [3; Claims 3.2 through 3.4], we obtain the following
three claims. We include sketches of their proofs for the convenience of the
reader.

Claim 3.1.

(i) m+2/W]| <8.

(ii) 2p1 + (m —1) +2|W| < 11.

Sketch of Proof. By (3.1) and Lemma 2.7 (I), (2[V(G)[=8)/3 < > 1 cichn
(2|L(S;)| — 2p; + 3)/3, and hence 2(p; + -+ + pm) — 3m + 2|W| < 8. Since
pi > 2 for all i, both (i) and (ii) follow from this. O

Claim 3.2. |L(S;)| > 17.

Sketch of Proof. If |L(S;)| < 16, then by Claim 3.1 (i), |V(G)| < 16m +
|W| < 128, which contradicts the assumption that |V (G)| > 325. O

Claim 3.3. m > 2 and |L(S2)| > 17.

Sketch of Proof. Suppopse that m = 1 or |L(S2)| < 16. Then by
Claim 3.1 (ii), |[V(G) — L(S1)| < 16(m — 1) + |W| < 176 — 32p;, and hence
[V(G) — (S1UL(S1))| <170 — 32p;, which implies |L(S1)| < p1(170 — 32py).
Consequently |V (G)| < p1(170 — 32py) + 176 — 32p; < 324, which contradicts
the assumption that |V(G)| > 325. O

In what follows, we do not make use of the inequality |L(S1)| > |L(S2)[; thus
the roles of S and S5 are symmetric. By Lemma 2.11, Claims 3.2 and 3.3 imply
that S7 dose not mesh with Sy. Since L(S7) N L(S2) = @ by the maximality
of L(S1) and L(S2), L(S1) NSy = L(S2) N S; = 0 by Lemma 2.1. Write
%(51)—3(51) = {01} and %(SQ)—X(SQ) = {CQ}; thus Cl = G—Sl—L(Sl)
and Cy = G — Sy — L(S2). We define .71, T2, T11, T12, T13, T21, T 22,
T 2,3 as follows:



6-SHREDDERS IN 6-CONNECTED GRAPHS 221

T1=1{T € |L(T) N (S1 U Sy) = 0},

T 9 = {T € jﬂ’L(T) c S USQ},

T11 ={T € #|L(T) € L(S1)},

T12 ={T € #|L(T) € L(S2)},

T13={T € 7|L(T) CV(C,)NV(C2)},

T ={T € T2|L(T) C S1 — Sa},

T2 ={T € T2|L(T) C Sy — S1},

T23 = {T € 79|L(T) C S1NSa}.
In view of the maximality of L(S7) and L(S2) and Claims 3.2 and 3.3, it
follows from Lemmas 2.1 and 2.10 that &1 is the set of those members of .#
which mesh with neither S7 nor So, and &5 is the set of those members of .&
which mesh with Sy or Sy. Thus . = 71 U Z2 (disjoint union). Further by
Lemma 2.1, 71 = 711U Z12U 713 (disjoint union) and, by Lemma 2.10,

To=T21U T22U 23 (disjoint union).

The following two claims immediately follow from Lemma 2.7 (I) (see also
[3; Claim 3.6]).

Claim 3.4. |71,| < (2|L(S)| - 1)/3 (i = 1,2).
Claim 3.5. |73 < 2|V(C1) NV (Cy)|/3.

The following claim is proved in [3; Claim 3.8].
Claim 3.6.

(1) |F21] < [51 — Sal/2.
(i) |F22| < [S2 — S1]/2.
(iii) |723] <[S1NS2[/2.

Claim 3.7. |S1 N Sy is even.

Proof. Suppose that |S; N .S2| is odd. Then it follows from Claim 3.6 that
| 72| < (]S1US2| —3)/2, and it follows from Claims 3.4 and 3.5 that |.71] <
CV(G)] = [S1U S2[) = 2)/3. Hence |.7| < 2[V(G)] = (|S1U 52| +13)/2)/3.
Since |S1 U S3| > 7, this contradicts (3.1). O

Write |S; N Sa| = 2z. Then |S; U S| = 12 — 2z. Hence it follows from
Claim 3.6 that

(3.2) | 72| <6 — =,
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and it follows from Claims 3.4 and 3.5 that
(3.3) |71 < (2|V(G)| — 26 + 4x)/3.

By (3.2) and (3.3), |.| < (2|[V(G)| — 8 + x)/3. In view of (3.1), this implies
that equality holds in (3.2) (note that = < 2). Thus it follows from Claim 3.6
that

(3.4) | T 21| =3 —2,|T 22| =3 —2,[T23| =2
By Lemma 2.17, this implies that
(3.5) |71 < (2|L(S;)| —2)/3 for each i = 1,2.

Now it follows from (3.2), (3.5) and Claim 3.5 that |.7| < (2|V(G)|—10+z)/3.
In view of (3.1), this implies that x = 2 and equality holds in (3.5), i.e.,

(3.6) |71, = (2|L(S;)| — 2)/3 for each i =1, 2.

Having (34) in mind, write 92’1 = {Pl}, 32’2 = {PQ} and 9273 = {Pg,P4}.
It follows from Lemma 2.10 and Claims 3.2 and 3.3 that |L(F;)| = 2 for each
l<j<4

Claim 3.8. Let j =3 or 4. Then |P; N L(S1)| = |Pj N L(S2)| = 3.

Proof. By Lemma 2.14, |P; N L(S1)|,|P; N L(S2)| > 3. Since |Pj| = 6 and
L(S1) N L(Sy) = 0, this implies |P; N L(S1)| = |P; N L(Sy)| = 3. O

In what follows, we mainly consider S7. As in Lemma 2.13, write Z(S1) =
{F1,-- Fp} (p=|2(S)]) with [V(F)[ < [V(F)] < - < [V(E)].

Claim 3.9. p = 2, ‘V(Fl)‘ =1, and ‘Pg N V(F2)| = ‘P4 N V(F2)| = 2.

Proof. In view of Claim 3.8, this follows from Lemma 2.13. O
Since |L(S7)| > 17, it follows from Claim 3.9 that

(3.7) [V(F2)| = 16.

Set 7 ={T € Z|L(T) C V(F,)}. Since |V(Fy)| =1 by Claim 3.9, we clearly
have {T € .7|L(T) C V(F1)}| =0 = (2|V(F1)| — 2)/3. Hence by (3.6) and
Lemma 2.7 (III),

(3.8) 7| = 2IV(F2)| = 3)/3.

As in Lemma 2.15, let 17, --- , T, be the maximal members of 7.

Claim 3.10. Fj is saturated.
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Proof. Suppose that Fy is not saturated. Then by (3.8) and Lemma 2.6
(III), s =1 and |V (Fy) — L(Th)| = 1. Let .#¢ be as in Lemma 2.15 (iii) with
S =S5j and F = F,. Then by Claim 3.9, P3, Py € .#¢, and hence |.#y| > 2.
But since we clearly have |{i|l <i <'s, |L(T;)| = 2}| < s = 1, this contradicts
Lemma 2.15 (iii). O

We are now in a position to complete the proof of the Theorem. By Claim
3.10, V(Fp) = L(Th) U --- U L(Ts). By (3.8) and Lemma 2.6 (III), s < 3. Set
I = {i| |L(T;)| = 2}. By (3.7), |I| < s— 1. Let .%¢ be again as in Lemma
2.15 (iii) with S = S} and F = F,. Then P3, Py € .#¢ by Claim 3.9, and
hence |I| > |.%9| > 2 by Lemma 2.15 (iii). This forces s = 3, |I| = 2 and
Lo ={P3, Py}. We may assume |L(T})| = |L(T2)| = 2. We have |L(13)| > 12
by (3.7), and

(3.9) {T € 7|L(T) € L(T3)}| = (2|L(T3)| - 1)/3

by Lemma 2.6 (III). By (i) (b) and (ii) of Lemma 2.15, we may assume that P
meshes with 77, and Py meshes with T5. By (i) (a) and (ii) of Lemma 2.15, P;
meshes with 73. If 77 meshes with Ty and T3, then we have 71 D L(Ps), L(T5)
because |L(Ps)| = |L(T2)| = 2, and we also have |71 N L(T3)| > 3 by Lemma
2.14, and hence 6 = |T1| > |L(P3)| + |L(1%)| + |71 N L(T3)| > 7, which is
absurd. Thus T} does not mesh with at least one of T5 and T5. Similarly 75
does not mesh with at least one of 77 and T5. In view of Lemma 2.6 (III),
this implies that T3 meshes with 77 and 7T5; that is to say, T3 meshes with P,
Ty and T5. Therefore applying Lemma 2.17 with .S replaced by T3, we obtain
HT € .7|L(T) C L(T3)}| < (2|L(T3)| — 2)/3, which contradicts (3.9). This
completes the proof of the Theorem.
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