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Abstract. In this paper we determine automorphism groups of cyclic alge-

braic curves defined over finite fields of any characteristic.

1. Introduction

Let g ≥ 2 be a fixed integer and k an algebraically closed field of characteristic
p ≥ 0 and let Xg is an irreducible algebraic curve defined over k. Determining the
list of group which occur as automorphism groups of Xg is very old problem in
mathematics. Mathematicians are working on this problem more than a century
now. In 1893 Hurwitz proved that the order of such group is ≤ 84(g − 1) when
p = 0; see [5]. After 80 years, Stichtenoth et al. proved that the bound is 16g4 for
p > 0; see [23]. In any case, the group of automorphisms is a finite group. There
are hundreds of papers on the structure of such groups, determining the equation of
the curve when the group is given, determining the group when the curve is given,
etc. T. Shaska determines the list of groups for hyperelliptic curves when p = 0,
see [20] and K. Magaard et. al. determine the list of groups for any given g ≥ 2
when p = 0. Such results are based on an exhaustive computer search of all possible
ramification structures for a given g and a deep understanding of Hurwitz spaces
for a given genus g, a group G, and the ramification structure for the covering
Xg → XGg . The case of positive characteristic is still an open problem.

In most cases there is a cyclic subgroup Cn C G such that g(XCn) = 0. Such
curves are called cyclic curves. In this paper we determine groups G which occur
as automorphism groups of cyclic curves in any characteristic and for any genus
g ≥ 2.

In section 2, we cover basic facts on automorphism groups of cyclic curves.
Let G = Aut(Xg) automorphism group of cyclic curve Xg, Cn = 〈w〉 such that
g(XCn) = 0. The group Ḡ := Aut(Xg)/〈w〉 is called the reduced automorphism
group. This group Ḡ is embedded in PGL2(k) and therefore is isomorphic to one of
Cm, Dm, A4, S4, A5, a semidirect product of elementary Abelian group with cyclic
group, PSL(2, q) and PGL(2, q) cf. Lemma 1. We determine a rational functions

φ(x) that generates the fixed field k(x)Ḡ.
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In the section 3, we determine ramification signature of each cover Φ(x) : X →
XG by using the ramification of Ḡ. By considering the lifting of ramified points of
the cover Φ, we divide each Ḡ into sub cases. Then we are able to find automorphism
group G for each sub cases. For some cases, we give presentation for G. The moduli
space of covers Φ with fixed group G and ramification signature C is a Hurwitz
space H. There is a map from H to the moduli space of genus g algebraic curves
Hg. The image of this map is a subvariety of Hg and denoted by H(G,C). Since
we know the signature of the curve, we use Hurwitz genus formula to calculate
dimension of H(G,C). We list all possible signatures C and dimension of the locus
H(G,C). Then we list automorphism groups as theorems for each Ḡ.

In section 4, we combine Theorems 3.2 - 3.12 altogether to make main theorem.
In our main theorem, we list all possible automorphism groups of genus g ≥ 2
cyclic curves define over the finite field of characteristic p 6= 2. We are able to give
presentations for some of automorphism groups.

Notation : Through this paper k denotes an algebraically closed field of char-
acteristic 6=2, g an integer ≥2, and Xg a cyclic curve of genus g defined over k. For
a given curve X , g(X ) denotes its genus.

2. Preliminaries

Let k be an algebraically closed field of characteristic p and Xg be a genus g
cyclic curve given by the equation yn = f(x) for some f ∈ k[x]. Let K := k(x, y)
be the function field of Xg. Then k(x) is degree n genus zero subfield of K. Let
G = Aut(K/k). Since Cn := Gal(K/k(x)) = 〈w〉, with wn = 1 such that 〈w〉�G,
then group Ḡ := G/Cn and Ḡ ≤ PGL2(k). Hence Ḡ is isomorphic to one of the
following: Cm, Dm, A4, S4, A5, semidirect product of elementary Abelian group
with cyclic group, PSL(2, q) and PGL(2, q), see [16].

The group Ḡ acts on k(x) via the natural way. The fixed field is a genus 0 field,
say k(z). Thus z is a degree |Ḡ| rational function in x, say z = φ(x). We illustrate
with the following diagram:

K = k(x, y)

Cn

G

��

k(x, yn)

Ḡ

k(z)

Xg

φ0 Cn

��
Φ

��

P1

φ Ḡ

��
P1

Let φ0 : Xg → P1 be the cover which corresponds to the degree n extension
K/k(x). Then Φ := φ ◦ φ0 has monodromy group G := Aut(Xg). From the basic
covering theory, the group G is embedded in the group Sl where l = deg Φ. There
is an r-tuple σ := (σ1, ..., σr), where σi ∈ Sl such that σ1, ..., σr generate G and
σ1...σr = 1. The signature of Φ is an r-tuple of conjugacy classes C := (C1, ..., Cr)
in Sl such that Ci is the conjugacy class of σi. We use the notation n to denote the
conjugacy class of permutations which is cycle of length n. Using the signature of
φ : P1 → P1 one finds out the signature of Φ : Xg → P1 for any given g and G.

Let E be the fixed field of G, the Hurwitz genus formula states that

(1) 2(gK − 1) = 2(gE − 1)|G|+ deg(DK/E)
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with gK and gE the genera of K and E respectively and DK/E the different of

K/E. Let P 1, P 2, ..., P r be ramified primes of E. If we set di = deg(P i) and let
ei be the ramification index of the P i and let βi be the exponent of P i in DK/E .
Hence, (1) may be written as

(2) 2(gK − 1) = 2(gE − 1)|G|+ |G|
r∑
i=1

βi
ei
di

If P i is tamely ramified then βi = ei − 1 or if P i is wildly ramified then βi =
e∗i qi+qi−2 with ei = e∗i qi, e

∗
i relatively prime to p, qi a power of p and e∗i |qi−1. For

fixed G, C the family of covers Φ : Xg → P1 is a Hurwitz space H(G,C). H(G,C)
is an irreducible algebraic variety of dimension δ(G,C). Using equation (2) and
signature C one can find out the dimension for each G.

Next we want to determine the cover z = φ(x) : P1 → P1 for all characteristics.
Notice that the case of char(k) = 0 is known, see [20].

We define a semidirect product of elementary Abelian group with cyclic group
as follows.

Km := 〈{σa, t|a ∈ Um}〉
where t(x) = ξ2x, σa(x) = x+ a, for each a ∈ Um,

Um := {a ∈ k|(a

pt−1
m −1∏
j=0

(am − bj)) = 0}

bj ∈ F∗q , m|pt − 1 and ξ is a primitive 2m-th root of unity. Obviously Um is a
subgroup of the additive group of k.

Lemma 1. Let k be an algebraically closed field of characteristic p, Ḡ be a finite
subgroup of PGL2(k) acting on the field k(x). Then, Ḡ is isomorphic to one of
the following groups Cm, Dm, A4, S4, A5, U = Ctp, Km, PSL2(q) and PGL2(q),

where q = pf and (m, p) = 1. Moreover, the fixed subfield k(x)Ḡ = k(z) is given by

Table 1, where α = q(q−1)
2 , β = q+1

2 . Ht is a subgroup of the additive group of k
with |Ht| = pt and bj ∈ k∗.

Proof. It is well known that Ḡ is isomorphic to Cn, Dn, A4, S4, A5, U,Km, PSL(2, q)
and PGL(2, q); see [16]. Cases 1) .. 5) are the same as in characteristic zero; see
[21]. We briefly display the generators of Ḡ is such cases. The reader can check
that z is fixed by such generators.

Case 1: If Ḡ ∼= Cm then Cm = 〈σ〉, where σ(x) = ζx, ζ is a primitive mth root
of unity. So σ(z) = (ζx)m = ζmxm = xm = z.

Case 2: If Ḡ ∼= D2m then D2m = 〈σ, t〉, where σ(x) = ξx, t(x) = 1
x , ξ is

primitive (2m)th root of unity. Hence, σ and t fix z.
Case 3: If Ḡ ∼= A4 then A4 = 〈σ, µ〉, where σ(x) = −x, µ(x) = ix+1

x−1 , i2 = −1.

Therefore, σ(z) = z and µ(z) = z.
Case 4: If Ḡ ∼= S4 then S4 = 〈σ, µ〉, where σ(x) = ix, µ(x) = ix+1

x−1 , i2 = −1.
Therefore, σ, µ fix z.

Case 5: If Ḡ ∼= A5 then A5 = 〈σ, ρ〉, where σ(x) = ξx, ρ(x) = − x+b
bx−1 , ξ is

primitive fifth root of unity and b = −i(ξ + ξ4), i2 = −1. One can check that σ, ρ
fix z.
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Case Ḡ z Ramification

1 Cm, (m, p) = 1 xm (m,m)

2 D2m, (m, p) = 1 xm + 1
xm (2, 2,m)

3 A4, p 6= 2, 3 x12−33x8−33x4+1
x2(x4−1)2 (2, 3, 3)

4 S4, p 6= 2, 3 (x8+14x4+1)3

108(x(x4−1))4 (2, 3, 4)

5 A5, p 6= 2, 3, 5 (−x20+228x15−494x10−228x5−1)3

(x(x10+11x5−1))5 (2, 3, 5)

A5, p = 3 (x10−1)6

(x(x10+2ix5+1))5 (6, 5)

6 U
∏
a∈Ht

(x+ a) (pt)

7 Km (x

pt−1
m −1∏
j=0

(xm − bj))m (mpt,m)

8 PSL(2, q), p 6= 2 ((xq−x)q−1+1)
q+1
2

(xq−x)
q(q−1)

2

(α, β)

9 PGL(2, q) ((xq−x)q−1+1)q+1

(xq−x)q(q−1) (2α, 2β)

Table 1. Rational functions correspond to each Ḡ

Case 6: If Ḡ ∼= U then U = 〈{σa|a ∈ Ht}〉, where σa(x) = x + a with a ∈ Ht.
Therefore,

σa(z) =
∏

a1∈Ht

(x+ a1 + a) =
∏

a2∈Ht

(x+ a2) =
∏
a∈Ht

(x+ a) = z.

and a2 = a+ a1 ∈ Ht.
Case 7: If Ḡ ∼= Km then Km = 〈{σa, t|a ∈ Um}〉, where t(x) = ξ2x, σa(x) =

x+ a for each a ∈ Um := {a ∈ k|(a
∏ pt−1

m −1
j=0 (am − bj)) = 0} ≤ Ht, ξ is a primitive

2m-th root of unity. So,

t(z) = ((ξ2x)

pt−1
m −1∏
j=0

((ξ2x)m − bj))m = (x

pt−1
m −1∏
j=0

(xm − bj))m = z.

σa(z) = ((x+ a)

pt−1
m −1∏
j=0

((x+ a)m − bj))m = (x

pt−1
m −1∏
j=0

(xm − bj))m = z.
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Case 8: If Ḡ ∼= PSL(2, q) then PSL(2, q) = 〈σ, t, φ〉, where σ(x) = ξ2x, t(x) =
− 1
x , φ(x) = x+ 1 and ξ is a primitive (q − 1)-th root of unity. So,

σ(z) =
(((ξ2x)q − (ξ2x))q−1 + 1)

q+1
2

((ξ2x)q − (ξ2x))
q(q−1)

2

=
((xq − x)q−1 + 1)

q+1
2

(xq − x)
q(q−1)

2

= z.

t(z) =
(((− 1

x )q − (− 1
x ))q−1 + 1)

q+1
2

((− 1
x )q − (− 1

x ))
q(q−1)

2

=
((xq − x)q−1 + 1)

q+1
2

(xq − x)
q(q−1)

2

= z.

φ(z) =
(((x+ 1)q − (x+ 1))q−1 + 1)

q+1
2

((x+ 1)q − (x+ 1))
q(q−1)

2

=
((xq − x)q−1 + 1)

q+1
2

(xq − x)
q(q−1)

2

= z.

Case 9: If Ḡ ∼= PGL(2, q) then PGL(2, q) = 〈σ, t, φ〉, where σ(x) = ξx, t(x) =
1
x , φ(x) = x+ 1 and ξ is a primitive (q − 1)-th root of unity. Hence,

σ(z) =
(((ξx)q − (ξx))q−1 + 1)q+1

((ξx)q − (ξx))q(q−1)
=

((xq − x)q−1 + 1)q+1

(xq − x)q(q−1)
= z.

t(z) =
((( 1

x )q − ( 1
x ))q−1 + 1)q+1

(( 1
x )q − ( 1

x ))q(q−1)
=

((xq − x)q−1 + 1)q+1

(xq − x)q(q−1)
= z.

φ(z) =
(((x+ 1)q − (x+ 1))q−1 + 1)q+1

((x+ 1)q − (x+ 1))q(q−1)
=

((xq − x)q−1 + 1)q+1

(xq − x)q(q−1)
= z

This completes the proof. �

3. Automorphism groups of a cyclic curves

In this section we determine groups which occur as automorphism group G of
genus g ≥ 2 cyclic curves, their signatures and the dimension of the locus H(G,C).
We know that Ḡ := G/G0, where G0 := Gal(k(x, y)/k(x)) and Ḡ is isomorphic to
Cm, Dm, A4, S4, A5, U , Km, PSL(2, q), PGL(2, q). By considering the lifting of
ramified points in each Ḡ, we divide each Ḡ into sub cases. We determine signature
of each sub case by looking the behavior of lifting and ramification of Ḡ. Using
that signature and Equation 2 we calculate δ for each case. We list all possible
automorphism groups G as separate theorems for each Ḡ.

3.1. The case 2g+1≥ p> 5. Throughout this subsection we assume that 2g+1 ≥
p > 5.

Remark 1. The case p > 2g + 1 is same as char = 0; see [20]

Theorem 3.1. Let g ≥ 2 be a fixed integer, X a genus g cyclic curve, G = Aut(X )
and Cn / G such that g(XCn) = 0. The signature of cover Φ(x) : X → XG and
dimension δ is given in Table 2. In Table 2, m = |PSL2(q)| for cases 38-41 and
m = |PGL2(q)| for cases 42-45.

# Ḡ δ(G,C) C = (C1, ..., Cr)

1 (p,m) = 1 2(g+n−1)
m(n−1) − 1 (m,m, n, ..., n)

continued on the next page
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# Ḡ δ(G,C) C = (C1, ..., Cr)

2 Cm
2g+n−1
m(n−1) − 1 (m,mn, n, ..., n)

3 2g
m(n−1) − 1 (mn,mn, n, ..., n)

4 (p,m) = 1 g+n−1
m(n−1) (2, 2,m, n, ..., n)

5 2g+m+2n−nm−2
2m(n−1) (2n, 2,m, n, ..., n)

6 D2m
g

m(n−1) (2, 2,mn, n, ..., n)

7 g+m+n−mn−1
m(n−1) (2n, 2n,m, n, ..., n)

8 2g+m−mn
2m(n−1) (2n, 2,mn, n, ..., n)

9 g+m−mn
m(n−1) (2n, 2n,mn, n, ..., n)

10 n+g−1
6(n−1) (2, 3, 3, n, ..., n)

11 A4
g−n+1
6(n−1) (2, 3n, 3, n, ..., n)

12 g−3n+3
6(n−1) (2, 3n, 3n, n, ..., n)

13 g−2n+2
6(n−1) (2n, 3, 3, n, ..., n)

14 g−4n+4
6(n−1) (2n, 3n, 3, n, ..., n)

15 g−6n+6
6(n−1) (2n, 3n, 3n, n, ..., n)

16 g+n−1
12(n−1) (2, 3, 4, n, ..., n)

17 g−3n+3
12(n−1) (2, 3n, 4, n, ..., n)

18 g−2n+2
12(n−1) (2, 3, 4n, n, ..., n)

19 g−6n+6
12(n−1) (2, 3n, 4n, n, ..., n)

20 S4
g−5n+5
12(n−1) (2n, 3, 4, n, ..., n)

21 g−9n+9
12(n−1) (2n, 3n, 4, n, ..., n)

22 g−8n+8
12(n−1) (2n, 3, 4n, n, ..., n)

23 g−12n+12
12(n−1) (2n, 3n, 4n, n, ..., n)

continued on the next page
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# Ḡ δ(G,C) C = (C1, ..., Cr)

24 g+n−1
30(n−1) (2, 3, 5, n, ..., n)

25 g−5n+5
30(n−1) (2, 3, 5n, n, ..., n)

26 g−15n+15
30(n−1) (2, 3n, 5n, n, ..., n)

27 g−9n+9
30(n−1) (2, 3n, 5, n, ..., n)

28 A5
g−14n+14
30(n−1) (2n, 3, 5, n, ..., n)

29 g−20n+20
30(n−1) (2n, 3, 5n, n, ..., n)

30 g−24n+24
30(n−1) (2n, 3n, 5, n, ..., n)

31 g−30n+30
30(n−1) (2n, 3n, 5n, n, ..., n)

32 2g+2n−2
pt(n−1) − 2 (pt, n, ..., n)

33 U 2g+npt−pt
pt(n−1) − 2 (npt, n, ..., n)

34 2(g+n−1)
mpt(n−1) − 1 (mpt,m, n, ..., n)

35 2g+2n+pt−npt−2
mpt(n−1) − 1 (mpt, nm, n, ..., n)

36 Km
2g+npt−pt
mpt(n−1) − 1 (nmpt,m, n, ..., n)

37 2g
mpt(n−1) − 1 (nmpt, nm, n, ..., n)

38 2(g+n−1)
m(n−1) − 1 (α, β, n, ..., n)

39 PSL2(q) 2g+q(q−1)−n(q+1)(q−2)−2
m(n−1) − 1 (α, nβ, n, ..., n)

40 2g+nq(q−1)+q−q2
m(n−1) − 1 (nα, β, n, ..., n)

41 2g
m(n−1) − 1 (nα, nβ, n, ..., n)

42 2(g+n−1)
m(n−1) − 1 (2α, 2β, n, ..., n)

43 PGL2(q) 2g+q(q−1)−n(q+1)(q−2)−2
m(n−1) − 1 (2α, 2nβ, n, ..., n)

44 2g+nq(q−1)+q−q2
m(n−1) − 1 (2nα, 2β, n, ..., n)

continued on the next page
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# Ḡ δ(G,C) C = (C1, ..., Cr)

45 2g
m(n−1) − 1 (2nα, 2nβ, n, ..., n)

Table 2: The signature C and dimension δ for char > 5

Proof. Let n be the number of branch points of Φ. Then δ = n − 3; see [11]. We
know that φ0 : Xg → P1 corresponds to degree n extension K/k(x).

Case Ḡ ∼= Cm : The ramification of φ : P1
x → P1

z is (m,m). i.e. Cm =
〈σ, τ |σm = τm = στ = 1〉. where τ = σ−1.

(1) If σ and τ both lift to elements of order m in G, then conjugacy classes
C = (m,m, n, ..., n). By Riemann Hurwitz formula, we have

2(g − 1) = 2(0− 1)mn+mn

((
m− 1

m

)
· 2 +

(
n− 1

n

)
(δ + 1)

)
Then δ = 2(g+n−1)

m(n−1) − 1.

(2) If either σ or τ lifts to an element of order mn in G, then ramification
C = (mn,m, n, ..., n). By Riemann Hurwitz formula, we have

2(g − 1) = 2(0− 1)mn+mn

((
m− 1

m

)
+

(
nm− 1

nm

)
+

(
n− 1

n

)
(δ + 1)

)
Then δ = 2g+n−1

m(n−1) − 1.

(3) If σ and τ both lift to elements of order mn in G, then ramification, C =
(mn,mn, n, ..., n). By Riemann Hurwitz formula, we have

2(g − 1) = 2(0− 1)mn+mn

((
mn− 1

mn

)
· 2 +

(
n− 1

n

)
(δ + 1)

)
.

Then δ = 2g)
m(n−1) − 1.

Case Ḡ ∼= D2m : The ramification of φ : P1
x → P1

z is (2, 2,m). i.e. Dm =〈
σ, τ, µ|σ2 = τ2 = µm = 1

〉
, where µ = στ . Since the branching corresponding to

first two ramification points is the same then there are basically six distinct sub
cases which could arise.

(4) If σ, τ and µ lift in G to elements of orders |σ|, |τ | and |µ| respectively,
then the ramification is C = (2, 2,m, n, ..., n). The dimension δ can be found using
Riemann Hurwitz formula as follows.

2(g − 1) = 2(0− 1)2mn+ 2mn

((
2− 1

2

)
· 2 +

(
m− 1

m

)
+

(
n− 1

n

)
δ

)
.

Then, δ = g+n−1
m(n−1) .
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(5) If either τ or µ lifts in G to element of order n|τ | or n|µ| then ramification
C = (2n, 2,m, n, ..., n). The dimension δ is as follows.

2(g − 1) = 2(0− 1)2mn+

2mn

((
2n− 1

2n

)
+

(
2− 1

2

)
+

(
m− 1

m

)
+

(
n− 1

n

)
δ

)
.

Then δ = 2g+m+2n−mn−2
2m(n−1) .

(6) If µ lifts to an element of order n|µ| in G, then the ramification C =
(2, 2,mn, n, ..., n). By Riemann Hurwitz formula, we have

2(g − 1) = 2(0− 1)2mn+ 2mn

((
2− 1

2

)
· 2 +

(
mn− 1

mn

)
+

(
n− 1

n

)
δ

)
.

Then δ = g
m(n−1) .

(7) If both σ and τ lift to elements of order n|σ| and n|τ | in G, then ramification
C = (2n, 2n,m, n, ..., n). By Riemann Hurwitz formula, we have

2(g − 1) = 2(0− 1)2mn+ 2mn

((
2n− 1

2n

)
· 2 +

(
m− 1

m

)
+

(
n− 1

n

)
δ

)
.

Then δ = g+m+n−nm−1
m(n−1) .

(8) If both σ and µ lift to elements of order n|σ| and n|µ|, then ramification
C = (2n, 2,mn, n, ..., n). By Riemann Hurwitz formula, we have

2(g − 1) = 2(0− 1)2mn+

2mn

((
2n− 1

2n

)
+

(
2− 1

2

)
+

(
mn− 1

mn

)
+

(
n− 1

n

)
δ

)
.

Then δ = 2g+m−mn
2m(n−1) .

(9) If σ, τ and µ lift to elements of orders n|σ|, n|τ | and n|µ| respectively in G,
then the ramification C = (2n, 2n,mn, n, ..., n). Riemann Hurwitz formula gives us

2(g − 1) = 2(0− 1)2mn+ 2mn

((
2n− 1

2n

)
· 2 +

(
mn− 1

mn

)
+

(
n− 1

n

)
δ

)
.

Then δ = g+m−mn
m(n−1) .

Case Ḡ ∼= A4 : The ramification of φ : P1
x → P1

z is (2, 3, 3). i.e. A4 =〈
σ, τ, µ|σ2 = τ3 = µ3 = 1

〉
, where µ = στ . Since the branching corresponding to

last two ramification points is the same then there are basically six distinct sub
cases which could arise.

(10) If σ, τ and µ lift in G to elements of orders |σ|, |τ | and |µ| respectively,
then the ramification C = (2, 3, 3, n, ..., n). The dimension δ can be found using
Riemann Hurwitz formula as follows.

2(g − 1) = 2(0− 1)12n+ 12n

((
2− 1

2

)
+

(
3− 1

3

)
· 2 +

(
n− 1

n

)
δ

)
.
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Then δ = g+n−1
6(n−1) .

(11) If τ lifts inG to element of order n|τ | then ramification, C = (2, 3n, 3, n, ..., n).
The dimension δ is as follows.

2(g − 1) = 2(0− 1)12n+ 12n

((
2n− 1

2n

)
+

(
3− 1

3

)
· 2 +

(
n− 1

n

)
δ

)
.

Then δ = g−n+1
6(n−1) .

(12) If τ and µ lift in G to element of order n|τ | and n|µ| then ramification
C = (2, 3n, 3n, n, ..., n). The dimension δ is as follows.

2(g − 1) = 2(0− 1)12n+ 12n

((
2− 1

2

)
+

(
3n− 1

3n

)
· 2 +

(
n− 1

n

)
δ

)
.

Then δ = g−3n+3
6(n−1) .

(13) If σ lifts inG to element of order n|σ| then ramification C = (2n, 3, 3, n, ..., n).
The dimension δ can be found using Riemann-Hurwitz formula as follows.

2(g − 1) = 2(0− 1)12n+ 12n

((
2n− 1

2n

)
+

(
3− 1

3

)
· 2 +

(
n− 1

n

)
δ

)
.

Then δ = g−2n+2
6(n−1) .

(14) If σ and τ lift in G to element of order n|σ| and n|τ | then ramification
C = (2n, 3n, 3, n, ..., n). The dimension δ is as follows.

2(g − 1) = 2(0− 1)12n+

12n

((
2n− 1

2n

)
+

(
3n− 1

3n

)
+

(
3− 1

3

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−4n+4
6(n−1) .

(15) If σ, τ and µ lift to elements of orders n|σ|, n|τ | and n|µ respectively in G,
then ramification C = (2n, 3n, 3n, n, ..., n). The dimension δ is as follows.

2(g − 1) = 2(0− 1)12n+ 12n

((
2n− 1

2n

)
+

(
3n− 1

3n

)
· 2 +

(
n− 1

n

)
δ

)
.

Then δ = g−6n+6
6(n−1) .

Case Ḡ ∼= S4 : The ramification of φ : P1
x → P1

z is (2, 3, 4). i.e. S4 =〈
σ, τ, µ|σ2 = τ3 = µ4 = 1

〉
, where µ = στ . Let s and t be the lifting of σ and

τ ∈ G respectively.
(16) If σ, τ and µ lift in G to elements of orders |σ|, |τ | and |µ| respectively,

then ramification C = (2, 3, 4, n, ..., n). The dimension δ can find using Riemann
Hurwitz formula as follows.

2(g − 1) = 2(0− 1)24n+

24n

((
2− 1

2

)
+

(
3− 1

3

)
+

(
4− 1

4

)
+

(
n− 1

n

)
δ

)
.
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Then δ = g+n−1
12(n−1) .

(17) If τ lifts to an element of order n|τ | then ramification (2, 3n, 4, n, .. ., n).
By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)24n+

24n

((
2− 1

2

)
+

(
3n− 1

3n

)
+

(
4− 1

4

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−3n+3
12(n−1) .

(18) If µ lifts to an element of order n|µ|, then ramification (2, 3, 4n, n, .. ., n).
By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)24n+

24n

((
2− 1

2

)
+

(
3− 1

3

)
+

(
4n− 1

4n

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−2n+2
12(n−1) .

(19) If τ and µ lift to elements of orders n|τ | and n|µ| respectively, then ramifi-
cation (2, 3n, 4n, n, ..., n). By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)24n+

24n

((
2− 1

2

)
+

(
3n− 1

3n

)
+

(
4n− 1

4n

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−6n+6
12(n−1) .

(20) If σ lifts to an element of order n|σ|, then ramification (2n, 3, 4, n, ..., n).
By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)24n+

24n

((
2n− 1

2n

)
+

(
3− 1

3

)
+

(
4− 1

4

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−5n+5
12(n−1) .

(21) If σ and τ lift to elements of orders n|σ| and n|τ | respectively, then rami-
fication (2n, 3n, 4, n, ..., n). By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)24n+

24n

((
2n− 1

2n

)
+

(
3n− 1

3n

)
+

(
4− 1

4

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−9n+9
12(n−1) .
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(22) If σ and µ lift to elements of orders n|σ| and n|µ| respectively, then rami-
fication (2n, 3, 4n, n, ..., n). By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)24n+

24n

((
2n− 1

2n

)
+

(
3− 1

3

)
+

(
4n− 1

4n

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−8n+8
12(n−1) .

(23) If σ, τ and µ lift to elements of orders n|σ|, n|τ | and n|µ| respectively, then
ramification (2n, 3n, 4n, n, ..., n). By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)24n+

24n

((
2n− 1

2n

)
+

(
3n− 1

3n

)
+

(
4n− 1

4n

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−12n+12
12(n−1) .

Case Ḡ ∼= A5 : The ramification of φ : P1
x → P1

z is (2, 3, 5). i.e. A5 =〈
σ, τ, µ|σ2 = τ3 = µ5 = 1

〉
, where µ = στ . Let s and t be the lifting of σ and τ ∈ G

respectively.
(24) If σ, τ and µ lift to elements of orders |σ|, |τ | and |µ| respectively, then

ramification C = (2, 3, 5, n, ..., n). The dimension δ can be found using Riemann
Hurwitz formula as follows.

2(g − 1) = 2(0− 1)60n+

60n

((
2− 1

2

)
+

(
3− 1

3

)
+

(
5− 1

5

)
+

(
n− 1

n

)
δ

)
.

Then δ = g+n−1
30(n−1) .

(25) If µ lifts to an element of order n|µ|, then ramification (2, 3, 5n, n, .. ., n).
By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)60n+

60n

((
2− 1

2

)
+

(
3− 1

3

)
+

(
5n− 1

5n

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−5n+5
30(n−1) .

(26) If τ and µ lift to elements of orders n|τ | and n|µ| respectively, the ramifi-
cation (2, 3n, 5n, n, ..., n). By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)60n+

60n

((
2− 1

2

)
+

(
3n− 1

3n

)
+

(
5n− 1

5n

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−15n+15
30(n−1) .
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(27) If τ lifts to an element of order n|τ |, then ramification (2, 3n, 5, n, .. ., n).
By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)60n+

60n

((
2− 1

2

)
+

(
3n− 1

3n

)
+

(
5− 1

5

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−9n+9
30(n−1) .

(28) If σ lifts to an element of order n|σ|, then ramification (2n, 3, 5, n, .. ., n).
By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)60n+

60n

((
2n− 1

2n

)
+

(
3− 1

3

)
+

(
5− 1

5

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−14n+14
30(n−1) .

(29) If σ and µ lift to elements of orders n|σ| and n|µ| respectively, then rami-
fication (2n, 3, 5n, n, ..., n). By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)60n+

60n

((
2n− 1

2n

)
+

(
3− 1

3

)
+

(
5n− 1

5n

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−20n+20
30(n−1) .

(30) If σ and τ lift to elements of orders n|σ| and n|τ | respectively, then rami-
fication (2n, 3n, 5, n, ..., n). By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)60n+

60n

((
2n− 1

2n

)
+

(
3n− 1

3n

)
+

(
5− 1

5

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−24n+24
30(n−1) .

(31) If σ, τ and µ lift to elements of orders n|σ|, n|τ | and n|µ| respectively, then
ramification (2n, 3n, 5n, n, ..., n). By Riemann Hurwitz formula

2(g − 1) = 2(0− 1)60n+

60n

((
2n− 1

2n

)
+

(
3n− 1

3n

)
+

(
5n− 1

5n

)
+

(
n− 1

n

)
δ

)
.

Then δ = g−30n+30
30(n−1) .

Case Ḡ ∼= U : The ramification of φ : P1
x → P1

z is (pt). We know that (pt) is
wildly ramified place; see[16],Theorem 1. Hence β = e∗q+q−2 in equation 2. Also
we know q = pt; see [16],Theorem 1.

(32) If element of order pt lifts to an element of order pt, then ramification
C = (pt, n, ..., n). We know e∗ = 1; see [16],Theorem 1. The dimension δ can be
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found using Riemann Hurwitz formula as follows.

2(g − 1) = 2(0− 1)npt + npt
((

pt + pt − 2

pt

)
+

(
n− 1

n

)
(δ + 2)

)
.

Then δ = 2g+2n−2
pt(n−1) − 2.

(33) If element of order pt lifts to an element of order npt, then ramification
C = (npt, n, ..., n). In this case e∗ = n. Also (n, p) = 1 and n|pt−1. The dimension
δ can be found using Riemann Hurwitz formula as follows.

2(g − 1) = 2(0− 1)npt + npt
((

npt + pt − 2

npt

)
+

(
n− 1

n

)
(δ + 2)

)
.

Then δ = 2g+npt−pt
pt(n−1) − 2.

Case Ḡ ∼= Km : The ramification of φ : P1
x → P1

z is (mpt,m). We know that
the first place is wildly ramified; see [16],Theorem 1. Hence β1 = e∗1q1 + q1 − 2 in
equation 2. We know q1 = pt; see [16],Theorem 1.

(34) If both elements of orders mpt and m lift to elements of orders mpt and m
respectively, then ramification C = (mpt,m, n, ..., n). We know e∗1 = m, m|pt − 1
and (m, p) = 1; see [16],Theorem 1. Riemann Hurwitz formula gives us,

2(g − 1) = 2(0− 1)nmpt+

nmpt
((

mpt + pt − 2

mpt

)
+

(
m− 1

m

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = 2g+2n−2
mpt(n−1) − 1.

(35) If element of order m lifts to an element of order nm, then ramification
C = (mpt, nm, n, ..., n). As in previous case e∗1 = m, m|pt − 1 and (m, p) = 1. The
dimension δ can be found using Riemann Hurwitz formula as follows.

2(g − 1) = 2(0− 1)nmpt+

nmpt
((

mpt + pt − 2

mpt

)
+

(
nm− 1

nm

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = 2g+2n+pt−npt−2
mpt(n−1) − 1.

(36) If element of order mpt lifts to an element of order nmpt, then ramification
C = (nmpt,m, n, ..., n). In this case e∗1 = nm. Also (nm, p) = 1 and nm|pt − 1.
The dimension δ can be found using Riemann Hurwitz formula as follows.

2(g − 1) = 2(0− 1)nmpt+

nmpt
((

nmpt + pt − 2

nmpt

)
+

(
m− 1

m

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = 2g+npt−pt
mpt(n−1) − 1.

(37) If both elements of orders mpt and m lift to elements of orders nmpt and
nm respectively, then ramification C = (nmpt, nm, n, ..., n). As in previous case
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e∗1 = nm, (nm, p) = 1 and nm|pt − 1. Riemann Hurwitz formula gives us,

2(g − 1) = 2(0− 1)nmpt+

nmpt
((

nmpt + pt − 2

nmpt

)
+

(
nm− 1

nm

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = 2g
mpt(n−1) − 1.

Case Ḡ ∼= PSL2(q) : The ramification of φ : P1
x → P1

z is (α, β), where α = q(q−1)
2

and β = q+1
2 . We know that the first place is wildly ramified; see [16],Theorem 1.

Hence β1 = e∗1q1 + q1 − 2 in equation 2. We know q1 = q; see [16],Theorem 1. Let

m be the size of PSL2(q). i.e. m = q(q−1)(q+1)
2 .

(38) If both elements of orders α and β lift to elements of orders α and β respec-
tively, then ramification C = (α, β, n, ..., n). We know e∗1 = q−1

2 and
(
q−1

2 , p
)

= 1;
see [16],Theorem 1. Riemann Hurwitz formula gives us,

2(g − 1) = 2(0− 1)nm+

nm

((
q(q−1)

2 + q − 2
q(q−1)

2

)
+

(
q+1

2 − 1
q+1

2

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = 2g+2n−2
m(n−1) − 1.

(39) If an element of order β lifts to element of order nβ, then ramification
C = (α, nβ, n, ..., n). As in previous case e∗1 = q−1

2 and
(
q−1

2 , p
)

= 1. By using
Riemann Hurwitz formula we can find δ as follows.

2(g − 1) = 2(0− 1)nm+

nm

((
q(q−1)

2 + q − 2
q(q−1)

2

)
+

(
n(q+1)

2 − 1
n(q+1)

2

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = 2g+q(q−1)−n(q+1)(q−2)−2
m(n−1) − 1.

(40) If an element of order α lifts to element of order nα, then ramification

C = (nα, β, n, ..., n). In this case e∗1 = n(q−1)
2 , n(q−1)

2 |q− 1 and
(
n(q−1)

2 , p
)

= 1. So

only possible values for n are 1 and 2. By using Riemann Hurwitz formula we can
find δ as follows.

2(g − 1) = 2(0− 1)nm+

nm

((
nq(q−1)

2 + q − 2
nq(q−1)

2

)
+

(
q+1

2 − 1
q+1

2

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = 2g+nq(q−1)+q−q2
m(n−1) − 1.

(41) If both elements of orders α and β lift to elements of orders nα and nβ
respectively, then ramification C = (nα, nβ, n, ..., n). As in previous case e∗1 =
n(q−1)

2 ,
(
n(q−1)

2 , p
)

= 1 and n can be either 1 or 2. Riemann Hurwitz formula gives
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us,

2(g − 1) = 2(0− 1)nm+

nm

((
nq(q−1)

2 + q − 2
nq(q−1)

2

)
+

(
n(q+1)

2 − 1
n(q+1)

2

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = 2g
m(n−1) − 1.

Case Ḡ ∼= PGL2(q) : The ramification of φ : P1
x → P1

z is (2α, 2β), where α
and β as in the case PSL2(q). We know that the first place is wildly ramified; see
[16],Theorem 1. Hence β1 = e∗1q1 + q1 − 2 in equation 2. Also we know q1 = q; see
[16],Theorem 1. Let m be the size of PGL2(q). i.e. m = q(q − 1)(q + 1).

(42) If both elements of orders 2α and 2β lift to elements of orders 2α and 2β
respectively, then ramification C = (2α, 2β, n, ..., n). We know e∗1 = q − 1 and
(q − 1, p) = 1; see [16],Theorem 1. Riemann Hurwitz formula gives us,

2(g − 1) = 2(0− 1)nm+

nm

((
q(q − 1) + q − 2

q(q − 1)

)
+

(
q + 1− 1

q + 1

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = 2g+2n−2
m(n−1) − 1.

(43) If an element of order 2β lifts to element of order 2nβ, then ramification
C = (2α, 2nβ, n, ..., n). As in previous case e∗1 = q − 1 and (q − 1, p) = 1. By using
Riemann Hurwitz formula we can find δ as follows.

2(g − 1) = 2(0− 1)nm+

nm

((
q(q − 1) + q − 2

q(q − 1)

)
+

(
n(q + 1)− 1

n(q + 1)

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = 2g+q(q−1)−n(q+1)(q−2)−2
m(n−1) − 1.

(44) If an element of order 2α lifts to element of order 2nα, then ramification
C = (2nα, 2β, n, ..., n). In this case e∗1 = n(q−1), (n(q − 1), p) = 1 and n(q−1)|q−1.
So only possible value for n is 1. By using Riemann Hurwitz formula we can find
δ as follows.

2(g − 1) = 2(0− 1)nm+

nm

((
nq(q − 1) + q − 2

nq(q − 1)

)
+

(
q + 1− 1

q + 1

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = 2g+nq(q−1)+q−q2
m(n−1) − 1.

(45) If both elements of orders 2α and 2β lift to elements of orders 2nα and
2nβ respectively, then ramification C = (2nα, 2nβ, n, ..., n). As in previous case
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e∗1 = n(q − 1), (n(q − 1), p) = 1 and n = 1. Riemann Hurwitz formula gives us,

2(g − 1) = 2(0− 1)nm+

nm

((
nq(q − 1) + q − 2

nq(q − 1)

)
+

(
n(q + 1)− 1

n(q + 1)

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = 2g
m(n−1) − 1.

This completes the proof. �

Now we determine the automorphism group G for each Ḡ as separate theorems.
We know that each Ḡ has sub cases. So we list G for each sub cases under the
appropriate theorem. In some cases we give a presentation for G.

Remark 2. Let Ḡ be a group such that s ∈ Ḡ and sm = 1. Let Cn be the cyclic
group of order n and r be the generator of it. Let G be a extension of Ḡ by Cn such
that Cn / G. Then srs−1 = rl, where (l, n) = 1 and lm ≡ 1 (mod n).

Proof. Since Cn / G, srs−1 = rl for some 1 ≤ l ≤ n. But (srs−1)n = 1. Hence
(l, n) = 1. Since smrs−m = r and smrs−m = rl

m

, lm ≡ 1 (mod n). �

3.1.1. Ḡ ∼= Cm.

Theorem 3.2. The automorphism group G of a cyclic curve of genus g ≥ 2 with
Ḡ ∼= Cm is as follows.

(1) If G has ramification as in case 1, then there are two sub-cases. If m = 1
then G ∼= Cn, otherwise G has a presentation:

〈r, s| rn = 1, sm = 1, srs−1 = rl〉
where (l,n)=1 and lm ≡ 1 (mod n). But if (m,n) = 1, then l = n− 1.

(2) If G has ramification as in cases 2-3 in Table 2 then G ∼= Cmn.

Proof. We know that the second cohomology group is as follows; see Table 1 in
[15].

H2(Cm, Cn) ∼= C(n,m)

(1) If m = 1, then G is a cyclic extension of Cn by C1. Cn is the only one
possible extension. Now we consider the sub case m > 1. Let Cn = 〈r|rn = 1〉 and
let Cm = 〈σ|σm = 1〉. Let s be the lifting σ in G. In the case 1, an element of order
m lifts to an element of order m in G. Hence sm = 1. Since Cn / G, srs−1 = rl for
some l ∈ {1, ..., n}. By Remark 2, (l, n) = 1 and lm ≡ 1 (mod n). Hence G has a
presentation:

〈r, s| rn = 1, sm = 1, srs−1 = rl〉

If (m,n) = 1, then
∣∣H2(Cm, Cn)

∣∣ = 1. Hence there is only one extension. If l = 1,
G ∼= Cm × Cn = Cmn. Since this case G does not have an element of order mn,
l 6= 1. So if (m,n) = 1 then l = n− 1.

(2) If G has ramification as in cases 2-3 in Table 2 then G has an element of
order mn. Among the extensions Cm by Cn, Cmn is the only one extension for
which has an element of order mn. Hence, for those cases G ∼= Cmn. �
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3.1.2. Ḡ ∼= D2m.

Theorem 3.3. Let Ḡ = G/Cn ∼= D2m. The automorphism group G is as follows.
(1) If n is odd then G ∼= D2m × Cn.
(2) If n is even and m is odd then G ∼= D2m ×Cn for the cases 4,6 and G ∼= G9

for the cases 7,9 in Table 2 respectively, where G9 is as follows.

G9 = 〈r, s, t| rn = 1, s2 = r, t2 = rn−1, (st)m = r
n
2 , srs−1 = r, trt−1 = r〉

There are no possible group extensions for the cases 5 and 8 in Table 2.
(3) If n is even and m is even then G ∼= G4, G5, G6, G7, G8, G9 for the cases 4-9

in Table 2 respectively, where G4 −G9 are as follows.

G4 =D2m × Cn
G5 = 〈r, s, t| rn = 1, s2 = r, t2 = 1, (st)m = 1, srs−1 = r, trt−1 = rn−1〉
G6 =D2mn

G7 = 〈r, s, t| rn = 1, s2 = r, t2 = rn−1, (st)m = 1, srs−1 = r, trt−1 = r〉
G8 = 〈r, s, t| rn = 1, s2 = r, t2 = 1, (st)m = r

n
2 , srs−1 = r, trt−1 = rn−1〉

G9 = 〈r, s, t| rn = 1, s2 = r, t2 = rn−1, (st)m = r
n
2 , srs−1 = r, trt−1 = r〉

Proof. We know that the second cohomology group is as follows; see Table 1 in
[15].

H2(D2m, Cn) ∼=


1 if (n, 2) = 1

C2 if (n, 2) = 2 and (m, 2) = 1

C2 × C2 × C2 if (n, 2) = 2 and (m, 2) = 2

(1) If n is odd then
∣∣H2(D2m, Cn)

∣∣ = 1. Hence G ∼= D2m × Cn.

(2) If n is even and m is odd then |H2(D2m, Cn)| = 2. So there are at most 2
extensions which could occur. For cases 4 and 6 G ∼= D2m × Cn because in those
cases two elements of order 2 of G lift to elements of same order. In cases 7 and
9, two elements of order 2 left to elements of order 2n. Let Cn = 〈r|rn = 1〉. The
group D2m has a presentation,

〈
σ, τ, µ|σ2 = τ2 = µm = 1

〉
, where µ = στ . Let s

and t be the lifting of σ and τ in G respectively and we know that Cn /D2m. Hence
srs−1 = rl and trt−1 = rk. By Remark 2, (l, n) = 1, l2 ≡ 1 (mod n) and (k, n) = 1,
k2 ≡ 1 (mod n). We choose k = l = 1. Since both σ and τ lift to elements of order
n|σ| and n|τ | in G, then we choose s2 = r and t2 = rn−1, because both r and rn−1

have order n in Cn. In case 9, µ lifts to element of order n|µ|. Thus we choose
(st)m = r

n
2 , because r

n
2 has order 2 in Cn. Hence G ∼= G9, where G9 is as follows.

G9 = 〈r, s, t| rn = 1, s2 = r, t2 = rn−1, (st)m = r
n
2 , srs−1 = r, trt−1 = r〉

we know that the dimension δ is an integer. But δ’s of cases 5 and 8 cannot be
an integer when n is even and m is odd. So there are no possible automorphism
groups for these cases.

(3) If n and m both even then |H2(D2m, Cn)| = 6. So there are at most 6 exten-
sions which could occur. As in proof of part (2), D2m =

〈
σ, τ, µ|σ2 = τ2 = µm = 1

〉
,

where µ = στ , Cn = 〈r|rn = 1〉 and s and t be the lifting of σ and τ in G respec-
tively. Also, srs−1 = rl and trt−1 = rk. By Remark 2, (l, n) = 1, l2 ≡ 1 (mod n)
and (k, n) = 1, k2 ≡ 1 (mod n). We choose k = 1.

In case 4, σ, τ and µ lift in G to elements of orders |σ|, |τ | and |µ| respectively.
Hence G ∼= D2m × Cn.
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If τ lifts to element of order n|τ | like in case 5, then we choose s such that s2 = r,
because order of r is n in cn. Since other two generators lift to elements of same
orders that they had before, t2 = 1 and (st)m = 1. Further we choose l = n − 1.
So G is isomorphic to G5.

In case 6, µ lifts to an element of order n|µ| in G. Hence G ∼= D2mn.
In case 7, both σ and τ lift to elements of orders n|σ| and n|τ | in G, then we

choose s2 = r and t2 = rn−1, because both r and rn−1 have order n in Cn. Since
other generator lifts to an element of same order that it has before, (st)m = 1. Also
we choose l = 1. So G is isomorphic to G7.

If both σ and µ lift to elements of orders n|σ| and n|µ| like in case 8, then we
choose s2 = r and (st)m = r

n
2 . Since the order of τ is remaining the same, t2 = 1.

Further we choose l = n− 1. Hence G ∼= G8.
In case 9, σ, τ and µ lift to elements of orders n|σ|, n|τ | and n|µ| respectively,

then we choose s and t such that s2 = r, t2 = rn−1 and (st)m = r
n
2 . Also we choose

l = 1. Hence G ∼= G9.
�

3.1.3. Ḡ ∼= A4.

Lemma 2. Let G be a group extension of A4 by Cn and let n = pα1
1 pα2

2 ...pαr
r . If 3

- (pi − 1) for all 1 ≤ i ≤ r, then G is a central extension.

Proof. Let’s consider the conjugation action of A4 on Cn and the homomorphism
γ : A4 −→ Aut(Cn). Then im(γ) ∈ 1, C3, A4. If n = pα1

1 pα2
2 ...pαr

r and 3 - (pi − 1)
for all 1 ≤ i ≤ r, then 3 - |Aut(Cn)|. So 3 - |im(γ)|. i.e. |im(γ)|=1. Hence G is
central extension of A4 by Cn. �

Theorem 3.4. Let Xg be a genus g ≥ 2 cyclic curve with Ḡ ∼= A4. Then G :=
Aut(Xg) as follows.

(1) If n is odd and not a multiple of 3 then G ∼= A4 × Cn.
(2) If n is odd and a multiple of 3 then G ∼= G′10, G

′
12, G

′
13, G

′
15 for the cases

10,12,13,15 in Table 2 respectively, where G′10, G
′
12, G

′
13, G

′
15 are as follows.

G′10 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)3 = 1, srs−1 = r, trt−1 = rl〉

G′12 = 〈r, s, t| rn = 1, s2 = 1, t3 = r
n
3 , (st)3 = r

n
3 , srs−1 = r, trt−1 = rl〉

G′13 = 〈r, s, t| rn = 1, s2 = r
n
3 , t3 = 1, (st)3 = 1, srs−1 = r, trt−1 = rl〉

G′15 = 〈r, s, t| rn = 1, s2 = r
n
3 , t3 = r

n
3 , (st)3 = r

n
3 , srs−1 = r, trt−1 = rl〉

where (l, n) = 1 and l3 ≡ 1 (mod n). Furthermore G′10
∼= G′13, G′12

∼= G′15 and there
are no possible group extensions for the cases 11, 14 in Table 2.

(3) If n is even, not a multiple of 3, then if n satisfies the condition in Lemma 2
then G ∼= A4 × Cn when G has ramification as in cases 10 and G has ramification
as in cases 11-15 in Table 2 then G has a presentation:

〈r, s, t| rn = 1, s2 = r
n
2 , t3 = r

n
2 , (st)3 = r

n
2 , srs−1 = r, trt−1 = r〉

If n does not satisfy the condition in Lemma 2, then G ∼= G10, G11, G12, G13,
G14, G15 for the cases 10-15 in Table 2 respectively, where G10 − G15 are as in
(4).
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(4) If n is even and multiple of 3 then G ∼= G10, G11, G12, G13, G14, G15 for the
cases 10-15 in Table 2 respectively, where G10 −G15 are as follows.

G10 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)3 = 1, srs−1 = r, trt−1 = rk〉

G11 = 〈r, s, t| rn = 1, s2 = 1, t3 = r
n
2 , (st)3 = 1, srs−1 = r, trt−1 = rk〉

G12 = 〈r, s, t| rn = 1, s2 = 1, t3 = r
n
2 , (st)3 = r

n
2 , srs−1 = r, trt−1 = rk〉

G13 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = 1, (st)3 = 1, srs−1 = r, trt−1 = rk〉

G14 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = r

n
2 , (st)3 = 1, srs−1 = r, trt−1 = rk〉

G15 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = r

n
2 , (st)3 = r

n
2 , srs−1 = r, trt−1 = rk〉

where (k, n) = 1 and k3 ≡ 1 (mod n). Furthermore G10
∼= G11

∼= G12 and G13
∼=

G14
∼= G15.

Proof. We know that the second cohomology group is as follows; see Table 1 in
[15].

H2(A4, Cn) ∼= C(n,2) × C(n,3)

(1) If n is not a multiple of 3 then H2(A4, Cn) = C(n,2) ×C1. If we consider the

case that n is odd under the condition n is not a multiple of 3, then
∣∣H2(A4, Cn)

∣∣ =
1. Hence G ∼= A4 × Cn.

(2) If n is odd and a multiple of 3 then
∣∣H2(A4, Cn)

∣∣ = 3. So there are at
most 3 extensions which could occur. Let Cn = 〈r|rn = 1〉. The group A4 has a
presentation,

〈
σ, τ, µ|σ2 = τ3 = µ3 = 1

〉
, where µ = στ . Let s and t be the lifting

of σ and τ in G respectively and we know that Cn / A4. Hence srs−1 = rk and
trt−1 = rl. We choose k = 1. By Remark 2, (l, n) = 1 and l3 ≡ 1 (mod n).

The case 10 in Table 2 is lifting of σ, τ and µ to elements of orders |σ|, |τ | and
|µ| respectively, then s2 = 1, t3 = 1 and (st)3 = 1. Hence G has a presentation as
in G′10.

If τ and µ lift to elements of orders n|τ | and n|µ| respectively, then we choose s
and t such that t3 = r

n
2 and (st)3 = r

n
2 . In case 12, we have such a situation. Since

the order of σ is remaining the same, s2 = 1. So G has presentation as in G′12.
In case 13, σ lifts to an element of order n|σ|, then we choose s such that

s2 = r
n
2 . Since the orders of τ and µ are remaining the same, t3 = 1 and (st)3 = 1.

So G ∼= G′13.
In case 15, σ, τ and µ lift to elements of orders n|σ|, n|τ | and n|µ| respectively,

then we choose s and t such that s2 = r
n
2 , t3 = r

n
2 and (st)3 = r

n
2 . Hence G ∼= G′15.

(3) If n is even and not a multiple of 3 then
∣∣H2(A4, Cn)

∣∣ = 2. By Lemma 2, if
n = pα1

1 pα2
2 ...pαr

r and 3 - (pi − 1) for all 1 ≤ i ≤ r then G is a central extension.
Hence there are two extensions. So G ∼= A4×Cn for the cases 10 in Table 2, because
A4×Cn does not have element of order 2n. By using GAP algebra package we found
out that G := 〈r, s, t| rn = 1, s2 = r

n
2 , t3 = r

n
2 , (st)3 = r

n
2 , srs−1 = r, trt−1 = r〉 for

the cases 11-15 in table 2. If n does not satisfy the condition in Lemma 2 then G
isomorphic to G10 −G15 in (4) and proof is exactly similar to proof in (4).

(4) If n is even then
∣∣H2(A4, Cn)

∣∣ = 2 or 6. So there are at most 6 extensions
which could occur. Let Cn = 〈r|rn = 1〉. As proof of part (2), A4 has a presentation,〈
σ, τ, µ|σ2 = τ3 = µ3 = 1

〉
, where µ = στ . Let s and t be the lifting of σ and τ in

G respectively and we know that Cn / A4. Hence srs−1 = rl and trt−1 = rk. We
choose l = 1. By Remark 2, (k, n) = 1 and k3 ≡ 1 (mod n).
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The case 10 in Table 2 is lifting of σ, τ and µ to elements of orders |σ|, |τ | and
|µ| respectively, then s2 = 1, t3 = 1 and (st)3 = 1. Hence G has a presentation as
in G10.

In case 11, τ lifts to an element of order n|τ |, we choose t such that t3 = r
n
2 .

Since the orders of σ and µ are remaining the same, s2 = 1 and (st)3 = 1. Hence
G ∼= G11.

If τ and µ lift to elements of orders n|τ | and n|µ| respectively, then we choose s
and t such that t3 = r

n
2 and (st)3 = r

n
2 . In case 12, we have such a situation. Since

the order of σ is remaining the same, s2 = 1. So G has presentation as in G12.
In case 13, σ lifts to an element of order n|σ|, then we choose s such that

s2 = r
n
2 . Since the orders of τ and µ are remaining the same, t3 = 1 and (st)3 = 1.

So G ∼= G13.
If σ and τ lift to elements of orders n|σ| and n|τ | respectively like in case 14,

then we choose s and t such that s2 = r
n
2 and t3 = r

n
2 . Since the order of µ does

not change (st)3 = 1. Hence G ∼= G14.
In case 15, σ, τ and µ lift to elements of orders n|σ|, n|τ | and n|µ| respectively,

then we choose s and t such that s2 = r
n
2 , t3 = r

n
2 and (st)3 = r

n
2 . Hence

G ∼= G15. �

3.1.4. Ḡ ∼= S4.

Theorem 3.5. The full automorphism groups for the cases 16-23 in Table 2 as
follows.

(1) If n is odd then G ∼= S4 × Cn.
(2) If n is even then G ∼= G16, G17, G18, G19, G20, G21, G22, G23 for the cases

16-23 in Table 2 respectively, where G16 −G23 are as follows.

G16 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)4 = 1, srs−1 = rl, trt−1 = r〉

G17 = 〈r, s, t| rn = 1, s2 = 1, t3 = r
n
2 , (st)4 = 1, srs−1 = rl, trt−1 = r〉

G18 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)4 = r
n
2 , srs−1 = rl, trt−1 = r〉

G19 = 〈r, s, t| rn = 1, s2 = 1, t3 = r
n
2 , (st)4 = r

n
2 , srs−1 = rl, trt−1 = r〉

G20 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = 1, (st)4 = 1, srs−1 = rl, trt−1 = r〉

G21 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = r

n
2 , (st)4 = 1, srs−1 = rl, trt−1 = r〉

G22 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = 1, (st)4 = r

n
2 , srs−1 = rl, trt−1 = r〉

G23 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = r

n
2 , (st)4 = r

n
2 , srs−1 = rl, trt−1 = r〉

where (l, n) = 1 and l2 ≡ 1 (mod n). Furthermore G16
∼= G17, G18

∼= G19,
G20
∼= G21 and G22

∼= G23.

Proof. We know that the second cohomology group is as follows; see Table 1 in
[15].

H2(S4, Cn) ∼= C(n,2) × C(n,2)

(1) If n is odd then
∣∣H2(S4, Cn)

∣∣ = 1. So G ∼= S4 × Cn.

(2) If n is even then
∣∣H2(S4, Cn)

∣∣ = 4. So there are at most 4 extensions
which could occur. Let Cn = 〈r|rn = 1〉. The group S4 has a presentation:〈
σ, τ, µ|σ2 = τ3 = µ4 = 1

〉
, where µ = στ . Let s and t be the lifting of σ and
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τ in G respectively and we know that Cn / S4. Hence srs−1 = rl and trt−1 = rk.
We choose k = 1. By Remark 2, (l, n) = 1 and l2 ≡ 1 (mod n).

The case 16 in Table 2 is lifting of σ, τ and µ to elements of orders |σ|, |τ | and
|µ| respectively, then s2 = 1, t3 = 1 and (st)4 = 1. Hence G has a presentation as
in G16.

In case 17, τ lifts to an element of order n|τ |, we choose t such that t3 = r
n
2 .

Since the orders of σ and µ are remaining the same, s2 = 1 and (st)4 = 1. Hence
G ∼= G17.

If µ lifts to an element of order n|µ| like in case 18, then we choose s and t such
that (st)4 = r

n
2 . Since the orders of σ and τ don’t change, s2 = 1 and st3 = 1.

Hence G ∼= G18.
If τ and µ lift to elements of orders n|τ | and n|µ| respectively, then we choose s

and t such that t3 = r
n
2 and (st)4 = r

n
2 . In case 19, we have such a situation. Since

the order of σ is remaining the same, s2 = 1. So G has presentation as in G19.
In case 20, σ lifts to an element of order n|σ|, then we choose s such that

s2 = r
n
2 . Since the orders of τ and µ are remaining the same, t3 = 1 and (st)4 = 1.

So G ∼= G20.
If σ and τ lift to elements of orders n|σ| and n|τ | respectively like in case 21,

then we choose s and t such that s2 = r
n
2 and t3 = r

n
2 . Since the order of µ does

not change (st)4 = 1. Hence G ∼= G21.
In case 22, σ and µ lift to elements of orders n|σ| and n|µ| respectively, then we

choose s and t such that s2 = r
n
2 and (st)4 = r

n
2 . Since the order of µ does not

change (st)4 = 1. Hence G has a presentation as in G22.
In case 23, σ, τ and µ lift to elements of orders n|σ|, n|τ | and n|µ| respectively,

then we choose s and t such that s2 = r
n
2 , t3 = r

n
2 and (st)4 = r

n
2 . Hence G ∼= G23.

�

3.1.5. Ḡ ∼= A5.

Lemma 3. Let Ḡ be either A5 or PSL2(q). Then an extension of Ḡ by Cn is
central.

Proof. Let us consider the conjugation action of A5 on Cn. The image of the
induce homomorphism π : A5 −→ Aut(Cn) is a quotient of A5. Since Aut(Cn) is
abelian group, im(π) is abelian group. Ḡ is non abelian simple group. Hence Ḡ

is perfect group and Ḡ
[Ḡ,Ḡ]

= 1. So Ḡ has only trivial abelian quotient. Therefore

im(π)=1. Hence the action of A5 on Cn is trivial. Therefore extension of A5 by
Cn is central. �

Theorem 3.6. The automorphism groups for the cases 24-31 in Table 2 are as
follows. If n is odd or G has a ramification as in cases 24-27 in Table 2 then
G ∼= A5 × Cn. Otherwise G admits group has presentation as:

〈r, s, t| rn = 1, s2 = r
n
2 , t3 = r

n
2 , (st)5 = r

n
2 , srs−1 = r, trt−1 = r〉

Proof. By Lemma 3, we know that extension is central and We know that the
second cohomology group is as follows; see Table 1 in [15].

H2(A5, Cn) ∼=

{
1 if n is odd

C2 if n is even

Hence if n is odd there is only one central extension. Since Cn is abelian G ∼=
A5×Cn. If n is even there are two central extensions. The one possibility is A5×Cn.
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According to the ramification of the cases 28-31 in Table 2, G has element of order
2n. But A5×Cn does not have element of order 2n. Hence if G has a ramification of
the cases 24-27 in Table 2 then G ∼= A5×Cn. Since A5 = 〈s, t| s2 = t3 = (st)5 = 1〉,
all possible central extensions are of the form 〈r, s, t| rn = 1, s2 = ra, t3 = rb, (st)5 =
rc, srs−1 = r, trt−1 = r〉 where a, b, c ∈ {1, ..., n}. If a = b = c = 1 then the above
presentation gives A5 × Cn. We use GAP algebra package to calculate suitable a,
b and c for the cases 24-27 in Table 2 and we found out that a = b = c = n

2 . �

3.1.6. Ḡ ∼= U . We defined U = CtP .

Theorem 3.7. Let Xg be a genus g ≥ 2 cyclic curve with Ḡ ∼= U . Then G :=
Aut(Xg) as follows.

(1) If G has ramification as in case 32 in Table 2 then G has presentation:

< r, s1, s2, ..., st|rn = sp1 = sp2 = ... = spt = 1,

sisj = sjsi, sirs
−1
i = rl, 1 ≤ i, j ≤ t >

where (l, n) = 1 and lp ≡ 1 (mod n).
(2) If G has ramification as in case 33 in Table 2 then G ∼= U × Cn.

Proof. (1) Let U =< σ1, σ2, ..., σt|σp1 = σp2 = ... = σpt = 1, σiσj = σjσi, 1 ≤
i, j ≤ t >. Let Cn = 〈r|rn = 1〉. Let s1, s2, ..., st be the lifting of σ1, σ2, ..., σt
in G respectively. In case 32, σ1...σt lifts to an element of order |σ1...σt|, then
sp1 = sp2 = ... = spt = 1, sisj = sjsi, 1 ≤ i, j ≤ t. Since Cn/U , sirs

−1
i = rli , 1 ≤ i ≤ t.

By Remark 2, (li, n) = 1 and lpi ≡ 1 (mod n), for 1 ≤ i ≤ t. We choose l = li for
1 ≤ i ≤ t. Hence G has presentation,

< r, s1, s2, ..., st|rn = sp1 = sp2 = ... = spt = 1, sisj = sjsi, sirs
−1
i = rl, 1 ≤ i, j ≤ t > .

(2) In case 33, G has an element of order npt. We know that (n, p) = 1 and
n|pt−1. Hence (n, pt) = 1. So among the extensions of U by Cn, U×Cn is the only
one extension for which has an element of order npt. So in this case G ∼= U × Cn.

�

3.1.7. Ḡ ∼= Km. We know that Km = Ctp o Cm and m|pt − 1.

Theorem 3.8. Let Xg be a genus g ≥ 2 cyclic curve with Ḡ ∼= Km. Then G :=
Aut(Xg) as follows.

(1) If G has ramification as in case 34 in Table 2 then G has presentation:

< r, s1, ..., st, v|rn = sp1 = ... = spt = vm = 1, sisj = sjsi,

vrv−1 = r, sirs
−1
i = rl, sivs

−1
i = vk, 1 ≤ i, j ≤ t >

where (l, n) = 1 and lp ≡ 1 (mod n), (k,m) = 1 and kp ≡ 1 (mod m).
(2) If G has ramification as in case 35,36 and 37 in Table 2 then G has presen-

tation:

G35 =
〈
r, s1, ..., st|rnm = sp1 = ... = spt = 1, sisj = sjsi, sirs

−1
i = rl, 1 ≤ i, j ≤ t

〉
where (l, nm) = 1 and lp ≡ 1 (mod nm).

Proof. (1) Let K =< σ1, σ2, ..., σt, u|σp1 = σp2 = ... = σpt = um = 1, σiσj =

σjσi, σiuσ
−1
i = uki , 1 ≤ i, j ≤ t >, (ki,m) = 1 and kpi ≡ 1 (mod m). Let

Cn = 〈r|rn = 1〉. Let s1, s2, ..., st, v be the lifting of σ1, σ2, ..., σt, u in G respec-
tively. In case 34, uσ1...σt lifts to an element of order |uσ1...σt|, then sp1 = sp2 =
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... = spt = vm = 1, sisj = sjsi, svs
−1 = vki , 1 ≤ i, j ≤ t. We choose k = ki for

1 ≤ i ≤ t. Since Cn / U , sirs
−1
i = rli , 1 ≤ i ≤ t. By Remark 2, (li, n) = 1 and

lpi ≡ 1 (mod n), for 1 ≤ i ≤ t. We choose l = li for 1 ≤ i ≤ t. Also vrv−1 = ra.
By Remark 2, (a, n) = 1 and am ≡ 1 (mod n). we choose a = 1. Hence G has
presentation,

< r, s1, ..., st, v|rn = sp1 = ... = spt = vm = 1, sisj = sjsi,

vrv−1 = r, sirs
−1
i = rl, sivs

−1
i = vk, 1 ≤ i, j ≤ t >

(2) In case 35, 36 and 37, G has elements of orders nmpt and nm. Among the
extension of Km by Cn, G35 is the only one extension so that it has elements of
orders nmpt and nm. Non of other extensions have either elements of orders nm
or nmpt. Note that if (n,m) = 1, then G35 is isomorphic to the group G of case
34. �

3.1.8. Ḡ ∼= PSL2(q). We know that q = pf where p is the characteristic of field k.

Theorem 3.9. Let G be a Aut(Xg) where Xg is a cyclic curve of genus g ≥ 2 with
Ḡ ∼= PSL2(q), q 6= 9 then G is as follows.

(1) If G has ramification as in cases 38 and 39 then G ∼= PSL2(q)× Cn.
(2) If G has ramification as in cases 40 and 41 and q = 3 then G ∼= SL2(3).

There are no possible groups for q 6= 3.

Proof. By Lemma 3, we know that extension is central and the second cohomology
group is as follows; see Table 1 in [15].

H2(PSL2(q), Cn) ∼=


1 if p = 2, pf 6= 4

C(2,n) if p > 2, pf 6= 9 or pf = 4

C(6,n) if pf = 9

(1) If n is odd then there is only one extension. Since Cn is abelian G ∼=
PSL2(q) × Cn. If n is even, there are two extensions. According to ramification
structure of cases 38 and 39 G ∼= PSL2(q)× Cn. So for any n G ∼= PSL2(q)× Cn
for cases 38 and 39.

(2) By cases 40 and 41 of Theorem 3.1, n = 2. We know that SL2(q) is the only
degree two central extension of PSL2(q); see [8]. If q 6= 3 then SL2(q) does not
have elements of nα or nβ. Therefore there are no possible groups for q 6= 3. But
if q = 3, G ∼= SL2(3).

�

3.1.9. Ḡ ∼= PGL2(q). As previous subsection we know that q = pf .

Theorem 3.10. The automorphism group G such that Ḡ = G/Cn ∼= PGL(2, q)
is as follows. If G has ramification as in cases 42 and 43 in Table 2 then G ∼=
PGL(2, q)×Cn. There are no possible group extensions for the cases 44 and 45 in
same table.

Proof. We know that the second cohomology group is as follows; see Table 1 in
[15].

H2(PGL(2, q), Cn) ∼= C(n,2) × C(n,2)

According to the ramifications structure of the cases 42 and 43 and the second
homology group, for any n, G ∼= PGL(2, q) × Cn. By Theorem 3.1, only possible
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value for n is one for the cases 44 and 45. Hence there are no possible groups for
those cases.

�

3.2. The case p=5. In this case Ḡ is isomorphic to one of the Cm, Dm, A4, S4,
U , Km, PSL(2, q) or PGL(2, q). Since the ramifications of covers φ : P1 → P1 are
similar to the ramifications in Theorem 3.1, then signatures of covers Φ : X → XG
and dimensions are same as corresponding cases in Table 2.

Theorem 3.11. Let g ≥ 2 be a fixed integer. Then the automorphism group G
of a cyclic curve of genus g defined over a algebraically closed field k such that
char(k)=5 is one of the group in the Theorem 3.2, 3.3, 3.4, 3.5, 3.7, 3.8,
3.9, 3.10. Furthermore, signatures of covers Φ : X → XG and dimensions are same
as corresponding cases in the Table 2.

Proof. Since the ramification of the cases under Ḡ ∼= Cm, Dm, A4, S4, U,Km, PSL(2, q)
and PGL(2, q) are same as in Theorem 3.1, the proofs of those cases are the same
as proof of Theorem 3.1. But the case Ḡ ∼= A5 does not appear when p = 5. �

3.3. The case p=3. In this case Ḡ ∼= Cm, Dm, A5, U , Km, PSL(2, q) or PGL(2, q).
The cases Ḡ ∼= Cm, Dm, U , Km, PSL(2, q) and PGL(2, q) have the same ramifica-
tions as in Theorem 3.1. Hence those cases have signatures as in Table 2. However
the case Ḡ ∼= A5 has different ramification.

Theorem 3.12. Let g ≥ 2 be a fixed integer. Then the automorphism group G
of a cyclic curve of genus g defined over a algebraically closed field k such that
char(k)=3 is one of the group in the Theorems 3.2, 3.3, 3.7, 3.8, 3.9, 3.10 or if G
has ramification as in cases a, b in Table 3 then G ∼= A5×Cn. There are no possible
group for cases c, d in Table 3. Furthermore, signatures of covers Φ : X → XG and
dimensions are same as corresponding cases in the Table 2 or Table 3.

# Ḡ δ(G,C) C = (C1, ..., Cr)

a g+n−1
30(n−1) − 1 (6, 5, n, ..., n)

b g+5n−5
30(n−1) − 1 (6, 5n, n, ..., n)

c A5
g+6n−6
30(n−1) − 1 (6n, 5, n, ..., n)

d g
30(n−1) − 1 (6n, 5n, n, ..., n)

Table 3: The signature C and dimension δ for Ḡ ∼= A5 and p = 3

Proof. The proof of the cases under Ḡ ∼= Cm, Dm, A4, S4, U,Km, PSL(2, q) and
PGL(2, q) are the same as in proof in Theorem 3.1.
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Case Ḡ ∼= A5 : The ramification of φ : P1
x → P1

z is (6, 5). By Theorem 1 in
[16], the first point is wildly ramified and second one is tamely ramified. Hence in
equation 2, β1 = e∗1q1 + q1 − 2 for the first ramified place. By Theorem 1 in [16],
q1 = 3.

(a) If both elements of orders 6 and 5 lift to elements of orders 5 and 6 then
ramification is C = (6, 5, n, ..., n). In this case e∗1 = 2. Hence by Riemann Hurwitz
formula,

2(g − 1) = 2(0− 1)60n+ 60n

((
6 + 3− 2

6

)
+

(
5− 1

5

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = g+n−1
30(n−1) − 1.

(b) If element of order 5 lifts an element of order 5n, then ramification is C =
(6, 5n, n, ..., n). As previous case e∗1 = 2. Hence by Riemann Hurwitz formula,

2(g − 1) = 2(0− 1)60n+

60n

((
6 + 3− 2

6

)
+

(
5n− 1

5n

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = g−5n+5
30(n−1) − 1.

(c) If element of order 6 lifts an element of order 6n, then ramification is C =
(6, 5n, n, ..., n). In this case e∗1 = 2n. Furthermore (2n, 3) = 1 and 2n|(3−1). Hence
only possible value for n is one. So Riemann Hurwitz gives,

2(g − 1) = 2(0− 1)60n+

60n

((
6n+ 3− 2

6n

)
+

(
5− 1

5

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = g−6n+6
30(n−1) − 1.

(d) If both elements of orders 6 and 5 lift to elements of orders 5 and 6 then
ramification is C = (6n, 5n, n, ..., n). As in previous case e∗1 = 2n and only possible
value for n is one.

2(g − 1) = 2(0− 1)60n+

60n

((
6n+ 3− 2

6n

)
+

(
5n− 1

5n

)
+

(
n− 1

n

)
(δ + 1)

)
.

Then δ = g
30(n−1) − 1.

By Lemma 3, we know that extensions A5 by Cn is central. By Table 1 in [15]
H2(A5, Cn) = C(n,2). So if G has ramification as in cases a and b then G ∼= A5×Cn.
According to cases c and d, only possible value for n is one. So there are no possible
group extensions for those two cases. �

4. The Main Theorem

We combine Theorems 3.2 - 3.12 altogether to make main theorem. This main
theorem gives us all possible automorphism groups of genus g ≥ 2 cyclic curves
defined over the finite field of characteristic p.
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Theorem 4.1. Let Xg be a genus g ≥ 2 irreducible cyclic curve defined over an
algebraically closed field k, char(k) = p 6= 2, G = Aut(Xg), Ḡ its reduced automor-
phism group.

(1) If Ḡ ∼= Cm then G ∼= Cmn or

〈r, s| rn = 1, sm = 1, srs−1 = rl〉
where (l,n)=1 and lm ≡ 1 (mod n).

(2) If Ḡ ∼= D2m then G ∼= D2m × Cn or

G5 = 〈r, s, t| rn = 1, s2 = r, t2 = 1, (st)m = 1, srs−1 = r, trt−1 = rn−1〉
G6 =D2mn

G7 = 〈r, s, t| rn = 1, s2 = r, t2 = rn−1, (st)m = 1, srs−1 = r, trt−1 = r〉
G8 = 〈r, s, t| rn = 1, s2 = r, t2 = 1, (st)m = r

n
2 , srs−1 = r, trt−1 = rn−1〉

G9 = 〈r, s, t| rn = 1, s2 = r, t2 = rn−1, (st)m = r
n
2 , srs−1 = r, trt−1 = r〉

(3) If Ḡ ∼= A4 and p 6= 3 then G ∼= A4 × Cn or

G′10 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)3 = 1, srs−1 = r, trt−1 = rl〉

G′12 = 〈r, s, t| rn = 1, s2 = 1, t3 = r
n
3 , (st)3 = r

n
3 , srs−1 = r, trt−1 = rl〉

where (l, n) = 1 and l3 ≡ 1 (mod n) or

〈r, s, t| rn = 1, s2 = r
n
2 , t3 = r

n
2 , (st)5 = r

n
2 , srs−1 = r, trt−1 = r〉

or

G10 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)3 = 1, srs−1 = r, trt−1 = rk〉

G13 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = 1, (st)3 = 1, srs−1 = r, trt−1 = rk〉

where (k, n) = 1 and k3 ≡ 1 (mod n).
(4) If Ḡ ∼= S4 and p 6= 3 then G ∼= S4 × Cn or

G16 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)4 = 1, srs−1 = rl, trt−1 = r〉

G18 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)4 = r
n
2 , srs−1 = rl, trt−1 = r〉

G20 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = 1, (st)4 = 1, srs−1 = rl, trt−1 = r〉

G22 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = 1, (st)4 = r

n
2 , srs−1 = rl, trt−1 = r〉

where (l, n) = 1 and l2 ≡ 1 (mod n).
(5) If Ḡ ∼= A5 and p 6= 5 then G ∼= A5 × Cn or

〈r, s, t| rn = 1, s2 = r
n
2 , t3 = r

n
2 , (st)5 = r

n
2 , srs−1 = r, trt−1 = r〉

(6) If Ḡ ∼= U then G ∼= U × Cn or

< r, s1, s2, ..., st|rn = sp1 = sp2 = ... = spt = 1,

sisj = sjsi, sirs
−1
i = rl, 1 ≤ i, j ≤ t >

where (l, n) = 1 and lp ≡ 1 (mod n).
(7) If Ḡ ∼= Km then G ∼=

< r, s1, ..., st, v|rn = sp1 = ... = spt = vm = 1, sisj = sjsi,

vrv−1 = r, sirs
−1
i = rl, sivs

−1
i = vk, 1 ≤ i, j ≤ t >
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where (l, n) = 1 and lp ≡ 1 (mod n), (k,m) = 1 and kp ≡ 1 (mod m) or〈
r, s1, ..., st|rnm = sp1 = ... = spt = 1, sisj = sjsi, sirs

−1
i = rl, 1 ≤ i, j ≤ t

〉
where (l, nm) = 1 and lp ≡ 1 (mod nm).

(8) If Ḡ ∼= PSL2(q) then G ∼= PSL2(q)× Cn or SL2(3).
(9) If Ḡ ∼= PGL(2, q) then G ∼= PGL(2, q)× Cn.

4.1. Automorphism groups of genus 3 cyclic curves. Applying Theorem 3.1
through Theorem 3.12, we obtain the automorphism groups of a genus 3 cyclic
curve defined over algebraically closed field of characteristic 0,3,5,7 and bigger than
7. We listed GAP group ID of those groups in following theorem.

Theorem 4.2. Let Xg be a genus 3 cyclic curve defined over a field of characteristic
p. Then the automorphism groups of Xg are as follows.

i): p = 0 : (2, 1), (4, 2), (3, 1), (4, 1), (8, 2), (8, 3), (7, 1), (21, 1), (14, 2),
(6, 2), (12, 2), (9, 1), (8, 1), (8, 5), (16, 11), (16, 10), (32, 9), (30, 2), (42, 3),
(12, 4), (16, 7), (24, 5), (18, 3), (16, 8), (48, 33), (48, 48).

ii): p = 3 : (2, 1), (4, 2), (3, 1), (4, 1), (8, 2), (8, 3), (7, 1), (14, 2), (6, 2), (8, 1),
(8, 5), (16, 11), (16, 10), (32, 9), (30, 2), (16, 7), (16, 8), (6, 2).

iii): p = 5 : (2, 1), (4, 2), (3, 1), (4, 1), (8, 2), (8, 3), (7, 1), (21, 1), (14, 2),
(6, 2), (12, 2), (9, 1), (8, 1), (8, 5), (16, 11), (16, 10), (32, 9), (42, 3), (12, 4),
(16, 7), (24, 5), (18, 3), (16, 8), (48, 33), (48, 48).

iv): p = 7 : (2, 1), (4, 2), (3, 1), (4, 1), (8, 2), (8, 3), (7, 1), (21, 1), (6, 2),
(12, 2), (9, 1), (8, 1), (8, 5), (16, 11), (16, 10), (32, 9), (30, 2), (42, 3), (12, 4),
(16, 7), (24, 5), (18, 3), (16, 8), (48, 33), (48, 48).

v): p > 7 : (2, 1), (4, 2), (3, 1), (4, 1), (8, 2), (8, 3), (7, 1), (21, 1), (14, 2),
(6, 2), (12, 2), (9, 1), (8, 1), (8, 5), (16, 11), (16, 10), (32, 9), (30, 2), (42, 3),
(12, 4), (16, 7), (24, 5), (18, 3), (16, 8), (48, 33), (48, 48).

4.2. Automorphism groups of genus 4 cyclic curves. Again applying Theo-
rem 3.1 through Theorem 3.12, we obtain the following groups as automorphism
groups of a genus 4 cyclic curve defined over algebraically closed field of characteris-
tic 0,3,5,7 and bigger than 7. We listed GAP group ID of those groups in following
theorem.

Theorem 4.3. Let Xg be a genus 4 cyclic curve defined over a field of characteristic
p. Then the automorphism groups of Xg are as follows.

i): p = 0 : (2, 1), (4, 2), (3, 1), (6, 2), (9, 2), (5, 1), (10, 2), (20, 1), (9, 1),
(27, 4), (18, 2), (15, 1), (4, 1), (20, 4), (18, 3), (8, 3), (40, 8), (12, 5), (36, 12),
(54, 4), (16, 7), (20, 5), (32, 19), (24, 10), (8, 4), (60, 9), (36, 11), (24, 3),
(72, 42).

ii): p = 3 : (2, 1), (4, 2), (3, 1), (6, 2), (5, 1), (10, 2), (20, 1), (9, 1), (18, 2),
(15, 1), (4, 1), (20, 4), (8, 3), (40, 8), (12, 5), (16, 7), (20, 5), (32, 19), (24, 10),
(8, 4), (9, 2), (18, 5).

iii): p = 5 : (2, 1), (4, 2), (3, 1), (6, 2), (9, 2), (5, 1), (10, 2), (20, 1), (9, 1),
(27, 4), (18, 2), (4, 1), (18, 3), (8, 3), (12, 5), (36, 12), (54, 4), (16, 7), (20, 5),
(32, 19), (24, 10), (8, 4), (60, 9), (36, 11), (24, 3), (72, 42), (10, 2), (18, 5).

iv): p = 7 : (2, 1), (4, 2), (3, 1), (6, 2), (9, 2), (5, 1), (10, 2), (20, 1), (9, 1),
(27, 4), (18, 2), (15, 1), (4, 1), (20, 4), (18, 3), (8, 3), (40, 8), (12, 5), (36, 12),
(54, 4), (16, 7), (20, 5), (32, 19), (24, 10), (8, 4), (60, 9), (36, 11), (24, 3),
(72, 42).
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v): p > 7 : (2, 1), (4, 2), (3, 1), (6, 2), (9, 2), (5, 1), (10, 2), (20, 1), (9, 1),
(27, 4), (18, 2), (15, 1), (4, 1), (20, 4), (18, 3), (8, 3), (40, 8), (12, 5), (36, 12),
(54, 4), (16, 7), (20, 5), (32, 19), (24, 10), (8, 4), (60, 9), (36, 11), (24, 3),
(72, 42).
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[1] Rolf Brandt, Über die automorphismengruppen von algebraischen funkionenkörpern. Ph.D.
thesis, Universität-Gesamthochschule Essen, 1988.

[2] R. Brandt, H. Stichtenoth, Die Automorphismengruppen hyperelliptischer Kurven, Man.

Math 55 (1986), 83–92.
[3] E. Bujalance, J. Gamboa, G. Gromadzki, The full automorphism groups of hyperelliptic

Riemann surfaces, Manuscripta Math. 79 (1993), no. 3-4, 267–282.

[4] E. Nart, D Sadornil, Hyperelliptic curves of genus three over finite fields of even characteristic.
Finite Fields Appl. 10 (2004), no. 2, 198–220.
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[23] H. Stichtenoth, Über die Automorphismengruppe eines algebraischen Funktionenkörpers von

Primzahlcharakteristik. I. Eine Abschätzung der Ordnung der Automorphismengruppe. Arch.
Math. (Basel) 24 (1973) 527–544.



160 AUTOMORPHISMS OF CURVES
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