ALBANIAN JOURNAL OF MATHEMATICS
Volume 12, Number 1, Pages 36-77
ISSN: 1930-1235; (2018)

ABSOLUTE REDUCTION OF BINARY FORMS

LUBJANA BESHAJ

Army Cyber Institute
West Point Military Academy
West Point, NY, 10996

Dedicated to the memory of Kay Magaard

ABSTRACT. Reduction theory of binary forms has been studied by Julia in [23]
and more recently by several other authors. In this paper we introduce the
absolute reduction and give an algorithm to compute the absolutely reduced
form of any binary form. Such method can be applied to determine the minimal
Weierstrass equation of a superelliptic curve over an integral ring.
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1. INTRODUCTION

Let M, be the moduli space of genus g > 2 curves over an algebraically closed
field F'. For a moduli point p € M, we denote by K the minimal field of definition
of p. It is a classical problem in algebraic geometry to find an equation of the curve
X over K, corresponding to p. An algorithm to find such equations is known only
for small genus g or for some classes of superelliptic curves (i.e. curves with affine
equation y” = f(x)). However such equations are not minimal, i.e., they do not
have minimal height as defined in [32]. In this paper we introduce a method of
finding a minimal equation for superelliptic curves defined over a ring of integers
Ok.

Any superelliptic curve with Weierstrass equation defined over the ring of integers
Ok of a number field K is associated to a binary form f(x,z) defined over Ok.
We associate to any binary form f(z,z) a positive definite quadratic form J(x, 2)
called the Julia quadratic and therefore a point Py in the upper half hyperbolic
space Hz. By an appropriate matrix M € SLa(Og) such a point is moved to a
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point PM in the fundamental domain Fx. This matrix moves f to a new binary
form M which is called the reduced form red (f) of f.

The form red (f) has small coefficients in its SLa (O )-orbit, but it is not neces-
sarily the form with the smallest height over Ok . Therefore, it does not determine
the superelliptic curve with the minimum height. Hence, we determine all twists
g1, 92, ---,9r of red (f) with height less then or equal to the height of red (f),
where 7 is the class number of the Julia quadratic J;.

We act on each of the twists by the transformations (az, by) for certain a and b as
explained in Thm. 9 to reduce the height even further. The minimal height among
all the twists after such further reduction is called the minimal absolute height.

This paper is organized as follows. In the preliminaries we give some basics
about fundamental domains. We start with the classical fundamental domain F,
which is obtain from the action of SLs(Z) on the upper half plane Hy. Then,
we describe the fundamental domain F7;) which is obtained by the action of the
group I'zg;y 1= SLa(Z[i])/{£1} on the upper half space Hsz. Lastly we briefly discus
fundamental domains of number fields, when such exists.

In Section 3 we start with giving some basic properties of binary forms and their
invariants. Then, we define the height of binary forms and prove an equivalent of
Northcot’s theorem for binary form. See [32] for more details about this section.

In Section 4 we describe reduction theory of binary quadratics and binary qua-
dratic Hermitian forms and then in Section 5 we describe reduction theory of higher
degree binary forms. First, we explain in details the case of binary forms with real
coefficients and then its generalization to binary forms with complex coefficients.

In Section 6 we explore some computational aspects of computing the Julia
quadratic (invariant) and performing the reduction algorithm for higher degree
binary forms. We give some geometric aspects of the reduction theory. Moreover,
as we will see in Section 5 one of the key points of the reduction algorithm is
computing the Jualia’s quadratic. Expressing Julia’s quadratic in terms of the
covariants or the coeflicients of the degree n binary form is only known for binary
forms of degree 3, and 4. In Section 6 we provide a method how to compute the
quadratic used for reduction for all possible signatures of binary forms with degree
5, and 6 in terms of the coefficients of the given binary form.

2. PRELIMINARIES

In this section we gice a brief review of what is well known in the literature,
see [13,16,31,35] for more details. We start with the classical fundamental domain
which we denote by F and is obtained from the action of the classical modular group
on the upper half plane. Then we explore how one can generalize this notion when
we go to three dimensional space and consider the action of a discrete subgroup
of C in the upper half space. Lastly, in this section we generalize the concept of
fundamental domain for any number field K, for more details see [13], [1(].

The concept of the fundamental domain is crucial in developing the theory of
reduction. Most of the theory in this chapter will be used in Section 4 and Section 5.

2.1. Fundamental domain of SLy(Z). Let P! be the Riemann sphere and GL2(C)
the group of 2 x 2 matrices with entries in C. The group GL2(C) acts on P! by
linear fractional transformations as follows

a B az+f
W (7 5>Z_VZ+5
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B
1)
The GLy(C) action on P! is a transitive action, i.e. has only one orbit. Moreover,
the action of SLy(C) on P! is also transitive.

For the rest of this section we will consider the action of SLa(R) on the Riemann
sphere. Notice that this action is not transitive. The action of SLy(R) on P!
has three orbits, namely R U oo, the upper half plane, and the lower-half plane.
Therefore we restrict this action to the upper half-plane. Let Ho be the complex
upper half plane, i.e.

where > € GLy(C) and z € PL. Tt is easy to check that this is a group action.

’ng{z:zﬂ'yect y>0}C(C.

The group SLo(R) acts on Hsy via linear fractional transformations. This action
preserves Hs and acts transitively on it, further for g € SLy(R) and z € Hy we have
Im z

But SLa(R) does not act faithfully on #Hs since the elements +£1 act trivially on
Ho. Hence, consider the above action as PSLa(R) = SLo(R)/{£I} action. This
group acts faithfully on Ho.

Let S be a set and G a group acting on it. Two points s1,ss are said to be
G-equivalent if s; = gs; for some g € G. For any group G acting on a set S to
itself we call a fundamental domain F, if one exists, a subset of S such that any
point in S is G-equivalent to some point in F, and no two points in the interior of
F are G-equivalent.

The group I' = SLy(Z)/{£1I} is called the modular group. It is easy to prove
that the I' action on Hs via linear fractional transformations is a group action.
This action has a fundamental domain F

F = { z € Hz‘ |z]2 > 1 and |Re(z)| < 1/2}
displayed in Fig. 1.

FIGURE 1. The action of the modular group on the upper half plane.

The following theorem proves that F is a fundamental domain, see [31] for proof.
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Theorem 1. i) Fvery z € Ha is ['-equivalent to a point in F.

ii) No two points in the interior of F are equivalent under T'. If two distinct
points z1,z2 of F are equivalent under T’ then Re(z1) = +£1/2 and 2y = z2 £ 1 or
|21l =1 and 20 = —1/2.

iii) Let z € F and 1(z) = {g|g € T, gz = z} the stabilizer of z € I'. One has
I(z) = {1} except in the following cases:

z =1, in which case 1(z) is the group of order 2 generated by S;

2z =p=e>™/3 in which case 1(z) is the group of order 3 generated by ST;

z = —p=e"/3, in which case I1(z) is the group of order 3 generated by TS.

The canonical map F — Ho /T is surjective and its restriction to the interior of F

is injective. The modular group I' is generated by S = <(1) _01> and T = <(1) }),

where S? = 1 and (ST)? = 1. Note that S? = 1, so S has order 2, while T =

((1) ];) for any k € Z, so T has infinite order. For more details on the modular

group and related arithmetic questions the reader can see [31] among others.

2.2. Gaussian integers and the upper half space. The upper half space H;
is defined as

(2) Hz:=Cx(0,00) ={(21)]|z€C,t >0} ={(x,y,t)|z,y € R, t > 0}.
A point P € Hg is given as P = (z,t) = (x,y,t) = z + tj, where z = z + iy and
j = (0,0,1). The group SLs(C) has a natural action on Hs by linear fractional
transformations. Let M = (3 ?) € SLo(C) and P = z +tj € Hz. Then
PM = 2* + t*j € Hz where

A (az + B)(7Z + 6) + aFt? t

and t* = .
|lvz + 812 + [|v]]?t2 [z + 612 + [|v][*¢2

1 0
generators act on (z,t), a point in Hs, as follows

(}) fl)‘) (1) = (2 4 ast)

0 -1 Ly ( =2 t
1 0)"" 2+ 2 re2)

In analogy with the previous section we consider the action of a discrete subgroup
of SLo(C) on Hs. Let Qi) C C and Z[i] be the set of Gaussian integers. Then
Tz := SLa(Z[i])/{£I}. A representation of I'z; is given as follows
T?=U?=W2?=1
Tz = < S, T,UW | (SW)3=(SU)*=(ST)* =1 >
(UW)2=(TW)3 =1

11 1 i i 0 0 -1
O B U B (R B S () |

The group SLo(C) is generated by (0 _01> and (1 Cf), where a € C. This

(3)

where
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see [13, pg. 58-59] for more details. It is easy to prove that he group 'z is
generated by S,T,U,W. The discrete group I'zj;) acts on Hz. Let Fz;) be the
following

1

2~ 2

Given a point w € Hs there exists M € I'zp; such that w™ € Fy;). Moreover,

if we suppose w, and w’ are in the same I'-orbit such that w’ = Mw for M =

(?; ?) € I'gp). Assume t(w) < t(w'). Then we have one of the following three

cases
i)y=0.
i) [yl =1, < 1.
i) ||v||?> = 2, t? = 1/2, w is in the boundary of Friy, 72 +6=0,0==£1,+i.
Hence, from all the above we can conclude that F7;) is a fundamental domain
of action of I'z; on H3. Graphically F7;) is presented in Fig. 2.

1
(4) ]:Z(i):{(z,t)zzx—i—iy, ——<z<

FIGURE 2. The fundamental domain J7;) in the upper half space

2.3. Other algebraic number fields. In this section we describe fundamental
domains of other algebraic number fields. The action described in Eq. (1) makes
sense when C is replaced by any number field K.

For analogy of SLy(Z) C SLa(R) we need to consider a discrete subring of C.
For any number field K with O its ring of integers the natural thing to consider is
SL2(Ok), which is a discrete subgroup of SLy(C). In an analogues way we can prove

that the generators of SLo(Ok) are (? _01> and <(1) 0{) for a € O. Next we

want to consider for which number fields K the group SL2(Ok) acts transitively
on P}(K).

Let us recall some basic definitions from number theory, [30]. A fractional ideal
is an Og-submodule a contained in K such that there exists an element ¢ # 0 in
Oy satistying ca C Og. Let B be the subset of fractional ideals, then we write
a ~ b if there exists an element A € K* such that a = (\)b, i.e. ab™! is a principal
fractional ideal. The equivalence classes of fractional ideals form a finite group
which we call the ideal class group. Its order is usually denoted by hx and is
called the class number of K. In [5,31], amongst others, it is proved that for a
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number field K, the number of orbits for SLa2(Ok) on P1(K) is the class number
of K.

Hence, there is a bijection between the set of orbits of SLy(Of) on P1(K) and
the ideal class group of K. Moreover, SLy(Ok) acts transitively on P!(K) if and
only if K has class number 1.

Next we see how these results apply to imaginary quadratic number fields. Let
K = Q(v/A) C C be an imaginary quadratic number field where A < 0 a square-
free integer, dx the discriminant of K, and Ok its ring of integers. The group
I' = PSLy(Ok) is called the “Bianchi group” and is a discrete subgroup of
PSLy(C).

It is easy to show that the Bianchi group acts on Hs. This action has a fundamen-
tal domain, which we will denote as Fx and depends on K. For small discriminant
this was determined by Bianchi and others in the 19*" century.

Consider the PSLs(Ok) action on Hz, and define the following:

BK:{Z+rj€H3 lcz +d|? + |d|?r* > 1, for all ¢,d € O : <c,d>:0K}

PK:{ZE(C 0 < Re(z) < 1, oglm(z)g\/|dK|/2}
Fx =Pk, for A#-3,-1

FQ(i):{zE(C 0 <|Re(z)] <

Fo(y=s) = { 2 €C| 0<Re(z), 3 Re(2) < Im(2), Im(z) < V3 ( 1 Re(z))}

U{ZE(C 0 <Re(z) <

]:K:{Z-i-rjeBK ‘ zeFK}.
Then the following theorem is true and see [16, pg 319] for the proof.
Theorem 2. The set Fi is a fundamental domain for PSLy(Of).

Assume (z,r) € Fg, from the definition of the fundamental domain Fx we get
obvious bounds for z. The following proposition gives a lower bound on r. The
proof can be found in [16, pg. 316].

Proposition 1. There is a constant k € R>? only depending on the number field
K so that for any z € C\ K there are infinitely many A\, pn € O with

L
pl = lpl?
and (A p) = Ok.
Hence for big enough 1 we have ﬁ < 1 and therefore |z — %’ < 1. But from the

definition of By, as given above, for all A, u € Ok such that (A, u) = Ok we have
lpz — A2 + |p[?r? > 1, and we can conclude that r > rg, for some rx depending
on the number field K. Consider the set

SK:{z€K| 2+ A > 1 for all (A,u>:0K}.

albanian-j-math.com/archives/2018-06.pdf


http://albanian-j-math.com/archives/2018-06.pdf

ABSOLUTE REDUCTION OF BINARY FORMS 42

This is the set of singular points. In [16] it is proved that z+rj € Fk for z € Sk are
the only points in the fundamental domain such that r is not bounded from below.
But when the number field K has class number one this set is empty. Hence, for
an imaginary number field K, hx = 1, there exists a constant rx, only depending
on K, such that r > rx for every (z,7) € Fk.

In [29] it is shown that when K = Q(v/—D) and D is one of 1, 2, ,3, 7, 11, 19,
43, 67, 163, then the value of 7% is as given in Table Table 1.

TABLE 1. The value of r% for some number fields K

D |1]2|3|7|11|19|43 |67 ]| 163
T I (I 23 [ Z 222 2
"Wl lal3|7 |3 l79la3]l67 763

This will be used in the following sections when we will introduce reduction
theory of binary quadratics, as well as degree n binary forms. We can get bounds
on the coefficients of a binary form depending only on the number field K, c.f.
Section 4.

Lastly, let K be a number field. K is called totally real if for each embedding
of K into the complex numbers the image lies inside the real numbers. Equivalently,
K is generated over Q by one root of an integer polynomial P, all of the roots of
P are real. If K is a totally real algebraic number field the group

'k = PSLy(Ok) = SLa(Ok) /{ £}

is called the Hilbert modular group of K. If [K : Q] = n then the n-embeddings
of K into R define an embedding of PSLy(K) into PSLy(R)™. When n = 1, we
have the classical modular group described in Section 2.1.

The group I'x acts properly discontinuously on #" which is contained in P*(C) x
-+ xPY(C), n-times. This generalizes the well known action of the classical modular
group on the upper-half space H. The orbits of P!(K) under I'x or any group
I' € PGLy(K)™ which is discrete in PSLy(R)™ are called the cusps of 'y or I
For more details see [35].

3. HEIGHTS OF BINARY FORMS

In this section we give some of the basic properties of the binary forms and their
invariants. We also define the height of a binary form, see [15, 19, 24,32, 33] and
others for more details.

Throughout this section k is an algebraically closed field of characteristic zero.
Let k[z,y], be the space of degree n > 2 homogenous polynomials. The group k*
acts on k[x, y], by multiplication by a constant. The space of degree n binary forms
with coefficients from k will be denoted by V;, 1, := k[x,y],/k*. Thus, by a binary
form f €V, we will always mean the equivalence class of f.

The group SLy(k) acts on V,, , in the usual way. For an element g € V,, ; and
M € SLy(k), the action of M on g will be denoted by ¢g*. Two binary forms f
and g are called k-equivalent if there is M € SLo(k) such that f = g™.

3.1. Invariants and covariants. Let Ag, Ay,..., A, be coordinate functions on
Vi.k- Then the coordinate ring of V,, ; can be identified with k[Ag,..., Ay]. For
I €k[Ag,...,A,] and M € GLy(k), define I™M € k[Aqg, ..., A,] as follows
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(5) M(f)y=1(")
for all f € V,, 5. Then IMYN = (I")N and Eq. (5) defines an action of GLy(k) on
k[Ao,..., Ayl

Definition 1. Let R,, be the ring of SLa(k) invariants in k[Ao, ..., Ay), i.e., the
ring of all I € k[Ay,. .., A,] with IM =T for all M € SLy(k).

A homogeneous polynomial I € k[Ao, ..., A,,z,y] is called a covariant of index

s if
M) =8 I(f),

where § = det(M). The homogeneous degree in Ay,..., A, is called the degree
of I, and the homogeneous degree in x,y is called the order of I. A covariant of
order zero is called an invariant. An invariant is a SLq(k)-invariant on V;,. The
discriminant of a binary form f € V,,  is an SLo(k)-invariant or order 2n — 2 which
is denoted by Ay.

Since k is algebraically closed, any binary form f(x,y) can be factored as

(6) f(1'7y) = (ylx - 9C1y) T (yde - l'dy) = H det <.’II xz)

1<i<d Yy Y

The points with homogeneous coordinates (z;,y;) € P! are called the roots of the
binary form f. Thus, for M € GLs(k) we have

9(fz,y)) = (det(M))* - (2 — 2)y) - (ygz — ),
where

" ()=o)

Now we define the height and the minimal height of a binary form. An extended
overview of this section can be found in [32]. Let K be an algebraic number field,
My denotes the set of valuations of K, and f € K|x,y] a degree n binary form
given by

flz,y) = apx™ +ar2™ 'y + -+ an, 2y" "t + any”
The affine height of f is defined as follows
Hie(f) = T wax{ 11012}
vEMg
where

|f|v = mjax{ |aj|v}

is the Gauss norm for any absolute value v. The projective height of a poly-
nomial is the height of its coeflicients taken as coordinates in the projective space.
Thus,
Hi(f)= 1] 11
vEMEK

From now on, when we say ”height” of a binary form f we will always mean the
projective height Hg (f). If K = Q then we will just use H(f). The (projective)
absolute multiplicative height is defined as follows

albanian-j-math.com/archives/2018-06.pdf


http://albanian-j-math.com/archives/2018-06.pdf

ABSOLUTE REDUCTION OF BINARY FORMS 44

H:P"(Q) — [ o0)
H(f) = Hr (/)19
and in the same way h(f), H*(f), h(f). In [32] the authors prove the following.

Theorem 3. Given F(x,y) € K|x,y]. There are only finitely many polynomials
G(z,y) € K[z,y] such that Hx(G) < Hg (F).

Let f € Vy,c. If there exists a matrix M € GLy(C) such that fM € Ok[z,y] for
some number field K, we say that f has an integral model over K. If f has an
integral model over Q we simply say that f has an integral model. The main goal
of this paper is to determine the integral model of a binary form f with minimal
height when such model exists.

4. REDUCTION THEORY OF BINARY QUADRATICS

4.1. Binary quadratic forms over R. First we present some basics about binary
quadratic forms. Let Q(X,Z) = aX? + bXZ + c¢Z? be a binary quadratic in
R[X, Z]. We will use the following notation to represent the equivalence class of
binary quadratics up to a scalar multiple, Q(X, Z) = [a,b,c]. The discriminant
of Q is A = b? — 4ac and Q(X, Z) is positive definite if a > 0 and A < 0. Denote
the set of positive definite binary quadratics with V;'g, i.e.

V{R = {Q(X, 7Z) e R[X, Z] ‘ Q(X, Z) is positive definite }
Let SLy(R) act as usual on the set of positive definite binary quadratic forms
SLa(R) x VzJ,rR - V2J,r]R
(Z; Zi) x (?) = QX + s Z, asX + auZ)
We will denote this new form with QM (X, Z) = a' X% + ¥’ X Z + ¢/ Z% where
d' = aa? + bayaz + cal
(8) b = 2(aajas + cazay) + blajay + asas)
d = aa3 + basay + cai

and
A =b? —4d/¢ = (det M)2A.
Obviously A is fixed under the SLy(R) action and the leading coefficient of the
new form QM will be Q™ (1,0) = Q(a,c) > 0. Hence, V,'; is preserved under this
action. '
Now, consider the following map which is called the zero map

£:Vyz = He
9
Y b €@ = VA
2a
where Re(£(Q)) = —£, and Im(¢(Q)) = @. This map is a bijection since

given z = x + iy, we can find a, b, c such that Q(X, Z) is positive definite given as
(1, =2z, 2% + y?].
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Note that this map gives us a one-to-one correspondence between positive definite
quadratic forms and points in Hy. Let I' be the modular group acting on Hs, and
on Vz‘fR as described above. Then the following theorem is proved in [5].

Lemma 1. The zero map & : V;R — Ho is a I'-equivariant map. In other words,
QM) = M~'¢(Q).

4.2. Reduction theory for binary quadratics. We denoted with V;fR the set
of positive definite quadratics and we have defined an equivalence relation in this
set. Define @ = [a, b, c] to be reduced if {(Q) € F. Moreover, it is easy to prove
that a positive definite quadratic form @Q € VQTR is reduced if and only if || < a < .
This gives an arithmetic condition on the coefficients of a reduced positive definite
binary quadratic.

Note that if @ is a reduced form with fixed discriminant A = —D, then b <
\/D/3. Moreover, the number of reduced forms of a fixed discriminant A = —D
is finite. Every positive definite quadratic form () with fixed discriminant is equiv-
alent to a reduced form of the same discriminant. Two reduced binary quadratics
are equivalent only in the following two cases [a,b,a] ~ [a,—b,a], and [a,a,c] ~
[a, —a, c]. The proof of this fact can be found in [12, pg. 15 ]. Let A < 0 be fixed,
then the class number h(A) is equal to the number of primitive reduced forms of
discriminant A.

In [5] the authors give an algorithm to list reduced forms with given discriminant.
In [5, Table 1] the authors list (count the number of) reduced forms with fixed
discriminant A = 1 mod 4, A < 0. Note that n represents the number of reduced
forms with discriminant A.

From the equivalence classes of reduced quadratics there is one which has the
smallest height. We call this class the special class and the corresponding height
the minimal absolute height. Being able to construct such tables has two benefits.
First we can count the equivalence classes and second we can find the quadratics
with minimal height in their respective orbits.

The following theorem gives a connection between the concept of a reduced form
and the height of the SLy(Z)-equivalence class [f] of a binary quadratic form f.

Theorem 4. Let f(X,Z) = aX?+bXZ + cZ? be reduced (i.e. |b| < a < c). Then
H([f]) = ¢.

Proof. We want to show that given any M = Zl 32) € SLy(Z) acting on
3 04

f(X, Z) we have that max{|a1]|, |b1], |c1|} > ¢, where a1, by, ¢ are the coefficients of
the new form fM. From Eq. (8) we have

a; = aa% + bayag + cag
by = 2(acyag + cazay) + b(aray + asag)

c1 = aag + basay + cai.

We will prove it only for the generators of SLo(Z), S = (? _01> and T =

((1) 1) First, let M = S, then we have [a1,b1,¢1] = [¢,—b,a] and if M = T
then [a1,b1,c1] = [a,2a + b,a + b+ ¢] and the result is obvious. m
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Corollary 1. If f is a reduced quadratic then f has minimal height H(f) in its
T-orbit.

Proof. Above it is proved that f(x,y) = az?+bxy+ cy? being reduced is equivalent
to |b] < a < ¢. Moreover, H(f) = ¢. This shows that f has minimal height in its
T-orbit. g

Next we focus on binary Hermitian forms and then we can generalize the reduc-
tion theory for number fields, when possible.

4.3. Binary Hermitian forms. In this section first we give some basics from
linear algebra about Hermitian matrices and Hermitian binary forms. Then we
describe the PSLy(C) action on the 3-dimensional hyperbolic space, denoted by
Hs and define the “zero” map which gives a one-to-one correspondence between
positive definite Hermitian forms and points in Hs. At the end of the section we
will define reduction of Hermitian forms and give an algorithm how to perform
reduction.

An n x n matrix A with complex entries is called Hermitian if A* = A, where
A* = AT, Recall that A is obtained from A by applying complex conjugation to all
elements and A7 is the transpose of A. By the definition we see that an Hermitian
matrix is unchanged by taking its conjugate transpose. Note that any Hermitian
matrix must have real diagonal entries.

Let R be a subring of C with R = R, denote by H(R) the set of 2 x 2 Hermitian
matrices, i.e.

H(R) ={A € Ma(R)| A" = A}

A 2 x 2 matrix is in H(R) if it is of the form A = (Z Z) where a,d € RNR and

b € R. Every matrix A € H(R) defines a binary Hermitian form with entries in
R. If A € H(R) then the associated binary Hermitian form is the semi-quadratic
map

Q:CxC—R
defined as
X\ (a b\ (X S - =
Q(X’Z):<Z> (b d> (Z):aXX+bXZ+bXZ+dZZ.

The discriminant A(Q) of Q € H(R) is defined as A(Q) = det (Q) = ad — [b>. A
binary Hermitian form @ € H(R) is positive definite if Q(X,Z) > 0 for every
(X,Z) e CxC\{0,0}. Q is called negative definite if —( is positive definite and
indefinite if A(Q) < 0. Denote by H(R)" the set of positive definite Hermitian
forms, i.e.

H(R)" ={Q € H(R)|Q is positive definite}

2
+ aA2|Z|2> :
Hence, Q € HT(R) if and only if a > 0 and A > 0. The group GLs(R), where
R C C, as in Section 4.3, acts on H(R) as follows
GLy(R) x H(R) — H(R)
(M, Q) — M*QM

If a # 0, then

QX.Z)=a (‘X+ %

(10)
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for M € GL2(R) and Q € H(R). We can define in an analogous way an SLa(R)-
action on H(R). Note that if A is the Hermitian matrix of @) then the Hermitian
matrix of the new form is M*AM. It is easy to show that

(11) AM(Q)) = | det M|*- A(Q).

The group GLa(R) leaves H T (R) invariant since for M = (?; ?) and Q € H'(R),

from Eq. (11) we have that A(M(Q)) > 0 and also it is easy to check that the leading

coefficient of Q™ = Q(a,~) > 0.

_ The group R>Y acts on H*(C) by scalar multiplication. We will denote by

H*(C) the quotient space H (C)/R>%, and [Q] the equivalence class of @ in

H*(C). The action of GLy(C) on H(C) induces an action of GLy(C) on HT(C).
The center of SLy(C) acts trivially on H(C), so we get an induced action of

PSLy(C) on H(C) and HT(C).

Definition 2. The map £ : HY(C) — Hs defined by
b A
(12) ¢ (a b) . -2 n (Q) j

b d a

is called the “zero map” for binary quadratic Hermitian forms. Clearly § induces
amap §: HT(C) — Hs.

Since @ is positive definite we have that a > 0 and A > 0, hence £ is well
defined and continuous. This map is a bijection since given (z,t) € Hz we can find
Q=[1,-2 -2z + 7], ie.

Q: (u,v) = |uf® = zuv — zaw + (|z]* + t2)|v|?
Therefore, this map gives a one-to-one correspondence between equivalence classes

of positive definite binary quadratic Hermitian forms and points in H3z. The fol-
lowing theorem holds.

Theorem 5. The map & : HT(C) — M3 defined by

Q-2 VO

a a
is a PSLo(C) equivariant, i.e. ¢ satisfies £(QM) = M~YE(Q) for every M €
PSL2(C) and Q € HT(C).

Proof. See [5].
Note that Thm. 5 holds if we replace C by any number field K and the proof
follows through in exactly the same way.

-J

4.4. Reduction theory of Hermitian forms. Reduction of real binary quadratic
forms with respect to the action of SLy(Z), as described in Section 4.2, may be ex-
tended to a reduction theory for binary forms with complex coefficients (Hermitian
binary forms) under the action of certain discrete subgroups of C. In order to do
that we need a discrete subring of C and then define the fundamental domain of
this action.

Let H(Ok) denote the space of binary Hermitian forms with coefficients in O,
and by H ' (Of) denote the set of positive definite Hermitian forms with coefficients
in Ok, and let H~ (Ok) the set of indefinite Hermitian forms with coefficients in
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Ok. It is easy to show that the “Bianchi group” TI' = PSLs(Ok) acts on
H*(Ok) preserving discriminants.

The following definition is analog to the one for positive definite binary quadratic
forms.

Definition 3. A positive definite Hermitian form f € HY(Of) is called a reduced
Hermitian form if (f) € Fk.

Let K be an imaginary quadratic number field and Ok its ring of integers. Define
H(Ok,A) ={f € HOk)|A(f) = A}
to be the subspace of H(Og) with fixed discriminant A and
H* (O, A) = {f € H*(Ok) | A(f) = A}
the subspace of H*(Og) of fixed discriminant. Then the following theorem holds.
Theorem 6. Given A # 0 € Z, the number of reduced forms of H(Ok, A) is finite.
The proof can be found in [16, pg. 411].

Corollary 2. For any A € Z with A # 0 the set H(Ok,A) (and H*(Og,A))
splits into finitely many SLo(Ok)-orbits.

Proof. This is an immediate consequence of Thm. 8 and Thm. 5 which says that
every f € H(Og, A) is PSLa(Og )-equivalent to a reduced form. O

For any A € Z with A # 0 define
H(Og,A) = SLy(Ox)\H(Ok, A),
and denote by h(Ok,A) := ‘ H(Ok, A)‘, where the number h(Og, A) is called the

class number of binary Hermitian forms of discriminant A.

We define in the same way for positive definite Hermitian forms H* (O, A) =
SL2(Ox)\H (Ox, &) such that h* (O, &) = | A (Ox, )|, and h* (Ox, A) is
called the class number of positive definite binary Hermitian forms of
discriminant A. Note that for A > 0 we have that h(Og,A) = 2T (O, A).

Given Ok and the discriminant A it is always possible to compute the class
number of positive definite binary Hermitian forms with given discriminant A. For
a reduced binary Hermitian form we can get bounds on the coeflicients of the form
depending only on the number field K. -

Let Q(X,Z2) =aXX +bXZ +bXZ + cZZ be a reduced Hermitian form, with
discriminant A and let D = |A|. We have

D
a< £, \b|2 < cpa?, and ac < (1 + Ck) D
Tk Tk
for constant ¢ depending only on the number field K.

Let us now consider the case when K = Q(¢). The fundamental domain of this
action is F7;), as shown in Eq.(4). We want to count the number of reduced positive
definite binary Hermitian forms with a fixed discriminant A, i.e. h™(Z[i], A).

Let f = (% g) be a positive definite binary quadratic Hermitian form with
coefficients in Z[i] and non-zero discriminant A. The binary quadratic Hermitian
form f is reduced if £(f) € Fy).
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Proposition 2. Let f(z,y) = axZ+bTy-+bry-+cyy be a binary quadratic Hermitian
form. Then f is reduced over F if and only if

~S<Re)<Z,  0<m)<Z,  ac<c

NS

Moreover, ||b]| < a < c.

Proof. The binary quadratic Hermitian form f is reduced if £(f) € Fy), i.e.,

S(f):*g+§'j€f2(i)~

Denote by z = —g and t = @. By the description of fundamental domain F,)

given in Eq. (4) we have —% < Re(b) < %, 0 <Im(b) < &, and ||2|]* +¢* > 1. Since
||2||? + % > 1 we have

1Bl , A _ [Bll® +ac—[Ibl* _ ¢

1= a? a? a? a
i.e. a < c¢. Now consider
2 2 2
B|2 = Re(®)? +Im(h)2 < = + L =%
Bl = Re()? + ) < & + & = 2
Hence, ||b]| < %\/5 < a < ¢, which proves the last part. O

By discreteness of Z[i], the elements a and b may take on only finitely many
values. The discriminant A = ac — bb, hence ¢ is determined by a and b. Therefore,
¢ may take on only finitely many values too.

In [5, Table 2] we list (count) the number of reduced binary quadratic Hermitian
forms with fixed discriminant. To each tuple [a, b, ¢| corresponds a binary quadratic
Hermitian form

QX,Z)=aXX +bXZ+bXZ+cZZ.
In the first column is given the discriminant, in the second one the reduced forms
[a, b, ¢] with that given discriminant, and in the third column the number of reduced
forms.

Proposition 3. Let f € Her"(Op). If f is reduced over F then f has minimal
height in its I p-orbit.

Proof. Since f is defined over the Gaussian integers, as shown in [5, Example 1], the
height is just H(f) = max{ |zj|-}. Since f is reduced, from above Prop. Prop. 2
we have that
Hp(f) = max {|[b]], |a], |c[} = c.

We need to show that this is the minimal height on its I'p-orbit. In analogy with
the case of binary quadratic forms defined over the reals we will prove it only for
the generators of I'r. Let @ be the matrix associated to the given binary quadratic
Hermitian form. Consider first the action of S on f. We have

" (1 0\ fa b\ (1 1\ _ a a+b
QS:SQS_(1 1) (5 c> (o 1>_(a+5 a+2Re(b)+c)

Hp (/%) = max { [lall, a + b}, lla + B, lla + 2 Re(d) + ||}

and
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Since a > 0, and —5 < Re(b) < §, then |[a + 2Re(b) + ¢|[ > c. Therefore,

2
Hp(f%) > Hp(f).
Let T act on f. The associated matrix to f7 is as follows

o (=i O\{a B\(i 1\ [ a Ceith
orerar= (70606 1) (e it

Hp(f7) = max { llall, || = ai +blJ, [+ e, [|a + 2Tm(®) + ||} .

But a > 0, and 0 < Im(b) < ¢, hence |[a 4+ 2Im(b) + ¢|| > ¢. Therefore, Hp(f7) >
H(f).

Let U act on f. The associated matrix to the form fU is

@ =var=(3 )G )6 9)=(G 7))

Hence, Hp(fY) = Hp(f).
Lastly, let W act on f. The matrix associated to the new form f" is

o =war=(4 (60 D=5 D)

and the height of the new form does not change. Hence, we conclude Hp(f™) >
Hp(f) for any M € T'p. Therefore, f has minimal height in its T g-orbit. d

and

In [5, Table 2] we display a table of classes of binary quadratic Hermitian forms
with given discriminant. We list reduced forms representative of classes given by
[a, b, c] with a given discriminant A. The algorithm to compute this forms is similar
with the one for computing binary quadratic forms with a given discriminant.

5. REDUCTION OF HIGHER DEGREE BINARY FORMS

Next we give an algorithm such that for any form f with degree n > 2 defined
over a ring of integers Ok, we find a form with minimal height H(f) in its T'p,.-
orbit.

5.1. Julia quadratic of binary forms. Julia quadratic was introduced in 1917
by Gaston Julia in his PhD thesis; see [23]. It did not get the attention that it
deserved. Indeed Julia became known for most of his other work on Julia sets
and fractals. However, in 1999 Cremona [14] used ideas of Julia to explore the
reduction for cubic binary forms. More recently Cremona and Stoll in [34] gave a
generalization of Julia’s work for binary forms defined over C.

Julia quadratic of binary forms with real coefficients. We will motivate and define
the Julia quadratic of a binary form of degree n > 2 with real coefficients. We
will try to follow as closely as possible the approach and notation used in Julia’s
original paper [23].

Let f(z,y) € R[z,y] be a degree n binary form given as follows:

f(z,y) = apx™ + arz" 'y + -+ apy”

and suppose that ag # 0. Let the real roots of f(x,y) be a;, for 1 <4 < r and the
pair of complex roots §;, §; for 1 < j < s, where r + 25 = n. The form can be
factored as
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(13) flz,1) = H v —a;) [J(@ =B - B).
=1 i=1
The ordered pair (r, s) of numbers r and s is called the signature of the form f.

We associate to f the two quadratics T,(z,1) and Ss(z,1) of degree r and s
respectively given by the formulas

(14) Tp(x,1) :Zt?(:ﬁ—ai)2, and S ZQu (z — Bj)(x — Bj),
i=1

where ¢;, u; are to be determined. Then

()2 (St ) (St
=1 i—1 i—1
Se(x,1) =2 Zu? z? —4 Zu?Re(ﬁj) x4+ 2 ZufHBJHZ
j=1 j=1 j=1

For a binary form f of signature (r, s) the quadratic Qs is defined as
(16) Qf(x,1) =T (z,1) + Ss(x,1).
Let 8; =a; +b;- I, fori=1,...,s. Then Qy can be written as

(15)

Qf = z:tf(x2 —2a; ¢ + ?) —|—2Zu§ (2? — 2a; -z + (a? —|—b§)) ,
i=1 j=1

(17) = it?—l—Qi:u? ) Zr:ait?+2iaju§
i=1 Jj=1 i=1 j=1
Zt2a2+22u a —|—b2

The discriminant of Q¢ is a degree 4 homogenous polynomial in ¢1,...¢., u1,...,us.
We would like to pick values for ti,...¢.,u1,...,us such that this discriminant is
square free and minimal. Then we can use the reduction theory of quadratics (with
square free, minimal discriminant) to determine the reduced form for Q.

For quadratics T and S in Eq. (14) we define

a(2)~AT GS:CL%.AS
Notice that T;. and S, are given recursively as
T, =T, 1 +12(x — a,)?, Sy = Ss—1 +us (2% — 2a5z + (a2 + b2))

The next lemma gives formulas computing the discriminants of 7' and S.

(18) o =

Lemma 2. Let T, and Ss be quadratics given by

(19) TT($71):Zt?(m—ai)2, and  Sg( ZQu (z — Bj)(z — Bj),

Jj=1

where B; =a; +1-b;, fori=1,...,s. Then T, € V;’FR and Ss € V;R
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Moreover,
- (i —ay)*
2 2 i _ 242 (
AT) =—A(tF-£2) > PR 774Ztt o — )%,
i,éé:_l n i Nr—2 i<j
]
(20) LIRS RO

A(Ss) = —16 Zu?u? [(a; —a;)* + (b + b2 ]+ Zu‘lb2
i<j Jj=1
Let f € V,, g with signature (r,s) and equation as in Eq. (13). Then Q;y is a
positive definite quadratic form with discriminant D given by the formula

(21) Dy =A(T,) + A(Ss) =8 t7u? (o — a;)* +b3) .

From the above formula it can be seen that ®f is expressed in terms of the root
differences. Hence, D is fixed by all the transpositions of the roots. However, it
is not an invariant of the binary form. In order to get an invariant we need to fix
it by all symmetries of the roots, hence by an element of order n. It will be seen
later that ©% is an invariant of the binary form f.

The above remark motivates the following definition. We define the 6y of a
binary form as follows

2 n/2
bo(f) = S IO
ITi-. & Hj:l “?

Next we continue with the general theory. Consider the function

Go(tl,...,tr7u1,...7us)

as a multivariable function in the variables t1,...,t,,u1,...,us. We would like to
pick these variables such that Qs is a reduced quadratic, hence © ¢ is minimal. This
is equivalent to 6o (t1,...,tr, u1,...,us) obtaining a minimal value.

Proposition 4. The function y : R™* — R obtains a minimum at a unique point
(t1,. . sty Uy, TUs).

Proof. Julia in his thesis [23] proves existence and Stoll, and Cremona prove unique-
ness in [34]. O

Choosing (t1,...,%,U1,...,Us) that make 6y minimal gives a unique positive
definite quadratic Qf(X,Z). We call this unique quadratic Q(X,Z) for such
a choice of (t1,...,tr,41,...,us) the Julia quadratlc of f(X,Z), denote it by
Jr(X,Z), and the quantity Hf = 0o(t1,...,tr,U1,...,us) the Julia invariant.

From the previous remarks, this is well deﬁned.
The following lemma shows that 6 is an invariant of binary forms and J a
covariant of order 2.

Lemma 3. Consider GL2(C) acting on Vi, g. Then 6 is an invariant of binary
forms and J is a covariant of order 2.

We will prove this lemma in the next section for the general case, i.e. for binary
forms over C. Next, we make the necessary adjustments such that the above con-
struction will work for binary forms with complex coefficients as well.
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Julia’s quadratic for binary forms with complex coefficients. Suppose we are given
a binary form f € V, ¢ with f(z,y) = Y. ;2" 'y’ and assume that ag # 0. Then
f(z,y) can be factored as

(22) f(@,y) = ao(y17 — 21y) (22 — 22y) - - (Y2 — T0Yy),
for [x;,5;] € P', i =1,...n. Construct a quadratic form
(23)

n
Qa,y) = > 17 - |lyiw — wsy|?
i=1

n n n n
_ (z tfnyinz) .- (z ty) vy (z t%xyi) - (z 2. nmf,n?) .
=1 =1 =1 =1

where t; are non-zero real numbers that have to be determined. Computing the
discriminant of the quadratic Q(X, Z) and simplifying it we get

(24) R S Al | e 21| S SO A 11791 o
1=i<j=n 1=i<j=n
Note that ||3;;]| := ||lyiz; — sy;||. Since the leading coefficient of @ and Dy are

both positive then () is a positive definite quadratic Hermitian form. We define the
quantity 6y as
/2
|laol[? - 7%
00(Qy) = —ep
1 n

Consider #; as a function
6o : P1\{(0,...,0)} — P*
(t1, - ytn) = Oo(t1, ... tn).
Since this is a function defined on P"~! then we take its domain to be
D= { (t1,... tn) € P": t%~t§-~-ti:1}.

We would like to choose t1,...,t, such that Q; is a reduced quadratic, hence a
quadratic with minimal discriminant. Then 6y obtains a minimum exactly when
D obtains a minimum, under the assumption t7---t2 = 1. Our next task is
to determine in what values for (t1,...,%,) this minimum occurs. For simplicity
denote by h = D . To find the critical points in the interior of D we need to solve
Vi =0, ie.
Qtizt? -Hyixj—xiyjHQ:O, i:l,...n.
j=1

J#i
Note that the only critical point in the interior D° is the tuple (0, ...,0), which is
not in the domain.
Next, determine the critical points on the boundary of D. Denote by g =
[T, t? = 1. Using Lagrange multipliers we have to solve the system

1=1"
{ Vi = AV,
for A # 0. For convenience denote
w=t; and ;= |81 = |lyiw; — vyl
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and we have
{ Sz - ous = A Tl w i=1,....n
[T ui=1
or equivalently
(25) =
Hi:1 u; =1

Summing up the first n-equations of the system in Eq. (25), we get

(26) Z Uq Uj O 5 =n-A

ij=1

1<
Then the left hand side of Eq. (26) is equal to 2-® . Therefore, 2- Dy =n- A and
A\ = 2Dy

n

n
{ Uj Y =1y 0= A

2
(27) A= ﬁ . Zuiujam.
1<J
Substituting A in the system in Eq. (25) we have
n-uy (qung +uzay 3+ -+ Un()(lm) =2 Z Ui Uj QO
i<j
n-ug (W12 + usag s + -+ upag,) =2 - Z UG
i<j

(28)

N Uy (U1, + Uz p + -+ Up_ 11 ) =2+ E U0
1<J

UL - U - Uy = 1.
Consider the first row. We have
2
UpUg0y 2 + UIUIAYL 3 + - - + UTURO = (urugar o + -+ - + U upoy p+

UgUzi2 3 + -+ + UUp Q2 n+

+ unflunanfl,n)
and combining like terms we have
(n —2)(urugon 2 + uruzon 3 + - - +urupar ) =2 - (uguzans + - - - + Ugtp g+

UgU4LQ3 4 + -+ - + USUR Q2+

+ un—lunan—l,n)-
The i’th row for i = 1,...,n will look like
(29) (n—2)- Zuiujai’j =2- Z UUR O Jo-

i<j 1<k
1 ki
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Remark 1. We can make the substitution v; ; = wujc; j, since in the formula
for the Julia invariant these are the terms that appear. Then the system becomes a
linear system with n equations and (g) variables. Obviously n = (g), when n = 3.
Hence, the case of cubics is very easy.

Let V be the variety defined by the Eq. (28). We have the following result.

Theorem 7. V is a zero dimensional variety over C. Moreover, V' has exactly one
real point given by
2 t2

n (Il =il P+ )
where t and z satisfy the following system

Ze—alP+e 2

Z TR
emalP+e

Proof. A solution to the Eq. (28) determines the Julia quadratic and therefore a
point in Hs. Let (2,t) € Hs be such a point. The quadratic associated to (z,t) is
equal to the Julia quadratic as in Eq. (23). Hence,

Qay) =5 (Jo+ 2y + tlyl?)

U; =

(30)

where . .
S=> ), Sz—Zat Szl + ) = a7
=1 =1

and 1Dy = S%t?. Consider Eq. (25). Note that

n
> ujai; =Sz — ol + )
j=1
because

n n n
D ujeig =Y ujlle — s> =y (il P — iy — @iay + [|og )
j=1 j=1 j=1
n n n n
=Nl uj— i Y ujay —ai Yy ujey + Y ugllayl]?
j=1 j=1 j=1 j=1

= ||eil|* - S — ;- 2S — a; - 28 + S(||2]|* + )
=S ([l =i+ z2—ai-z+||2|°) + S = S (||z — | > + %) .
Hence, the system in Eq. (25) becomes
S(llz = on|[* + %) =
A

uz - S|z = aa|* + %) =

S(lz — anll* +£%) = X

UL - U+ Uy = 1.
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Since 2Dy = nA, we have A = @ and

2 S22
U; = — - )
n S(|lz — ail P + %)
for each ¢ = 1,...,n. We can assume that S = 1 and take the Julia quadratic to
be a monic. Then
2 ¢
Uy=—+———.
no (|lz = ail]? +12)
Since S =Y t? and Sz = > | a;t?, the system in Eq. (28) becomes as follows
> e
|z — oy H2 +t2 2
(32)

z—
=0.
ZHz—a I|? + 2

To prove the theorem it is enough to show that this system has a unique solution
(2,t) for z € C, and t € RT. We make the convenient substitution t? = £. We
have two equations of degree 2n and 2n — 1 in z and of degree n and n — 1 in ¢, as
displayed below:

(33) Fi(t,u)=0 and Fyr(t,u) =0
By Prop. Prop. 4 this has a unique positive real root which is t. O

Let (@1, ...,4n) € R™ be the unique real point of V. From now on by 6 we will
denote the function 6y evaluated at this unique point. The quadratic Q(f) for the
above values (@1, ..., 4,) will be denoted by Jy and is called Julia’s quadratic.

Lemma 4. Let GLy(C) act on V,, c. Then the following are true:
i) 05 is an invariant
i) D' is an invariant.
Proof. Let f € V,, ¢ be a binary form which is factored over C as follows
n
f@,y) =] - ).
i=1

a b

Let M = <c d> € SLy(C) act on f as follows

()= (0 ()

The roots of fM are respectively 7, = M ~'a;. Assume first that none of the roots
of f go to infinity under M. Then the substitution for (z — «;y) is

i +b
ary + by — Z;Yi id ez +dyr) = (a — coy)(z1 — Yiy1).
Therefore,
flazy + byr, cxy + dyr) = Ao [ [ (@1 — viwn)
i=1
where
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(34) Ay = ag H(a — a;c)

Acting by the same matrix M on the positive definite binary quadratic () associ-

ated to f we get
ks
,A/ = Zﬂ:z(l’l —viy)?
i=1

where 77 is given as follows

2 = t?(a — aic)?.

Recall that Dy := A(Q), and when we act on a binary quadratic form by a matrix
M, with det(M) = A, the determinant is fixed. Then

(fM) A2\/@7M [QOHl 1(a — a4c) \/& a? - \/Z? _ 6ol
ts

Hz 1T1'2 H’L ltf(a_ac) H’L 1%
Now, assume the first p real roots of f(x,y) are equal to %, i.e. the first p-real roots
of f go to infinity under M. Then the substitution for (x — a;y) for i =1,---,p
becomes

a
axy + by — E(cxl +dy) = _un

Hence,
n
F(axy + by, cx1 +dyr) = Ao - 47 H — YiY1)
i=1

where

Ag =

P n
- ag H (a — ayc)

1=p+1
The positive definite binary quadratic form associated to f(x1,y1) is

p n
Qy = ZTZQy% + Z T22($1 - %‘91)2
i=1 i=p+1
where

t?
7'2: = i=1 P
! t?(a — a;c)? i=p+1,--,n.

( 1)1’ OHZ p+1 ) \/5 aO @n
i= 162H_p+12( — a;c)? Hl ltf

Thus, 6o(fM) = 0y(f) and therefore 6y is an invariant. Part ii) is a direct conse-
quence of the definition of 6. (Il

Corollary 3. Let f € Vi, c and Fy its field of moduli. Then,
Z) 9f S Ff.
i) ag D% € Ff(H;).
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Proof. 1t is by definition that 6y € Fy and J; has coefficients in Fy[z,y]. Part iii)
is a consequence of the definition of 6;. O

Problem 1. An open question is to express 0 in terms of generators of the rings
of invariants for degree n binary forms or absolute invariants of f which determine

the field of moduli of f.

5.2. Reducing binary forms of higher degree. In this section we will describe
reduction theory of higher degree binary forms. First, we will explain the case of
binary forms with real coefficients and then its generalization to binary forms with
complex coefficients.

Binary forms with real coefficients. To any form f € V,, g we associate a positive
definite quadratic J; € V;R as showed above. In Section 4 we proved that binary
quadratic forms in VQTR are in one-to-one correspondence with points in the upper
half plane Hs. Hence, we have the following maps
C : Vn,]R — ‘/Q—SR — HQ
[ Tp = &8(T5)-
We call this map the zero map and denote it by ((f) := {(Js). The map ¢ :
Vo — Ha is SLa(R)-equivariant.
The proof of the above is easy and it will be proved in the next subsection for
the more general case, i.e. binary forms with complex coefficients. A binary form

f € Vo, is reduced if ((f) € Fa. Next, we will adapt this to binary forms with
complex coefficients.

Binary forms with complex coefficients. For any form f € V,, ¢ the corresponding
Julia quadratic is a positive definite Hermitian form. Previously we proved that
binary quadratic forms in Her' (C) are in a one-to-one correspondence with points
in Hs. Hence, we have the maps:

C : Vm(c — Her+ ((C) — Hs
f=Tp = &(y)
where ¢ is as defined in Eq. (12). Note that £(Jy) is the point in H3 associated to
the Hermitian form Jy.

Lemma 5. The map j : V,, ¢ — Her™ (C) is an SLy(C)-equivariant map, i.e. for
every f € V¢, H € Her™ (C) and M € SLy(C) we have j(f™M) = 5(f)™ which is
equivalent to saying Hym = H]]cw

Proof. We will prove it only for the generators of SLy(C), i.e. for S = (01 é)
1

and T = (0

T) where m € C. First, for f € V,, ¢ such that

f=ao(r—ayy) - (z—any)
and H € Her" (C) we want to prove that Hps = H}g We have
[ =Ao(x —my) - (& —my)

1

g’

where Ay = apo and y; = —
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The binary quadratic Hermitian form associated to f9 is
Hps = 7flle = yyll*
On the other side,
Y
;= Y el - ai-o)lf = 2 (2 - L)
(]
= tllail Pllz — vyl >

Notice that for 77 = ¢?||a;||?, we have that H;? = Hys. Now let us show Hyr = H .
For f = ap(x — a1y) -+ (x — apy) and T as above we have

2

fT=Ao(x —my) - (& = 7y)
where Ag = ag and 7; = a; — m. The binary quadratic Hermitian form associated
to fT is
Hpr =Y 77|z — yiyl*.
On the other side,

Hf =% lle+my —ayll’ =) tlle — (@ —mylP* =Y llz - yyll*.
Hence, for 77 = t7 we have Hf = Hr and we are done. O

The map ¢ : V,, ¢ — Hg is SLy(C)-equivariant.

Let K be a field of definition of f. Without loss of generality assume that f has
an integral model over Og. We call f(z,y) to be reduced over K if {(f) is in a
fixed fundamental domain for the action of I'x, on Hs, when such a fundamental
domain exists.

Definition 4. Let f € V,, ¢ be such that it has an integral model over some algebraic
number field K. We say f(x,y) is reduced if ((f) is in a fized fundamental domain
for the action of SLa(Ok) on Hs, when such a domain exists.

Let f be a given degree n binary form. To find the reduced form in its SLy (O )-
orbit we compute ((f). If {(f) is in the fundamental domain Fe, we are done, the
given form is the reduced one. Otherwise, compute M € I'p, such that ((f)M €
Fox and M7 is the reduced form in its SLa (O )-orbit.

A natural question to ask is the following; Does the reduced binary form com-
puted this way have minimal height in its SLy(Og)-orbit? We will address this
question in the remainder of this section.

Consider f a degree n binary form and K its minimal field of definition. Let
M € SLy(Of) be a matrix such that fM is reduced, i.e. £(fM) € Fx where Fr is
the fundamental domain of SLy(Of) acting on Hs.

First we give a bound on the height of the reduced binary form with respect to
the Julia invariant.

Lemma 6. Let f be a binary form with signature (n,0) factored as follows

fle, 1) =ao [[(z — )
i=1
Then the height of this form can be bounded by Julia’s invariant as
H(f) < c 0}
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where
n(n—1)

n2
(DT
- \3 n—1 ag

Proof. Let f be the reduced form given as above. It is easy to prove that the roots
of the binary form can be bounded by the Julia invariant 6 as follows
gn—1 1
e .0
|| - (n _ 1)n71 3n/2 a% I

[

see [23] for more details how to get this bound. Then the symmetric polynomials
can be bounded as follows

() r
n 4n—1 1
= i Ol S - . .0
v Y= () (om0 )
n 1 4r(n—1) n/2
< L. -0
— <7«> ag \/(TL _ l)r(nfl) 3rn/2 f

Hence, since the symmetric polynomials represent the coefficient of the binary form
we have that

r(n—1)

< () (1) ()7 8

forall r =1,...,n. Hence, H(f) < c-H}L//2 for all r =1,...,n and 6 is minimal.
Consider the function

r(n—1)

() () (1)

We want to check if this is a decreasing or increasing function with respect to n

rn

forrn OGO ()T oy () (L)’

3

RO T

_ on+1 1\7 4 %7 n+1 o 1 \2 /1\1
S n4r—11\3 n—1 Tn+r—1 n—1 3
Sincen23and7':1,...,nwehavethat%

increasing function and the above bound becomes
n(n—1)

1 % 4 2 n/2

This completes the proof. ([l

n—1
ag

> 1. Hence, f(n,r) is an

—_

In the following remark we will see that for binary cubics it is possible to express
this bound in terms of the discriminant of the cubic and then we compare this
bound with bounds obtained in [18].

Remark 2. If we consider a binary cubic with signature (3,0) then from Lem. 6

we have .
INT 1 5
H(f) < 2° (3> — -0y

Albanian J. Math. 12 (2018), no. 1, 36-77.


http://albanian-j-math.com/magaard.html

LUBJANA BESHAJ 61

Moreover, 0 = a§ 33 |Af|%, (cf. Lem. 10). We can express the above bound in
terms of the discriminant of the binary form f

H(f) <2%af - |Af"
In [18, Thm 2, pg 162] it is proved that for a binary form f
21
H(f) < C-[Af|=,
where C' is some constant.

The results in [18] are in line with previous results of the author and his collab-
orators in bounding the height of the binary forms in terms of the discriminants.
There are many results comparing the height H(f) and Ay by many authors, in-
cluding Mordell [28], Lewis [26], Mahler [27], Gyory [20], Birch [9], Bombieri [10],
and others.

5.3. The minimal absolute height of binary forms. Let K be a number field
and O its ring of integers. We want to develop a reduction theory in the following
sense: given a binary form f(z,y) over Ok we determine its integral model with
minimal height H(f) over K.

Lemma 7. Let f and g be two binary forms of degree n and M a matriz in SLa(Ok)
such that g = fM. Associate to these binary forms f and g respectively the Julia
quadratics J¢ and Jy. Then the following holds:

i) Ag, = Ag,

Proof. The proof is trivial. Part i) follows directly from Lem. 5 and part ii) is true
since we are acting with a matrix of discriminant one. ([

Hence, the discriminant ® ¢ of the Julia quadratic is an invariant of the binary
form. An interesting problem to consider would be to express ®; in terms of the
generators of the invariant ring R,,.

The following theorem gives us a method to find the form with minimal height
among all SLy (O )-orbits.

Theorem 8. Let f be a degree n binary form defined over K and J; its Julia
quadratic, ®y its discriminant, and L = K(®y). Then [L : K] < n. Let r be the
class number of Jy over L and My, ..., M, the matrices with entries in SLa(Ok)
that send Jy respectively to {Jy,...,J,}. The form fMi for some j =1,...,r has
minimal height over SLs(Ok).

Proof. Let ®y = Az, be the discriminant of the Julia quadratic associated to the
degree n binary form. From Cor. Cor. 2 for any A € Op with A # 0 the set
Va0, (A), i.e. the set of binary quadratics with that fixed discriminant, splits into
finitely many SLo(Op)-orbits. Assume r is the class number of J; over L and
{J1,...,J-} are representative reduced quadratics of each of these orbits. Let

{My,...,M,} € SLy(Op) such that J}M = J;.
Act with the same matrices on the form f to get fMi, ..., fMr these are well
defined from Lem. 7. The form with minimal height over all SLo(Op)-orbits will

be the one with smallest height among {fM:,..., fMr}. This way we are finding
the “best” binary form amongst all SL2(Op )-orbits. O
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Once we find the “best” binary form amongst all SLy(Op)-orbits we can lower
the height of the reduced form if we consider diagonal matrices with entries in O
This is done as follows. Let f be a reduced form of degree n > 3 given by

[ =anz" + - +aoy”,
where ag, . ..,a, € Ok. Consider M = diag («, ) the diagonal matrix with «, 5 €
Ox. Hence, fM = (ax, By).

Consider f(ax,y). The height H(f) can be lowered only if all coefficients of
f(azx,y) have a common factor. Hence, we must choose « such that « | ap.

By the same argument, we choose 8 such that §|a,. Obviously there are only
finitely many choices for M = diag (a, 8). Among all such choices we choose M
that gives the smallest height. Obviously, M ¢ SLy(Of) therefore acting with M
on the reduced form will lower the height. Hence, we have the following:

Theorem 9. Let f = Y.  a;x'y" " be a reduced binary form. Choose M =
diag (o, B) such that a|ag and B|a, and

H(f™) = min {1 (f4i09 (5)) 1
Then H(fM) < H(f).

Proof. Let f =3 " ja;z'y" " be a reduced binary form. Pick o and 3 such that
aap and B a,. Then

n
flaz, By) = a0’ B aly™ ™
=0

The content of this new polynomial is gcd(ag, ajaf™ 1, ..., a,a™). We choose the
form with the smallest height among all primitives of f(azx, By), where a, 8 are as
above. O

5.4. An algorithm to find the minimum absolute height. We put every-
thing together in the following algorithm, which finds the form with minimal height
among all GL2(Ok)-orbits is as follows.

ALGORITHM: Computing the binary form with minimal absolute height.

Input: A degree n binary form f(z,y) € Vi, 0,

Output: A binary form F € V, o, which is GLy(K)-equivalent to f and has
minimal absolute height.

STEP 1: Compute the Julia quadratic Jy associated to the binary form f,
as explained in Eq. (5.1).

STEP 2: Compute the zero map &(Jy) € H, using Eq. (12).

STEP 3: Find the matrix A such that f(jf)“rl € For-

STEP 4: Assign f :=red (f) = f4 and J == J§ .

STEP 5: Compute the discriminant © ¢ of the quadratic form J.

STEP 6: Let L:= K(®y) and hr(J) :=r be the class number of J over L.

STEP 7: Determine all quadratics {J1, ..., J,} equivalent to J over L and
let My,..., M, € GLy(L) be the matrices such that J = JiM?‘,
fori=1,...,r.

STEP 8: Compute the set of forms

fro= M =
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STEP 9: For each i = 1,...,r, repeat steps 1-4 to compute red (f;).
STEP 10: Foreach j=1,...,rand f; =Y., a;z'y" " do the following:
Choose M = diag (a, ) such that «|ag and 8 |a, and pick
gj == pdiag (@.8) gych that

H(/™M) = min {1 (408 ()}
is minimal.
STEP 11: Pick the form F € V,, o, with smallest height among g1, ..., g..

Return F
Next we highlight a few remarks about the efficiency of the algorithm.

Remark 3. 1) For practical purposes computing ((f) numerically is satisfac-
tory since we can find A € T such that ((f)* € F. Hence, the algorithm
can be made rather efficient.

2) The reduced form red (f) has smaller coefficients and expected minimal
height in its I'-orbit.

6. COMPUTATIONAL ASPECTS OF REDUCTION THEORY

In this section we explore some of the computational aspects of computing the
Julia invariant and performing the reduction algorithm for higher degree binary
forms. In this first section we give a brief description of the geometric aspects of
the zero map and show that £(f) corresponds to the centroid of a convex polygon
determined by the roots, when to every root «; we assign the weight ¢; from the
definition of the Julia quadratic as in Section 5. In the following sections we study
forms with signature (r,0) and (0,s) and compute the Julia quadratic for forms
with degree n = 3,4,5,6.

6.1. Geometric interpretation of the zero map. One approach to find the
unique point (z,t) in the upper half space that makes # minimal is solving the sys-
tem given in Eq. (32). There is also another approach to find this point, a geometric
approach. This is equivalent to finding the centroid of a convex polyhedron and
weighted vertices. Julia in his thesis [23] solved the optimization problem geomet-
rically for the case of binary cubics and quartics. He explicitly found (¢%,...,t2),
hence (z,t), for all possible signatures of binary cubics and quartics.

In this section, we will describe briefly this geometric approach and show how it
generalizes to solving the optimization problem for higher degree binary forms. We
will consider separately the case of binary forms with real and complex coefficients.

Binary forms with real coefficients. Let f(x,1) be a degree n binary form with real
coefficients and signature (r,s), i.e. aq,...,q, its real roots and 1, 51, .., Bs, Bs
its complex. Associate to it the quadratic

Qa,1) =Y - (x—a)*+ ) 2ui-(z - Bi)(z - 5i)
i=1 i=1

where the t;’s and w;’s are nonzero real numbers that make the Julia invariant 6g
minimal.

Let A; be the zero of the quadratic (x — ;)? and B; the point in the upper
half space representing the quadratic (z — 3;)(x — B;). Then Ay,..., A, are the
points on the real line with their x-coordinate equal to aq,...,a, and By,..., B;

albanian-j-math.com/archives/2018-06.pdf


http://albanian-j-math.com/archives/2018-06.pdf

ABSOLUTE REDUCTION OF BINARY FORMS 64

are points in the upper half plane with coordinates (Re(8;),Im(3;)). Attach to the
Ay,..., A, Bi,..., B respectively the weights t7,...,t2,2u?,...,2u?. Construct
the smallest convex polygon which contains on its boundary or its interior the A;’s
together with their respective masses. This polygon obtained this way by the roots
of the forms will be called the polygon associated to the form f. Then the following
is true.

Lemma 8. The zero map ¢ : V,r — Ha, as in Eg. (9), maps the binary form
f € Vo r to the centroid of the polygon A, ..., A, B1,...,Bs weighted respectively
by t3,.. . t2,2u3, ... 2uZ.

S

Proof. Let f € V,, g be a binary form and a1,...,a,, 51,..., s be its roots, then
the quadratic associated to f is given as Q(w,1) = Az? — 2Bz + C where

A= it? + zsz2u§,
i=1 i=1

(35) B=) tlai+> 2ul(Bi+Bi),
=1 =1

0= 202+ 3 2245
i=1 i=1

are as computed in Eq. (23). By Eq. (12) the root in the upper half plane of this

quadratic is
€)= -+ V2
2A 24
Given as a point z = (z,y) € Ha we have that
Zz 1 zal +Ez 12u (ﬁz +ﬁz)
Z’L 1 z + Zl 1

EZ 1 t?QQ + Zz 1 2u261 ﬁz
Zz 1 z + Zz 1
On the other side the centroid C'p of the convex polygon is
Zz 1 1 A + Zz 1 QMZB
Zz 1 z + Zz 1

It is easy to prove that the real coordinate and the dlstance from the origin of the
centroid Cp agrees respectively with x, and ||z|| as computed above. This completes
the proof. |

xr =

and

112 =

Cp =

The following problems are interesting to consider.

Problem 2. Let P, be the polygon associated to a degree n binary form as explained
above. Let Aq,...,A., By,...,Bs, such that r + 2s = n be the vertices of the
polygon with masses w1, . .., w, respectively. Find w1, ...,w, such that the quantity
D micjmn Wiwj (0 — j)? is minimal.

Problem 3. Let f € V,, r be a binary form, ai,...,a, its real roots and Bi,. .., Bs
its complex roots. Construct the convexr polygon which contains the roots in its
boundary or its interior. Compute the centroid of this convex polygon and move
it to the fundamental domain, using the generators of the modular group S, and
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T. How do the symmetric polynomials of the new form compare to the ones of the
given form f.

Reduction of binary forms can be done from a purely geometric approach. In [23],
Julia proved that the point ((f) is tied to the roots of the form f with relations
of non-euclidean geometry that are preserved when the modular group acts on
them. Hence, this point is a covariant of the roots of the form for all modular
transformations.

This geometric approach is helpful for forms which have special properties that
make it easy to determine this point, as explained in [23].

Binary forms with complex coefficients. Let f(x,1) be a degree n binary form with

complex coefficients and roots aq, ..., a,. Associate to it the quadratic Hermitian
n

(36) H(z,1) =Y 1 ||z — o)
i=1

where the t;’s are nonzero real number such that make the Julia’s invariant 6g
minimal. We want to solve this optimization problem geometrically.
Let P; be the zero in the upper half space of the quadratic ||z — a;||?, i.e.

Py, ..., P, are points in the upper half space given as follows
Py = (zi,13) = (2;,0).
Attach to Pp,..., P, the masses t3,...,t2 respectively. Construct the smallest

convex polyhedron which contains in the boundary or its interior the P;’s together
with their respective masses. This polyhedron obtained this way by the roots of the
forms will be called the polyhedron associated to the form f. Then the following
is true.

Lemma 9. The point ((f), which is the zero in the upper half space Hs of the
quadratic given in Eq. (36) is the centroid of this polyhedron.

Proof. Let f € V,, c be a binary form and «y,...,a, be its roots, then the binary
quadratic Hermitian form associated to it is given as

H(z,1) = Al|z||* = Bz — Bz + C

where

n n n n
A:Zt?, B:Zt?ai, B:Zt?&i’ sztgHOélHQ
i=1 i=1 =1 =1

are as computed in Eq. (23). By Eq. (12) the root in the upper half space of this
binary quadratic Hermitian form is
B /Dy

(n=-2+¥EL

A A
or equivalently the point P = (z,7) € H3 such that the projection in the complex
plane is
Dy i

X ]

and the distance from the origin is

iz Gl ”
o .
ity
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On the other side the centroid Cp of the convex polygon is

Cp— Z?:n1 t?fz'.
> i1t

It is easy to prove that the distance of this point Cp from the origin and its

projection to the complex plane agree with the ones of £(f). This completes the

proof. O

The problem of finding the Julia quadratic in this way can be formulated as
follows.

Problem 4. Let P, be the polyhedron associated to a degree n binary form as above.
Let Ay, ..., A, be the vertices of the polyhedron with masses w1, . .., wy,respectively.
Find wy, ..., w, such that the centroid of the polyhedron is invariant under SLa(C)
action and makes the quantity El:i<j:n wiwja, o (where a; are complex numbers
that we get by the projection of A;’s in the complex plane) minimal.

In an analogues way with the previous section another interesting problem to
consider here is the following.

Problem 5. Let K be a number field and Ok its ring of integers. Let f € V,, i be
a binary form, aq, ..., a, its roots. Construct the convex polyhedron which contains
in the boundary or its interior the roots of the given form. Compute the centroid of
this convex polyhedron and mowve it to the fundamental domain, when such erists.
How do the symmetric polynomials of the new form compare to the ones of the given

form f.
While there is a huge amount of literature on optimization problems of this type,
we are not aware of any specific results that apply to this situation.

6.2. Totally real forms. Let f € V, g such that f has signature (n,0). Such
forms are called totally real forms. Let f be a generic form in V,, g given by

f(xvy) = anx” + anilmn—ly _|_ e alxy’ﬂ/—l + aoyn

where aq, .. ., a, are transcendentals. Identify ag, ..., a, respectively with 1, ..., n+

1. Then the symmetric group S, 41 acts on R[ag, . . . a, ][z, y] by permuting ag, . . ., ay.
For any permutation 7 € S, 1 and f € R|ag, . ..ay][z,y] we denote by 7(f) = f".

Then

-1

fT(2,y) = 1(an) 2" + 7(an-1) 2"~y + -+ 7(a1) 2y" " + 7(a0) y"

Define G(z,y) as follows

Zz: fm(ffy(xa y)7 fm(xa y)) + Y- fy(ffy(xv y)7 fm(xa y))
n f(z,y)
In [34] Stoll and Cremona was proved that G(x,y) is a degree d = (n — 1)(n —
2) homogenous polynomial in Rlag, ...a,][z,y] and J¢(z,y) | G(z,y); see [34] for
details. Therefore, this polynomial can be used to reduce totally real binary forms.
Note that, for o € S,,41 we have an involution

(1,n+1)(2,n)~-~<%,%+2), if n is even

1 3
(Lot D) (20

The polynomial G(z,y) satisfies the following.

37  Glry) =

g =

) , if n is odd.
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Theorem 10. Let f € V, g with distinct roots, sig (f) = (n,0), and Gy as above.
Then

i) G(x,y) is a covariant of f of degree (n — 1) and order (n —1)(n — 2).

it) G(z,y) has a unique quadratic factor over R, which is Jy.

iti) G (z,y) = (=1)""' G(z,y). Moreover, if Gy = E?:1 gi ¥'y?7t, then

g;f = (_l)nilgd—’i’
foralli=0,...,d.

Proof. The fact that G(z,y) is a polynomial is a direct consequence of the Euler’s
theorem on homogenous functions and it is shown in [34].

Let F(z,y) = (f,zy)" be the l-transvection. It is a covariant of order n and
degree 1. From Euler’s theorem of homogenous functions we have that F(z,y) =
zfe+yfy =nf(z,y).

Let us denote by A = —f,(x,y) and B = f,(z,y). Both are covariants of f of
order (n — 1) and degree 1. Then f,(A,B) =Y. jia; A*"* B""" has degree n as
a covariant and similarly for f,(A, B). Therefore,

zfz(A,B) +yfy,(A, B)
nf(z,y)

is a covariant of degree (n — 1). Obviously, it has order d = (n — 1)(n — 2). This
completes the proof of part i). Part ii) is a restatement of the result proved in [34].
To prove part iii), it is enough to show that g7 = (—=1)""!g4_; for alli =0, ...,d.

Lot 7 = ( o 01). If we show that G7(z,y) = G(z,y), then this immediately

implies that g7 = (=1)""! g, for all i =0, ..., d.

For any binary form F(z,y), we have that F" (z,y) = F(—y, —x) = (-1)" F(x, y).
Such a rule also applies to f, and f, in Eq. (37). It is now elementary to verify
that G(—y, —x) = G(x,y). This completes the proof. O

Next, we compute this covariant Gy for some small degree binary forms.

Example 1 (Cubics). When n = 3, G(z,y) is the Hessian of the binary cubic. It
is given by the formula

2 2

Gy = (3asa; — a2)x? + (9azag — azar)ry + (3asag — a?)y?

when f = Z?:o a;xty3~". This formula was known to Stoll and Cremona in [31].
The permutation o is o = (ag,as3)(a1,a2). Notice that G° = G. Moreover,
Ag=—3-Af.

Totally real quartics. Let f € V, g with distinct real roots and

4
fla,y) = aa'y* ™
=0

Then Gy is a degree 6 homogenous polynomial given as follows

6
Gr=Y giz'y*
i=0
where

g6 = — (ag + 4 asaszay — 8a1ai)
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gs =2 (agag + 16 aoai + 2aq4a1a3 — 4a4a22)

gs =95 (alag —4dagaias + 8a4a0a3)

gs =20 (aoa§ - a%a4)

92 = =5 (azal — 4apazas + 8apasa)

g1 = —2 (agaf + 16 a4ag + 2apasza; — 4a0a22)

go = ai’ + 4 azapa; — 8 agag
In this case 0 = (15)(24), which in terms of the coefficients ag, ...,as becomes
o := (ag,a4)(ay,as). Then it is easy to check that

o(gs) = =90, 0(g5) =—g1, 0(ga) =—g2, 0(gs) = —gs.
The discriminant of G in terms of ag, ..., a4 is given by
Ag =—2%8 (a%afa% —4aiax*ay —4alal + 18 atasasaz — 27 ata?
— 4a0a23a§ + 16 a0a24a4 + 18 aoalagag — 80 a()a1a3a4a22 — 6a0a%a§a4

+ 144 atasapai — 27 atas + 144 adasazal — 128 alaz?a;

—192 agalagaﬁ + 256 aga43)5
It is easily verified that
028 A5 _ 414 AB
AG—_2 'Aj—_4 'Af.

Remark 4. We expect that in general Ag =7 - A}H'l, for some constant r. This
fact has not been noticed before by previous authors.

Totally real quintics. Let f € Vsr be a binary quintic f = Zf:o a;x'y®~t TIts
signature is one of the following sig (f) = {(5,0), (3,1), (1,2)}.

Assume that sig (f) = (1, s) = (5,0). In the notation of the previous section, we
have @y = T5. The discriminant of 75 in terms of the roots c; of the form is given
by the formula

(1 — 042)2 (o — a3)2 (a1 — a4)2 (a1 — 015)2

A(T@4ﬁ~~t§(

t2t3t2 t3t3t2 t3t312 3312
(a2 —03)® | (a2 —au)® | (a2 —a5)® | (a3 —ou)’
2312 13312 2313 2312
Jlas— az)® (o4 — a5)2> .
1315 1353

In this case ¢ = (1,6)(2,5)(3,4) which correspond to o = (ag, as)(a1,a4)(as,as).
Then computing G(x,y) as in Eq. (37) we have

(38) G(z,y) = cro2' + cpiatly 4 - crzyt + coyt?

where the coefficients are given as follows:
c1o = 125aya5° — 50 azagas® + 15 aza’as — 3a)
c11 = 625 a0a53 + 175 a1a4a52 — 100 a2a3a52 — 55 agaiag; + 60 a§a4a5 — 9a3a2
c10 = 1375 apasas® — 25 aasas’ + 65 alaia5 — 150 as?a5? — 30 azasaqas

— 41 azal + 60 a3as + 3a3a]
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co = 875 apazas?® + 1025 aoaia5 — 425 ajasa5° + 30 ajazasas — 33 alai
— 130 asaqas + 160 a2a§a5 — 86 agagai + 24 a§a4
cs = 125 agasas? + 1500 apasasas + 215 aoai — 425 a%a52 — 450 a1asaqas
+ 175 alagag, — 128 alagai + 175 ax?asas — 97 aQQai + 8a2a§a4 + 12 aé
cr = —750 agaias? + 500 agazasas + 775 aoagas + 430 Clo(lgai — 530 a%a4a5
+ 310 arasazas — 322 alagai —61 a1a§a4 + 105 a23a5 —33 a22a3a4 + 32 agag
cg = —625 a%a52 — 800 apgaiasas + 1200 agasaszas + 30 aoagai + 365 aoa§a4
+ 30 a§a3a5 — 303 a?ai + 365 a1a22a5 — 268 ajasasay + alag + a23a4 + 37 a22a§
c; = —1750 a%a4a5 + 500 agayazas — 530 agalai + 775 apas?as + 310 agasasay
+ 105 a0a33 + 430 a%a2a5 — 322 a§a3a4 — 61 a1a22a4 —33 alagag + 32 a23a3
cq = 125 a3a3a5 — 425 a%az + 1500 agaiasas — 450 agaazay + 175 a0a22a4
+ 175 a0a2a§ + 215 ai’a5 — 128 a%a2a4 - 97 a%ag + 8ajas’as + 12as*
c3 = 875 apazas — 425 aga3a4 + 1025 aoa%ag, + 30 agaiasays — 130 a0a1a§
+ 160 a0a22a3 —33 a‘;’a4 — 86 a%agag + 24 a1a23
co = 1375 agalas — 25 a8a2a4 — 150 a%a% + 65 aoa%a4 — 30 agpaiasas + 60 a0a23
—41 a:{’ag, +3 CL%(IQQ
c1 = 625 a8a5 + 175 a8a1a4 — 100 agaga;; — 55 aoafag + 60 a0a1a22 -9 a:faQ
co = 125 a8a4 — 50 a%alag + 15 CL()(JEG/Q — 3a‘11
The following is an immediate consequence of Thm. 10.

Corollary 4. Let f € Vsr with signature (5,0). Then G° = G the above co-
efficients give a computational confirmation that G° = G and ¢ = c5—; for all
i=1,...,5.

Next we will study binary forms where all the roots are complex and will see the
similarity of such forms with totally real forms.

6.3. Totally complex forms. Let f(z,y) € R be a degree n = 2s binary form
with signature (0,s). We will call such forms totally complex forms. Then
f(z,y) can be factored as follows

S S

fla, 1) =[] - ai)(@ - a) = [[ (2" + Az + By).

i=1 i=1
and assume «; = a; + 1 b;, for i = 1,...s. Associate to it the quadratic

S(z,y) =2 Z ui(z® + A;zy + Biy?).
i=1

The discriminant of S(z,1) is computed in Eq. (20) and is

Ag=—16 | Y uu? [(a; — aj)® + (b7 +b3)] + > _ujb?

i<j j=1
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In analogy with the theory explained in Section 5.1 let h = Ag and g = uf - - - u?.

We have to solve the following system

Vi = AV,
uf-ut=1

3N

for A #0. For all i =1,...,s the partial derivative of Ag with respect to u; is

—-16 QZWU? [(a; —a;)* + (b7 + b?)] + 4216-6?

i<j j=1

and the above system Eq. (6.3) is

—16 [ 2> wud [(a1 —a;)® + (0 +09)] + 4> _ulb? | =4xuf - ul

i<j j=1
(39)

S
=16 [ 2D ueu? [(as — a;)* + B2+ 0] +4) _uib? | =4duf---ul
i<j =

u‘f---uﬁ:l

To find the point in the upper half plane that is used for reduction we need to
find the unique solution of the above system. Next, we compute the Julia quadratic
of totally complex binary quartics and sextics.

Totally complex quartics. Let f be a binary quartic with signature (0,2) and fac-
tored as follows f(z,y) = Zle(xz + a;xy + biy?). Associate to f the quadratic
Q ¢, where

Qr(z,1) = 2ui (2% + arz + by) + 2u3(2® + azz + by)
To find uy, and us we set up the system as in Eq. (39) and solve for the u;’s. The
discriminant of the quadratic which is

AQ = CL12U12 + 2aiasuius + a22U22 — 4b1U12 —4bjugug — 4dbouiug — 4b2U22.

Next, compute the partial derivatives of Ag with respect to ui,u2, and then set
up the system. This is done in Maple but we do not display the system here. The
system is given in terms of u;’s, a;’s, b;’s and A, the Lagrange multiplier. Solving
for A we get

A= —92 (CL12 —ai1a2 —2b1 + 2b2){l?2 —+ 21]3( a1b1 — 2asb1 + albg) =+ a12b2 — aiasb1 + 2b12 — 2b1bo

z? + za1 + by
Substitute A as computed in the system (39) and add to this system the equation
Q(z,1) = 0. Using this approach we can compute the point £(f) in the upper half
plane corresponding to the Julia quadratic. Eliminating uq, and us we get a degree
4 polynomial

4
(40) Gy = Z cixlyt™,
i=0
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with coeflicients as follows
c1=—2a1>+2a> +8b; — 8by
c3 = —4dai?as +4ajas® — 16 a1by + 16 ashy
e = —12a1%by + 12 a2°by
c1 = —4ar®asby + 4ajas®by — 16 a1bibs + 16 asbibs
co = —2a1%bo” 4+ 2az’b1® — 8b1°by + 8b1by>.
If we let by = by = 1 then Gy(z,y) is a palindromic polynomial, i.e.
Cy =cCo= —2a12 + 2(122
cg3=c = —4 ai2as +4ajas’® — 16a; + 16as
ey = —12a:% + 12 a”.

This degree 4 polynomial has a unique quadratic factor which is the Julia’s qua-
dratic and will be used to reduce the given form.

Totally complex sextics. Let f be a binary sextic with signature (0, 3) and factored
as follows

fla,y) = (2% + arwy + biy?)(@® + azzy + bay?) (2 + azzy + byy?).
Associate to f the quadratic
Q(x,1) = 2u3 (2 + a1x + by) + 2u3 (2 + agx + b) + 2u3(2? + azz + bs)

where the u;’s are real numbers that make ¢ minimal. To find u;, us and ug that
satisfy this condition we need to set up the system in eq (39) and solve for the u;’s.
Compute first the discriminant of the quadratic which is as follows

Ag =4 a2ur® + 8 ajasug Pus® + 8 ajazur 2us’ + 4 asus? + 8 asazus’us?
+4das?us* — 16 byur? — 16 byug 2us® — 16 brug 2ug® — 16 bous 2us?
— 16 bous® — 16 bous®us® — 16 byus *uz® — 16 byus®us® — 16 bzus®
Next, compute the partial derivatives of Ag with respect to uq,us, and us and
then set up the system. This is done in Maple but we do not display the system

here because is to big. The system is given in terms of u;’s, a;’s, b;’s and A, the
Lagrange multiplier. Solving for A we get

4(a3u12a1 =+ a3u22a2 =+ U32a32 — 2U12b1 — 2UQ2b2 -2 b3U12 —2 b3U22 — 4U32b3)
4

A=

U32u14U2
Substitute A as computed in the system (39) and add to this system the equation
Q(z,1) = 0. Using this approach we can compute the point £(f) in the upper half
plane corresponding to the Julia quadratic. Computationally it is too difficult to
eliminate all three uy, us, and ug at the same time, so first we eliminate u, and
us and then at a second step eliminate u3. Eliminating all three of them we get a
degree 8 polynomial

8
(41) Gy = Zcimiys_i,
i=0
with coefficients given in [6]. This degree 8 polynomial has a unique quadratic

factor which is the Julia quadratic and will be used to reduce the given form.
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As a special case, consider the case when we let by = by = b3 = 1. The binary
form f is given as follows
3

fa,y) = [[@* + aimy + ).

i=1
The function G(x,y) associated to this binary form has coefficients as follows
ajaz + ajaz + azas)

3ajasas +8ay + 8ay + 8ag)
S5ajas + 5ajas + 5agas + 24)
ayagzas + 8ay + 8as + 8ags)

Ccg = —Co = 3 (ag — a3) (a1 — CL3) (0,1 — CLQ)

072—01:3 ag —asz)lay —as)lay —az

—~ o~~~

( )( ) ( )

cg = —c2 =6 (az — as3) (a1 — a3) (a1 — az)

s =—c3 =9 (a2 —a3) (a1 — asz) (a1 — az)
cy = 0.

Note that Gf(z,y) is a palindromic polynomial.

Remark 5. If f = [[/_,(z® 4+ a;zy + y?), then [ is a palindromic form. In this
case, the Julia quadratic is a factor of G¢, where G¢ is also a palindromic form.

6.4. Julia’s quadratic of binary forms of small degree. We give examples
when n = 3,4 to illustrate the theory in Section 5 and to show explicitly how the
u;’s can be determined using the system given in Eq. (28).

Binary cubic forms. Let f € V3¢ and let denote its roots by a1, ag, a3, then
(42) f(@,1) = ap(z — a1)(z — az)(z — a3),
for some ay € C. We associate to f the following positive definite quadratic form
Q(a,1) =ti(z — a1)(T — 1) +t5(x — a2)(z — G2) + 3(z — a3)(z — as)
(43) =B+t +13) 27 — (Ban + thas + t3a3) @
— (tar + 300 + t3as) T+ (t5]|aa||” + 63]|aa]|* + t3]|as||) -
The discriminant of Qs(x,y) is given as follows
Ag = t1%t” |lar — ao| [P + t1t5||ar — a3|* + 385 ||z — as||*.
For simplicity in the computations denote by h = Ag, then compute its gradient
and replace «; j == ||a; — a;]|>. We have
Vi = < 2113009 + 2t t50n3, 2tatians + 2tatians, 2stiars + 2t3t§a23> .
As in Section 5.1 we take g = t7 - t3 - t2 = 1, and its gradient is
V, = < 2t t3t3, 2tat3t3, 2t3t§t§>.
Then the system in Eq. (5.1) is as follows

2t1t%0¢12 + 2t1t§0&13 = 2>\t1t% t%

QtQt%(Jélg + 2t2t§0&23 = 2>\t2t% t%

2t3t%0&13 + 2t3t%0[23 = 2>\t3t% t%
121342 =1.
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Simplifying and substituting ¢? - #3 - t3 = 1 we have

t2(t3a12 + tiags) = A

t3(t3ars + thass) = A

t3(t30n3 + thagg) = A
222 =1.

Substitute A = % (ugug0n 2 +ugusas 3 +urugas 3) as in Eq. (27), write everything
in terms of v's and «; ;’s, and then combine like terms

urugaz + u1uzry = 2uguzia3
UTU2Q12 + U2U3 Q23 = 2U U303
UTU3Q3 + U2U3 Q23 = 2U U200 2
Uy - Uz - U3z = 1.
We further normalize by letting a; 2 - 1,3 - @23 = 1. Solving the above system for
Uy, Uz, Uz we get

1,2

U] = :
1 ai,3us?
a1,3u3
Ug = —/——

aq 2
2 3\ _
o 3us (0,22 — o 3z 3us®) = 0.

Consider o 3u3 (oz1722 - a173a2,3u33) = 0. Since, u; # 0 we have
2 3
(04172 — 1,3002,3U3 ) =0.

Multiply both sides of the above with a2 and then making the substitution a2 -
o3 -(a,3 = 1 we get uj = af ,. By the definition of the quadratic Q(z, 1) associated
to f(x,1), all u; are non zero real numbers, then this equation uj = af , has a
unique real solution, namely us = a1,2. Therefore, the unique solution to the above
system is
Uy = 23, U2 = 01,3, U3 = 1.2

Substituting these values of w1, us, us, which are the values that minimize 6y, into
Eq. (43) we get Julia’s quadratic J;.

Tt (@,1) = |laz — as|[*(z — 1) + |lar — aa][*(z — a2)? + [la1 — az|[*(z — a3)?.
Let p, q,r denote the coefficients of Julia quadratic, then they are respectively

pi= 2()(12 —2aia0 — 2103 + 20&22 — 2003 + 20432

q:=—2 a12a2 — 2a12a3 — 2a1a22 + 12103 — 2a1a32 — 2a22a3 — 2a2a32

ri= 220 — 2a120<2a3 +2 a12032 -2 alo¢22a3 — 2a1a20¢§ +2 a22a32
Now, let f be a generic cubic given as follows

f(z,1) = az® + ba? + cx +d

where a = ag, b = a1 + as + asz, ¢ = ajas + ajaz + asas, and d = ajasas.
Eliminating the roots we can express Julia’s quadratic coefficient in terms of the
coefficient of f(X) as follows

p=b%*—3ac, g =bc—9ad, r = ¢ — 3bd

up to a constant factor.

Notice that ®y = —3 - Ay, where Ay is the discriminant of the cubic. In this
case the discriminant of the Julia quadratic is an SLy(Z) invariant of the binary
form. We summarize as follows:
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Lemma 10. Let f be a stable binary cubic with equation
f(z,y) = ax® + bx?y + cxy® + dy®.
Then its Julia quadratic is given by
(44) Jr = (b* — 3ac) 2* + (be — 9ad) vy + (¢* — 3bd)y*
and its discriminant is A(Jy) = —3 Ay, where Ay is the discriminant of f. More-
over, its -invariant is
1
0 =aS3% |Agl2.

As we will see in the next section the situation is more complicated for forms of

higher degree.

Binary quartics. We illustrate the case of binary quartics. Let f be a binary quartic
given as follows

(45) f(z,y) = az + b3y + ca®y® + doy® + ey

and aq,..., a4 its roots when y = 1. To this binary quartic we associate a positive
definite quadratic form as follows

4
(46) Qx,1) = Z t2(x — a;)?
i=1
and its discriminant as computed in Eq. (24)
ro= X wan,
1=i<j=4
where as above u; = t? and «; ; = (o; — j)?, for i < j. Compute the gradient of
the discriminant of Q(z,1) with respect to w;’s. Then the system in Eq. (25) in
this case will be
ur(arpuz + o guz + anaua) = (1/2) 30, _qwiuj o
uz (o 2ur + aggus + oo qua) = (1/2) 305 g uiuj o
uz(arzur + o gus +agaus) = (1/2) 30, g uiuj o
ug(a qur + g qus + ag aus) = (1/2)
uiugugug — 1 = 0.

1=i<j=a Wi Uj O j-

Combining like terms and simplifying we have
UU201 2 + UTUIAL 3+ ULTULQ] 4 — U2U3A2 3 — UU4Ql 4 — UIULOZ 4 = 0
ULU201 2 + U2U3Q2 3 + UUgOl2 4 — UTUIOL,3 — UTULQ] 4 — UUg03 4 = 0
UTU3OQL,3 + U2U3Q2 3 + UIULO3 4 — UTULQ 2 — UTULQ] 4 — UpUgCia 4 = 0
ULU400 4 + U2ULQ2 4 + UULOZ 4 — ULURQL 2 — UTUIQ] 3 — UgUzoe3 =0
U1U2U3 U4 — 1=0.
We want to solve the above system for ui,...,us. Add up the first and second
equation, then first and third, and lastly first and fourth to get
UrU201 2 = UIU4O3 4
UIU3O 3 = UU4O2 4
UULQ] 4 = UU3O2 3.
Then multiplying each side of the above system we get
Qg 3002 4 (X3 4

u? = UU3U4 * .
Q1,201,300 4
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Multiplying both sides with u; we get
u4 Qi3 4003 4

Q1201 3(¥] 4

The same way we can compute us, uj, u;. This proves the following.

Lemma 11. The degree of the field extension [k(uq,...,u4) : k(o ;)] = 4. More-
over,

4 _ Qg 3002 4 (X3 4 ud = 01,3001,4063 4
Y anpon oy a1 2023024
§: 041,20é1,4042,4, U?L _ 041,201,3042,3'

Q13002 3003 4 Q1,402 403 4

u

S}

U

Hence, we have the following diagram of field extensions.

klag,...,qq)
6
E(ui, ..., uq)
4
k(e ;)
The proof of [k(aq,...,a4) : k(ui,...,us)] = 6 is done computationally via Maple.

Remark 6. For any given 4-tuple (a1, g, as,aq) we have a unique positive real
solution (u1,us,us,us). Hence, as expected the coefficients of the Julia quadratic
are uniquely defined.

Therefore, the Julia quadratic of the given quartic is
(47) Jp =px® —2qx +r
where p, ¢, and r are as follows
p-d=(as — ag)(ag —ag)(as —ag) + (a3 — ag)(ag — ag) (o) — ag)+

(1 — az)(ag — ag)(ar — aq) + (a1 — a2)((1 — az)(a2 — az)

q-d=a1(as —ag)(ag — ag)(az — ag) + az(as — ag)(ag — ag)(a; — aqg)+
ag(ag — ag)(as —ay)(ar — ag) + ag(ag — ag)(ar — as)(ag — as)

r-d=ai(as —ag)(az — az)(a — ag) + a3(az — ag) (g — as)(ag — ag)+
a3(ar — az)(az — as)(ar — aq) + aj(ar — az)(ar — ag)(as — az)

where

=

d= ( (a1 — ag) (a2 — a3) (ag — ay) (a1 — as) (a1 — ay) (e — a4)>
Computing Julia’s quadratic discriminant we have
B —4a® (g — ay)(ag — az)
- 1/2 :
Af
In an analogues way with the cubics, we want to express Julia’s quadratic co-
efficients in terms of the coefficients of the binary quartic form. Write down the

Dy
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symmetric polynomials, as well as the coefficients of Julia’s quadratic and then
eliminate the roots of the quartic ay,...,a4. In this case, the computations show
that the coefficients of the Julia quadratic cannot be expressed nicely in terms of
the coefficient of the binary quadratic, as in the case of binary cubics. The case of
binary quintics and sextics is done in detail in [7]. The main results are given in
the following theorems.

Theorem 11. Let f € Vsr. The quadratic Q5 associated to f is as follows.

i) If sig (f) = (5,0) then Qy = T5, where Ts is the unique quadratic factor of
Eq. (38).

it) If sig (f) = (3,1) then Q5 = T3 + S1, where T3 is the quadratic given in
Eq. (44) and S; as

S1 = 2uf (z° — 2Re(B)z +||6]|*)

for some B € Ha such that f(5) = 0.

iii) If sig (f) = (1,2) then Q¢ = T1 +Sa, where S is the unique quadratic factor
of Eq. (40) and Ty as follows

T =13 (z — a)2
for some a € R such that f(a) = 0.
And for binary sextics we have the following.

Theorem 12. Let f € Vsr. The quadratic Q5 associated to f is as follows.

i) If sig (f) = (6,0) then Qy = T, where Ty is the unique quadratic factor of
the equation given in [0, Appendix].

it) If sig (f) = (4,1) then Q5 = Ty + S1, where Ty is the quadratic given in
Eq. (47) and S; as

Sy = 2u? (x2 —2Re(B)x + ||B||2)

for some B € Ha such that f(3) = 0.

iii) If sig (f) = (2,2) then Q¢ = T + Sa, where Ty is given as

Ty = t% (x — a1)2 + t% (x — a2)2

and Sy is the unique quadratic factor of Eq. (40).
i) If sig (f) = (0,3) then Q¢ = S3, where S3 is the unique quadratic factor of
the equation given in [6, Appendix].
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