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COMMON FIXED POINT THEOREMS IN FUZZY METRIC
SPACES VIA PROPERTIES

ABDELKRIM ALIOUCHE

ABSTRACT. We prove common fixed point theorems for weakly compatible
mappings via an implicit relation in fuzzy metric spaces using property (E.A)
and a common property (E.A). Our theorems extend theorems of [1, 3, 4, 6,
15, 16] and a corollary of [2].

1. INTRODUCTION AND PRELIMINARIES

The concept of fuzzy sets was introduced initially by Zadeh [29] in 1965. To use
this concept in topology and analysis, many authors have expansively developed the
theory of fuzzy sets and applications. George and Veeramani [12] modified the con-
cept of fuzzy metric space introduced by Kramosil and Michalek [19] and defined
the Hausdorff topology of fuzzy metric spaces which have very important appli-
cations in quantum particle physics particularly in connections with both string
and E—infinity theory which were given and studied by El Naschie and Tanaka
[8, 9, 10, 11, 28]. They showed also that every metric induces a fuzzy metric.
The authors [13, 14, 21] proved fixed point theorems in fuzzy (probabilistic) metric
spaces and the authors [2, 4, 5, 7, 23, 27, 30] proved fixed and common fixed point
theorems using contractive conditions of integral type and generalized contractive
conditions.

Motivated by a work due to Popa [22], we have observed that proving fixed point
theorems using an implicit relation is a good idea since it covers several contractive
conditions rather than one contractive condition.

It is our purpose in this paper to prove common fixed point theorems in fuzzy
metric spaces via an implicit relation for weakly compatible mappings satisfying the
property (E.A) introduced by [1] and a common property (E.A) introduced by Liu
et al [20]. Our Theorems generalize Theorems of [1, 3, 4, 6, 15, 16] and a corollary
of [2].

Definition 1.1 ([24]). A binary operation * : [0,1]> — [0, 1] is called a continuous
t-norm if ([0, 1], ) is an abelian topological monoid; i.e.,
(1) * is associative and commutative,
(2) * is continuous,
(3) ax1=ua forall a €[0,1],
(4) a*xb < cxd whenever a < ¢ and b < d, for each a,b,c,d € [0,1].
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Two typical examples of a continuous t—norm are axb = ab and a*xb = min{a, b}.

Definition 1.2 ([12]). The 3-tuple (X, M, ) is called a fuzzy metric space if X
is an arbitrary non-empty set, * is a continuous t-norm, and M is a fuzzy set on
X? x (0,00), satisfying the following conditions for each x,y,z € X and t,s > 0,

(FM- 1) M(z,y,t) >0,

(FM- )M(ajy,)—llfandonlylfx—y,
(FM-3) M(z,y,t) = M(y,,t),

(FM-4) M(z,y,t) « M(y,z,s) < M(x,z,t+ s),
(FM-5) M(z,y,.): (0,00) — [0, 1] is continuous.

Let (X, M, *) be a fuzzy metric space. For t > 0, the open ball B(x,r,t) with
center z € X and radius 0 < 7 < 1 is defined by

B(z,rt)={ye X : M(z,y,t) > 1—r}.
A subset A C X is called open if for each x € A, there exist t >0and 0 < r < 1
such that B(z,r,t) C A. Let 7 denote the family of all open subsets of X. Then

7 is called the topology on X induced by the fuzzy metric M. This topology is
Hausdorff and first countable.

Example 1.3. Let X = R. Denote a * b = a.b for all a,b € [0,1]. For each
€ (0,00), define
M(z,y,t) = —
(z,9,t) P p—
for all z,y € X.

Definition 1.4 ([12]). Let (X, M, *) be a fuzzy metric space.

1) A sequence {z,} in X converges to z if and only if for any 0 < € < 1 and
t > 0, there exists ng € N such that for all n > ng, M(x,,z,t) > 1 —€; ie.,
M(zp,x,t) = 1 asn — oo for all t > 0.

2) A sequence {z,} in X is called a Cauchy sequence if and only if for any 0 <
e < landt > 0, there exists ng € N such that for all n,m > ng, M(z, Zm,t) > 1—¢
sle, M(xp, Tm,t) — 1 as n,m — oo for all ¢ > 0.

3) A fuzzy metric space (X, M, t) in which every Cauchy sequence is convergent
is said to be complete.

Lemma 1.5 ([13]). For all z,y € X, M(z,y,.) is a non-decreasing function.

Definition 1.6. Let (X, M, *) be a fuzzy metric space. M is said to be continuous
on X? x (0,00) if
lim M(znaynytn) = M(I7y7t>
n—oo
whenever {(z,,yn,t.)} is a sequence in X2 x (0,00) which converges to a point
(r,y,t) € X% x (0,00); i.e.,
lim M(z,,z,t) = hm M (yn,y,t) =1 and lim M(z,y,t,) = M(z,y,t).

n—oo n—oo

Lemma 1.7 ([13]). M is continuous function on X? x (0, 00).
Let A and S be mappings from a fuzzy metric space (X, M, %) into itself.

Definition 1.8. A and S are said to be
1) compatible [17, 25] if

lim M(ASxz,,SAz,,t)=1forallt >0

n—oo
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whenever {z,} is a sequence in X such that

lim Az, = lim Sz, =z € X.

n—oo n—00

2) A and S are said to be weakly compatible [18] if they commute at their
coincidence points; i.e., Ax = Sz for some xz € X implies that ASxz = SAx.

Remark 1.9. If A and S of are compatible, then they are weakly compatible and
the converse is not true in general, see [26]

Definition 1.10. The pair (A, S) satisfies the property (E.A) if there exists a
sequence {z,} in X such that

lim M(Ax,,u,t) = Um M(Sz,,u,t)=1

n— oo n— oo

for some v € X and all t > 0.
Clearly, a pair of noncompatible mappings satisfies the property (E.A).
Example 1.11. Let X = R and M (z,y,t) =

t > 0. Define A and S by
Ar=2zx+1, Sr=x+2.

———— for every xz,y € X and
t+ |z —yl vy

1
Define the sequence {z,,} by z, =14+ —, n=1,2,.... We have
n

lim M(Ax,,3,t) = lim M(Sz,,3,t) =1

n— oo n— oo

for every t > 0. Then, the pair (4, .S) satisfies the property (E.A). However, A and
S are not weakly compatible.

The following example shows that there are some pairs of mappings which do
not satisfy the property (E.A).

Example 1.12. Let X = R and M (z,y,t) = ﬁ for every z,y € X and
r—=y

t > 0. Define A and S by Az =x + 1 and Sz =  + 2. Assume that there exists a
sequence {z,} in X such that

lim M(Axn,u,t) = im M(Sz,,u,t)=1

n— oo n— oo

for some u € X and all ¢ > 0. Therefore
lim M(z, +1,u,t) = lim M(x, +2,u,t) =1.
n—oo

n—o0

We conclude that z,, — v — 1 and z,, — u — 2 which is a contradiction. Hence, the
pair (A, S) do not satisfy the property (E.A).

Definition 1.13. The pairs (4,S5) and (B,T) of a fuzzy metric space (X, M, x)
satisfy a common property (E.A) if there exists two sequences {z,} and {y,} such
that for some u € X and for all ¢ > 0

(1.1)
lim M(Az,,u,t) = lim M(Sz,,u,t) = lim M(By,,u,t) = lim M(Tyn,u,t) = 1.
n—oo

n—oo n—00 n—o0

If B=Aand T =S in (1.1), we obtain the definition of the property (E.A).
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Example 1.14. Let X = [1,00) and M (x,y,t)
and t > 0. Define A, B, S, T by

t
= ——— for every z,y € X
t+ |z —yl

2
A$:2+§,Bl‘=2—|—g,5$:1+§$,T.7J=1+1‘.

1 1
Define sequences {x,} and {y,} by z, =3+ —Yn = 2+ = 1,2, .... Since for
allt >0
lim M(Ax,,3,t) = ILm M(Byp,3,t) = le M(Szy,3,t) = le M(Ty,,3,t) =1

n—oo

Therefore, the pairs (4,5) and (B, T) satisfy a common property (E.A)

Let ® be the set of all continuous functions ¢ : [0, co[— [0, co[ such that ¢(t) < ¢
for all ¢t > 0.

2. IMPLICIT RELATIONS

Let Fg be the set of all continuous functions F(ty,t2,t3,t4,t5,t6) : [0,1]® — R
satisfying the following conditions:

(F1): F(u,1,u,1,1,u) <0 for all u € (0,1).

(Fy) : F(u,1,1,u,u,1) <0 for all u € (0,1).

(F3) : F(u,u,1,1,u,u) <0 for all w € (0,1).

The aim of this section is to give several examples of the function F'.

Example 2.1. F(t1,to,t3,t4,t5,t6) = t1—@(min{ts, t3, ta, ts5,ts}), where ¢ : [0,1] —
[0,1] is increasing and continuous function such that ¢(t) > ¢ for all ¢ € (0,1

(F1): F(u,1,u,1,1,u) = u— ¢(u) <0 for all u € (0,1).

(Fy) : Similarly, F(u,1,1,u,u,1) <0 for all u € (0,1).

(F3) : F(u,u,1,1,u,u) =u— ¢(u) <0 for all u € (0,1).

Example 2.2. F(t1,ta,t3,t4,t5,t6) = t3 — cy min{t3, 2,13} — co min{tstg, tats} —
cstste

c1,02,¢3>0,¢c1+c2>1,¢1 +c3 > 1.

(Fy): F(u,1,u,1,1,u) = u?(1 — ¢ — ca) — cau < 0 for all u € (0,1).

(Fy) : Similarly, F(u,1,1,u,u,1) <0 for all u € (0,1).

(F3): F(u,u,1,1,u,u) = u*(1 —c1 — ¢3) — cqu < 0 for all u € (0,1).
Example 2.3. F(t1,to,t3,t4,t5,t6) = t3 — amin{t3ty, titsts, tite, t5t2}, a > 1.

(Fy): F(u,1,u,1,1,u) = u® — amin{u?,u} < 0 for all u € (0,1).

(Fy) : Similarly, F(u,1,1,u,u,1) <0 for all u € (0,1).

(F3) : F(u,u,1,1,u,u) = u® — amin{u3,u,u3} < 0 for all u € (0,1).
t53t5 + 213

to + 13 +t47
3 2au?
(F1): F(u,l,u,1,1,u) = u’ — 5 < 0 for all u € (0,1).
u

(Fy) : Similarly, F(u,1,1,u,u,1) <0 for all u € (0,1).

ut 4+ 1
) : F 1,1 =ud —
(F3) (uyu, 1,1, u,u) =u au+2

Example 2.4. F(t1,ta,t3,t4,t5,t6) =t3 —a

< 0 for all u € (0,1).

Example 2.5. F(tl, tg, t3, t4, t5, tﬁ) = (1+pt2)t1 —p min{t3t4, t5t6}—q§(min{t2, tg, t4, t5, tg}),
where p > 0 and ¢ : [0,1] — [0,1] is increasing and continuous function such

that ¢(t) >t for all ¢ € (0,1).
(F1), (F3) and (F3) as in Example 2.1.



COMMON FIXED POINT THEOREMS IN FUZZY METRIC SPACES VIA PROPERTIES 71

12+ 12+ 12

Example 2.6. F(t,to,t3,t4,t5,15) = t3 — ,a>1.
2 1— -2
(F) : F(u,1,u,1,1,u) = u? —a Wt _u+( aju T < 0foralluc
u+1 u+1

(Fy) Similarly, F(u,1,1,u,u,1) <0 for all v € (0,1).

2
2
(F3): F(u,u,1,1,u,u) = u? — al + < 0 for all u € (0,1).
3 63t
Example 2.7. F(t1,t2,t3,t4,t5,t6) =t —a—————, a > 3.
p (t1,t2,t3,t4,15,16) 1 to+ts 1 Lo

2
(Fy): F(u,1,u,1,1,u) =u® —a 4 5 <0 for all u € (0,1).

u
(Fy) Similarly, F(u,1,1,u,u,1) <0 for all u € (0,1).
(F3) : F(u,u,1,1,u,u) = u3 — % < 0 for all u € (0,1).

4
Example 2.8. F(ty,ta,t3,t4,t5,t6) = t3 — amin{t3, 3,3} — b > a>1and
5

ts + te
b>0. u
(Fy): F(u,1,u,1,1,u) = (1 —a)u? — bm < 0 for all uw € (0,1).
(Fy) Similarly, F(u,1,1,u,u,1) <0 for all u € (0,1).
b
(F3): F(u,u,1,1,u,u) = (1 — a)u® — 3 < 0 for all u € (0,1).

t
Example 2.9. F(t1,t, 15, 14,15, t6) = 1} — amin{13,13, 13} — b j
3

b>0.
(F1), (Fy) and (F3) as in Example 2.8.

,a>1and
ta

Example 2.10. F(tl, tg,tg,t4,t57t6) = tl — a1t2 — a2t3 - a3t4 - a4t5 - a5t6,
ai,as,asz,aq,a5 >0, a3 +as >1,a3+aq4 >1and a; + a4 + a5 > 1.
(Fy): F(u,l,u,1,1,u) =u—a; —asu — az — aq — asu < 0 for all u € (0,1).
(Fy) Similarly, F'(u,1,1,u,u,1) <0 for all uw € (0,1).
(F3) : F(u,u, 1,1, u,u) =u—aju —az — ag — aqu — asu < 0 for all w € (0,1).
min{tg,tg,t4,t5,t6}

Example 2.11. F(ty,t9,t3,t4,t5,t5) = f(p t)dt — ¢ f ©(t)dt), where

¢ :[0,1] — [0,1] is increasing and contmuous function Such that ¢(t) > ¢ for all
t € (0,1) and ¢ : Ry — R, is a Lebesgue-integrable mapping which is summable
and satisfies

€ 1
(2.1) 0< / p(s)ds <1 forall0 <e<1 and / p(s)ds = 1.
0 0
(Fy): F(u,1,u,1,1,u) = fga t)dt — ¢ fga ) < 0 for all u € (0,1).
(Fy) : Similarly, F'(u,1,1, Uy, 1) <0 for all u € (0, 1).
(F3) : F(u,u,1,1,u,u) = fga fap ) < 0 for all u € (0,1).
0

t1 to
Example 2.12. F(ty,t2,t3,t4,t5,t6) = ([ @(s)ds)? — a( [ ¢(s)ds)P—
0 0
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pmin{ [ p(s)ds, [ o(s)ds. <f s fso )ds)?,

ts N
(f #(s)d ffso
0
where a > 0,0<b<1,a+b>1, p>0 ¢ : [0, ] [0,1] is increasing and

continuous function such that ¢(t) > t for all ¢ € (0,1) and ¢ : Ry — R4 is a
Lebesgue-integrable mapping which is summable and satisfies 2.1.

(Fy): F(u,1,u,1,1,u) = fga )ds)P — a(of ©o(s)ds)P

Ju—

—bmin{jso(s)ds,f@(s)ds,(f (s)ds)} q’ (s)ds)?3,

([ ls)ds) (

Of— =

pls)ds)? )P

Ot—pg ©

= ([ o(s)ds)P —a—b f(p )ds)P < 0 for all u € (0,1).
0

(Fy) : Similarly, F(u,1,1,u,u,1) <0 for all u € (0 1).

(F3) : F(u,u,1,1,u,u) = (1 —a—0b) fgp t) < 0 for all u € (0,1).

Define G : R}; — R satisfying:

Example 2.13. (i) G(0) = 0 and G(t) > 0 for each t € (0,4), A € (0,00], R},
=10, 4),

(ii) G is increasing on R,
(iii) G is continuous.

Example 2.14. F(tl, tQ, t3, t4, t5, tﬁ) = G(tl) - ¢(G(m1n{t2, tg, t4, t5, tﬁ}), where
¢ : [0,1] — [0,1] is increasing and continuous function such that ¢(t) > ¢ for all
€ (0,1)
(F1) : F(u,l,u,1,1,u) = G(u) — ¢(G(u)) < 0 for all uw € (0,1).
(Fy) : Similarly, F(u,1,1,u,u,1) <0 for all u € (0,1).

(F3) : F(u,u,1,1,u,u) = G(u) — ¢(G(u)) < 0 for all u € (0,1).
Example 2.15. F(tl,tg,t3,t4,t57t6) ( ( ))p - ¢[G(G(t2))p+
bmin{G(t3), G(ta), (G(t3))2(G(t5))7, (G(t5)) 2 (Glt6)) 717,
wherea > 0,0<b<1,a+b>1,p>0and¢:[0,1] — [0,1] is increasing and
continuous function such that ¢(t) > ¢ for all ¢ € (0, 1).

Define ®[0, A) = {G : G satisfies (i)—(iii)}.

The following examples were given by [30].

1) Let G(t) = t, then G € ®[0, A) for each A € (0, +o0].

2) Suppose that ¢ is nonnegative, Lebesgue integrable on [0, A) and satisfies

€

/(p(t)dt > 0 for each € € (0, A).
0

¢
Let G(t) = [ ¢(s)ds, then G € ®[0, A).
0



COMMON FIXED POINT THEOREMS IN FUZZY METRIC SPACES VIA PROPERTIES 73

3) Suppose that 1) is nonnegative, Lebesgue integrable on [0, A) and satisfies

/w(t)dt > 0 for each € € (0, A)
0

A
and ¢ is nonnegative, Lebesgue integrable on [0, [ ¢ (s)ds) and satisfies
0

€

A
/cp(t)dt > 0 for each € € (O,/¢(s)ds).
0

0

({tw(s)ds
Let G(t) = [ ¢(u)du, then G € ®[0, A).
4)If H € 9|0, ?4) and G € ®[0, H(A —0)), then a composition mapping G o H €
®[0, A). For instance, let L(t) = Gf(t)cp(s)ds, then L € ®[0, A) whenever G € ®[0, A)
and ¢ is nonnegative, Lebesgue ilgtegrable on ®[0, G(A — 0)) and satisfies
/gp(t)dt > 0 for each € € (0, G(A —0)).
0

Lemma 2.16 ([30]). Let A € (0,+00]| and G € ®[0, A). If lim,, o, G(€,) = 0 for
€n € Rj, then lim,,_,~ €, = 0.

3. Main Results

The purpose of this section is to give our main results Theorem 3.1 and Theorem
3.3..

Theorem 3.1. Let A, B, S and T be self-mappings of a fuzzy metric space (X, M, *)
satisfying the following conditions

(3.1) A(X) € T(X) and B(X) C S(X),

F(M(Axz, By,t), M(Sxz,Ty,t), M(Ax, Sx,t), (3.2)
M(By,Ty,t), M(Sz, By,t), M(Ax,Ty,t))
> 0

for all x,y in X and F € Fg. Suppose that the pair (A,S) or (B,T) satisfies the
property (E.A) and (A,S) and (B,T) are weakly compatible. If the range of one
A,B,S and T is a closed subset of X, then A, B,S and T have a unique common
fixed point in X.

Proof. Suppose that the pair (B, T) satisfies the property (E.A). Then, there exists
a sequence {x,} in X such that lim,_,oo Bz, = lim, o Tz, = z for some z € X.
Therefore, we have lim,, .. M (Bz,,Tz,,t) = 1. Since B(X) C S(X), there exists
a sequence {y,} in X such that Bz, = Sy,.
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Hence, lim,,_o, Sy, = z. Let us show that lim, . Ay, = z. Using (3.2) we
have

F(M(Ayy, Brn,t), M(Syn, Tzn,t), M(Ayn, Syn,t),
M (Bxp, Txpn,t), M(Sypn, Bxpn,t), M(Ay,, Tx,,t))
= F(M(Ayn7 Bz, t)7 M(ana Txy, t), M(Ayn7 Bz, t)7
M(Bxy, Tap,t),1, M(Ayy,, Tx,, t))
> 0.
Assume that limsup,,_, . M (Ayn, Bxp,t) =1 < 1. Taking the limit as n — oo
we get
F(,1,1,1,1,1) >0
which is a contradiction of (F}) and so [ = 1; i.e., lim, . Ay, = 2.
Suppose that S(X) is a closed subspace of X. Then, z = Su for some u € X.
If z # Au, applying (3.2) we obtain
F(M(Au, Bxy,t), M(Su, Tay, t), M(Au, Su,t),
F(M(Au, Bxy, t), M(Su, Txy, t), M(Au, Su,t))
> 0
Letting n — oo we have
F(M(Au, z,t),1, M(Au, z,t),1,1, M(Au, z,t)) >0
which is a contradiction of (Fy). Hence, z = Au = Su.
Since A(X) C T(X), there exists v € X such that z = Au = Tw.
If 2z # Bw, using (3.2) we have
F(M(Au, Bv,t), M(Su,Tv,t), M(Au, Su,t),
M(Bv,Tv,t), M(Su, Bv,t), M(Au, Tv,t))
= F(M(z,Bwv,t),1,1,M(z, Bv,t), M(z, Bv,t),1) >0
which is a contradiction of (Fy) and therefore Au = Su =z = Bv = Tv.
Since the pairs (A, S) and (B,T) are weakly compatible, we have ASu = SAu
and BTv = TBuvj; i.e., Az = Sz and Bz =Tz. If Az # z, using (3.2) we get
F(M(Az,Bv,t), M(Sz,Tv,t), M(Az,Sz,1),
M(Bv,Tv,t), M(Sz,Bv,t), M(Az,Tv,t))
= F(M(Az, z,t),M(Az, z1),1,1,
M(Az, z,t), M(Az, z,t))
> 0
which is a contradiction of (F5). Then, Az = Sz = z.
Similarly, we can prove that Bz = Tz = z. Hence, 2z = Bz =Tz = Az = Sz

and z is a common fixed point of A, B,.S and T. The uniqueness of z follows from
(3.2) and (F3). O

If B=Aand T =S in Theorem 3.1, we get the following Corollary.

Corollary 3.2. Let A and S be self-mappings of a fuzzy metric space (X, M, *)
satisfying
A(X) C 5(X),
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F(M(A'I:’ Ay7 t)’ M(S'I’ Sy’ t)? M(A'I:’ S'I:’ t)7
M(Ay, Sy,t), M(Sx, Ay,t), M(Az, Sy,t))
> 0.
Suppose that the pair (A, S) satisfies the property (E.A) and (A, S) is weakly com-
patible. If the range of one A and S is a closed subset of X, then A and S have a
unique common fixed point in X.

Theorem 3.3. Let A, B, S and T be self-mappings of a fuzzy metric space (X, M, *)
satisfying (3.2). Suppose that the pairs (A, S) and (B, T) satisfy a common property
(E.A) and (A, S) and (B,T) are weakly compatible. If S(X) and T(X) are closed
subsets of X, then A, B,S and T have a unique common fized point in X .

Proof. Suppose that the pairs (A, S) and (B, T) satisfy a common property (E.A).
Then, there exist two sequences {z,} and {y,} such that

lim Az, = lim Sz, = lim By, = lim Ty, =z € X.
n— o0 n—oo n— oo n— 00

Since S(X) and T'(X) are closed subsets of X, we obtain z = Su = T for some
u,v € X.
If z # Au, using (3.2) we obtain
F(M(Au, By, t), M(Su, Tyn,t), M (Au, Su,t),
M(ByTH Ty’rh t>7 M(S’U/, By’ru t)a M(A’LL7 Tyna t))
> 0.
Letting n — oo we have
F(M(Au,z,t),1, M(Au, z,t),1,1, M(Au, z,t)) > 0
which is a contradiction of (F1) and so z = Au = Su = Tw. The rest of the
proof follows as in Theorem 3.1. O

If we take examples 2.1, 2.11 and 2.14, we get Corollaries which generalize The-
orems of [1, 4, 6, 7] and a corollary of [2]

If we take examples 2.2-2.10, we get several Corollaries.

Theorems 3.1 and 3.3 extend theorems of [3, 15, 16].

Example 3.4. Let (X, M,«) be a fuzzy metric space, where X = [0,2) with a

t
t-norm defined by a * b = min{a, b} for all a,b € [0,2) and M(z,y,t) = Fle—yl
r—y
for all ,y € X and t > 0. Define A, B, S and T by:
Ar = Bzx=1,
1 if x is rational, 1 if x is rational,
Sr = 2 . .. . , LT = 1 . .. . s
5 if z is irrational 5 ifz is irrational

F(ty,t2,t3,ta,t5,t6) = t1 — p(min{ta, 3, 24,15, %6 }), ¢(s) = /s for all s € [0, 1].
It is easy to see that for all z,y € X and t > 0

M(Axz,By,t) > ¢min{M(Sz,Ty,t), M(Az, Sz,t),
M(By, Ty, t), M(Sz, By,t), M(Az, Ty, t)})

and the other conditions of Theorem 3.1 are satisfied, consequently, 1 is the
unique common fixed point of A, B, S and T
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Example 3.5. Let (X, M, x) and F as in example 3.4. Define A, B, S and T by:

1 if x is rational 1 if x is rational
A _ ) _ b
xr = 3 if .. t 1 xr = 1 if . t 1’
3 ifz is irrationa 5 ifz is irrationa
1 if x is rational, 1 if x is rational,
Sx = 2 . P . y = 1 - o . 5
g if  is irrational 3 if  is irrational

It is easy to see that for all z,y € X and t > 0
M(Az,By,t) > ¢(min{M(Sz,Ty,t), M(Azx, Sz,t),
M(By,Ty,t), M(Sz, By,t), M(Ax,Ty,t)})
and the other conditions of Theorem 3.3 are satisfied, consequently, 1 is the
unique common fixed point of A, B, S and T.

Note that Theorem 3.1 is not applicable in example 3.5 since (3.1) is not verified.

Example 3.6. Let (X, M, x), A,B,S and T as in example 3.4,
F(tlatz,tsau,tatﬁ)l: G(t1) — ¢(G(min{ta, t3,14,t5,t6})), ¢(s) = /s for all
s €[0,1] and G(s) = ss for s > 0, G(0) = 0.
It is easy to see that D = diam(X) =2, G € F[0,A), where A=¢ > D =2 and
forall z,y € X and t > 0
G(M(Az, By, t)) = ¢(G(L(z,y,1))),
where
L(z,y,t) = min{M(Sx,Ty,t), M(Ax, Sz,t),
M(By,Ty,t), M(Sz, By,t), M(Axz,Ty,t)}.
and the other conditions of Theorem 3.1 are satisfied, consequently, 1 is the
unique common fixed point of A, B, S and T.

Example 3.7. Let (X, M, %), A, B, S and T as in example 3.5 and F' as in example
3.6.
It is easy to see that for all z,y € X and ¢t > 0

G(M(Az, By,t)) = ¢(G(L(z,y,1))),
where
L(z,y,t) = min{M(Sxz,Ty,t), M(Ax, Sz,t),
M(By,Ty,t), M(Sz, By,t), M(Ax,Ty,t)}.

and the other conditions of Theorem 3.3 are satisfied, consequently, 1 is the
unique common fixed point of A, B, S and T.

Note that Theorem 3.1 is not applicable in example 3.7 since (3.1) is not verified.
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