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ABSTRACT. In this paper we determine automorphism groups of cyclic alge-
braic curves defined over finite fields of any characteristic.

1. INTRODUCTION

Let g > 2 be a fixed integer and k an algebraically closed field of characteristic
p > 0 and let &} is an irreducible algebraic curve defined over k. Determining the
list of group which occur as automorphism groups of &} is very old problem in
mathematics. Mathematicians are working on this problem more than a century
now. In 1893 Hurwitz proved that the order of such group is < 84(¢g — 1) when
p = 0; see [5]. After 80 years, Stichtenoth et al. proved that the bound is 16g* for
p > 0; see [23]. In any case, the group of automorphisms is a finite group. There
are hundreds of papers on the structure of such groups, determining the equation of
the curve when the group is given, determining the group when the curve is given,
etc. T. Shaska determines the list of groups for hyperelliptic curves when p = 0,
see [20] and K. Magaard et. al. determine the list of groups for any given g > 2
when p = 0. Such results are based on an exhaustive computer search of all possible
ramification structures for a given g and a deep understanding of Hurwitz spaces
for a given genus g, a group G, and the ramification structure for the covering
Xy — XgG . The case of positive characteristic is still an open problem.

In most cases there is a cyclic subgroup C,, <I G such that g(X%") = 0. Such
curves are called cyclic curves. In this paper we determine groups G which occur
as automorphism groups of cyclic curves in any characteristic and for any genus
g=>2.

In section 2, we cover basic facts on automorphism groups of cyclic curves.
Let G = Aut(X,) automorphism group of cyclic curve X,, C, = (w) such that
g(X%) = 0. The group G := Aut(X,)/(w) is called the reduced automorphism
group. This group G is embedded in PG Ly(k) and therefore is isomorphic to one of
Cin, D, Ayq, Sa, As, a semidirect product of elementary Abelian group with cyclic
group, PSL(2,q) and PGL(2,q) cf. Lemma We determine a rational functions
#(x) that generates the fixed field k(x)%.
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132 AUTOMORPHISMS OF CURVES

In the section 3, we determine ramification signature of each cover ®(z) : X —
X% by using the ramification of G. By considering the lifting of ramified points of
the cover ®, we divide each G into sub cases. Then we are able to find automorphism
group G for each sub cases. For some cases, we give presentation for G. The moduli
space of covers ® with fixed group G and ramification signature C is a Hurwitz
space H. There is a map from H to the moduli space of genus g algebraic curves
Hgy. The image of this map is a subvariety of 7, and denoted by H(G, C). Since
we know the signature of the curve, we use Hurwitz genus formula to calculate
dimension of H(G, C). We list all possible signatures C and dimension of the locus
H(G, C). Then we list automorphism groups as theorems for each G.

In section 4, we combine Theorems [3.2]- altogether to make main theorem.
In our main theorem, we list all possible automorphism groups of genus g > 2
cyclic curves define over the finite field of characteristic p # 2. We are able to give
presentations for some of automorphism groups.

Notation : Through this paper k& denotes an algebraically closed field of char-
acteristic #2, g an integer >2, and &} a cyclic curve of genus g defined over k. For
a given curve X, g(X) denotes its genus.

2. PRELIMINARIES

Let k be an algebraically closed field of characteristic p and X, be a genus g
cyclic curve given by the equation y™ = f(x) for some f € k[z]. Let K := k(z,y)
be the function field of X;. Then k(x) is degree n genus zero subfield of K. Let
G = Aut(K/k). Since C,, := Gal(K/k(z)) = (w), with w™ = 1 such that (w) < G,
then group G := G/C,, and G < PGLy(k). Hence G is isomorphic to one of the
following: Cy,, Dy, A4, S4, As, semidirect product of elementary Abelian group
with cyclic group, PSL(2,q) and PGL(2,q), see [16].

The group G acts on k() via the natural way. The fixed field is a genus 0 field,
say k(z). Thus z is a degree |G| rational function in x, say z = ¢(z). We illustrate
with the following diagram:

K:k(mvy) Xg

/
Chn /% Cn

al k(xz,y™) ‘1"\ P!
G ¢l G

\ Y

k(z) P

Let ¢g : Xy — P! be the cover which corresponds to the degree n extension
K/k(z). Then ® := ¢ o ¢g has monodromy group G := Aut(Xx,). From the basic
covering theory, the group G is embedded in the group S; where [ = deg ®. There
is an r-tuple @ := (o071, ...,0,), where o; € S; such that oy, ...,0, generate G and
01...0, = 1. The signature of ® is an r-tuple of conjugacy classes C := (Ch, ..., C,.)
in S; such that C; is the conjugacy class of o;. We use the notation n to denote the
conjugacy class of permutations which is cycle of length n. Using the signature of
¢ : P! — P! one finds out the signature of ® : X, — P! for any given g and G.

Let E be the fixed field of G, the Hurwitz genus formula states that

(1) 2(9x — 1) =2(gr — 1)|G| + deg(D k)
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with gx and gg the genera of K and E respectively and D, g the different of
K/E. Let Py, Ps,..., P, be ramified primes of E. If we set d; = deg(P;) and let
e; be the ramification index of the P; and let 3; be the exponent of P; in @K/E.
Hence, (1) may be written as

2) 2Agxc ~ 1) = 2095~ V61 +161 Y P
i=1 "

If P; is tamely ramified then 3; = e; — 1 or if P; is wildly ramified then 8; =
efqi+q;—2 with e; = el q;, e relatively prime to p, ¢; a power of p and €} |g; — 1. For
fixed G, C the family of covers ® : X, — P! is a Hurwitz space H(G,C). H(G, C)
is an irreducible algebraic variety of dimension 6(G,C). Using equation and
signature C one can find out the dimension for each G.

Next we want to determine the cover z = ¢(x) : PL — P! for all characteristics.
Notice that the case of char(k) = 0 is known, see [20].

We define a semidirect product of elementary Abelian group with cyclic group
as follows.

K., = ({oa,tla € Un})
where t(x) = €2z, 04(z) =z + a, for each a € Uy,

t
p—1_
m 1

Uy ={ackl@ J] (@™ b)) =0}

=0

b; € Fy, m|pt — 1 and £ is a primitive 2m-th root of unity. Obviously U,, is a
subgroup of the additive group of k.

Lemma 1. Let k be an algebraically closed field of characteristic p, G be a finite
subgroup of PGLs(k) acting on the field k(x). Then, G is isomorphic to one of
the following groups Cy,, Dy, A4, S4, As, U = C’;, K,,, PSLy(q) and PGL2(q),
where ¢ = p/ and (m,p) = 1. Moreover, the fived subfield k(x)¢ = k(z) is given by
Table where a = q(q72—1)’ 8= %1. H; is a subgroup of the additive group of k
with |Hy| = p* and b; € k*.

Proof. Tt is well known that G is isomorphic to C,,, D, A4, Sy, As, U, K,,,, PSL(2, q)
and PGL(2,q); see [16]. Cases 1) .. 5) are the same as in characteristic zero; see
[21]. We briefly display the generators of G is such cases. The reader can check
that z is fixed by such generators.

Case 1: If G = C,, then C,, = (0), where o(x) = (x, ( is a primitive m
of unity. So o(2) = ((z)™ = ("a™ = 2™ = 2.

Case 2: If G = D,,, then Ds,, = (0,t), where o(z) = &x, t(x) = %, £ is
primitive (2m)™" root of unity. Hence, o and ¢ fix 2.

Case 3: If G = Ay then Ay = (o, ), where o(z) = —z, p(z) = iZH, 2 = —1.
Therefore, o(z) = z and u(z) =

Case 4: If G = S, then S,
Therefore, o, i fix z.

Case 5: If G = A; then A5 = (0, p), where o(z) = &x, p(x) = —If;tbl, £ is
primitive fifth root of unity and b = —i(& + &%), i> = —1. One can check that o, p
fix z.

th root

t

[

(o, 1), where o(z) = iz, p(z) = i, 2 = —1.
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Case G z Rami fication
1 Cm, (m,p) =1 ™ (m,m)
2 D2’ma (map) =1 xm, + w%n (2727m)
12 4

3 Ay, p#2,3 e eE e (2,3,3)
(z®+142*+1)3

4 Si,p#2,3 108z (2 =1)) (2,3,4)

220 215 494210 _ 29825 _1)3
5 A5 p#£235 e ke s (2,3,5)
As,p=3 S C s (6,5)
5, P (z(x10F2iz5+1))> )

6 U II @+a) (n")

acHy

7 K, (mp*,m)
(@9—2)7~ 1) 5"
8 PSL(2,q), p# 2 ()ﬁ (v, B)
xd—x
9 PGL(2,q) [(CAE) Kt o Vihil (2a,2)

(mqu;)q(qfl)

TABLE 1. Rational functions correspond to each G

Case 6: If G = U then U = ({0,|a € H;}), where o,(x) = x + a with a € H;.
Therefore,

oq(z) = H (x+ay+a)= H (x+az) = H (x+a) =2z
a1 €Hy az€H: a€H;

and as = a + a; € H;.
Case 7: If G = K,, then K,, = ({04,t|la € Uy, }), where t(z) = %z, o4(x) =

p =1 _
z + a for each a € Uy, := {a € k|(a[[,Z4 1(am —b;)) =0} < Hy, £ is a primitive
2m-th root of unity. So,

ﬂ%—l %—1

1) = () T (€ —b)" =& [ @ b)) ==
=0 =0
2l s

0a(2) = ((x+a) H (x+a)™ —b;))" = (x H (™ —=b;)" = z.

— j=0
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Case 8: If G = PSL(2,q) then PSL(2,q) = (0,t, ¢), where o(x) = &2z, t(z) =

—1 ¢(x) =2+ 1 and ¢ is a primitive (¢ — 1)-th root of unity. So,

(o)1 — (Ea) + D (@ -2+ 1)

o(z) =

(Ea)1 — (o)™ (21— )"
O () L o) e O () LV
((_%)q_(_%))% (xq—g;)%

o(z) = L+ DT (E+ D)) ) (@ -2) ) )
(@ +1)9 — (z+ 1)) (29 — 2) "2

Case 9: If G = PGL(2,q) then PGL(2,q) = (o,t,$), where o(z) = &z, t(z) =
I, ¢(x) =z + 1 and & is a primitive (¢ — 1)-th root of unity. Hence,

()7 — (o))t + ) ((@ —2)17! + 1)oH

7= T (& — (gD @D
O (63 L ) L e (Ct Lo VA
((%)q — (%))q(q—l) (x4 — z)ala—1)
o) = (@A D7 @D+ DIt (@t —a)rt 4 et
(z+1)2— (z+ 1))q(q—1) (29 — x)q(q—l)
This completes the proof. ([l

3. AUTOMORPHISM GROUPS OF A CYCLIC CURVES

In this section we determine groups which occur as automorphism group G of
genus g > 2 cyclic curves, their signatures and the dimension of the locus H(G, C).
We know that G := G /Gy, where Gy := Gal(k(z,y)/k(x)) and G is isomorphic to
Cm, D, Ag, S4, As, U, K,,, PSL(2,q), PGL(2,q). By considering the lifting of
ramified points in each G, we divide each G into sub cases. We determine signature
of each sub case by looking the behavior of lifting and ramification of G. Using
that signature and Equation [2] we calculate § for each case. We list all possible
automorphism groups G as separate theorems for each G.

3.1. The case 2g+1> p> 5. Throughout this subsection we assume that 2g+1 >
p > 5.

Remark 1. The case p > 2g + 1 is same as char = 0; see [20]

Theorem 3.1. Let g > 2 be a fixed integer, X a genus g cyclic curve, G = Aut(X)

and C,, 4 G such that g(X") = 0. The signature of cover ®(x) : X — X% and

dimension & is given in Table[d In Table[d m = |PSLs(q)| for cases 38-41 and
= |PGLs(q)| for cases 42-45.

# é 5(G7C) C= (Olv "'7CT)
1| (p,m)=1 %—1 (m,m,n,...,n)

continued on the next page
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# G §(G,C) C=(C,...,C)
2 Cnm % -1 (m,mn,n,...,n)
3 % -1 (mn,mn,n,....,n)
4 | (pm)=1 731—(77—_11) (2,2,m,n,...,n)
5 % (2n,2,m,n,...,n)
6 D>, ﬁ (2,2,mn,n,...,n)
7 %__T)"_l (2n,2n,m,n,...,n)
8 23;;’{1% (2n,2,mn,n,...,n)
9 %77_’%" (2n,2n,mn,n,...,n)
10 g(ff:l; (2,3,3,n,...,n)
11 Ay g(n”fli (2,3n,3,n,....,n)
12 fgjﬁf’ (2,3n,3n,n,...,n)
13 % (2n,3,3,n,...,n)
14 96;73234 (2n,3n,3,n,...,n)
15 96_(32')6 (2n,3n,3n,n,...,n)
16 f;(g_—ll) (2,3,4,n,...,n)
17 ‘f;(i"fl“;' (2,3n,4,n,....,n)
18 g;@”fj (2,3,4n,n,...,n)
19 Ca (2,3n,4n, 1, ..., n)
20 Sy % (2n,3,4,n,...,n)
21 ?Q_(S:Zl_ﬁ? (2n,3n,4,n,...,n)
22 g(if‘jlf; (2n,3,4n,n,...,n)
23 % (2n,3n,4n,n, ...,n)

continued on the next page
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# G 3G, C) C=(Cy,...,C)
24 39&;_*11) (2,3,5,n,...,n)
25 go_(ifjl? (2,3,5n,n,...,n)
26 % (2,3n,5n,n,...,n)
27 ga(i"_'q? (2,3n,5,n,....,n)
28 As st (2n,3,5,n,...,n)
29 s (2n,3,5n, 1, ...,n)
30 % (2n,3n,5,n,...,n)
31 % (2n,3n,5n,n,...,n)
32 %—2 (Pt n,...,n)
33 U %jﬁft -2 (npt,n,...,n)
34 % -1 (mpt,m,n,...,n)
35 % -1 (mpt,nm,n,...,n)
36 K., % -1 (nmpt,m,n,...,n)
37 % -1 (nmpt,nm,n,....,n)
38 % -1 (o, By1,...,m)
39 | PSLs(q) 29+q(q—1)ﬂ:(771,l(g—1&-)1)(q—2)—2 -1 (a,nB,n,....;n)
40 W -1 (na, B,n,....,n)
41 % -1 (na,nB,n,...,n)
42 Hgpn-D —1 (2,28, n, ..., n)
43 | PGLy(q) | 2Hele=tnlat D=2 _ 1| (20,2n8,n,...,n)
44 2gtnalg—Dta—q’ _ (2na, 2B, n, ..., n)

m(n—1)

continued on the next page
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138 AUTOMORPHISMS OF CURVES

# G 3(G,C) C=(Ch,...C))
45 il -1 (2na, 2nf,n, ..,n)

Table 2: The signature C and dimension ¢ for char > 5

Proof. Let n be the number of branch points of ®. Then 6 = n — 3; see [1I]. We
know that ¢g : X, — P! corresponds to degree n extension K/k(z).

Case G = C,, : The ramification of ¢ : P — Pl is (m,m). ie. C, =
(o,7]0™ = 7™ = o1 = 1). where 7 =01,
(1) If o and 7 both lift to elements of order m in G, then conjugacy classes

C = (m,m,n,...,n). By Riemann Hurwitz formula, we have

2(g—1):2(0—1)mn+mn(<mn_ll) -2+(n;1)(6+1))

Thené:%—l.

(2) If either o or 7 lifts to an element of order mn in G, then ramification
C = (mn,m,n,...,n). By Riemann Hurwitz formula, we have

2(g — 1) :2(0—1)mn+mn(<mn;1) + ("";T;l> + (”;1) (5+1)>

_ 2g+4+n—1
Then § = rg(nq) - 1.

(3) If o and 7 both lift to elements of order mn in G, then ramification, C =
(mn,mn,n,...,n). By Riemann Hurwitz formula, we have

2(g—1):2(0—1)mn+mn(<m?m;1> 2+ <";1> (6+1)>.

Then § = 29) 1.

m(n—1)

Case G = D, : The ramification of ¢ : P — P! is (2,2,m). ie. D, =
<U, Toplo? =72 =" = 1>, where 1 = o7. Since the branching corresponding to
first two ramification points is the same then there are basically six distinct sub
cases which could arise.

(4) If o, 7 and p lift in G to elements of orders |o|, |7| and |u| respectively,
then the ramification is C = (2,2, m,n, ...,n). The dimension § can be found using
Riemann Hurwitz formula as follows.

2(g — 1) :2(0—1)2mn+2mn(<22_1> 2+ (T) + (”;1>5>

Then, § = 2n=1

m(n—1)"
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(5) If either 7 or p lifts in G to element of order n|7| or n|u| then ramification
C = (2n,2,m,n,...,n). The dimension ¢ is as follows.

2(g—1) =2(0 — 1)2mn+

(%)« (57) < (5) (7))

Then 5 _ 2g+m+2n—mn—2
2m(n—1)

(6) If p lifts to an element of order m|u| in G, then the ramification C =
(2,2, mn,n,...,n). By Riemann Hurwitz formula, we have

2(g — 1) :2(0—1)2mn+2mn<(2g1> 24 (m’:n;1> + (”;1) 5).

_ _ g
Then § = n=T) "

(7) If both o and 7 lift to elements of order n|o| and n|7| in G, then ramification
C = (2n,2n,m,n,...,n). By Riemann Hurwitz formula, we have

2(g — 1) :2(0—1)2mn+2mn(<2n2;1) 24 (mn:1> + (n;1> 5).

_ gt+tm+n—mm-—1
Then § = By ey ml

(8) If both o and p lift to elements of order n|o| and n|u|, then ramification
C = (2n,2,mn,n,...,n). By Riemann Hurwitz formula, we have

2(g—1) = 2(0 — 1)2mn+

o ((5) = (557) + () + (%))

Then § = m%.
(9) If o, 7 and p lift to elements of orders n|o|, n|7| and n|u| respectively in G,
then the ramification C = (2n, 2n, mn,n, ...,n). Riemann Hurwitz formula gives us

2(g — 1) = 2(0 — 1)2mn + 2mn ((2"2; 1) 2+ (m;; 1) + (n; 1) 5) .

__ gtm—mn
Then § = ETCE

Case G = A, : The ramification of ¢ : PL — P! is (2,3,3). ie. Ay =
<O’, Toplo? =73 =pd = 1>, where © = o7. Since the branching corresponding to
last two ramification points is the same then there are basically six distinct sub
cases which could arise.

(10) If o, 7 and p lift in G to elements of orders |o|, |7| and |u| respectively,
then the ramification C = (2,3,3,n,...,n). The dimension § can be found using
Riemann Hurwitz formula as follows.

2(91)2(01)12n+12n<(221>+(331> ~2+<”n1>5>.
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Then 0 = ga"__l;.

(11) If 7 lifts in G to element of order n|7| then ramification, C = (2, 3n,3,n, ..., n).
The dimension ¢ is as follows.

2(g—1):2(0—1)12n—|—12n<<2n2;1> + (3;1> 2+ (";1>5>

_ g—n+1
Then 0 = g(n_l).

(12) If 7 and p lift in G to element of order n|7| and n|u| then ramification
C = (2,3n,3n,n,...,n). The dimension § is as follows.

2(g—1) = 2(0 — 1)12n + 12n ((2;1> + (3”3; 1) 24 (”; 1) 5) .

Then § = 96_(2’?'{;’ .

(13) If o lifts in G to element of order n|o| then ramification C = (2n,3,3,n,...,n).
The dimension ¢ can be found using Riemann-Hurwitz formula as follows.

2(g — 1) 2(01)12n+12n(<2n2;1) + <3;1> 2 (n;1)5>

_ g—2n+2
Then 6 = gﬁ(n_l) .

(14) If o and 7 lift in G to element of order n|o| and n|r| then ramification
C = (2n,3n,3,n,...,n). The dimension ¢ is as follows.

2(g—1) =2(0 — 1)12n+
1on <<2n2; 1> N <3n3; 1) N <3; 1> N <n;1> 5) .

(15) If o, 7 and p lift to elements of orders n|o|, n|r| and n|u respectively in G,
then ramification C = (2n,3n,3n,n,...,n). The dimension ¢ is as follows.

2(g —1) = 2(0 — 1)12n + 12n ((2”2; 1) + (3n3; 1) 24 (n; 1) 5) .

__ g—6n+6
Then (5 = gG(’rLifl)

Then § = 96_(;1?‘{;1.

Case G = S, : The ramification of ¢ : PL — Pl is (2,3,4). ie. Sy =
<0’, Toplo? =73 =pt = 1>, where p4 = o7. Let s and t be the lifting of ¢ and
T € G respectively.

(16) If o, 7 and p lift in G to elements of orders |o|, |7| and |u| respectively,
then ramification C = (2,3,4,n,...,n). The dimension ¢ can find using Riemann
Hurwitz formula as follows.

2(g —1) = 2(0 — 1)24n+

an((57) (57 (57)+(57)1)
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Then 0 = 192-2:5__11) .

(17) If 7 lifts to an element of order n|7| then ramification (2,3n,4,n,.. ., n).
By Riemann Hurwitz formula

2(g — 1) = 2(0 — 1)24n+

o ((557)+ ()« (57) = (557)0)

(18) If p lifts to an element of order n|u|, then ramification (2,3,4n,n,.. ., n).
By Riemann Hurwitz formula

_ g—3n+3
Then § = £1]2(n71)’

2(g—1) = 2(0 — 1)24n+

(55 (5) = () + (7))

(19) If 7 and p lift to elements of orders n|7| and n|u| respectively, then ramifi-
cation (2,3n,4n,n,...,n). By Riemann Hurwitz formula

_ g—2n+42
Then 0 = ‘f2<n_1).

2(g—1) =2(0 — 1)24n+

wf((52) ()« () (57))

(20) If o lifts to an element of order n|o|, then ramification (2n,3,4,n,...,n).
By Riemann Hurwitz formula

_ g—6n+6
Then § = ?2@"_1).

2(g —1) = 2(0 — 1)24n+

(%)« (57 (57)+(57)1)

(21) If o and 7 lift to elements of orders n|o| and n|7| respectively, then rami-
fication (2n,3n,4,n,...,n). By Riemann Hurwitz formula

_ g—5n+5
Then 6 = ?2@71).

2(g — 1) = 2(0 — 1)24n+

(50 ) + () + () + (%))

_ g—9In+9
Then 6 = 51]2(n—1)'
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(22) If o and p lift to elements of orders n|o| and n|u| respectively, then rami-
fication (2n,3,4n,n,...,n). By Riemann Hurwitz formula

2(g — 1) = 2(0 — 1)24n+

(50 ) + (5)+ (M) + (%))

(23) If o, 7 and p lift to elements of orders n|o|, n|7| and n|u| respectively, then
ramification (2n,3n,4n,n,...,n). By Riemann Hurwitz formula

—8n—+8
Then 0 = fQ(n_l).

2(g — 1) = 2(0 — 1)24n+
24n(<2n2;1> N <3n3;1> N <4n4; 1> N <n;1> 5) |

Case G = As : The ramification of ¢ : PL — P! is (2,3,5). ie. A; =
<a, Tople? =73 =pb = 1>, where = o71. Let s and t be the lifting of 0 and 7 € G
respectively.

(24) If o, 7 and p lift to elements of orders |o|, |7| and |u| respectively, then
ramification C = (2,3,5,n,...,n). The dimension ¢ can be found using Riemann
Hurwitz formula as follows.

_ g—12n+12
Then 6 = %

2(g — 1) = 2(0 — 1)60n+

o ((557)+ (5)+(5) - (57))

(25) If p lifts to an element of order n|u|, then ramification (2,3,5n,n,.. ., n).
By Riemann Hurwitz formula

_ g+n—1
Then § = 390(7171)'

2(g —1) = 2(0 — 1)60n+

o ((557)+ (57)+(5) - (5))

(26) If 7 and p lift to elements of orders n|7| and n|u| respectively, the ramifi-
cation (2,3n,5n,n,...,n). By Riemann Hurwitz formula

_ g—5n+5
Then 6 = gO(nfl)'

2(g—1) = 2(0 — 1)60n+

o ((%57)+ (P51 )+ (5 ) + (%))

__ g—15n+15
Then (S = g?)()(Tl)
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(27) If 7 lifts to an element of order n|7|, then ramification (2,3n,5,n,.. .,n).
By Riemann Hurwitz formula

2(g —1) = 2(0 — 1)60n+
() (52) () (29

(28) If o lifts to an element of order n|o|, then ramification (2n,3,5,n,.. ., n).
By Riemann Hurwitz formula

_ g—9n+9
Then 0 = gO(n—l)'

2(g — 1) = 2(0 — 1)60n+

o ((%5)+ (5) - (57) - (57))

(29) If o and u lift to elements of orders n|o| and n|u| respectively, then rami-
fication (2n,3,5n,n,...,n). By Riemann Hurwitz formula

_ g—1l4n+14
Then 6 = %

2(g — 1) = 2(0 — 1)60n+

o (51 )+ (557) + (57) + (5 0):

(30) If o and 7 lift to elements of orders n|o| and n|7| respectively, then rami-
fication (2n,3n,5,n,...,n). By Riemann Hurwitz formula

__ g—20n+20
Then 6 = g?)O(Tl)

2(g— 1) = 2(0 — 1)60n+
60 (<2n27; 1) N <3n37; 1) . <5;1> N (n;l) 5) .

(31) If o, 7 and p lift to elements of orders n|o|, n|7| and n|u| respectively, then
ramification (2n,3n,5n,n,...,n). By Riemann Hurwitz formula

_ g—24n+24
Then 6 = g?)()(Tl)

2(g — 1) = 2(0 — 1)60n+
6o (<2n2n 1> N <3n3n 1> N <5n5n 1> N <nn1> 5) |

Case G = U : The ramification of ¢ : PL — P! is (p*). We know that (p) is
wildly ramified place; see[16],Theorem 1. Hence 5 = e*¢+¢—2 in equation Also
we know g = p'; see [16],Theorem 1.

(32) If element of order p' lifts to an element of order p’, then ramification
C = (p,n,...,n). We know e* = 1; see [16],Theorem 1. The dimension § can be

__ g—30n+30
Then 6 = g?)O(Tl)



144 AUTOMORPHISMS OF CURVES

found using Riemann Hurwitz formula as follows.

2(g —1) = 2(0 — 1)np" + np ((thrpt 2) + <n 1) (6+2)> .

pt n

Then 0 = 25;{5?52 — 2.

(33) If element of order p' lifts to an element of order np’, then ramification
C = (npt,n,...,n). In this case e* = n. Also (n,p) = 1 and n|p’ — 1. The dimension
0 can be found using Riemann Hurwitz formula as follows.

2(9—1):2(0—1)npt—|—npt(<npt+pt_2)—|— (";1)(5+2)>.

npt

Then § = 29};{&7@ - 2.

Case G = K,, : The ramification of ¢ : PL — P! is (mp’,m). We know that
the first place is wildly ramified; see [16],Theorem 1. Hence 81 = efg1 + ¢1 — 2 in
equation We know ¢; = p’; see [16], Theorem 1.

(84) If both elements of orders mp' and m lift to elements of orders mp* and m
respectively, then ramification C = (mp', m,n,...,n). We know ef = m, m|p* — 1
and (m,p) = 1; see [I6],Theorem 1. Riemann Hurwitz formula gives us,

2(g — 1) = 2(0 — 1)nmp'+

o (23572) (5 (55 000)

_ 2g42n-2
Then 6 = W —1.

(35) If element of order m lifts to an element of order nm, then ramification
C = (mp',nm,n,...,n). As in previous case e} = m, m|p' — 1 and (m,p) = 1. The
dimension § can be found using Riemann Hurwitz formula as follows.

2(g —1) = 2(0 — D)nmp'+

o (22 (20 (5 )

_ 2g+2n+pt—npt—2 _
Then § = Ty ey 1.

(86) If element of order mp! lifts to an element of order nmp?, then ramification
C = (nmpt,m,n,...,n). In this case el = nm. Also (nm,p) = 1 and nm|p® — 1.
The dimension ¢ can be found using Riemann Hurwitz formula as follows.

2(g — 1) =2(0 — 1)nmp’+
(5 2)+ (52)+ (7))

ot
Thené:%—l.

(87) If both elements of orders mp! and m lift to elements of orders nmp® and
nm respectively, then ramification C = (nmp*,nm,n,....,n). As in previous case
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e; =nm, (nm,p) = 1 and nm|pt — 1. Riemann Hurwitz formula gives us,
2(g — 1) = 2(0 — )nmp'+

o ()~ () + (57 o).

Then § = —29—— — 1.

mpt(n—1)

Case G = PSLy(q) : The ramification of ¢ : PL — PLis (a, 3), where a = q(q;l)
and = %1. We know that the first place is wildly ramified; see [16],Theorem 1.
Hence 1 = efq1 + q1 — 2 in equation [2| We know ¢; = ¢; see [16],Theorem 1. Let
m be the size of PSLa(q). i.e. m = %)(‘Hl).

(38) If both elements of orders a and £ lift to elements of orders « and 3 respec-
tively, then ramification C = (a, 8, n,...,n). We know e} = % and (q%l,p) =1;
see [16],Theorem 1. Riemann Hurwitz formula gives us,

2(g —1) =2(0 — )nm+

a(g—1) q+1
Li) 4 g—2 ar= 1 n—1
3 2
nm((q(ql) >+< %1 >+< - )(5—1—1)).
2

_ 2g+2n—2
Then § = 737.(7171) —1.

(39) If an element of order 8 lifts to element of order n/3, then ramification
C = (@, npB,n,...,n). As in previous case ef = 5% and (%1,p) = 1. By using

Riemann Hurwitz formula we can find § as follows.
2(g—1)=2(0 — I)nm+

q(g—1) n(g+1)
25— +qg-2 =g 1 n—1
2 2
nm <<q(q—1) ) + ( (a1 ) + < - ) (6 + 1)) }
2 2

Then § = 29+a(a=1)—n(g+1)(¢=2)=2 ¢
m(n—1)

(40) If an element of order « lifts to element of order nca, then ramification
C = (na, B,mn, ...,n). In this case e} = w, @\qf 1 and (@,p) =1. So

only possible values for n are 1 and 2. By using Riemann Hurwitz formula we can
find § as follows.

2(g—1)=2(0 — I)nm+

ng(g—1) g+1
M2 g -2 @2 1 n—1
2 2
nm(( nq(g—l) >+< %1 >+< - >(5+1)>.

Then § = —2g+ni§?;i);)rq7q2 —1.

(41) If both elements of orders o and 3 lift to elements of orders no and nf
respectively, then ramification C = (na,nf,n,...,n). As in previous case ef =

%, (@, p) =1 and n can be either 1 or 2. Riemann Hurwitz formula gives



146 AUTOMORPHISMS OF CURVES

us,
2(g—1)=2(0 — I)nm+
ng(g—1) n(g+1)
naa=l) 4 g9 nat) _ g n—1
2 2
nm (( nq(%il) ) + ( n(qZH) ) + < - ) (5—1—1)) .

Then § = —294— — 1.

m(n—1)

Case G = PGLy(q) : The ramification of ¢ : PL — Pl is (2a,28), where
and # as in the case PSLy(q). We know that the first place is wildly ramified; see
[16], Theorem 1. Hence 81 = ejq1 + ¢1 — 2 in equation [2} Also we know ¢; = ¢; see
[16], Theorem 1. Let m be the size of PGLy(q). i.e. m =q(q —1)(g+ 1).

(42) If both elements of orders 2« and 20 lift to elements of orders 2« and 2
respectively, then ramification C = (2,26, n,...,n). We know e = ¢ — 1 and
(¢ —1,p) = 1; see [16],Theorem 1. Riemann Hurwitz formula gives us,

2(g — 1) = 2(0 — 1)nm+
() () = () o),

_ 29+2n—2
Then § = i(nil) —1.

(43) If an element of order 2 lifts to element of order 2n3, then ramification
C = (2a,2n8,n,...,n). As in previous case e = ¢— 1 and (¢ — 1,p) = 1. By using
Riemann Hurwitz formula we can find ¢ as follows.

2(g — 1) = 2(0 — )nm+
o (=) (M) + () o).

Then § = 29+q(g—1)—n(qg+1)(g—2)—2 1.

m(n—1)

(44) If an element of order 2« lifts to element of order 2na, then ramification
C = (2na, 28, n, ...,n). In this case e; = n(¢—1), (n(q¢ — 1),p) = Land n(¢—1)|q—1.
So only possible value for n is 1. By using Riemann Hurwitz formula we can find
0 as follows.

2(g — 1) = 2(0 — 1)nm+
o (M) () + (M) e ).

Then § = 20Enele-to=a g

(45) If both elements of orders 2« and 28 lift to elements of orders 2na and
2n0 respectively, then ramification C = (2na,2nf,n,...,n). As in previous case
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ey =n(g—1), (n(¢—1),p) =1 and n = 1. Riemann Hurwitz formula gives us,
2(g—1)=2(0 — I)nm+
nq(q—1)+q—2> <n(q+1)—1> <n—1> )
nm + + 0+1)).
(( ng(q —1) n(g+1) AR

— _ 29 _
Thenéfm(n_l) 1.

This completes the proof. ([

Now we determine the automorphism group G for each G as separate theorems.
We know that each G has sub cases. So we list G for each sub cases under the
appropriate theorem. In some cases we give a presentation for G.

Remark 2. Let G be a group such that s € G and s™ = 1. Let C, be the cyclic
group of order n and r be the generator of it. Let G be a extension of G by C,, such
that C, <G. Then srs~! = 1!, where (I,n) =1 and I™ =1 (mod n).

Proof. Since C,, <G, srs™t = 7! for some 1 <1 < n. But (srs™1)" = 1. Hence
(I,n) = 1. Since s™rs™™ =7 and s™rs™™ =" 1™ =1 (mod n). O

3.1.1. G=C,,.

Theorem 3.2. The automorphism group G of a cyclic curve of genus g > 2 with
G = C,, is as follows.

(1) If G has ramification as in case 1, then there are two sub-cases. If m =1
then G = C,, otherwise G has a presentation:

(r,s|rm =1,8m =1,srs~ ! = rl)

where (I,n)=1 and I'"™ =1 (mod n). But if (m,n) =1, thenl=n — 1.
(2) If G has ramification as in cases 2-3 in Table[d then G = Cyp,.

Proof. We know that the second cohomology group is as follows; see Table 1 in
[15].
HQ(Cmv Cn) = C(mm)

(1) If m = 1, then G is a cyclic extension of C, by Cy. C, is the only one
possible extension. Now we consider the sub case m > 1. Let C,, = (r|r™ = 1) and
let Cp, = (oo™ = 1). Let s be the lifting ¢ in G. In the case 1, an element of order
m lifts to an element of order m in G. Hence s™ = 1. Since C,, <G, srs~! = r! for
some [ € {1,...,n}. By Remark 2| (/,n) =1 and I™ =1 (mod n). Hence G has a
presentation:

(r,s|r™ =1,8™ = 1,srs"t =rl)

If (m,n) = 1, then |H*(Cp, Cn)‘ = 1. Hence there is only one extension. If [ =1,
G = (C,, x C, = Cpyn. Since this case G does not have an element of order mn,
l#1. Soif (m,n)=1thenl=n—1

(2) If G has ramification as in cases 2-3 in Table [2| then G has an element of
order mn. Among the extensions C,, by C,,, Cp,, is the only one extension for
which has an element of order mn. Hence, for those cases G = C),,. O
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3.1.2. G = Dy,
Theorem 3.3. Let G = G/C,, & Ds,,. The automorphism group G is as follows.
(1) If n is odd then G = Doy, X C,y.
(2) If n is even and m is odd then G = Doy, x Cy, for the cases 4,6 and G = Gy
for the cases 7,9 in Table[d respectively, where Gy is as follows.
Go=(rs,t|r" =1, =r > =r"" ! (st)" =12 srs ' =r trt ' =7)

There are no possible group extensions for the cases 5 and 8 in Table[d
(8) If n is even and m is even then G = Gy, G5, G, G7,Gs, Gg for the cases 4-9
in Table [] respectively, where G4 — Gy are as follows.

G4 :DQm X Cn
Gs=(r,s,t|r" =1, =r,t* = 1,(st)™ = 1,srs L =r trt ™' =" 1)
GG :Dan

Gr={(rs,t|r" =1, =rt> =r""1 (st)" = 1,srs ' =rtrt ' =7)
Gs = (r,s,t|r" =1, =, > =1,(st)" =% srs™ " =rtrt ' = ")
Go=(r,s,t|r" =1,8 =7, t? =" (st)™ = rEsrsT = trtT! = 7

Proof. We know that the second cohomology group is as follows; see Table 1 in
[15].
1 if (n,2) =1
H?(Dap, Cr) = < Co if (n,2) =2 and (m,2) =1
Cy x Cy x Cy if (n,2) =2 and (m,2) =2

(1) If n is odd then |H?(Dgp,, Cr)| = 1. Hence G 2 Dy, x Chy.

(2) If n is even and m is odd then |H?(Da,,,Cy)| = 2. So there are at most 2
extensions which could occur. For cases 4 and 6 G =2 D,,,, x C,, because in those
cases two elements of order 2 of G lift to elements of same order. In cases 7 and
9, two elements of order 2 left to elements of order 2n. Let C,, = (r|r™ =1). The
group D, has a presentation, <J, T plo? =72 =pm = 1>, where y4 = o7. Let s
and t be the lifting of o and 7 in G respectively and we know that C,, < Ds,,. Hence
srs~! =rland trt—! = rk. By Remark (I,n) =1,12 =1 (mod n) and (k,n) =1,
k? =1 (mod n). We choose k = [ = 1. Since both o and 7 lift to elements of order
nlo| and n|r| in G, then we choose s> = r and t? = r"~1, because both r and r"~1
have order n in Cy,. In case 9, u lifts to element of order n|u|. Thus we choose
(st)™ = rZ, because r2 has order 2 in C),. Hence G = Gy, where Gy is as follows.

Go=(rs,t|r" =1, =r > =r"" (st)" =12 srs L =r trt 1 =7)

we know that the dimension § is an integer. But §’s of cases 5 and 8 cannot be
an integer when n is even and m is odd. So there are no possible automorphism
groups for these cases.

(3) If n and m both even then |H?(Da,y,, Cy,)| = 6. So there are at most 6 exten-
sions which could occur. As in proof of part (2), Da,, = <a, Tplo? =72 =" = 1>,
where u = o1, Cp, = (r|r™ = 1) and s and ¢ be the lifting of ¢ and 7 in G respec-
tively. Also, srs~' =l and trt~! = r*. By Remark (I,n) =1,1> =1 (mod n)
and (k,n) =1, k2 =1 (mod n). We choose k = 1.

In case 4, o, 7 and p lift in G to elements of orders |o|, || and |u| respectively.
Hence G = D, x C,,.
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If 7 lifts to element of order n|7| like in case 5, then we choose s such that s2 = 7,
because order of r is n in ¢,. Since other two generators lift to elements of same
orders that they had before, t> = 1 and (st)™ = 1. Further we choose | = n — 1.
So G is isomorphic to Gs.

In case 6, p lifts to an element of order n|y| in G. Hence G = Doy,

In case 7, both ¢ and 7 lift to elements of orders n|o| and n|7| in G, then we
choose s2 = r and t2 = "~ !, because both r and r®~! have order n in C,,. Since
other generator lifts to an element of same order that it has before, (st)™ = 1. Also
we choose [ = 1. So G is isomorphic to G7.

If both o and p lift to elements of orders n|o| and n|u| like in case 8, then we
choose 52 = r and (st)™ = r2. Since the order of 7 is remaining the same, > = 1.
Further we choose [ = n — 1. Hence G = Gs.

In case 9, o, 7 and p lift to elements of orders n|o|, n|7| and n|u| respectively,
then we choose s and ¢ such that s = r, 12 = r"~! and (st)™ = r3. Also we choose
[ =1. Hence G = Gy.

[

3.1.3. G Ay.

Lemma 2. Let G be a group extension of Ay by C,, and let n = p{'p3?..pir. If 3
t(p; —1) for all1 <i <r, then G is a central extension.

Proof. Let’s consider the conjugation action of A4 on C), and the homomorphism
v Ay — Aut(C,). Then im(y) € 1,C5, Ay. If n = p'p52..p% and 3t (p; — 1)
for all 1 < i < r, then 3 1 |Aut(C,)|. So 31 |[im(y)]. i.e. |im(y)|=1. Hence G is
central extension of A4 by C,. (Il

Theorem 3.4. Let X, be a genus g > 2 cyclic curve with G = Ay. Then G :=
Aut(X,) as follows.

(1) If n is odd and not a multiple of 8 then G = Ay X C,,.

(2) If n is odd and a multiple of 8 then G = Gy, Gla, Gls, G5 for the cases
10,12,13,15 in Table[d respectively, where Gy, Gy, G135, G5 are as follows.

rstrt =152 =1, =1,(st)> = 1,srs =1 trt L = ¢!)
rs, |t =1, = 1,3 =7r% (st)? =5, srs7 L = r trt7 =1l)

G =
Gllz =

L =(r s, t|r" =1, =78 3 =1,(st)> = 1,srs =1 trt L = 7!)
G

(
(
(
s =(r st =182 =75 3 =05 (st)3 =78 srs = trt7 =)

where (I,n) =1 and I3 =1 (mod n). Furthermore G, = G5, Gh5 = G5 and there
are no possible group extensions for the cases 11, 14 in Table[d

(8) If n is even, not a multiple of 3, then if n satisfies the condition in Lemma
then G =2 Ay x C,, when G has ramification as in cases 10 and G has ramification
as in cases 11-15 in Table[q then G has a presentation:

(r,s,t|]r" =1,82 =13 13 =713 (st)} =r2,srs =rtrt~ ' =7)

If n does not satisfy the condition in Lemma @ then G = Gig,G11,G12,G13,
G14,G15 for the cases 10-15 in Table |9 respectively, where G1op — G15 are as in

(4)-
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(4) If n is even and multiple of 3 then G = G19,G11, G112, G13, G14, G15 for the
cases 10-15 in Table[q respectively, where G19 — G5 are as follows.

Gio = (r,s,t|r" = 1,s2=1,t3 =1, (st)3 =1,srs t=rtrt !t = rk)

Gy = (r,s,t|r" = 1,s2=1,3=r%, (st)3 =1,srs t=rtrt !t = rk>
Gz =(rst|r" =1, =18 =r7 (st) =r2 srs™' =rtrt"" =1rF)
Gus=(rstlr"=15=r7 " =1,(st)) =1, srs ' =r,trt"' =1")
Gu=(rstlr" =1, =r2 =13 (st)’ =1srs ' =rtrt"" =r¥)
Gis =(r,s,t|r" =1, =r2 3 =713 (st)3 =12, srs = r trt™L =1F)

where (k,n) =1 and k3 =1 (mod n). Furthermore G1g = G11 = G12 and G13 =
G =Gis.

Proof. We know that the second cohomology group is as follows; see Table 1 in
[15].
H2(A4, Cn) = C(n,2) X C(n,B)

(1) If n is not a multiple of 3 then H?(Ay4, Cy,) = C(y, 2) x Cy. If we consider the
case that n is odd under the condition n is not a multiple of 3, then |H2(A4, Cn)} =
1. Hence G = A4 x C),.

(2) If n is odd and a multiple of 3 then |H2(A4,Cn)‘ = 3. So there are at
most 3 extensions which could occur. Let C,, = (r|r™ =1). The group A4 has a
presentation, <0, roplo? =73 =pd = 1>, where . = o7. Let s and ¢ be the lifting
of ¢ and 7 in G respectively and we know that C,, < A;. Hence srs™' = r* and
trt~' = r!. We choose k = 1. By Remark[2] (I,n) =1 and > =1 (mod n).

The case 10 in Table 2] is lifting of o, 7 and p to elements of orders |o|, |7] and
|| respectively, then s> = 1, t3 = 1 and (st)®> = 1. Hence G has a presentation as
in GY,.

If 7 and p lift to elements of orders n|7| and n|u| respectively, then we choose s
and t such that t> = r> and (st)® = r2. In case 12, we have such a situation. Since
the order of o is remaining the same, s> = 1. So G has presentation as in G/s.

In case 13, o lifts to an element of order n|o|, then we choose s such that
52 = r%. Since the orders of 7 and y are remaining the same, t* = 1 and (st)® = 1.
So G =2 GY5.

In case 15, o, 7 and p lift to elements of orders n|o|, n|r| and n|u| respectively,
then we choose s and t such that s> = r%, #3 = 7% and (st)® = r3. Hence G = G/;.

(3) If n is even and not a multiple of 3 then |H?(Ay4, Cy)| = 2. By Lemma [2] if
n = pi'ps*.pt and 31 (p; — 1) for all 1 < i < r then G is a central extension.
Hence there are two extensions. So G 2 A4 x C,, for the cases 10 in Table[2] because
Ay x C,, does not have element of order 2n. By using GAP algebra package we found
out that G := (r,s,t|r" = 1,82 =72 3 =12, (st)> =r3,srs™ ! = trt~! =r) for
the cases 11-15 in table 2] If n does not satisfy the condition in Lemma [2] then G
isomorphic to G19 — Gi5 in (4) and proof is exactly similar to proof in (4).

(4) If n is even then |H?*(A4,Cy)| = 2 or 6. So there are at most 6 extensions
which could occur. Let C,, = (r|r™ = 1). As proof of part (2), A4 has a presentation,
(o,7,plo* = 7% = p® = 1), where = 7. Let s and t be the lifting of o and 7 in
G respectively and we know that C,, < A4. Hence srs™ = r! and trt=! = rk. We
choose [ = 1. By Remark (k,n) =1 and k* =1 (mod n).
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The case 10 in Table [2]is lifting of o, 7 and u to elements of orders |o|, |7| and
|| respectively, then s2 = 1, t3 = 1 and (st)® = 1. Hence G has a presentation as
in G10~

In case 11, 7 lifts to an element of order n|7|, we choose t such that 3 = r%.
Since the orders of o and yu are remaining the same, s> = 1 and (st)® = 1. Hence
G = G-

If 7 and p lift to elements of orders n|7| and n|u| respectively, then we choose s
and t such that 3 = r% and (st)® = r%. In case 12, we have such a situation. Since
the order of ¢ is remaining the same, s> = 1. So G has presentation as in Gys.

In case 13, o lifts to an element of order n|o|, then we choose s such that
5?2 = r3. Since the orders of 7 and p are remaining the same, t> = 1 and (st)3 = 1.
So G = G13.

If o and 7 lift to elements of orders n|o| and n|7| respectively like in case 14,
then we choose s and ¢ such that s> = r% and t* = 3. Since the order of x4 does
not change (st)® = 1. Hence G = G14.

In case 15, o, 7 and p lift to elements of orders n|o|, n|7| and n|u| respectively,

then we choose s and t such that s> = 73, 3 = r> and (st)®> = r2>. Hence
G = Gss. O
3.1.4. G~ 8,

Theorem 3.5. The full automorphism groups for the cases 16-23 in Table [4 as
follows.

(1) If n is odd then G = Sy X C,,.

(2) If n is even then G = G16,G17,Gls,Glg,Ggo,Ggl,GQQ,G23 fO’I" the cases
16-23 in Table[g respectively, where G16 — Gag are as follows.

Gig=(rstlrm=1,=1,12=1,(st)! =1L, srs L =rl trt7 1 =7)
Gir=(rstlrm=1s=1t=r2 (st)y =1,srs L =r trt L =7)
Gig=(rstlrm=1,s=1t=1,(st)  =r2,srs L =7l trt 1 =7)

(
(
Gio=(rstlrm=1,s=1t=r2, (st) =r2, srst=rltrt- =7)
(
(

Gog = (r,s,t|rm =1, =r2 3 =1,(st)* = 1,srs L =l trt™  =71)

n n — —
Gor =(r,s,t|r" =1,8> =72, 3 =r2 (st) =1, srs L =rltrt= 1 =7)

Gog = (rs,t|1" =1,8> =72 3 =1,(st) =r2,srs =rl trt7 1 =7)

Goz = (r,s,t|r" =1, =r2 3 =r% (st)* =r%, srs L =rltrt= =7)

where (I,n) = 1 and 1> = 1 (mod n). Furthermore Gig = Gi7, Gi1s = Gg,
Gao = Ga1 and Gag = Gas.

Proof. We know that the second cohomology group is as follows; see Table 1 in
[15].
H?(S4,Crn) = Cln2) X Cn2)
(1) If n is odd then ’H2(54,Cn)‘ =1. S0 G2 Sy xC,.
(2) If n is even then |H?(S4,Cp)| = 4. So there are at most 4 extensions

which could occur. Let C, = (r[r™ =1). The group Ss has a presentation:
<0’, Toplo? =73 =pt = 1>, where p4 = o7. Let s and t be the lifting of ¢ and
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7 in G respectively and we know that C,, <« Sy. Hence srs™' = r! and trt=1 = rF.
We choose k = 1. By Remark (I,n) =1and > =1 (mod n).

The case 16 in Table [2]is lifting of o, 7 and p to elements of orders |o|, |7| and
|| respectively, then s> = 1, 3 = 1 and (st)* = 1. Hence G has a presentation as
in Glg.

In case 17, 7 lifts to an element of order n|r|, we choose t such that t> = r3.
Since the orders of o and p are remaining the same, s = 1 and (st)* = 1. Hence
G = Gy

If p lifts to an element of order n|u| like in case 18, then we choose s and ¢ such
that (st)* = r%. Since the orders of ¢ and 7 don’t change, s> = 1 and st® = 1.
Hence G = Gis.

If 7 and p lift to elements of orders n|7| and n|u| respectively, then we choose s
and t such that 3 = r% and (st)* = r2. In case 19, we have such a situation. Since
the order of o is remaining the same, s> = 1. So G has presentation as in Gyg.

In case 20, o lifts to an element of order n|o|, then we choose s such that
52 = r%. Since the orders of 7 and y are remaining the same, t3 = 1 and (st)* = 1.
So G & GQ().

If o and 7 lift to elements of orders n|o| and n|7| respectively like in case 21,
then we choose s and ¢ such that s> = r% and t* = 3. Since the order of x4 does
not change (st)* = 1. Hence G = Ga;.

In case 22, o and p lift to elements of orders n|o| and n|u| respectively, then we
choose s and ¢ such that s> = r2 and (st)* = r2. Since the order of x does not
change (st)* = 1. Hence G has a presentation as in Gas.

In case 23, o, 7 and p lift to elements of orders n|o|, n|T| and n|u| respectively,
then we choose s and ¢ such that s> = r%, #3 =% and (st)* = r%. Hence G = Ga3.

(]

3.1.5. G = As.

Lemma 3. Let G be either As or PSLy(q). Then an extension of G by C, is
central.

Proof. Let us consider the conjugation action of As on C,. The image of the
induce homomorphism 7 : A5 — Aut(C,,) is a quotient of As. Since Aut(C,,) is
abelian group, im(r) is abelian group. G is non abelian simple group. Hence G
is perfect group and ﬁ = 1. So G has only trivial abelian quotient. Therefore
im(m)=1. Hence the action of A5 on C,, is trivial. Therefore extension of A5 by
C,, is central. 0

Theorem 3.6. The automorphism groups for the cases 24-31 in Table [] are as
follows. If n is odd or G has a ramification as in cases 24-27 in Table g then
G = A5 x C,,. Otherwise G admits group has presentation as:

(rys,t|rm =1,82 =72, t3 =73 (st)> =r2,srs =1 trt™ 1 =71)
Proof. By Lemma [3] we know that extension is central and We know that the
second cohomology group is as follows; see Table 1 in [15].
1 ifnis odd
Cy if nis even

H?(As,C,) fs{

Hence if n is odd there is only one central extension. Since C,, is abelian G =2
Asx (). If nis even there are two central extensions. The one possibility is As x C,,.



AUTOMORPHISMS OF CURVES 153

According to the ramification of the cases 28-31 in Table[2] G has element of order
2n. But As x C,, does not have element of order 2n. Hence if G has a ramification of
the cases 24-27 in Tablethen G = A5 x C,,. Since As = (s,t|s% =13 = (st)® = 1),
all possible central extensions are of the form (r, s, t| 7™ = 1,52 = r® 13 = rb (st)® =
r¢, srs~t = trt~! = r) where a,b,c € {1,....,n}. If a = b = ¢ = 1 then the above
presentation gives As x C,. We use GAP algebra package to calculate suitable a,

b and ¢ for the cases 24-27 in Table |2| and we found out that a =b=c = % O

3.1.6. G = U. We defined U = C%.

Theorem 3.7. Let X, be a genus g > 2 cyclic curve with G = U. Then G :=
Aut(X,) as follows.
(1) If G has ramification as in case 32 in Table then G has presentation:

n
<7, 81,82, .., 81" =8
1 ..
8;8j = 8;S;,8;Ts; = = rl, 1<, <t>

where (I,n) =1 and P =1 (mod n).
(2) If G has ramification as in case 33 in Table[d then G = U x C,,.

Proof. (1) Let U =< 01,09,...,0¢0) = ob = ... = of = 1,050, = 0,0;,1 <
i,j <t > Let C, = (rlr™ =1). Let s1,52,...,5: be the lifting of 01,09, ...,0¢
in G respectively. In case 32, oy...0¢ lifts to an element of order |oy...0¢|, then
sh=sh=.. =80 =1,88; =s58;,1 <4,j <t. Since Cp, U, s;rs; ' =7l 1 <i < L.
By Remark 2] (I;;n) =1 and i =1 (mod n), for 1 < i < t. We choose | = I; for
1 <i <t. Hence G has presentation,

P
1

_1 1 .o
<1y 81,82, srt =8 =sh = =8V =1,8;8; = sjs5, 887 =1, 1<, j <t>.

(2) In case 33, G has an element of order np’!. We know that (n,p) = 1 and
n|pt —1. Hence (n,p') = 1. So among the extensions of U by C,,, U x C,, is the only
one extension for which has an element of order npt. So in this case G = U x C,,.

([

3.1.7. G = K,,,. We know that K, = C; x Cp, and m|pt — 1.

Theorem 3.8. Let X, be a genus g > 2 cyclic curve with G = K,,. Then G :=
Aut(Xy) as follows.
(1) If G has ramification as in case 34 in Table@ then G has presentation:

<181, Spulrt =8 = =80 =0T =1, 885 = 5584,
vro~ = T, s,»rs[l = rl,sivs;l = vk, 1<4,5<t>
where (I,n) =1 and P =1 (mod n), (k,m) =1 and kP =1 (mod m).

(2) If G has ramification as in case 35,36 and 37 in Table then G has presen-
tation:

1 .o
G35 = <r,sl, sttt =8 = =8 = 1,885 = sj85, 88, L =1l 1 <45 < t>
where (I,nm) =1 and I? =1 (mod nm).

Proof. (1) Let K =< 01,092,...,0p,ulo] = o = .. = of = u™ = 1,050, =

O'jO'i,O'iUO'i_l =k 1 <i,j <t > (kym)=1and k¥ = 1 (mod m). Let
Cp = (rlr™=1). Let s1,$2,...,8: v be the lifting of 01,09, ...,0¢,u in G respec-

tively. In case 34, uoj...oy lifts to an element of order |uoy...o¢|, then s’f = sg =

m
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o= 8 = 0™ = 1,8;8; = s;8;,svs + = vk 1 <, j <t We choose k = k; for
1 <i <t Since C,<U, sirsjl =7k 1<i<t By Remark (liyn) = 1 and
I’ =1 (mod n), for 1 < i <t. We choose [ = [; for 1 <i <t. Also vro~! = r2.
By Remark |2, (a,n) = 1 and ¢™ = 1 (mod n). we choose a = 1. Hence G has
presentation,

<181, Sl =8 = =8 =0T =1, 885 = 5585,
ool = T, snsfl = rl, sivsjl = vk, 1<4,5<t>
(2) In case 35, 36 and 37, G has elements of orders nmp’ and nm. Among the
extension of K,, by C,, G35 is the only one extension so that it has elements of
orders nmp' and nm. Non of other extensions have either elements of orders nm
or nmpt. Note that if (n,m) = 1, then G35 is isomorphic to the group G of case
34. O

3.1.8. G = PSLy(q). We know that ¢ = p/ where p is the characteristic of field k.

Theorem 3.9. Let G be a Aut(Xy) where Xy is a cyclic curve of genus g > 2 with
G = PSLy(q), ¢ # 9 then G is as follows.

(1) If G has ramification as in cases 38 and 39 then G = PSLy(q) x C,,.

(2) If G has ramification as in cases 40 and 41 and ¢ = 3 then G = SLy(3).
There are no possible groups for q # 3.

Proof. By Lemma/[3] we know that extension is central and the second cohomology
group is as follows; see Table 1 in [I5].

1 ifp=2pf #£4
H?*(PSLy(q),Cn) =< Clay ifp>2,pf #90rp/ =4
Ceny ifpf=9

(1) If n is odd then there is only one extension. Since C,, is abelian G =
PSLs(q) x C,. If n is even, there are two extensions. According to ramification
structure of cases 38 and 39 G = PSLs(q) X C,,. So for any n G = PSLs(q) x C,
for cases 38 and 39.

(2) By cases 40 and 41 of Theorem (3.1} n = 2. We know that SLs(q) is the only
degree two central extension of PSLs(q); see [§]. If ¢ # 3 then SLy(q) does not
have elements of na or nB. Therefore there are no possible groups for g # 3. But
if g =3, G SLy(3).

O

3.1.9. G = PGLy(q). As previous subsection we know that ¢ = p7.

Theorem 3.10. The automorphism group G such that G = G/C, = PGL(2,q)
is as follows. If G has ramification as in cases 42 and 43 in Table |4 then G =
PGL(2,q) x C,,. There are no possible group extensions for the cases 44 and 45 in
same table.

Proof. We know that the second cohomology group is as follows; see Table 1 in
[15].

HQ(PGL(27(])7 Cn) = C(n,?) X C(n,2)
According to the ramifications structure of the cases 42 and 43 and the second
homology group, for any n, G & PGL(2,q) x C,. By Theorem only possible
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value for n is one for the cases 44 and 45. Hence there are no possible groups for
those cases.
O

3.2. The case p=>5. In this case G is isomorphic to one of the C,,, D,,, A4, S4,
U, K., PSL(2,q) or PGL(2,q). Since the ramifications of covers ¢ : P! — P! are
similar to the ramifications in Theorem then signatures of covers ® : X — X¢
and dimensions are same as corresponding cases in Table

Theorem 3.11. Let g > 2 be a fized integer. Then the automorphism group G
of a cyclic curve of genus g defined over a algebraically closed field k such that
char(k)=5 is one of the group in the Theorem|[3.4,

. Furthermore, signatures of covers ® : X — X% and dimensions are same
as corresponding cases in the Table[2

Proof. Since the ramification of the cases under G = C,,, Dy, A4, S4, U, K, PSL(2,q)
and PGL(2,q) are same as in Theorem the proofs of those cases are the same
as proof of Theorem m But the case G = As does not appear when p = 5. O

3.3. The case p=3. In this case G = C,,, Dy, As, U, K,,, PSL(2,q) or PGL(2,q).
The cases G = Cy, Dy, U, Ky, PSL(2,q) and PGL(2, q) have the same ramifica-
tions as in Theorem Hence those cases have signatures as in Table 2| However
the case G = Ay has different ramification.

Theorem 3.12. Let g > 2 be a fized integer. Then the automorphism group G
of a cyclic curve of genus g defined over a algebraically closed field k such that
char(k)=3 is one of the group in the Theorems orif G
has ramification as in cases a,b in Table[5 then G = A5 x C,,. There are no possible
group for cases c,d in Table E Furthermore, signatures of covers ® : X — X and
dimensions are same as corresponding cases in the Table[3 or Table[3

4| G| scc |c=,...C)

a 390?77_*11) —1| (6,5,7n,..,n)

b ga'(i"__li -1 (6,5n,n,...,n)
c | As :gar(i":l? -1 (6n,5,n,...,n)
d m —11 (6n,5n,n,...,n)

Table 3: The signature C and dimension 6 for G = A5 and p = 3

Proof. The proof of the cases under G = C,,, Dy, A4, S4,U, Ky, PSL(2,q) and
PGL(2,q) are the same as in proof in Theorem (3.1
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Case G = A; : The ramification of ¢ : PL — P! is (6,5). By Theorem 1 in
[16], the first point is wildly ramified and second one is tamely ramified. Hence in
equation 2| 81 = efq1 + g1 — 2 for the first ramified place. By Theorem 1 in [I6],
@1 = 3.

(a) If both elements of orders 6 and 5 lift to elements of orders 5 and 6 then
ramification is C = (6,5, n, ...,n). In this case e} = 2. Hence by Riemann Hurwitz
formula,

2(g—1):2(0—1)60n+60n(<6+2_2)+(5;1)+ (”;1>(5+1)>.

_ gtn—1
Then § = 390(7171) —1.

(b) If element of order 5 lifts an element of order 5n, then ramification is C =
(6,5n,m,...,n). As previous case ef = 2. Hence by Riemann Hurwitz formula,

2(g — 1) = 2(0 — 1)60n+
60n ((6+Z_2> + (5n5; 1) + (”; 1) (6 + 1)) .

(c) If element of order 6 lifts an element of order 6n, then ramification is C =
(6,5n,n, ...,n). In this case ef = 2n. Furthermore (2n,3) = 1 and 2n|(3—1). Hence
only possible value for n is one. So Riemann Hurwitz gives,

_ g—5n+5
Then § = go(nq) —1.

2(g — 1) = 2(0 — 1)60n+
60n<(6"+62_2> + (5;1> + <n;1) (5+1)).

(d) If both elements of orders 6 and 5 lift to elements of orders 5 and 6 then
ramification is C = (6n,5n,n,...,n). As in previous case e] = 2n and only possible
value for n is one.

__ g—6n+6
Then 0 = gO(n—l) — 1.

2(g— 1) = 2(0 — 1)60n+
60 <<6”+62_2> + <5"5; 1) + <"; 1) (5+1)) .

By Lemma [3| we know that extensions As by C,, is central. By Table 1 in [15]
H?*(A5,Cp) = C(n,2)- Soif G has ramification as in cases a and b then G = A5 x C,,.
According to cases ¢ and d, only possible value for n is one. So there are no possible
group extensions for those two cases. (I

Thendzﬁ—l.

n—1)

4. THE MAIN THEOREM

We combine Theorems [3.2] - altogether to make main theorem. This main
theorem gives us all possible automorphism groups of genus g > 2 cyclic curves
defined over the finite field of characteristic p.
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Theorem 4.1. Let Xy be a genus g > 2 irreducible cyclic curve defined over an
algebraically closed field k, char(k) =p # 2, G = Aut(X,), G its reduced automor-
phism group.

(1) If G = C,, then G = C,,,, or
(r,s|rm =1,8" =1,srs~ 1 =)
where (I,n)=1 and I™ =1 (mod n).
(2) If G = Dy, then G = Doy, x C, o1

Gs = <7“,3,t| r’t = 1,82 =7, a— 1, (st)m = 1757“3_1 =, trt~! = 7«”—1>
GG :Dan
Gr=(rs,t|r" =1,8> =rt> =r""1 (st)" =1, srs ' =rtrt ™' =7)

Gg =(r,s,t|r" =1,s% = r t*

=1,(st)" =r% srs L = trt7t ="
Go=(rs,tlr"=1,s>=r 2 =L (st)m =r% srs L =rtrt 1 =7)
(3) If G= Ay and p # 3 then G = Ay x C,, or
Glo=(rstrm=1,2=1,12=1,(st)3 = 1,srs ' = r,trt "1 =7l)
Gly=(rs,t|rm =1, =112 =r3 (st)> =r5, srs = rtrt "t =1l
where (I,n) =1 and > =1 (mod n) or
(rys,t|r" =1,82 =72 3 =712 (st)’ =r2,srs L =rtrt 1 =7)
or
Gio=(rst|r" =1, =113 =1,(st)3 = 1,srs ' = r trt~! = ")
Gis=(rstlrm=1,s>=r2,t3=1,(st)3=1,srs L =r trt "t =rF)
where (k,n) =1 and k* =1 (mod n).
(4) If G =2 Sy and p # 3 then G =2 Sy x Cy, or
Gig=(rs,t|r" =1, =1, =1,(st)* = 1,srs L =rl trt71 =7)
Gigs=(rstlrm =18 =1t =1,(st) =72, srs L =7 trt=! =r)
Gog = (r,s,t|r" =1, =r2 3 =1,(st) = 1,srs L =l trt™t =7)
Gog =(r,s,t|r" =1, =72, 3 =1,(st) =r% srs L =rl trt7 1 =7)
where (I,n) =1 and 1> = 1 (mod n).
(5) If G = A5 and p £ 5 then G =2 A5 x C,, or
(r,s,t|r" =1,82 =13 13 =713 (st)> =r2,srs™  =rtrt~ 1 =7)
(6) If G2 U then G2 U x C,, or
< Ty 81,82,y St|T =8
5;8; = sjsi,sirs;1 =rl1<ij<t>

where (I,n) =1 and I’ =1 (mod n).
(7) If G =2 K, then G =

n __ Jp _ — — gy —
Ty 81, 0, S,0|r =81 = . =5 =0 =1,8;8; = s;si,

vro”l =7, sws{l = rl,sivsi*l = vk, 1<4,5<t>
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where (I,n) =1 and 1P =1 (mod n), (k,m) =1 and k» =1 (mod m) or
<r,51,...,st|7“"m =si=..=s =195 = sjsi,sirsfl =rl1<4,j< t>

where (I,nm) =1 and I? =1 (mod nm).
(8) If G = PSLa(q) then G = PSLa(q) x Cy, or SLa(3).
(9) If G 2 PGL(2,q) then G = PGL(2,q) x C,,.

4.1. Automorphism groups of genus 3 cyclic curves. Applying Theorem [3.1]
through Theorem we obtain the automorphism groups of a genus 3 cyclic
curve defined over algebraically closed field of characteristic 0,3,5,7 and bigger than
7. We listed GAP group ID of those groups in following theorem.

Theorem 4.2. Let X; be a genus 3 cyclic curve defined over a field of characteristic
p. Then the automorphism groups of Xy are as follows.

i):p=0:(21),(42), 31), (41), (82), (8,3), (7,1), (21,1), (14,2),
(6,2), (12,2), (9,1), (8,1), (8.5), (16,11), (16,10), (32,9), (30,2), (42,3),
(12,4), (16,7), (24,5), (18,3), (16,8). (48,33). (48, 48).

ii): p=3:(2.1), (4,2), (3,1), (4,1), (8,2), (8,3), (7, 1), (14,2), (6,2), (8,1),
(8,5), (16,11), (16,10) (32,9), (30, ) (16,7), (16 8), (6,2).

111) p=25: (27 1); (4’2 ’ (37 )7 (4 1) (8’2) (8 3) ( 1>7 ( ’ )7 ( 2)7
(6,2), (12,2), (9, 1), (8,1), (8,5), (16 11), (16 10) ( 9), ( , ), ( 4),
(16,7), (24,5), (18,3), (16,8), (48,33), (48,48).

iv): p=7:(21), (42), 3,1), (4,1), (8,2), (8,3), (7,1), (21,1), (6,2),
(12,2), (9,1), (8,1), (8,5), (16,11), (16, 10), (32, 9) (30,2), (42,3), (12,4),
(16, 7), (2475), (18,3), (16,8), (48,3 ), (48,48)

v):ip>T:(21), (4,2), (3,1), (41), (8,2), (8,3), (7,1), (21,1), (14,2),
(6,2), (12,2), (9,1), (8,1), (8,5), (16,11), (16, 10), (32,9), (30,2), (42,3),
(12,4), (16,7), (24,5), (18,3), (16,8), (48,33), (48, 48).

4.2. Automorphism groups of genus 4 cyclic curves. Again applying Theo-
rem through Theorem [3.12] we obtain the following groups as automorphism
groups of a genus 4 cyclic curve defined over algebraically closed field of characteris-
tic 0,3,5,7 and bigger than 7. We listed GAP group ID of those groups in following
theorem.

Theorem 4.3. Let X, be a genus 4 cyclic curve defined over a field of characteristic
p. Then the automorphism groups of Xy are as follows.

i):p=0:(21), (42), (3,1), (6,2), (9,2), (5,1), (10,2), (20,1), (9,1),

(27,4), (18,2), (15,1), (4,1), (20,4), (18,3), (8,3), (40,8), (12,5), (36,12),

(54,4), (16,7), (20,5), (32,19), (24,10), (8,4), (60,9), (36,11), (24,3),

(72,42).

ii): p=3:(2,1), (4,2), 3,1), (6,2), (5,1), (10,2), (20,1), (9,1), (18,2),
(15,1), (4,1), (20,4), (8,3), (40,8), (12,5), (16,7), (20,5), (32,19), (24, 10),
(8,4), (9,2), (18,5).

ii): p =5 ¢ (2,1), (4.2), (3.1), (6,2). (9,2), (5,1), (10,2), (20,1), (9,1),
(27,4), (18,2), (4,1), (18,3), (8,3), (12,5), (36,12), (54,4), (16,7), (20,5),
(32,19), (24,10), (8,4), (60,9), (36,11), (24,3), (72,42), (10,2), (18,5).

iv): p=7:(21), (4,2), (3,1), (6,2), (9,2), (5,1), (10,2), (20,1), (9,1),
(27,4), (18,2), (15,1), (4,1), (20,4), (18,3), (8,3), (40,8), (12,5), (36,12),
(54,4), (16,7), (20,5), (32,19), (24,10), (8,4), (60,9), (36,11), (24,3),
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v)ip >T:(2,1), (4,2), (3,1), (6,2), (9,2), (5,1), (10,2), (20,1), (9,1),
(27,4), (18,2), (15,1), (4,1), (20,4), (18,3), (8,3), (40,8), (12,5), (36,12),
(54,4), (16,7), (20,5), (32,19), (24,10), (8,4), (60,9), (36,11), (24,3),
(72,42).
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