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THE BOUNDEDNESS OF MULTILINEAR
CALDERON-ZYGMUND OPERATORS ON WEIGHTED
AND VARIABLE HARDY SPACES

Davib Cruz-URIBE, OFS, KABE MOEN, AND HANH VAN NGUYEN

Abstract: We establish the boundedness of the multilinear Calderén—Zygmund op-
erators from a product of weighted Hardy spaces into a weighted Hardy or Lebesgue
space. Our results generalize to the weighted setting results obtained by Grafakos
and Kalton [18] and recent work by the third author, Grafakos, Nakamura, and
Sawano [20]. As part of our proof we provide a finite atomic decomposition theorem
for weighted Hardy spaces, which is interesting in its own right. As a consequence of
our weighted results, we prove the corresponding estimates on variable Hardy spaces.
Our main tool is a multilinear extrapolation theorem that generalizes a result of the
first author and Naibo [10].
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1. Introduction

In this paper we study the boundedness of multilinear Calderén—Zyg-
mund operators (m-CZOs) on products of weighted and variable Hardy
spaces. More precisely, we are interested in the following operators.
Let K(yo,y1,---,Ym) be a kernel that is defined away from the diagonal
Yo =11 =+ = Ym in (R")™T! and satisfies the smoothness condition

(L1) [0 - 0y K (Yo, Y1, - - Ym)|
—(mn+|ag|+--+|aml|)

m
< Aao,...,am Z |yk - yl|
k,l=0
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for all & = (ap,...,qn,) such that |o| = |ag| + - + |am| < N, where
N is a sufficiently large integer. An m-CZO is a multilinear operator T’
that satisfies

T: L9 (R") x -+ x LI (R™) — LI(R™)

for some 1 < q1,...,qn < 0o and % =L 4.4 q%, and T has the
integral representation

T(fl,,fm)(lf) = /(]Rn)m K(‘T’ylv-"aym)f(yl)"'f(ym)dyl"'dym

whenever f; € L°(R™) and x ¢ N; supp(f;).

Multilinear CZOs were introduced by Coifman and Meyer [2, 3] in
the 1970s and were systematically studied by Grafakos and Torres [22].
They showed that m-CZOs are bounded from LP* (R™) x - - - x LPm (R™) —
LP(R™), for any 1 < p1,...,pm < 0o and p defined by % = p%+~-~+]i.
Further, m-CZOs satisfy weak endpoint bounds when p; = 1 for some 1.
For Lebesgue space bounds, it is sufficient to take N = 1 in (1.1) and
in fact weaker regularity conditions are sufficient. Bounds for m-CZOs
from products of Hardy spaces into Lebesgue spaces were proved by
Grafakos and Kalton [18] (see also Grafakos and He [17]). As in the
linear case, more regularity is required on the operators: in this case,
N>s= Ln(% - 1)JJr where z; = max(0, x). Very recently, bounds into
Hardy spaces were proved by the third author, Grafakos, Nakamura, and
Sawano [20]. To map into Hardy spaces the kernel K must satisfy (1.1)

for
1
N > s+ max {mn(—l)J 1<k<mj;+mn.
Pk .

Moreover, in the multilinear case the operator 7" must satisfy an addi-
tional cancelation condition:

(1.2) /xaT(al,...,am)(x) dr =0,

for all |a] < s and all (pg, 00, N) atoms ai. For linear CZOs of con-
volution type, this condition holds automatically: see [21, Lemma 2.1].
An example of a bilinear CZO that satisfies this cancelation condition is
T = R1 + Ry, where R; is the bilinear Riesz transform

i xr)=DPp.Vv. i 1 2 1 4Ys.
Ri(f,9)(x) = p. /R/]Rl(x—yl,x—yz)l?’f(y )9(y2) dyy dy
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Somewhat surprisingly, neither Riesz transform itself has sufficient can-
cellation. For more examples of convolution-type multilinear operators
that do and do not satisfy this cancelation condition, see [20, 21].!

Weighted norm inequalities for multilinear operators were first con-
sidered by Grafakos and Torres [23]. Later, Lerner et al. [25] character-
ized the weighted inequalities for m-CZOs using a multilinear general-
ization of the Muckenhoupt A, condition. Weighted Hardy spaces were
introduced by Garcia-Cuerva [14]. A complete treatment of weighted
Hardy spaces is due to Stromberg and Torchinsky [31]; they proved
that (linear) Calderén—Zygmund operators whose kernels have enough
regularity map HP(w) into LP(w) or HP(w), for 0 < p < oo and for
weights w € As.

Our goal is to generalize the results of Strémberg and Torchinsky to
m-CZOs. To state them, we first define some notation. To do so we rely
on some (hopefully) well-known concepts; complete definitions will be
given below. Given w € A, we define

Ty = inf{r € (1,00) : w € A, }

and for 0 < p < co we define the critical index s, of w by

=)

Our first result gives the boundedness of m-CZOs into weighted Lebes-
gue spaces.

Theorem 1.1. Given an integer m > 1, 0 < p1,...,pm < 00, and
wy € Aso, 1 <k <m, let T be an m-CZO associated to a kernel K that
satisfies (1.1) for N such that

(1.3) NZmax{ Lmn<7;’:1>J+,1gkgm}+(m1)n.

Then
T: HP (wy) X -+ X HP™ (w,,) — LP (W),

where @ = [, wy* and
1 1 1
=44
p p1 Pm
Our second result gives boundedness of m-CZOs into weighted Hardy
spaces.

IWe note in passing that the results for m-CZOs in [20] are stated for convolution
type operators, but as the authors note (see Remark 3.4), their results extend to
non-convolution type m-CZOs.
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Theorem 1.2. Given p,p1,...,Pm, W, W1, ..., Wy and T as in Theo-
rem 1.1, suppose the kernel K satisfies (1.1) for N such that

(1.4) N>sw+max{{mn<7;”’“—1)J ,1§k§m}+mn.
k +

Suppose further that T satisfies the cancellation condition (1.2) for all
la] < s, where for 1 < k < m, aj is an (N,00) atom: i.e., ai is
supported on a cube Qg, ||agllo <1, and

(1.5) / 2Pay(x)dz =0
for all |3 < N. Then
T: HP (wy) X -+ x HP™ (wy,) — HP ().

Remark 1.3. In Theorems 1.1 and 1.2, if all the weights wy = 1, then
Tw, = 1, so we recapture the unweighted results in [18, 20].

Remark 1.4. If p > 1 and w € A,, then H?(w) = LP(w) (see [31]).
Therefore, in Theorems 1.1 and 1.2, if w, € Ap,, then we can re-
place HP*(wy) by LP*(wy,) in the conclusion.

Remark 1.5. Implicit in the statement of Theorem 1.2 is the assumption
that w € A,,. However, this is always the case: see Lemma 2.1 below.

Remark 1.6. Earlier, Xue and Yan [33] proved a version of Theorem 1.1
with the additional restriction that 0 < py < 1 for all 1 < k < m. We
want to thank the authors for calling our attention to their paper, which
we had overlooked.

Our next pair of results are the analogs of Theorems 1.1 and 1.2
for the variable Lebesgue spaces. The variable Lebesgue spaces are a
generalization of the classical LP spaces with the exponent p replaced
by a measurable exponent function p(-): R™ — (0,00). It consists of all
measurable functions f such that for some A > 0

o= ('f(j’)ym di < oo,

This becomes a quasi-Banach space with quasi-norm

[£llp(-) = inf{A >0 p(f/A) < 1}.
If p(x) > 1 a.e., then this is a norm and LP(") is a Banach space. These
spaces were introduced by Orlicz [29] in 1931, and have been extensively
studied by a number of authors in the past 25 years. For complete details
and references, see [6]. Variable Hardy spaces were introduced by the
first author and Wang [12] and independently by Nakai and Sawano [28].
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In variable Lebesgue exponent spaces, harmonic analysis requires some
assumption of regularity on the exponent function p(-). A common as-
sumption that is sufficient for almost all applications is that the exponent
function is log-Holder continuous both locally and at infinity. More pre-
cisely, there exist constants Cy, Co, and p, such that

Co 1
(1.6) Ip(z) — p(y)| < Tlog(jz —y])’ 0<|z—yl< >
and
(L.7) p(®) — pocl < lg(cjm)

Finally, given an exponent function p(-), we define
p_ =essinfp(x), py = esssupp(x).
zER™ 2CR™
As an immediate application of Theorems 1.1 and 1.2, and multilinear

Rubio de Francia extrapolation in the scale of variable Lebesgue spaces,
we get the following two results.

Theorem 1.7. Given an integer m > 1, let p1,...,pm be real numbers,
and let q1(+), ..., gm(-) be log-Holder continuous exponent functions such
that 0 < pi, < (qx)- < (qr)+ < 00. Define
1 1 1
= 44—

) al) qm (")
Let T be an m-CZO as in Theorem 1.1 satisfying (1.1) for all |a| < N

with
N>max{{mn<1—l)J ,1<k<m}+(m—1)n.
Di N

T: H2O x ..o Ham () 5 1a0),

Then

Theorem 1.8. Givenq(-),q1(-), .-, qm(:), 1, .., Pm asin Theorem 1.7,
define p by

1 1 1

_ = — + e + _

p P1 DPm
Let T be an m-CZO as in Theorem 1.1 satisfying (1.1) for all |a] < N

with

wo [o(E-0)] emaf (2 1) r<esmbem

Suppose further that T satisfies (1.2) for all o] < |n(1/p—1)|+. Then
T: H1O x ..o x gm0 5 gat),
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Remark 1.9. We chose to prove Theorems 1.7 and 1.8 using Rubio de
Francia extrapolation because of the simplicity of this approach. How-
ever, it should be possible to prove these results directly, adapting the
unweighted proof in [20] to the variable exponent setting. Many of the
technical, weighted results for the proof contained in Sections 2 and 3
also hold in the variable exponent case: see [12, 28, 30].

As we were completing this paper we learned that this approach was
taken by Tan [32]. He proved bilinear versions of Theorems 1.7 and 1.8,
with the additional hypothesis that (gx)+ < 1 for all 1 < k < m. We
want to thank him for sharing with us a preprint of his work.

Remark 1.10. Our techniques should apply to a wider class of operators,
namely, we believe that Theorems 1.1, 1.2, 1.7, and 1.8 will hold for the
classes of product type and mixed type operators defined on pages 2
and 3 of [20].

The remainder of this paper is organized as follows. In Section 2 we
give some basic definitions and theorems about weights that we will use
in subsequent sections. In particular, we prove a finite atomic decom-
position for weighted Hardy spaces that extends the results in [12]. In
Section 3 we gather together a number of technical lemmas that we need
for the proofs of Theorems 1.1 and 1.2. Then in Sections 4 and 5 we
prove these results. Finally, in Section 6 we give some basic facts about
variable exponent spaces and prove Theorems 1.7 and 1.8. In fact, we
prove more general results which include these theorems as special cases.
Their statements, however, require additional facts about variable expo-
nent spaces, and so we delay their statement until the final section.

Throughout this paper, we will use n to denote the dimension of the
underlying space, R", and will use m to denote the “dimension” of our
multilinear operators. By a cube @) we will always mean a cube whose
sides are parallel to the coordinate axes, and for 7 > 1 let 7Q) denote
the cube with same center such that £(7Q) = 74(Q). We define the
average of a function f on a cube @ by fo = fodz =1Q|™! fod:c.
By C, ¢, etc. we will mean constants that may depend on the underlying
parameters in the problem. Sometimes, to emphasize that they (only)
depend on certain parameters, we will write C(X,Y, Z,...). The values
of these constants may change from line to line. If we write A < B, we
mean that A < ¢B for some constant c.

2. Weights and weighted Hardy spaces

Weights and weighted norm inequalities. In this section we give
some basic definitions and results about A, weights. For complete infor-
mation, we refer the reader to [13, 15, 16]. By a weight w we always
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mean a non-negative, locally integrable function such that 0 < w(z) < oo
a.e. For 1 < p < oo, we say that w is in the Muckenhoupt class A, de-
noted by w € A4,, if

i map (o) (e

When p = 1 we say that w € A; if there is a constant C' such that, for
every cube @ and a.e. x € Q,

]éwdx < Cw(x).

The infimum over all such constants will be denoted by [w]4,. The
A, classes are nested: for 1 < p < g < o0, 41 C A, C A;. Let A
denote the union of all the A, classes, p > 1.

Given w € A, then w is a doubling measure. More precisely, if
w € A, for some p > 1, then it follows from the definition that given
any cube @ and 7 > 1

w(TQ) < CT™Pw(Q).

In the study of multilinear weighted norm inequalities, we often need
the fact that the convex hull of A, weights is again in A,,. The following
result can be found, for instance, in [33] or in [19, Lemma 5]. For
completeness we sketch a short proof, using a multilinear reverse Holder
inequality: if wy,...,wm € Ao, 1 < P1,...,0m < 00, and % = p%+...+

1

. then for every cube

m PL;c m p
d 5][ Py
kr:[(]éwk m) T i e

k=1
This was originally proved in the bilinear case by the first author and
Neugebauer [11]; for simpler proofs in the multilinear case, see [9, 33].

Lemma 2.1. Gwenm >1,1<p1,...,pm < 00, %:p%—&—---—kpl , if

b
Wi, ..., W € A, thenw =T, wi* € A

Proof: Since each wy € A, by choosing C' sufficiently large and § < 1
sufficiently close to 1, we have that, for every cube @ and E C @,

wim<c(la)
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But then, if we apply Holder’s inequality and the multilinear reverse
Holder’s inequality, we have that

T(E) Hkml(wakdx)% <C 12| 6. O
w(Q) Hk 1<wi do )pk (|Q)

There is a close connection between Muckenhoupt weights and the
Hardy-Littlewood maximal operator, defined by

M () = sup 72 F@)] dy - xo(=),

where the supremum is taken over all cubes ). We have that if 1 < p <
00, then the maximal operator is bounded LP(w) if and only if w € A,,.
Moreover, we have a weighted vector-valued inequality that generalizes
the Fefferman—Stein inequality. This was first proved by Andersen and
John [1]; for an elementary proof via extrapolation, see [7].

Lemma 2.2. Given 1 < p,q < oo and w € Ay, then, for any se-
quence {fr} in LP(w),

(o)., <)

Remark 2.3. Below we will repeatedly apply Lemma 2.2 in the following
way. Fix 0 < p < oo and w € As. Then w € A, and without loss of
generality we may assume p < ¢q. Let r = % > 1. Given a sequence of
cubes Qg, let Q = 7Qk, 7 > 1. Then xq; < M(xq,), and the implicit
constant depends only on n and 7. But then by Lemma 2.2 we have
that, for any non-negative Ag,

Z)\kXQE ZM kXQk
k

k

(e

Below we will need to prove a weighted norm inequality for an m-CZO.
To do so, we will make use of some recent developments in the theory
of harmonic analysis on the domination of singular integrals by sparse
operators. Here we sketch the basic definitions; for further information,
see, for instance, [5].

L (w) Lr(w)

s

Jswori)

Lr(w) ‘ Lr(w) La(w)

1
r

=[>_ Mexan

La(w) ‘ k

L (w)



MULTILINEAR CZOs ON WEIGHTED AND VARIABLE HARDY SPACES 687

A collection of cubes S is called a sparse family if each cube Q € S
contains measurable subset Eg C @ such that |Eg| > $|Q| and the
family {Eqg}ges is pairwise disjoint. Given a sparse family S we define
a linear sparse operator

TS f(x) Z][f ) dy - xq ().

QeS

The following estimate is proved in [8, 27].

Proposition 2.4. If1 < ¢ < oo and w € A, then, given any sparse

linear operator TS,
][ fdy-xq

QEeS

g C'[/w]m'lx(l, = 1)

17 Fll oy = ‘
La(w)

Hf”L‘l(w

In a similar way, given a sparse family S we define the multilinear
sparse operator

TS(f1y. ooy fn) (2 ZH][fk (yr) dyr - xq ().

QeS k=1

The following pointwise domination theorem was proved in [24, Theo-
rem 13.2] (see also [4]).

Proposition 2.5. Let T be an m-CZO whose kernel satisfies (1.1) for
any N > 1. Then given any collection f1,..., fin with bounded functions
of compact support, there exists 3" sparse families S; such that

3n

71, ) @] < CY TS (A ) (@)
j=1

Weighted Hardy spaces. In this section we define the weighted Hardy
spaces and prove a finite atomic decomposition theorem. In defining
them we follow Strémberg and Torchinsky [31] and we refer the reader
there for more information.
Let .(R™) denote the Schwartz class of smooth functions. For Ny € N
to be a large value determined later, define
) dx < 1}

S = {weéﬂ(R”):/(Hlxl (

Fix 0 < p < 0o and w € A; we define the weighted Hardy space HP (w)
to be the set of distributions

HP(w) = {f € Z'(R") : My, (f) € LP(w)}

|| <Ng ‘
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with the quasi-norm

1f e )y = Mo (Pl L2 ()
where the grand maximal function My, (f) is defined by

M, (f)(x) = sup sup g * f(z)].
PEF N, t>0

Note that in this definition, Ny is taken to be a large positive integer,
depending on n, p, and w, whose value is chosen so that the usual def-
initions of unweighted Hardy spaces remain equivalent in the weighted
setting. Its exact value does not matter for us.

Given an integer N > 0, an (IV,00) atom is a function a such that
there exists a cube @ with supp(a) C @, ||a|lec < 1, and for all |3] < N

/nxﬂa(x)dxzo. _

In [31, Chapter VIII] it was shown that every f € HP(w) has an
atomic decomposition: for every N > s,, there exist a sequence of non-
negative numbers {\;} and a sequence of smooth (N, o00) atoms {aj}
with supp(ax) C Qy, such that

f = Z)\k’alw
k

and the sum converges in the sense of distributions and in the HP?(w)
quasi-norm. Moreover, we have that

Z AkXQr
k

Below, we want to use the atomic decomposition to estimate the norm
of an m-CZO. One technical obstacle, however, is that this atomic de-
composition may be an infinite sum, and therefore it is not immediate
that we can exchange sum and integral in the definition of an m-CZO.
For the argument to overcome this problem in the unweighted setting,
see [17]. Our approach here is different: we show that for a dense subset
of HP(w), we can form the atomic decomposition using a finite sequence
of atoms. Our result generalizes a result in the unweighted case from [26];
in the weighted case it generalizes results proved in [12, 28].

To state our result, note that for N > s,,, if we define

ON:{fECSO:/ % f(x)dx =0, OS|0¢|§N},

then Oy N HP(w) is dense in HP(w).

SNl e w)-
Lr(w)
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Theorem 2.6. Fizx w € Ay and 0 < p < oo, and let N > s,,. For
each f € On N HP(w), there exists a finite sequence of non-negative
numbers {\r}r and a sequence {ar} of (N,00) atoms, supp(ax) C Qk,
such that f =%, Ayar and

Z AeXQy,
k

The proof of Theorem 2.6 is gotten by a close analysis of the atomic
decomposition given above. To prove it, we use the following technical
result. It is adapted from the corresponding result from [31, Chap-
ter VIII] (in the weighted case) and from the proof of the unweighted
version of Theorem 2.6 in [26]. (See also the construction of the atomic
decomposition in [12].) Indeed weights play almost no role in the result
except in (4).

(2.1)

< C| fllae w)-

L (w)

Lemma 2.7. Fiz w € Ay, 0 < p < 00, and N > sy, and let f €
On N HP(w). For each k € Z, let

Qp = {z €R": My, f(z) > 2"},

Then there exists a sequence {Bi .} of smooth functions with compact
support and a family of cubes {Qy .} with finite overlap such that the
following hold:

(1) For each k and all i, Qk,i C Q}; C U, where Q} ; = TQk,i for a
fix constant T > 1 and the Q} ; also have finite overlap.

(2) The B, are (N,00) atoms with supp(B,i) C Q ;- In particular,
> i 1Bkil S C uniformly for all k € Z.

3) f = Zkﬂ;)\k,iﬂk,i; where the convergence is unconditional both
pointwise and in the sense of distributions.

(4) i S2F for all k, i and Dok MiXQus S Mo (f). In particular,

~

Y ki Me,iBr,i also converges absolutely to f in L9(w), whenever q >
1 is such that w € A.

Proof of Theorem 2.6: Fix f € Oy N HP(w); by homogeneity we may
assume without loss of generality that || f|/gr,) = 1. Then there ex-
ists R > 1 such that supp(f) C B(0,R) = B. Let B* = B(0,4R). We
claim that, for all = ¢ B*,

(2.2) My, f(z) < w(B)%l”f“HP(w) S W
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To prove this, we argue as in [12, Lemma 7.11] (cf. inequality (7.7)).
There they showed a pointwise inequality: given any ¢ € §n, and ¢t > 0,

@) S inf M f(2),

where B, = B(O lR). Therefore, we have that

1
S
w(Bx)
inequality (2.2) follows if we take the supremum over all ¢ € §y, and
t > 0, and note that since w € Ao, w(B*) S w(By).

Now let kg be the smallest integer such that for all & > kg, Qp C B*.
More precisely, by (2.2) we can take ko to be the largest integer such

that 250 < Cw(B*)%1

(2)Pw(z) dz

|f * oi()

By Lemma 2.7 we can decompose f as
= MeiBris
ki

where the Sy ; are (N,00) atoms. We will show that this sum can be
rewritten as a finite sum of atoms. Set

F = Z Z)\k,iﬁk,i =f- Z Z)\k,zﬂk,zn

k<ko i k>ko i

Since the 8j; are supported in £, C B* for all £ > ko, the function Fy
is also supported in B*. Moreover

IPilloe < D0 1D MeilBroi

k<ko'' i

S 2=k,

k<ko

Lo

Further, F} has vanishing moments up to order N. To see this, fix |a| <
N and ¢ > 1 such that w € A;. Then, since supp(8x,;) C B*,

ZZ|$ ||/\kzﬂkz| ZZ

k<ko 1 k<ko 1

1—q' [\ >
w—(BY)
La(w)

(4R)|D“

< (R M f1§ (w)w' = (B*)7

< @R f1 (wyw' 4 (B)
Therefore, the series on the left-hand side converges absolutely, so you
can exchange the sum and integral; since each Bj; has vanishing mo-
ments, so does F. Therefore, if we set ag = Cf12_k0F1 then ag is an
(N, 00) atom supported in B*.
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To estimate the remaining terms, note that f is a bounded function
and so there exists an integer ko, > ko such that Qp = () for all k > k..

Thus the sum
Z Z)\k,zﬂk,i = Z Z/\kyiﬁk,i

k>ko i ko<k<koo i
has finite many terms under the summation of k indices. Further, since
the sum > ) ; AkiXQi: S Mn, f it converges everywhere. Therefore, for
each kg < k < ko there exists an integer pj such that

Z kil Br.il < 2—koow(B*),%.

i>pk

F, = Z Z)\k,zﬂk,i,

ko<k<koo i>pi
then F3 is supported in B* and
[Follo < 2 ke (B*) "5 < Cow(B*) .

ko<k<koo

If we define

Moreover, arguing as we did above for Fi, we have that F5 has vanishing
moments for |a| < N. Thus if we set ao, = C{lw(B*)%Fg, then a is
an (N, c0) atom.

Therefore, we have shown that we can decompose f as a finite sum
of (N, 00) atoms:

F=(C2%a0+ > > MiBri+ Cow(BY) 7 a.
ko<k<koo 1<i<py

It remains to prove that (2.1) holds. But by our choice of kg, we
have that ||C20x g+ Lrw) < C, and clearly ||w(B*)7%XB* Lrw) < C.
Finally, by the weighted Fefferman—Stein inequality (see Remark 2.3),
we have that

Yo D Meaxer,

ko<k<koo 1<i<py

<

~

Lr(w)

Z Z )\k7iXQk,i

ko<k<koo 1<i<pyi

5 ||MN0f||LP(w) g 1.

Since || f||grw)y = 1, we get the desired inequality, and this completes
the proof of Theorem 2.6. O

Lr(w)

3. Auxiliary results

In this section we state and prove several lemmas on averaging oper-
ators and m-CZOs needed for the proofs of Theorems 1.1 and 1.2.
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Averaging operators. We begin with a well-known result on the max-
imal operator M, defined with respect to a measure p:

/Ifl 1o xq(x

M,f(x) sup

For a proof, see [15, Chapter II].

Proposition 3.1. Let p be a doubling measure on R™. Then the maxi-
mal operator M, satisfies the weak (1,1) inequality

(3.1) suptﬂ({xeR":M#f(x)>t})<C(u)/ﬂ:|f|d/wL,

t>0

and for 1 < p < oo the strong (p,p) inequality

n

(32) [ Oty dn < cup) [ irran

The next three lemmas on averaging operators are weighted extensions
of results from [18]. Our proofs, however, are different and are motivated
by ideas from [31].

Lemma 3.2. Let p be a doubling measure on R™ and fix 0 < p < 1.

Then, given any finite collection J of cubes and any set {fo : Q € J}
of non-negative integrable functions with supp(fg) C Q,

‘ > fa > d(Q)xe

QeJ Qeg

Q) = p(Q)! /Q fole) du(x)

Proof: Let F'= 3" ; fo and G =} 7 a1 (Q)xq and for each t >0
let

< C(p,p;n)
Lr(p)

)

Lr(p)

where

1
={zeR":G(x)>t}), U= {y eR": Myxr,(y) > 4}.
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By (3.1) we have that pu(U;) < C(p)p(Le). We can now estimate as
follows:

p{z e R": F(x) > t}) < w(Uy) + w(Uf N{z € R" : F(z) > t})

St + g [ P
<N(Lt)+% > /fQ ) dp(

QET:QNUEH#D

Suby+y Y d@uQ.

QET:QNU;#0

If Q € J is such that QNUf # 0, then M, xp, (z) < § for all z € QNUF.
In particular, we have

pLiN@) _ 1

W) 4

and so p(Q) < 3pu(LE N Q) for all @ € J. Thus we have that

pl{e €B": F) > 1) S p(L) + 1 Y b (@u(@n L)

QeT

Su(L)+ 7 3 (@ [ xelw)du)

QeTJ
S+ [ Gla)duta).

Given this estimate, if we multiply by pt?~! and integrate, by Fubini’s
theorem we get

IFa = [ ot € B 5 Fla) > 1))

< /Ooptpflu({x ER™: G(z) > 1)) dt
0

+ / ptP=2 / G(a) dp(z)
{2€Rm:G(x)<t)

/ G(z)? du(z / G(x) /Cj((;)ptp_2 dt du(z)

p
<IGIE, - O
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Lemma 3.3. Let i be a doubling measure on R™ and fir 1 < p < q¢ < o0.
Then, given any finite collection of cubes J and any set {fo : Q € J}
of non-negative integrable functions with supp(fg) C Q,

‘ Z fq Z al (Q)xq

eJ Qeg

4@ = (5 / |fQ<x>Qdu<x>)é.

Proof: First suppose that p > 1; we estimate by duality. Then there
exists non-negative g € L¥ (1), 9l 1+ 4y = 1, such that

‘ St =% /Q falw)g(x) du(z)

QeJ Lr(w)  Qeg

<> ( /Q fQ(w)qdu(x)); ( /Q o) du(as))ql'

QeJ

< C(p,p,q,n)
Lr(p)

)

LP(p)

where

’

< ['|X @@ duta)

ag (Q)xq 1My (g% )7 Nl L (1)
LP(p)

IN

QeJ
= Z ag(Q)XQ 1M, (g )H?L'
QeJ Lr(dp) Ld" ()
SIS a(Qxe ;
Qeg LP(p)
the first and third inequalities follow from Holder’s inequality, and the
last from (3.2) (since p’ > ¢') and the fact that ||g[[;.(,) = 1.
Finally, when p = 1 the proof is essentially the same except that we use
use the fact that M, is bounded on L*. This completes the proof. [
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Lemma 3.4. Let w € Ay, and fixr 0 < p < oo and max(1l,p) < g < co.
Then, given any collection of cubes {Qr}7, and nonnegative integrable

functions {gr} with supp(gx) C Qr,

ggk fj(w(;k) | aeyote) dx);mk

k=1
Proof: Since w € Ay, the measure p = w(x)dx is doubling. If p >
1, then if we fix an arbitrary integer K and apply Lemma 3.3 to the
functions {g}X_,, we immediately get

K
ng

k=1

< C(w,p,q,n)
Lr(w)

Lr(w)

K

k=1

< C(w,p,q,n)
Lr(w)

Lr(w)
The desired inequality now follows from Fatou’s lemma.

When 0 < p < 1, we can apply Lemma 3.2 to get the same conclusion,
using the fact that

8 Joy et < (s [, oot dx>;. .

Estimates for m-CZOs. In this section we prove three estimates on
m-CZOs.

Lemma 3.5. Let T be the operator as in Theorem 1.1 and fix w € Ay,
q > 1. Then, given any collection fi,..., fm of bounded functions with
compact support,

IT(frs far s )l Laquy < CllfullLaqyllfallzee - [ fml Lo

Proof: By the domination estimate in Proposition 2.5 it will suffice to
prove this estimate for any multilinear sparse operator T and non-

negative functions fi,..., f,. By the definition of the sparse operator
we have
T8 ) < el Il 32 iy xa
Qes’@

= [l folloo - 1 fmllo T fi,

where on the right-hand side we now have a linear sparse operator. But
then by Proposition 2.4 we have that

TS (fro-- s f)lnaqw) SIS fill o I f2lloe - [l fimlloo
S Ifillza@)llfalloo - 1 fmlloo- O
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The following lemma was first prove in [20]. For completeness we
include its short proof.

Lemma 3.6. For1 <k < m let a; be an (N,0) atom supported in Qy,
and let ci be the center of Q. Then, given any non-empty subset A C
{1,...,m}, we have that, for all y ¢ Urea @y,

min{l(Qy) : k € A}ntN+L
3.3 T(a1,---,am)y)| < o
(3.3) T (a1 )W) (Coenly— )0

In particular, we always have that

n+N+1

(34) |T(a17 cee 7am)|X(Q1‘ﬂmﬂQ:n)c S; H (M(XQk)) e
k=1

Proof: Without loss of generality we may assume that A = {1,...,r}
for some 1 < r < m and that

Q1) = min{l(Qy) : k € A}.
Fix y ¢ UreaQj; because a; has vanishing moments up to order N, we
can rewrite

T(a/la .. 7am)<y): & K(y7y17 e aym)G/l(yl) o am(:UM) d?j

/ (KW, 415 Ym) — PNy, 41,92, -+, Ym)]

(3.5)
X ay(y1) -+ am(ym) dj
= - Kl(y7yl7y27"'aym)a1(y1)"'a/m(ym)dgv
where
1
PN(y7y17y27' : 'aym) = Z aagK(yaclayQ" . 5ym)(y1 - Cl)a

la] <N
is the Taylor polynomial of degree N of K(y,-,y2,...,Ym) at ¢1 and

(36) Kl(y7y1,"'aym> :K(yayl7"'7ym) _PN(yay1;y27"'7ym)'

By the smoothness condition of the kernel and the fact that |y —yx| =~
ly — cg| for all k € A and y;, € Q we have that

‘K(yvyh'"aym)_PN(y7cl7y27"'7ym)‘

m —mn—N-—1
<l —c1|N+1(Z 1y — +Z|y—yj|) .
=2

keA
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Thus
v = el o)l - lam(ym)|
Tlar e amdlS[ . e 4
(Shealy = exl + sl —uil)
/¢ n+N+1
S“/( 1 2 mntNT1 2 dYm
m—1)n m
B (S ealy—er 432 1)
< E(Q1)7L+N+1

~ (ZkeA y— Ck|>n+N+17

which implies (3.3).

To prove (3.4), fix y € (QF N--- N Q)¢ then there exists a non-
empty subset A of {1,...,m} such that y ¢ Qj for allk € Aand y € Q;
for I ¢ A. Then by (3.3) we have that

min{f(Qy) : k € A}nHN+1

(ZkeA ‘y B Ck|)n+N+1

T(ar; - am)(¥)] S

n+N+1

NH( UQk) +|:1/—Clc|>

keA

n+N+1

Inequality (3.4) follows from the definition of the maximal operator. [J

Lemma 3.7. Given w € Ay, 1 < g < oo, for 1 <k < m let ar be an
(N, 00) atom supported in Qi and let ci be the center of Q. Suppose
Q1 is the cube such that £(Q1) = min{l(Qk) : 1 <k <m}. Then

m
1 . ntNE1
(3.7) T (as, - am)xQillLaqw) S w(@1)7 | Izleﬂél M(xq,)(z) ™=

=1

Proof: Since the A, classes are nested, we may assume without loss of
generality that ¢ > 1. To prove (3.7) we consider two cases: Qi NQj # 0
for all 2 < k < m or this intersection is empty for at least one value
of k. In the first case, since £(Q1) = min{l(Qx) : 1 < k < m} we have
Q7 C 3Q; for all 1 < k <'m. This implies

inf M >1
zlean (XQk)(Z) ~ b
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for all 1 < k < m, and so Lemma 3.5 yields
IT(ay,..., am)XQI

(al, cees am)HLq(w)

S laallzeyllazllzee - -+ [lam || Lo
m
1 . n+N+1
Sw(@)7 [ inf M(xg)(z)" .

zZE
Pt} Q1

In the second case, since Q7 N Qy = 0 for some k, the set
A={2<k<m:QiNnQ; =0}
is non-empty. Fix any point y € R™. Then arguing as in the previous
proof we have that
(38) T(ah cee ,am)(y) - Kl(ya Y1, Y2, - aym)al(yl) e am(ym) dg’
Rmn

where K(y,y1,...,ym) is defined by (3.6). For y; € Q1 we have that,
for some &1 € Q1 and for all y; € @y, 1 <1 < m,
—mn—N-—1

B39 1K )] < CHQOY (lp-61+ 3 o]

Jj=2

Forall k € A, since Q1NQ; = 0, [y—&u|+|y—yil > [§1—yx| 2 |e1—cxl-
Therefore, for all y; € QF and yx € Qk, k € A,

—mn—N-—1
K )] 6@ (3 |c1—ck|+2|y ) |

keA

If we combine this inequality with (3.8), we get

K(Ql)"'HV—H
T(ay, ..., am)(¥)| S ;
1 (Sren ler =)™
UQu)™++!

<
~ N .
(Chealll@0) + ler — el +£@e)) "
Since Q7 C 3Q; for all [ ¢ A, the last inequality gives us

n+N+1
||T(a17"" ||L°° N H lnf M XQk ( ) mng
since w € A, is doubling, this 1mphes that
i . nt+N41
1T (a1, ..., am)xq: w(@1) [ nf M(xq,)(z) =
k=1"_"°"

This completes the proof. O



MULTILINEAR CZOs ON WEIGHTED AND VARIABLE HARDY SPACES 699

4. Proof of Theorem 1.1

For 1 < k < m, let wy € A, and fix arbitrary functions f; €
HP:(wg) N On(R™). By Theorem 2.6, we have the finite atomic de-
compositions

No
(4.1) Fe =" kg

k=1

where g j, > 0 and ag j, are (NN, 00)-atoms that satisfy

supp(ar,ji) C Qrjrs kgl < XQu s - / t%ag,j, (x) dz =0
k

<\ Jk
for all |a] < N, and

(4.2) < Ol fellmrn (w)-

LPk (wk)

Gk XQj),

Setw = [~ g Wy Agaln by Theorem 2.6, it will suffice to prove that

HT(flw--afm)”LF(E) S e X Q. iy,

LPk (wk) '

Since T is m-linear, we have that, for a.e. z € R™,

T(fl,.. -7fm Z Z)\LJI . 7jmT(a1’j1,...,am)jm)(x).

Given a cube @, let Q* = 2y/nQ. For each m-tuple, (ji,...,Jm), define
Rj, ... j,. to be the smallest cube among Q7 ; ..., @}, ; - To estimate
IT(f1,-- -, fm)llLr @) we will split T'(f1,..., fm) into two parts:

IT(f1s- s fn)(@)] < Gi(z) + Ga(2),

where
G Z Z )\17.]1 TTTAMLGm (a17j1’ Tt am7j'rrL)|XRj1 ,,,,, Jim ($>
J1
and
Ga(@) =D > Mg A [ T(@1505 s @) Xy, e (@)

J1 Jm
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We first estimate ||G2||z»@w). By (3.4) we have that

m
n+N+1
T(ar g, s amg, ) @)X(Ry, e (@) S T Mxau,, ) (@)
k=1
thus
m
n+N+1 n+N+1
625 % S D Micon, )5 =TT [ Mo, 5
jl j'm k=1

By condition (1.3), Holder’s inequality and the weighted Fefferman—Stein
vector-valued inequality (see Remark 2.3), we get

||G2 1ijQk,jk

LPk (wg)

We now estimate the norm of G;. Since w € Ay, by Lemma 2.1, we
can choose ¢ > max(1,p) such that W € A;. Then by Lemma 3.5 we
have that

(W /1; |T(a’17j17 s vam,jm)‘q(x)w(l‘) d:E)

J1sedm

If we combine this inequality, Lemma 3.4, Holder’s inequality, and the
Fefferman—Stein vector-valued inequality (again see Remark 2.3), we get
the following estimate:

1
1G1llLe () S Z H/\lwk( )

1eeosdm k=1 sl

x / (@i s, ) >w<x>dx) N
Rji,....im L»(w)
) (Hw)

J1eesdm =
i . n+N+1

x (Hze,;.?f MO
e G0 im P (W

Lr(w)
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m

ntN41
§ : Ak Jk XQk gk) mn

L7k (wg)

LPk (wy)

If we combine the estimates for G; and G, we get the desired inequality.

5. Proof of Theorem 1.2

The proof of Theorem 1.2 is very similar to the proof of Theorem 1.1.
Instead of estimating the norm of 7', we will estimate the norm of MgoT,
where My is the non-tangential maximal operator

Myf(z) = sup sup |dy* f(y)l,
0<t<oo |y—z|<t

where ¢ € C§° and supp(¢) C B(0,1). We will use the that the Hardy
space can be characterized by using the non-tangential maximal func-
tion My with the norm

1|z wy 2 1M fl| 2o () -

See [31]; this equivalence is guaranteed by our choice of Ny sufficiently
large. Throughout this section we fix a choice of ¢.

In this section, we fix the smooth approximate identity ¢ supported
in the unit ball. The following lemma was first proved in [20]; it is the
essential part in the proof of Theorem 1.2 and so we repeat the proof
here for the convenience of the reader. Hereafter, given a cube @, let

Q™ = 4nQ.

Lemma 5.1. For 1 <k <m, let ay be (N,00) atoms with supp(ax) C
Q. Suppose that Qy is such that £(Q1) = min{l(Qr) : 1 < k < m}.
Then, for all x ¢ Q7*, we have

ntN41

M(xq)(x)

=

(5.1) MyT(ay,...,am)(x) S

~

1

m
ntsgt1 N—sw

+ M(xq,)(x) Jnf M(xq,)(2) 7,
=1

where T is the operator in Theorem 1.1.
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Proof: Fix z € (Q7%)¢, 0 <t < o0, and y € R™ such that |y — x| < ¢. To
prove (5.1) it will suffice to show that

m
n+N+1
‘¢t*T(CL1,...7 | HM XQI penys
=1
nteml T N
+ M(XQI)(x) n Zlgncg M(XQZ)( ) mn
=1

where the implicit constant does not depend on z, y, and t. We will
consider two cases.

Case 1: t > mw — ¢1]. We will exploit the cancellation in (1.2) to
show that

(52) I T (ar... - an) W) S M (@) (@)™ [T inf M(xq)(2) ="
=1

By (1.2) we have
drxT(ay,...,am)(y) = /¢t(y —2)T(a1,...,am)(2)dz

:/<¢t(y—z)— 3 Wy_cl)(cl—z)o‘>T(a1,...,am)(z)dz.

al
la|<sw

Note that, by Taylor’s theorem,

ey — 2) — Z M(cl—z)“ < |z —c1

al S gntsatl

sw+1

la|<sw

for all y,z € R™ and all ¢t € (0,00). Since t = |x — ¢1] and & ¢ Q7*, we
have

T < wT d
|¢t* (al""’am)(y)lw fntsmtl | (alﬂ"'vaﬂ%)('z)‘ z

n+sw+1
< K(Ql) 1 /|Z -
~\lz —al £(Qq)rswtt

ntsgtl 1

SM(xg,)(z)™ = W/Lz—cl|sU+1|T(a1,...,am)(z)|dz.

T, am)(2)] 2
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Hence, to prove (5.2) it remains to show that

1
(5:3) W/\z—01\3““\T(a1,--.,am)(z)ldz

N—sgr
<H216n51M XQ)(z)

If we split the integral on the left-hand side of (5.3) over QF and (Q7)¢,
we can estimate as follows:

[ al = an) @) d:

< / 2 — et | Tan, . . am)(2)| d

1

+/ |z — 1
(Q7)°

§€(Q1)SWH/* IT(a1,...,am)(2)|dz

1

st T (ay, ..., am)(2)] dz

+ / 2 — 1| T an, . . am)(2)| dz.
(Q7)°

By (3.7), we can estimate the first integral in the last inequality by

(5.4) £(Qq)¥= T / ) IT(a1,...,am)(2)|dz

5 Z(Ql)n-&-sm-‘rl Hzienf M(XQZ)(Z) mn
=1

1

To estimate the second integral, we need to exploit carefully the smooth-
ness of the kernel. Recall the representation of T'(ay, ..., an)(2) in (3.8).
Denote

J={2<1<m: Q7 NnQ;* =0}.

For z ¢ Q%, &1 € Q1, we have |z —&1| = |z — 1] > £(Q1). Also, forl € J
and z; € Q7

lz—&|+ 12—z >4 — 2zl 2 la—al
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We now estimate K'(z,21,...,2m) in (3.9) to get

|T(ay,...,am)(2)]
< / Q)N xo, (21) d21 - dz,
T ((Qu) + Iz - el + Yaey le — al + Ty |z — )"
for all z € (Q7)°. Thus

/ ly — 2T ay, ..., am) ()| dy
(Q7)°

</ ly — e "= TH(Q)N T xq, (y1) dy - - - dyy, dy
N - TNTL
zox @) (UQ1) +ly—cr |+ ey ler—al+ 12y ly—ul) ™"

—Sw

< 77,+sw+1 m
~ H( Q1) +|Cl—0l>

leJ
Note that 1 S inf.ecq, M(xg,)(2) if Q1* NQ;* # 0 and, for all [ € J,
(Ql) < L
——— < inf M n,
(@) + e —al ~ =25, @)
Therefore

(5.5) /Q v — e Ty, . . am) ()] dy

(@7)°

N—s
5 n+sw+1 H lncg M XQZ )W
zeQ1

Now we combine (5.4) and (5.5) we get (5.3), which completes the proof
of Case 1.

Case 2: t < 1000”2 |2 — ¢1]. In this case, we will show that
m
n+N+1
(5.6) |6 T, ... am) )] S [T M(xa@) (@)

=1
Since supp(¢) C B(0,1) and |y — z| < ¢,
T an) WIS [ IO T ) ()] d
B(y,t)

(57) 5 sup |T(a17...,am)(z)|
2€B(y,t)

< sup |T(a1,--.,am)(2)]
z€B(x,2t)
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Let A={1<I<m:xz ¢ Q;*} For z € B(z,2t), &1 € Q1, we have
[ —al <z —zl+|z—al <246 —al+|z =&

1 1 .
< 5007n2|55—01| + §|$—Cl| + [z = &il;

hence

tSle—al Slz—&al
For I € A and 7 € Q, since = ¢ Q;*,
|z —c| <2]z—2z| < 2lx—z|+2]z— 2| < 4t+2|z—zk| S|z—&1|+|2— 2k
Recall the formula for T'(ay, ..., am,)(z) in (3.8); we estimate K'(z, z1, ..
Zm) in (3.9) to get

g(Ql)N+1X (Zl) le o dzm
|T(a17 e 7am)(z)| S / m - mn+N+1
Em (30 |2 = 21 + Dgen o — )

for all z € B(x,2t). From this we get that

9

sup [T(ay,...,am)(2)[S Nt N+1
z€B(xz,2t)

(5.8)

Combining (5.7) and (5.8) gives (5.6). This completes Case 2 and so
completes the proof. O

The next lemma is an immediate consequence of Lemma 3.7 and the
fact that M, is bounded on L%(w) if w € A, (since it is controlled
pointwise by the Hardy-Littlewood maximal operator; cf. [15]).

Lemma 5.2. Given w € Ay, 1 < g < oo, for 1 < k < m let a;, be
an (N,00) atom supported in Q. Suppose Q1 is the cube such that
Q1) =min{l(Qk) : 1 <k <m}. Then

m
n+N+1

1 .
|La(w) S w(@1)s H zlenél M(xq,)(z) mn
=1

HM¢T(a17 sy am)XQ’l‘*

Proof of Theorem 1.2: Fix wp € As, 1 < k < m, and define w =

[T, wi*. Fix fr, € H?*(wg) N On(R™), 1 < k < m. We will show
that

6.9)  NMT(fr - f)llLe) S I llmes o) - [ fmllEom ,0)-
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Form the atomic decompositions of the functions fj as in the proof of
Theorem 1.1 to get (4.1) and (4.2). Then to prove (5.9), it is enough to
show that

(5.10)  (IMpT(fr,-- -, fm) X Qg :
LPk (wy)

Since My o T' is multi-sublinear, we can write

MyT(f1,..., fm)(x) < Gi(z) + Ga2(2),
where
Gi(z) =) - Z ALy - A MeT (a1 jys - Qm g )XR,, L, (2)
J1
and
Ga(x) = > Mgy A MoT (a1, 3 O )Xy, ()
J1 Im
Here Rj, ., is the smallest cube among Q7% ..., Q5 -

A similar argument as in the proof of Theorem 1.1 with Lemma 5.2
in place of Lemma 3.7 gives

m

(5.11) 1G1llr@) S H Z/\k,JkXQk i

We now estimate the norm of GQ. By Lemma 5.1 we get that
Ga(z) S Ga1(z) + Gaa(2),

LPk (wk) .

where
i n+N+1
Gar(#) =D - > Avju A [[ Mlxgu, (@)
J1 Jm k=1
and
n+sp+1
G (z Z Z,\ljl. Mg M(XR,, 5 @) 7
e N — sz
X inf M , “mn
lljllzeRﬁl,...,jm (XQL’”)( )

The function G2; can be estimated by essentially the same argument
used for G; to get

m

(5.12) G21llLr @) S

> MeinXan,
Jk

_ Ll’k(wk)
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To estimate GGo3, since @ > 1, we use (1.4) and the Fefferman—
Stein vector-valued inequality (cf. Remark 2.3) to get

E E AMgi A XRyy g
J1 j

Jm

GazllLr@) S

N—sg
<[, gt Mlxau,)(2) |
=1 J1s--:dm Lr(w)
m
N—sg
(5.13) <D Do Mg A [[M (@i
J1 Jm k=1 Lr (w)
Ui N—sz
< H Z)\kvjkM(XQk,jk) mn
k=1"" j L2k (wy)
STIIDC Mexans, -
E=1" ji LPk (wy)
If we combine (5.11), (5.12), and (5.13), we get (5.10) and this com-
pletes the proof. O

6. Variable Hardy spaces: Proof of Theorems 1.7 and 1.8

In this section we prove Theorems 1.7 and 1.8. In fact, we will prove
two more general results that include these theorems as special cases.
To do so, we first recall some basic facts about the variable Lebsesgue
spaces. For complete information we refer the reader to [6].

Let Py(R™) be the set of all measurable functions p(-): R™ — (0, 00).
Define

p_ =essinf p(z), py = esssupp(z).
z€R™ z€R™

Given p(-) € Po(R™) define LP() = LPC)(R™) to be the set of all measur-
able functions f such that, for some A > 0,

= [ () o

This becomes a quasi-Banach space with the “norm”

1f ey =inf{A > 0:p(f/AN) <1}

If p_ > 1, LP0) is a Banach space; if p(-) = p a constant, then LP() = LP
with equality of norms.

n
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If the maximal operator is bounded on LP() we write that p(-) € B.
A necessary condition for this to be the case is that p_ > 1. A sufficient
condition is that 1 < p_ < p;y < oo and p(-) is log-Hélder continu-
ous: i.e., (1.6) and (1.7) hold. However, this continuity condition is not
necessary: see [6] for a detailed discussion of this problem.

Given p(-) € Po(R™), the variable Hardy space HP(-) is defined to be
the set of all distributions f such that My, f € LP(). Again, we here
assume Ny > 0 is a sufficiently large constant so that all the standard
definitions of the classical Hardy spaces are equivalent. These spaces
were examined in detail in [12] (see also [28]).

A very important tool for proving norm inequalities in spaces of vari-
able exponents is the extension of the Rubio de Francia theory of ex-
trapolation to the scale of variable Lebesgue spaces. For the history and
application of this approach for linear operators, see [6, 7]. To prove
Theorems 1.7 and 1.8 we will use a multilinear version due to the first
author and Naibo [10]. They only stated their proof for the bilinear
case, but the same proof immediately extends to the general multilinear
setting.

Theorem 6.1. Let F = {(f1,..., fm, F)} be a family of (m + 1)-tuples

of non-negative, measurable functions on R™. Suppose that there exist

indices 0 < p1,...,Ppm,p < 00 satisfying 1% = p% +--+ z%m such that, for
p

all weights wy, € A1, 1 <k <m, andw = Hkm:1 w,fi’“,

(6.1) IE e @) S 1f1lles qwy) - 1 fmllLem (o)

for all (f1,..., fm,F) such that F € LP(w), and where the implicit con-
stant depends only onn, pg, and [wgla,, 1 <k <m. Let ¢1(-),...,qm("),
q(+) € Py be such that

A _ 1 L1
) al) am ()’
pe < (qr)—, 1 <k <m, and g;(-)/pr € B. Then
(6.2) 1] pacy SN allparer = ([ fmll pam

provided || F|| ;o)< 00. The implicit constant only depends onn and gi(-),
1<k<m.

Remark 6.2. In [10], the hypothesis on the exponents g (-) was stated as
(g (-)/pr)" € B, where this exponent is the conjugate exponent, defined
pointwise by ﬁ + ﬁ = 1. It was stated in this way for technical rea-
sons related to the proof. However, these two hypotheses are equivalent:
see [6, Corollary 4.64].
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The one technical obstacle in applying Theorem 6.1 is constructing
the family F to satisfy the hypotheses that the left-hand sides of (6.1)
and (6.2) are finite and that the resulting family is large enough that
the desired result can be proved via a density argument. In our case we
will use the atomic decomposition in the weighted and variable Hardy
spaces. As we noted in Section 2, given w € Ay, and 0 < p < oo, every
f € HP(w) can be written as the sum

(6.3) = Meax,
k

where Ay > 0 and the ay, are (N, 00) atoms, provided N > s,,. Moreover,
this series converges both in the sense of distributions and in HP(w).
(See [31, Chapter VIII].) The same is true in the variable Hardy spaces.
More precisely: suppose p(-) € Py is such that there exists 0 < pg < p_
with p(-)/po € B. Then given N > n(py ' — 1), if f € HP(-), there exists
a sequence of (INV,00) atoms aj, and constants Ay such that (6.3) holds,
and the series converges both in the sense of distributions and in HP(-).
(See [12, Theorem 6.3]; here we have slightly modified the definition of
atoms, but the change is immediate.) It follows immediately from these
two results that finite sums of (IV, 00) atoms, for N sufficiently large, are
dense in HP(w) and HP(-).

Remark 6.3. In applying the density of finite sums of atoms, we are not
making use of the finite atomic decomposition norm (as in Theorem 2.6
for weighted spaces or in the corresponding result for variable Hardy
spaces in [12]). We will only use that these sums are dense with respect
to the given Hardy space norm.

Theorem 6.4. Let ¢1(-),...,qm(:),q(-) € Py be such that ﬁ = q%(.) +
S ﬁ and 0 < (qr)— < (qr)+ < o0, 1 < k < m. Suppose further
that there exist 0 < p1,...,pm < 00, 0 < pr < (qr)—, and qi(-)/pr € B.
If T is an m-CZO as in Theorem 1.1 satisfying (1.1) for all |a] < N,

where
1
NZmax{{mn(—l)J ,1§k§m}—|—(m—1)n,
Dk +

T: H1O x oo x H1O) 5 [4(4),

then

Remark 6.5. Theorem 1.7 follows at once since if gi(-) is log-Holder
continuous, then g (-)/px € B.
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Proof: Fix an integer K such that

1
K0>max{{n<—1>J ,1§k§m}.
Pk +

Define the family F = {(f1,..., fm, F)}, where, for each 1 < k < m,

L
Ji = Z Aja;
j=1
is a finite linear combination of (Kj, 00) atoms, and

F = Inin{|T(fla T fm)|7 R}XB(O,R)a

where 0 < R < o0.

Now fix any collection of weights w1, ...,w, € A;. Then for 1 <
E < m, ry, =1, s0 Ko > 8y,. Therefore, given any (m + 1)-tuple
(fiy- s fm, F) € F, fr € HP*(wy,), and by Theorem 1.1,

| Ellr @) < |1T(frs- s f)lleeey S N fillaes oy - [ fmll @om (w,,) < 00
Moreover, we have that f;, € H%() and
1F1() < Rllxso.m () < oo
Hence, by Theorem 6.1 we have that

[Ellqey S il arer == [ fmll amer < 00

By Fatou’s lemma in the scale of variable Lebesgue spaces [6, Theo-
rem 2.61], we get

IT(f1s- -5 Fndllg) S Wfillgrare - | fonll gramer < 00.

Since finite sums of (Ko, o0) atoms are dense in H%*() 1 < k < m,
a standard density argument shows that this inequality holds for all
fr € H*() 1 < k < m. This completes the proof. O

The proof of the following result is identical to the proof of The-
orem 6.4, except that in the definition of the family F we replace T
by My, T (for Ny sufficiently large) and use Theorem 1.2 instead of
Theorem 1.1. Theorem 1.8 again follows as an immediate corollary.
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Theorem 6.6. Given qi(-),...,qm("),q(:) and p1,...,pm as in Theo-
rem 6.4, define p by

1 1 1

=

p b1 DPm

Let T be an m-CZO as in Theorem 1.1 satisfying (1.1) for all || < N,
where

1 1
N > {mn(—l)J + max {mn( —1>J ,1<k<mj;+mn.
p + Pk +

Suppose further that T satisfies (1.2) for all || < |n(1/p—1)|+. Then
T: H1O x oo x 1O 5 Ha(.),
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