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ABSTRACT. In this paper, a common fixed point theorem for R-weakly com-
muting maps in intuitionistic fuzzy metric spaces is proved.

1. INTRODUCTION AND PRELIMINARIES

In this section, using the idea of intuitionistic fuzzy metric spaces introduced by
Park [5] we define the new notion of intuitionistic fuzzy metric spaces with the help
of the notion of continuous t-representable.

Definition 1.1. A complete lattice is a partially ordered set in which every nonempty
subset admits supremum and infimum.
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Lemma 1.2. ([2]) Consider the set L* and operation <p- defined by:
L* = {(21,32) : (w1,22) € [0,1]* and 71 + 22 < 1},

(x1,22) <+ (Y1,42) < @1 < Y1 and T2 > Yo, for every (v1,22), (y1,¥2) € L™,
Then (L*,<p+) is a complete lattice .

Definition 1.3. ([1]) An intuitionistic fuzzy set A¢, in a universe U is an ob-
ject Ac, = {(Ca(u),na(u))|u € U}, where, for all u € U, (a(u) € [0,1] and
na(u) € [0,1] are called the membership degree and the non-membership degree,
respectively, of w in A¢ ,;, and furthermore they satisfy (4(u) +na(u) < 1.

We denote its units by 0z = (0,1) and 15« = (1,0). Classically, a triangular
norm * = T on [0, 1] is defined as an increasing, commutative, associative mapping
T :[0,1]? — [0,1] satisfying T(1,z) = 1z = z, for all x € [0,1]. A triangular
conorm S = ¢ is defined as an increasing, commutative, associative mapping S :
[0,1]2 — [0, 1] satisfying S(0,2) = 0o x = z, for all z € [0,1]. Using the lattice
(L*,<p~) these definitions can be straightforwardly extended.

Definition 1.4. ([2]) A triangular norm (¢-norm) on L* is a mapping 7 : (L*)? —
L* satisfying the following conditions:
Vo € L*)(7 (z,11-) =), (boundary condition)
(z,y) € (L*)*)(T (2,y) = T (y,x)), (commutativity)
(z,y,2) € (L*)*)(T (2,7 (y,2)) = T(T (x,y),2)), (associativity)

(V(z,2',y,y') € (L))(@ <p- o’ and y <p- ¢ = T(2,y) <r- T(2",9)).
(monotonicity)

(
v
v

If (L*,<p-,7) is an Abelian topological monoid with unit 17~ then 7 is said to
be a continuous t—norm.

Definition 1.5. ([2]) A continuous t—norm 7 on L* is called continuous t—representable
if and only if there exist a continuous t—norm * and a continuous ¢{—conorm ¢ on
[0,1] such that, for all z = (z1,22),y = (y1,y2) € L*,

T (x,y) = (x1 % y1,T2 0 Y2).

For example 7 (a,b) = (a1b1, min(as + be, 1)) for all a = (ay,as) and b = (b1, bs)
in L* is a continuous t-representable.

Definition 1.6. A negator on L* is any decreasing mapping N : L* — L*
satisfying N'(0z+) = 11+ and N(1p+) = 0p« . If N (N (x)) = z, for all € L*, then
N is called an involutive negator. A negator on [0, 1] is a decreasing mapping N :
[0,1] — [0, 1] satisfying N(0) = 1 and N(1) = 0. N, denotes the standard negator
on [0, 1] defined as, for all z € [0,1], Ns(z) = 1 — z. We define (Ng(X), A) = Ns(N).

Definition 1.7. Let M, N are fuzzy sets from X? x (0,+00) to [0,1] such that
M(z,y,t) + N(z,y,t) <1 for all z,y € X and t > 0, in which, M is membership
degree and N is non-membership degree of an intuitionistic fuzzy set. The triple
(X, Murn,T) is said to be an intuitionistic fuzzy metric space if X is an arbitrary
(non-empty) set, 7 is a continuous t-representable and M is a mapping X? x
(0,+00) — L* (an intuitionistic fuzzy set, see Definition 2.4) satisfying the following
conditions for every z,y,z € X and t,s > 0:

(a) MMJ\/(I‘,y,t) > Op«;

(b) Murn(z,y,t) =1« if and only if z = y;
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(C) MMJV(x)yvt) = MM,N(yvxat);
(d) Mun(z,y,t+s) > T(Mun(z,2,t), Mun(2,y,5));
(e) Muy.n(x,y,-):(0,00) — L* is continuous.

In this case My n is called an intuitionistic fuzzy metric. Here,
MM,N(xv Y, t) = (M({E, Y, t)» N(xv Y, t))

Let (X, M n,7) be an intuitionistic fuzzy metric space. For ¢ > 0, define the
open ball B(x,r,t) with center z € X and radius 0 < r < 1, as

B(z,r,t) ={y € X : My n(x,y,t) >+ (Ns(r), 1) = Ns(r)}.

A subset A C X is called open if for each x € A, there exist t >0 and 0 < r < 1
such that B(z,r,t) € A. Let Taq,, 5, denote the family of all open subset of X.
TMar.x 18 called the topology induced by intuitionistic fuzzy metric. A sequence {x, }
in an intuitionistic fuzzy metric space (X, My n,7) is called a Cauchy sequence if
for each € > 0 and ¢ > 0, there exists ng € N such that

My N (T, T,y ) > Ni(€),

and for each n,m > ng. The sequence {x,} is said to be convergent to x € V

in the intuitionistic fuzzy metric space (X, My n,7) and denoted by z, Y g

if My N(zp,x,t) — 1p- whenever n — oo for every ¢ > 0. An intuitionistic
fuzzy metric space is said to be complete if and only if every Cauchy sequence is
convergent (see [3, 5]).

Lemma 1.8. ([3]) Let (X, M, T) be an intuitionistic fuzzy metric space. Then,
Mo n(z,y,t) is nondecreasing with respect to t, for all x,y in X.

Example 1.9. ([7]) Let (X, d) be a metric space. Denote 7 (a,b) = (a1by, min(as +
ba, 1)) for all a = (a1, a2) and b = (b1, bs) in L* and let M and N be fuzzy sets on
X2 x (0,00) defined as follows:

t d(:E,y) )
t+md(z,y) t+d(z,y)”

in which m > 1. Then (X, My n,7) is an intuitionistic fuzzy metric space.

MM,N(xﬂyvt) = (M(x,y,t),N(x,y,t)) = (

Let 7 be a continuous t—norm on L* in which, for every u € (0, 1), there exists
A € (0,1) such that

(1.1) T YN,y ooy, No(N) >0 Na(p),
where N; is an standard negation. For more information see [6].

Definition 1.10. Let (X, My n,7T) be an intuitionistic fuzzy metric space. Mz n
is said to be continuous on X x X x (0, 00) if

nh_{rgo Myt N (T, Yno tn) = M n (2, y, )
whenever a sequence {(Zn, Yn,tn)} in X x X x (0, 00) converges to a point (x,y,t) €
X x X x (0,00) ie., lim, Mprn(2n, x,t) = lim, Mar v (Yn,y,t) = 1o« and

lm Mg, v (2, Y, tn) = M n (2,9, ).
Lemma 1.11. Let (X, Mp n,T) be an intuitionistic fuzzy metric space. Then
M N is continuous function on X x X x (0, 00).

Proof. The proof is same as fuzzy metric spaces (see Proposition 1 of [4]). O
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2. THE MAIN RESULTS

Definition 2.1. Let f and g be maps from an intuitionistic fuzzy metric space
(X, Mur,n,7T) into itself. The maps f and g are said to be weakly commuting if

Mur,n((fog)(z), (90f) (@), t) =1 MmN (f(2),9(2),1)
for each x in X and ¢ > 0.

Definition 2.2. Let f and g be maps from an intuitionistic fuzzy metric space
(X, Mur,n,T) into itself. The maps f and g are said to be R-weakly commuting
if there exists some positive real number R such that

Mu,n((fog)(z), (gof)(x),t) >r+ MmN (f(2),9(z),t/R)
for each z in X and ¢ > 0.

Weak commutativity implies R-weak commutativity in intuitionistic fuzzy metric
space. However, R-weak commutativity implies weak commutativity only when
R<1.

Example 2.3. Let X = R. Let 7(a,b) = (a1by, min(ay + b2,1)) for all a =
(a1,a2),b = (b1,b2) € L* and let My n be the intuitionistic fuzzy set on X x
X % ]0, 4o00[ defined as follows:

T — exp(lz=uly
MM,N(x,y,t):<(eXp(| y|))—17 p( zlg ) 1))

t exp(1274)

for all t € RT. Then (X, My n,7) is an intuitionistic fuzzy metric space. Define
f(xz) =22 — 1 and g(z) = 22. Then,

x—1)?

.MMw«mwmx@wwmxw—meﬂ 1)

= exp(Qﬂ) — 1)

exp(2@)

o1, el -1}
(exp( t/2 )) 13 eXp(‘zt_/;‘z) *MM,N(f(‘T)ag(‘T)?t/Q)

r—1/2 exM*
w12 ”;$S>=MMMﬂmamﬂ

t

<pe ((exp(

: " exp(

Therefore, for R = 2, f and g are R-weakly commuting. But f and g are not
weakly commuting since exponential function is strictly increasing.

Theorem 2.4. Let (X, Mpn,T) be a complete intuitionistic fuzzy metric space
and let f and g be R-weakly commuting self-mappings of X satisfying the following
conditions:

(a) f(X) C g(X);

(b) f or g is continuous;

() Mun(f(2), f(y),t) =L C(Mu,n(9(x),9(y), ), where C : L* — L* is a
continuous function such that C(a) >~ a for each a € L* \ {Op~, 11+ }.
Then f and g have a unique common fixed point.
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Proof. Let z¢ be an arbitrary point in X. By (a), choose a point x; in X such that
f(zo) = g(x1). In general choose z,1 such that f(z,) = g(z,+1). Then for ¢t > 0

Mur N (f(2n), f(Tny1),t) >0 C(Marn(9(2n), 9(Tny1),t))
- C(MM,N(f(xn71)7 f(mn)v t))
>pe My n(f(#n-1), f(2n),1)
Thus {M n(f(zn), f(znt1),t);n > 0} is increasing sequence in L*. Therefore,
tends to a limit a <y« 1p-. We claim that a = 1;+. For if a <y« 1p- on making

n — oo in the above inequality we get a >+ C(a) >+ a, a contradiction. Hence
a = 1L*7 i.e.,

hrILnMM,N(f(xn)v f(Tpy1),t) = 1p-.
If we define

(2.1) en(t) = Mun(f(2n), f(Tnt1),t)

then lim, .o ¢y (t) = 1z+. Now, we prove that {f(z,)} is a Cauchy sequence in
f(X). Suppose that {f(z,)} is not a Cauchy sequence in f(X). For convenience,
let y, = fa, for n =1,2,3,---. Then there is an € € L* \ {0p«, 11~} such that for
each integer k, there exist integers m(k) and n(k) with m(k) > n(k) > k such that

(22) dk(t) = MM,N(yn(k); ym(k:)at) <r+ Ns(ﬁ) for k= 1a 27 .
We may assume that

(2.3) Mt N Yn(ky Ymk)—151) > No(e),

by choosing m(k) be the smallest number exceeding n(k) for which (2.2) holds.
Using (2.1), we have

Ns(€) >+ di(t)
>i. T(MM’N(yn(k)’ym(k)_l,t/2),MM,N(ym(k)—lvym(k)at/2))
> Tlen(t/2),Ny(e))

Hence, dy(t) — Ni(e) for every ¢ > 0 as k — oo.

di(t) = Mar, N (Yn(k)s Ym(k), t)
> T2 (Mar,n Ynikys Uniky 115 £/3)s ML N Uiy 115 Ymiwy 115 £/3)s ML N (U (k) 41, Ymr) - £/3)
>+ T?(ck(t/3), C(Mut,N (Un(r)s Ymw)» 1/3)), ek (t/3))
T (ck(t/3),C(dx(t/3)), ci(t/3)).
Thus, as k — oo in the above inequality we have

Ns(€) ZL+ C(Ni(€)) >1- Ni(e)

which is a contradiction. Thus, {f(z,)}, is Cauchy and by the completeness
of X, {f(xn)}n converges to z in X. Also {g(x,)}, converges to z in X. Let
us suppose that the mapping f is continuous. Then lim, (fof)(z,) = f(z) and
lim,,(fog)(z,) = f(2). Further we have since f and g are R-weakly commuting

Mor N ((fog)(zn), (gof)(xn),t) > Marn(f(zn), 9(zn),t/R).
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On letting n — oo in the above inequality we get lim,, (gof)(z,) = f(z), by Lemma
1.11. We now prove that z = f(z). Suppose z # f(z) then My n(z, f(2),t) <p-
]-L* . By (C)

Maurn (f(@n), (fof)(xn),t) > C(Marn(g(2n); (90f)(2n),1))-

On making n — oo in the above inequality we get
MM,N(Z7 f(Z),t) ZL* C(MM,N(Z> f(Z),t)) >px M(27 f(Z),t),

a contradiction. Therefore, z = f(z). Since f(X) C ¢g(X) we can find z; in X such
that z = f(z) = g(z1). Now,

M((fof)(@n), f(21), 1) ZL+ C(Marn((gof)(xn), 9(21),1)).

Taking limit as n — oo we get

Mun(f(2), f(21),t) >0« C(Murn(f(2),9(21),1)) = 1L+

since C(1p+) = 1+, which implies that f(z) = f(z1), i.e., z = f(2) = f(21) = g(z1).
Also for any ¢t > 0,

Marn(f(2),9(2),t) = M((fog)(21), (90f)(21), 1) 21 Mu,n(f(21),9(21),t/R) = 1L

which again implies that f(z) = g(z). Thus z is a common fixed point of f and g.
Now to prove uniqueness let if possible 2’ # z be another common fixed point of

f and g. Then there exists ¢ > 0 such that M(z,2’,t) <p 1., and

Murn(z,2' 1) = My n(f(2), f(2),1)
> C(Murn(g(2),9(2"),t) = C(Murn (2,2, t))
> MM’N(&Z/,t)

which is contradiction. Therefore, z = 2/, i.e., z is a unique common fixed point of
f and g. O
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